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1 Introduction

The class of 3-dimensional Artin—Schelter regular algebras was introduced by
M. Artin and W. Schelter [2] in 1987. Subsequent papers by M. Artin, I.
Tate and M. van den Bergh [3], [4] showed that these algebras had some
extremely interesting properties, not least of which was the delicate inter-
play between the representation theory of the algebra, and the geometry of
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an associated cubic divisor in P2, This theme was further developed in
[17], [8], [18] for a class of algebras discovered by E.K. Sklyanin. These
Sklyanin algebras are examples of 4-dimensional Artin—-Schelter regular alge-
bras. It is our intention here to examine another large class of 4-dimensional
Artin—Schelter regular algebras, namely algebras D with the property that D
has a central regular element z of degree 1 such that 4 := D/(z) is a 3-
dimensional Artin-Schelter regular algebra. We call D a central extension
of 4.

All the algebras under discussion are graded algebras, generated over a
field k£ by their degree 1 component. The 3-dimensional Artin-Schelter reg-
ular algebras are either generated by two elements, or by three elements.
We restrict our attention to those having three generators. Let 4 be such an
algebra. We briefly recall some properties of 4. Firstly 4 is a quadratic algebra,
meaning that 4 has a presentation 4 = T(V)/(R) where R C V ® V. Secondly
A has excellent homological properties: for example, 4 is a Koszul algebra,
meaning that Ext(k,k) = 4" where k = A/A" is the trivial left 4-module and
A4' = T(V*)/{R') is the dual quadratic algebra. The Hilbert series of 4 is
Hy(t) = (1 — t)73. There are two important classes of graded 4-modules, the
point modules and line modules (see [4] for definitions and basic properties).
The point modules are parametrized by either a degree 3 divisor in IP?, or
by IP? itself, and the line modules are naturally in bijection with the lines
in P2

Section 2 contains some results about when a central extension of a Koszul
algebra is again a Koszul algebra. In fact, we work in the following more
general context. Let D be a quadratic algebra with a normal element z € Dy, and
suppose that D/(z) is a Koszul algebra. Theorem 2.6 gives precise conditions
for D to be a Koszul algebra. This result should be useful in situations other
than that considered here. In particular it may be used to recover Sridharan’s
classification of filtered algebras whose associated graded ring is a polynomial
ring [19].

Section 3 classifies the central extensions of generic 3-dimensional Artin—
Schelter regular algebras.

Section 4 determines the point modules for these central extensions, and
Sect. 5 determines the line modules.

Typical examples for our results are the central extensions of generic Type
A algebras (or three dimensional Sklyanin algebras, see [2] or [13][14] for
precise definitions). In this case the defining relations for D are given by
Theorem 3.2.6:

cxf 4+ axaxy + bxsx; + {1x1z + li2x2z + l1ax3z + 06122 =0

cx% + axaxy + bxyxz + Inxiz + Inxoz + lazxsz + 0(222 =0

cx% + axixy + bxaxy + Lyxiz + lapxaz + l3axzz + OC322 =0 (1.1
i —xz=0 i=1273.

Here (1;;);; € M3(k) is a symmetric matrix and a,b,c, a1,00,03 € k. If we allow
for isomorphism then we obtain a 7-dimensional family of algebras.
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Let D be an algebra having equations as in (1.1). Assume furthermore that
all the scalars are generic. In that case, the points of IP(D}) that correspond
to point modules (see Sects. 4 and 5 for definitions) form a smooth elliptic
curve in ¥°(z) (say E) together with eight special points, not lying in ¥7(z)
(Proposition 4.3.9). The lines in IP(D}) that correspond to line modules come
in two families (Example 5.2.5): (1) the lines in ¥7(z), and (2) for each point
p of E a pair of lines going through p, continuously varying with p. In some
cases the lines in the line pair coincide and they may also lie in #7(z), in
which case they also belong to the first family. This gives rise to some special
case analysis, which is preformed in Sect. 5.

It is perhaps interesting to compare this example with that of the 4-
dimensional Sklyanin algebra [8]. There the point modules are parametrized
by an elliptic curve of degree four (three in our example) together with four
special points. Passing through a general point of (D7) there are two lines
corresponding to line modules, whereas in our example, usually, there are none.

If the scalars are generic, or if we look at central extensions of other Artin—
Schelter-regular algebras, different phenomena may occur. We can still classify
the line modules (Theorems 5.1.6 and 5.1.11). However, the description of
the point modules, while possible in principle (Theorem 4.2.2, Corollary 4.2.3)
falls apart in many special cases, and we do not undertake an exhaustive anal-
ysis. Nevertheless we study sufficiently many cases that the general phenomena
become apparent (e.g. Propositions 4.3.7 and 4.3.9).

Unless stated otherwise, k is an arbitrary field in Sect. 2 and Sect. 3.1. In
Sect. 3.2 and subsequent sections we assume k to be algebraically closed of
characteristic zero.

2 Koszul properties

As explained in the introduction this section concerns a quadratic algebra D
having a normal element z € D, such that 4 := D/(z} is a Koszul algebra.
Theorem 2.6 gives precise conditions for D to be a Koszul algebra also. Finally
in Corollary 2.7 we specialize to the situation where 4 is a 3-dimensional
Artin—Schelter-regular algebra, and explain how good homological properties
of 4 ensure that D also has good homological properties.

We will always work with algebras over a fixed base field £.

First we consider the Koszul property. If 4 is a quadratic algebra with
defining relations Ry C 44, then the dual algebra is A' := T(A})/(R$). Fix
a basis {x} for 4; and let {,} be the dual basis. Define e4 := Lpxn® &y €
A ®y A'. The Koszul complex for A is the complex of free left A-modules

e AR (A o AR (M) — AR () — 4k — 0
where the differential is right multiplication by e,4. It will be denoted by K(4).

If K.(4) is exact then 4 is called a Koszul algebra. See for example [12] which
proves a number of fundamental properties of Koszul algebras.
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A homogeneous element z of a graded algebra D is said to be n-regular if
both right and left multiplication by z is injective on D; for all i £ n.
The proof of the next result is similar to the proof of {17, Theorem 5.4].

Theorem 2.1 Let D be a finitely generated quadratic k-algebra with a normal
L-regular element z € Dy, and define 4 = D/(z). Suppose that

1. A is a Koszul algebra,
2. Hp(t) = (1 + t)H (1), and
3. A®p K.(D) is exact in degree = 3, namely

= AQp Ku(D) — -+ — 4 ®p Ka(D)
is exact.
Then D is also a Koszul algebra, and z is a regular element of D.

Proof. The Koszul complex for D in degree n is a direct sum of bounded
complexes of finite dimensional vector spaces, namely

0—-Dy QD) — - — D, (D)) — pkbpg — 0.
Write P; for the homology group of this complex at D; ® (D} ), and
py = dim(P;;). Write d; = dim(D;) and §; = dim(D;)*. Then
dody — d10py + -+ (=1)'dudo = Pon — Pru—1 + -+ (=1)"ppo
+(—1)"0,0 -

Define integers ¢, := dim(do + - -+ + 4y ). Thus 3, > cut™ = (1 =)' Hy(t).
Because 4 is Koszul Hy(t) - H,(—t) = 1. Therefore, hypothesis 2 implies

(ﬁiocmt’") CHy(—t) = (1 = ) Hy(OHp(~1) = H(OH () = 1.

In particular, cgd, — ¢18,—1 + -+ + (—=1)'¢s00 = (—1)"n0. Hence

(do — co)on — (dy — €1)0p—1 + -+ (=1)"(dn — cn)do

= Pon — Pra—1+ -+ (=1) puo .

Although we will not use this fact, it is easy to show that z is regular on
Dy+Di+---+D,_yifand only ifdy —¢cp=dy —¢;y=---=d, —¢c, =0.
Write W,, = {x € Dylzx = 0} and w,, = dim(}¥,,). The regularity of z is
equivalent to w, = 0 for all m.
Claim 1 If j = 2 then p;; =w; = 0= p;; =0.
Proof. Let d denote the differential on the Koszul complex for D. Let u €
D;® (Dj’-)* be such that d(u) = 0. We must show that u is in the image
of d. Since 4 ®p (D')* is exact at 4 ® (Dj!-)* by Hypothesis 3, there exists
ve D1 ®(D)) and v/ € Di_y ® (D},;)* such that u = zv +d(v'). Clearly
z+d(v) = 0sodv) € W;® (D}_,)*. But this is zero by hypothesis, so
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d(v) =0 i.e. v gives a class in P;_; ; = 0. Thus v € im(d), and it follows that
u is also in the image of d.

Claim 2 For all i and for all j = 2 we have pyy = piy = poj = p1; =0.

Proof. The first two are zero simply because the right hand end of the Koszul
complex for D, namely D ® (D})* - D® (D))" - D® (DY) — pk — 0, is
exact. To prove the other two homology groups are zero we use the previous
claim. Since z is 1-regular, wo = w; = 0. Since p_;; = 0 the previous claim
gives pg; = 0. Now pg; = w; = 0 allows us to use the previous claim again,
to conclude that py; = 0.

The theorem will now be proved by induction. We will say that H(n) is
true if

do—co=di—cr = =dp1—C_1 =0
and
wo=W1:"':W"‘2:O
and
Poj=piy=-"=puoag; =0 foralljz2.

We have already seen that H(n) is true for n £ 2. So suppose that n = 2 and
that H(n) is true. We will prove that H(n + 1) is true. By the first paragraph
of the proof, and the induction hypothesis

(=)dy — )00 = pon — Pron—1+ -+ (=1 puo = (—1)"py-2,2

whence d, — ¢, = pn-22. The map ‘multiplication by z’ yields an exact
sequence 0 — W,y — D,y — D, — A, — 0. Hence w,_y = dy_; — d, +
(¢n — cu—1). But d,_1 — ¢,y = 0 by the induction hypothesis, so w,_; =
—(d,—cy) and p,.25 = —w,_;. Both p,_,» and w,_, are non-negative since
they are dimensions of vector spaces, sO p,_22 = wy—1 = 0. It follows that
dn — ¢, = 0 also. Finally, for all j 2 2 we have p,_»; = w,—1 = 0 50 by
Claim 1 it follows that p,_, ; = 0. Hence H(n + 1) is true.
In particular, all the homology groups P;; are zero and z is regular. O

Remark 2.2 Let D be as in Theorem 2.1, but suppose now that z € D,. If
Hypotheses 1 and 3 are the same, and Hypothesis 2 is replaced by the hypoth-
esis that Hy(¢) = (1 — £2)H »(t) then an almost identical proof will show that
D is a Koszul algebra, and z is regular.

By combining the previous Theorem with the results in [11] and [7] we have
the following consequences. The definition of an Auslander-regular algebra and
the Cohen—Macaulay property can be found in [7].

Corollary 2.3 If the hypotheses of the previous Theorem apply, then

1. D is noetherian if and only if A is noetherian,

2. D is a domain if and only if A is a domain;

3. D is Auslander-regular if and only if A is Auslander-regular;

4. D satisfies the Cohen—Macaulay property if and only if A does.
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We now seek conditions on D which ensure that the hypotheses of
Theorem 2.1 hold.

Let D be a finitely generated quadratic algebra over the field &, and suppose
that z € Dy is a l-regular normal element. Since z is normal there is a linear
map ¢ € End(D;) with the property that zd == ¢(d)z for all d € D;. Since z is
1-regular there is only one such map and it is bijective. We will also assume
that ¢ extends to an algebra automorphism of D. Define ¢' € End(D}) by the
requirement that (¢'(B), §(d)) = —(B,d) for all f € D} and all d € D. It is
clear that ¢' extends to an algebra automorphism of D' because ¢ is assumed
to preserve the relations in D. Since ¢(z) = z it follows that ¢(z+) = z+.

Define 4 := D/(z). Since ¢(zD) C zD, it follows that ¢ induces an auto-
morphism of 4; we will still write ¢ for this automorphism. Similarly there
is an induced automorphism ¢' of 4'. The natural map 4} — D} induces an
algebra homomorphism @ : 4' — D' such that #(4') = k[z1], the subalgebra
of D' generated by z1. It is easy, but important to observe that @ is injective
in degrees 1 and 2. Finally, we note that the automorphisms ¢!, of 4' and ¢,
of D' are compatible with @ in the sense that ¢ o ¢! = ¢}, 0 @.

Proposition 2.4 Let D be a finitely generated quadratic algebra, and suppose
that z € Dy is a 1-regular normal element. Fix w € D} such that w(z) = 1.
Then

1. w is l-regular;
2. the defining relations for D' consist of
(i) the relations for A';
(it) {wB — ¢'(B)w + Yp|B € 2+, and certain Yy € (z+)*};
(iii) w* — wv — @ where v € z1 satisfies ¢'(v — w) = w and ¢ is some
element of (z+);
3.0, = w(zt Y+ Y =@ o+ @Y forallk = 1

Proof. We have
Di®D =k(z®2)® Q") ® (0" ®2)® (0" ® wh)
D;®D; =koRw)®(@wRz et ew) et vzt).

The relations in D are of two types. Those in Rp N ((z ® ot) @ (kz ®
2) ® (0t ® z)) are of the form z ® d — ¢(d) ® z where d € w’. Modulo
these the other relations are of the form f; 4+ z ® v) + a3z ® z for various
fi1€ ot ®wt, v, € wt, a; € k where 1 € A some index set. Further-
more, we may assume that {f;|A € A} is linearly independent (because the
I-regularity of z ensures that there is no relation of the form z Qv+ oz ® z
with v + az $0).

Let B € D}. If wff = 0 then w ® B vanishes on all the relations for D
and in particular on all the relations of the first type. Hence S(d) = 0 for all
d € Dy, so B =0. Similarly, if fw = 0 then f =0, so w is l-regular.

Now we show that @? € w(z1) + (z*+)?. First define v € D} by requiring
that v(z) = 0 and w(d) = —w(¢(d)) for all d € w*. Now let ¢ € z+ @ z+ be
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such that @(f;) = a; — v(v,;) for all 1 € A. It is straightforward to check that
(W®w—w®v— @)Rp) =0 and hence w? = wv+ @ € w(zt)+ (z1). A
similar argument shows that @? € (z1)w + (z1)2.

Now we show that w(z1) C (z%)w + (z+)?. Let B € z*. Choose 5 € 2+
®z* such that (1) = —B(v;) for all 1 € A. Then (0 ® B~ ¢'(f) ® w+ )
(Rp) =0 so in D' we have wf = ¢'(B)o — Y. Thus w(zt) C 1o + (=)
and a similar argument also proves that (z1)w C w(z*+) + (z1)%.

An easy induction argument proves that D} = w(zl)f7! + (z1)f =
Yo+ (z1) forall k = 1.

It remains to show that ¢'(v — w) = w. By definition {(¢'(v), ¢(d)) =
—(v,d) = —(w, ¢(d)) for all d € wt, s0 (¢'(V)~w, p(wr)) = 0. Also (¢'(v)—
®,2) = (¢'(v), $(2)) — {@,2) = (v,2) — (®,2) = —1. But (¢'(0),p(w’)) =0
and (¢'(w),z) = —1 also. Hence ¢'(v) — w = ¢'(w) as required. [

Proposition 2.5 Let D be a finitely generated quadratic algebra, and suppose
that z € Dy is a 1-regular normal element. Fix w € D} such that w(z) = 1.
Define A = D/Dz. Suppose that the induced map Ay — D} is injective. Then

1. the map A' — D' is injective, and A' = k[z1];

2.D'=wd' 04 =A'w® 4" and D' is a free right (and left) A'-module
with basis {1,w};

3. the hypotheses of Theorem 2.1 and its Corollary hold, so that D is a
Koszul algebra if A is.

Proof. Since the image of @ : A' — D' is k[z1] and D' = k[z1][w], it fol-
lows that there is a surjective algebra homomorphism 4' II; k[X] — D' from
the coproduct of 4' and the polynomial ring k[X], which sends X to w. By
Proposition 2.4, the kernel of this map is the ideal generated by
{XB— @' (B)X — ypp|B € AT} U{X? — Xv — ¢} where y5,v and ¢ are defined in
Proposition 2.4,

We first consider the quotient of 4' Il k[X] by the ideal generated by all
but the last of these elements. Define 6 : A} — 45 by

3(B) = wh — ¢' (B .

Although the computation on the right hand side takes place in D', it is equal
to (the image of) —y; which is in (z*)? which is identified with 4} through
@. Hence & is well-defined. We will show that § extends to a ¢'-derivation
of 4. To do this it suffices to prove that if §;,7; € 4} satisfy &, fiy; = 0 in
A', then %, (8(B;)yi + ¢'(B:)(y:)) is zero in A}. Since the map 4} — D} is
injective, it is enough to show that this expression is zero in D'. However, this
expression equals

Z (wBiyi ~ ¢!(ﬁi)w%’ + d’!(ﬁi)w')’i - ¢’!(I3i)¢!()’i)w) = —Z ¢!(ﬂi)¢!()’i)w

which is zero because ¢' is an algebra homomorphism.
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Hence A'TIk[X]/{(XB—d'(B)X — 3|8 € A7) = A'[X; ¢', 8] the Ore extension
with respect to (¢',6). This Ore extension is a free 4'-module (on both the
right and the left) with basis 1,X,X?,. ...

Our next goal is to prove that X?—Xv—¢ is a normal element in 4'[X; ¢', §].
Some preliminary calculations are required.

Claim 1 ¢'(@) = @ + 6(v).

Proof. Applying ¢' to the relation w(w — v) — ¢ = 0 in D' and using Pro-
position 2.4 we have 0 = —¢'(®)w — ¢'(¢) = (v — ¢'(V))w — ¢'(p) =
v+ @ — d'(Mw - ¢'(@) = 3(v)+ ¢ — ¢'(¢) as required.

Claim 2 For all § € z5,(8¢' 4+ ¢'0)(B) = ¢'(vB — ¢'(B)v).

Proof. The right hand side of this expression equals (w + ¢'(w))¢'(f) ~
PH(BYw+ ¢'()) = 0¢'(B) — ¢ (B)w + ¢'(wf — ¢'(B)w) which is precisely

the left hand expression in the claim.
Claim 3 If § € 4} then (X2 — Xv — @) — ¢ (BYUX? — Xv — ¢) € 4.

Proof. Using 1,X,X?2,... as a basis for 4'[X;¢',5] as a left 4' module we
must show that the components in 4}X? and 45X are both zero. Since Xo =
&(a) + ¢'(2)X for all « € 4}, the coefficient of X? is zero. The coeflicient of
X is (8¢' + ¢'0)(B) — ¢'(vB) + ¢*(B)¢'(v) = 0 by Claim 2.

Claim 4 (X2 — Xv — @)X — (X + $2(v) — ¢'(V))(X? — Xv — @) € 4},

Proof. As in Claim 3 we want to show that the coefficients of X, X2, X3 are
all zero. It is easy to see that the coefficient of X is zero. The coefficient
of X2 is —¢'(v) — (¢2(v) — ¢'(v)) + ¢'*(v) = 0. The coefficient of X is
—0(v) — @+ (3¢' + ¢'0)(v) + (¢7(v) — $'(v))$'(v) + ¢'(9). This is zero by
Claim 1, and Claim 2 (with § = v).

Claim 5 ¢' extends to an automorphism of 4'[X; ¢',6] with ¢'(X) = —X +
o'(v).

Proof. 1t suffices to prove that the relation X —8(8)— ¢'(B)X = 0 for f € 4}
is preserved by ¢'. However applying ¢' to this gives (=X + ¢'(v))¢'(B) —
$'8(B) — ¢'H(PN—X + ¢'(v)). By Claim 2 this is zero.

Claim 6 X2 — Xv — ¢ is a normal element of 4'[X; ¢, 8].

Proof. We have just shown that (X2 — Xv — @)a — ¢ (a)(X? — Xv — ¢) €
4, for all « € A} ® kX. However, this element clearly maps to zero in
D' = A'[X; ¢',8)/{w? — wv — ¢). Since the map 4; — D} is assumed to be
injective it follows that (X? — Xv — @)a = ¢2(a)}(X? — Xv — @) as required.

Hence 4'[X; ¢',6]/(X? — Xv — ¢) is a free right and left 4'-module with
basis {1,X}. This proves both the first and the second claim.

It is now immediate that Hp(t) = (1+t)H (t). Furthermore, A®pK.(D) =
ARD =(4® wd') P (A ®A') and the induced differential is given by right
multiplication by ep =z ® @ + x; ® & where x; is a basis for o and &
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is the dual basis for z. However, since z annihilates 4, ep acts just as right
multiplication by e4 := X x; ® & where x; and & are dual bases for 4; and

1 respectively. Thus 4 ®p Kq(D) is just a direct sum of two copies of the
Koszul complex for 4, one of which is shifted in degree. Hence the second

and third hypotheses of Theorem 2.1 hold. O

Theorem 2.6 Let D be a finitely generated quadratic algebra. Suppose that

o there is a l-reqular normal element z € D,, and ¢ € Aut(D) such that
zd = ¢(d)z for all d € D;
e A :=D/{(z) is a Koszul algebra.

Then the following are equivalent:

1. D is a Koszul algebra and z is regular;

2. Hp (1) = (1 + 0)H (1),

3. the natural map A' — D' is injective,

4. the natural map A’3 — D’3 is injective;

5. the image of (D) @ Rp)N(Rp ® Dy) under the natural map sz’3 — A?M
is (A1 @ RHN(Ry ®Ay).

Proof. Proposition 2.5 proved that (4) implies (1), (2) and (3). Obviously (3)
implies (4), so these conditions are equivalent.
Notice that (4) and (5) are equivalent. First observe that

D = (D})®*/R ® D} + D} ® Rp = (DF*)"/(Rp ® Dy N D1 ® Rp)*
= (Rp®D;ND; @Rp)* .

Similarly
A= Ry @A NA QR .

Since the map 4, — D} is induced by the map (4¥°)* — (DF?)* which is
dual to the natural map Di@ — Afm , the equivalence of (4) and (5) follows.

Suppose that (2) holds. Then dim(Dj}) = dim(4}) + dim(4}). However, by
Proposition 2.4, there is a surjective linear map A} A4} — D). Hence this map
must be an isomorphism, and its restriction 43 — D} is injective. Hence (4)
holds. We have shown that (2), (3), (4) and (5) are equivalent.

Finally, suppose that (1) holds. Since z is regular H,(¢) = (1 — £)Hp(t).
Thus (2) follows from the functional equation for Koszul algebras. [

Corollary 2.7 Let D be a finitely generated quadratic algebra. Suppose that

o there is a -regular normal element z € Dy, and ¢ € Aut(D) such that
zd = ¢(d)z for all d € D;

o A4 := D/{z) is an Artin-Schelter regular algebra [2] with Hilbert series
Hy(t)=(1 -1

e the image of (Dy @ Rp) N{(Rp ® Dy) under the natural map Df93 — A‘f% is
(A1 ® RHN(R4 R Ay).
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Then D is a noetherian domain with Hilbert series Hp(t) = (1 —t)™*, and D
is an Auslander-regular, Koszul algebra with the Cohen—Macaulay property.

Remark 2.8 Consider a quadratic algebra D with a normal element 0%z ¢ D,
and A4 := D/{z). In the previous Corollary the hypotheses that z is i-regular,
and the existence of ¢, are easily checked if D is given in terms of gen-
erators and relations. However, if one knows in advance that z is regular
then (as T. Levasseur kindly pointed out to us) the proof in [15] adapts to
the non-commutative case, and D is Koszul if and only if 4 is Koszul. In
particular, if D is Koszul with Hilbert series (1 — t)™" then 4 is Koszul
with Hilbert series (1 — ¢)~»~V. If D is given by generators and rela-
tions, then it may be very difficult to decide if z € D, is regular; how-
ever, sometimes one might be able to use the Diamond Lemma to check this
easily.

Remark 2.9 From Theorem 2.6 we may recover Sridharan’s classification [19]
of filtered algebras whose associated graded ring is a polynomial algebra.

3 Central extensions of three dimensional Artin-Schelter regular algebras

3.1 Generalities

Definition 3.1.1 A central extension of a graded algebra A is a graded algebra
D with a central element z € Dy such that z is (left and right) regular and
A= D/{z).

If A is a 3-dimensional Artin-Schelter regular algebra then a regular
central extension of A is a four dimensional Artin-Schelter reqular algebra
D which is a central extension of A.

Notice that there is nothing to be gained by letting z be normal since a
normal regular element of degree one may always be turned into a central one
via a twist (see [4, Section 8]).

Let A be a three dimensional Artin—-Schelter regular k-algebra with Hilbert
series (1 — ¢)73, as classified in [3][2]. Our aim is to classify regular central
extensions of 4. To be more precise, for a given 4 we will classify pairs
(D,6) where D is a four dimensional Artin—Schelter regular algebra and 0
is a surjective graded k-algebra map D -— 4, whose kernel is generated by a
central element in degree one. Two such pairs (D, 0) and (D', §") will be called
equivalent if there is an isomorphism of graded k-algebras ¢ : D — D’ such
that § = @'y Note that equivalence is stronger than just isomorphism of D
and D'.

Remark 3.1.2 Tt follows from Remark 2.8 that if D is a Koszul algebra with
Hilbert series Hp(t) = (1 —t)™* and z € D; is a regular central regular
element, then D/(z) is a Koszul algebra with Hilbert series (1 — ¢)~>. Thus
D is a central extension of an Artin—Schelter regular algebra. Hence after this
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paper, attention should probably be focused on those 4-dimensional Artin-
Schelter regular Koszul algebras having no normal elements in degree one
(except 0).

According to [2] we can, for fixed generators x;,x;,x3 of 4, choose a basis
of the 3-dimensional vector space of quadratic relations say fi, f2,f3 such
that there is a 3 x 3 matrix M with entries in 4 and a matrix Q € GL3(k)
such that the relations f, f2, f3 may be written as f = Mx and x'M = (Qf)
where f = (f1, f2,f3), and x = (x1,x2,x3)'. These are equations in matrices
over the free algebra k(x;,x2,x3). Associated to this presentation of 4 there
is an element w € A such that w = x'Mx = x'f = f*(Q'x). Cleatly w €
R4®A,NA|®R 4. Furthermore it is proved in [2] that dim(R,®4;NA; QR,) = 1
whence w is uniquely determined (up to a scalar multiple) by 4. We also
introduce the element x* = (x},x,x}) € A4} defined by x* = Q'x. Thus
xf = fix*.

Now suppose that D is a central extension of A. Choose representatives for
x1,%2,x3 in D1. We will also denote these by xy,xp,x3 and will consider their
span in D; as being a copy of A;. The defining equations for D will therefore
be of the form

gj:::fj+zlj+otj22:O j=1...3
zx; —xiz=0 i=1,..3 (3.1)

where [y, f2, f3 € A1 @ Ay are defining equations for 4, and I;,15, 13 € 4;
and ay, 00,03 € k. Two such sets of equations will describe equivalent central
extensions if they may be transformed into each other via substitutions of the
form x; — x; + w;z, z — vz for scalars (u;);, v.

Theorem 3.1.3 The equations (3.1) define a four dimensional reqular algebra
if and only if there exist (y;); € k that form a solution to the following
system of linear equations in A®? 4, and k.

25 =2l = Uxg)

J J

2 vk = 2 0(x; — x})

g J

Sy =0. (32)
J

If such (y;); exist, then they are uniquely determined by (I;);.

Proof. By Theorem 2.6 equations (3.1) define a regular algebra with z a non-
zero divisor if and only if there exists w' € Dy ® Rp N Rp ® Dy, mapping to
w. Let w’ be such an element. Then it may be written as

w = a;(f; + Lz + a;z°) — 3 bilzxi — xiz) (3.3)
J i
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for some a;, b; € Dy, and as
w = (fj + Lz + wiz’)e; — 3 (2xi — x;z)d,; (3.4)
J i

for some ¢;, d; € Dy.

Write a; = aﬁl) + aﬁz)z, ¢ = cf-l) + cﬁ-z)z with aﬁ-l), cﬁ-” € Y kx;, and a'?,
cﬁ-z) € k. By reduction mod(z) we find that aﬁ-l) = Xxj, b}l) = x; (up to a scalar
multiple which does not matter). Comparing (3.3) and (3.4) we now find the
following identity in D®>.

Sxilliz + 02y + 3 aPz(f; + Lz + oyz*) — ¥ bilax; — xiz)
J J i

=3 (;+ oc,-zz)x}‘ + Ecﬁz)(fj + iz + a2z — 3 (2x; — xiz)d; (3.5)
j j i

Conversely w' will exist if there exist aﬁz), c}z), b;, d; such that (3.5)
holds. Now let T = k{x;,x3,x3)[z]. The existence of a?, cﬁz),b,», d; such

that (3.5) holds is equivalent with the existence of @' & € k such

AR
that
Soxiliz + o) + 2 dPz(f; + Lz + 0z2) = 3 (Liz + 02’ )x)
J J J
+ Zc}z)(fj + 1z + 0;z*)z (3.6)
J
in T;.
Define y; = c§2) - aﬁz). Now (3.2) is obtained by comparing terms in (3.6)

with the same z-degree.
Since the (f;); are linearly independent in A®?, the first of these three
equations shows that the (y,); are uniquely determined by the /;. O

Remark 3.1.4 Equations (3.2) may be rewritten as (with y = (1,y2,73)")
gx* =(x—zy)g
in k{x1,x2,x3)[z], which is perhaps more elegant.

Lemma 3.1.5 If we make a substitution x — x + uz and z — vz where
u = (uy,uz,u3 ), then

af
lj — Ulj + zi:u,'-a-—xf
aj — vPa; + vli(u) + fi(u)

y — vy + (U —u) 3.7

where u* = Q'u.
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Proof. If we use the notation f;(x) and /;(x) to emphasize the dependency of
f; and [; on x, then there are linear forms %{{ in x such that

of
filx +ut) = fi(x)+ Zui-axi’_z + fj(vz)z2 .

Similarly /;(x + uz) = I;(x) + [;(u)z. 1t follows at once from this that /; and
a; are transformed as in (3.7). To see that v, is transformed into vy; +u} —u;
requires more work. First, as remarked before, y; is completely determined by
l;. Hence it suffices to check that (vy; +u} —u;); is a solution to (3.2) for the
transformed / and a. To do so involves some tedious calculations using the
fact that x' f = f'x*, and that %; u,%f% = fi(u,x)+ fi(x,u) (we are viewing f;
as a bilinear form in the obvious wa&). O

We are now in a position to draw a first conclusion from what we have
done so far. We can describe those sets of equations (3.1) having no linear
terms (/; = 0 for all j) which give rise to a regular algebra.

Theorem 3.1.6 If there are no linear terms in equation (3.1) (i.e. I; =0 for
all j), then these equations define a regular algebra if and only if

(- Q)=0. (3.8)

Furthermore, any equivalent algebra which also has no linear terms, will have
the same o (up to a scalar multiple).

Proof. Since the f; are linearly independent, the only possible solution to the
first of the three equations in (3.2) is given by y; = 0 for all j. But y; =0
will be a solution to (3.2) if and only if a satisfies

szj(xj ~x]*) =0.
J

However, this is equivalent to (3.8).
It follows from (3.7) that a substitution x — x + uz,z — uz preserving the
property /; = 0, satisfies

of; )
El:ui—a; =0 Vj (3.9)
Since ), ui% = fij(u,x) + fi(x,u) it follows that f;(u) = 0. Therefore, ac-
cording to (3.7) « will only be multiplied by the scalar v*. O
3.2 Computations for the generic three dimensional types

In this section we compute the regular central extensions of the generic types
in [2]. We need the following technical notion.

Definition 3.2.1 A solution to (3.2) will be called simple if y = 0.
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The existence of simple solutions is of practical importance since (if they
exist) they depend only on Q and not on the f;, so they are easier to determine.
Furthermore as we will see below, in some instances all solutions to (3.2) are
equivalent to simpie ones.

Lemma 3.2.2 Define the following subspaces of k{x1,x2,x3) :

U=kfi+kfa+kfs
V = Zk(xjx; - xix;)
i’j
W = subspace spanned by the entries of the vector (Q —1)f .
Then

L. wcunvy;
2. every solution to (3.2) is equivalent to a simple solution if

w=Unv. (3.10)

Proof. 1. Let u = (u;); be arbitrary. Under the substitution x — x + uz (z
central) the identity x' f = f'x* becomes (x' +u'z) f(x+uz) = f(x+uz)'(x* +
u*z). Comparing the coefficients of z it follows that

af; af;
! — *1 —_ s .__J. * p— N __j.
(u u )f ; U; 2}: axixj xj axi

But #' — u* = u(l — Q). Since u is arbitrary, it follows that

e O
d-Df)= EJD 6xixj xJ—a;i
which proves that W C V. Hence W C UNV.
2. Suppose that U NV = W. Let (y;); be a solution to (3.2). It is clear
from (3.7) that (y;) is equivalent to a simple one if and only if there exists u
such that y = u* — u = (@' — [u. Since the f; are linearly independent this
is equivalent to the condition that > y;f; = u'(Q —I)f for some u. However,
this is equivalent to the requirement that }_y; f; € W. But Xinfeunty,
so by hypothesis it is also in #. O

From now on we will assume that k is an algebraically closed field of
characteristic 0 and that Q is diagonal, say Q = diag(4, 42, 43).

Lemma 3.2.3
dim V = 3+ |{i| ;% L} + {(@ Dl i), Ak + 1}
dim W = |{i|4;+1}]

It follows that dimU +dimV —dim W £ 9, so (3.10) is never excluded for
numerical reasons.
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Corollary 3.2.4 Assume that for all i,;+1 and for all i%j, A;A;+1. Then
every solution to (3.2) is equivalent to a simple solution with

(%); =0, (1)) =0, (v);=0.

Proof. By Lemma 3.2.3 it follows that dimV = 9 and dim W = 3. Thus
W = UNV = U. Hence every solution is equivalent to a simple one by
Lemma 3.2.2. Taking such a simple solution (y;) = 0, it follows from (3.2)
that every /; = O since the x;x; — x;x; are linearly independent. Similarly all

a; = 0 because the x; — x; are linearly independent. [

As an application of our results we will now analyze the generic types in
[2, Table 3.11]. Recall that these all have the property that Q is diagonal.

Lemma 3.2.5 If 4 is a generic Artin—Schelter regular algebra with Hy(t) =
(1 — )73, then every solution to (3.2) is equivalent to a simple solution.

Proof. For all the generic types of [2] it is somewhat tedious but uneventful
to verify that U NV = W. Hence Lemma 3.2.2 applies. [

Theorem 3.2.6 Let A be a generic Artin-Schelter regular algebra with
Hy(t) = (1 — t)=3. The number of central extensions of A is given by Table
3.1 below. An entry —1 means that there exist no nontrivial D (i.e. every
central extension of A is equivalent to a polynomial extension), and 0 means
that there exists exactly one such D up to equivalence.

Proof. 1t follows from the previous lemma that to classify all the central exten-
sions up to equivalence, we may (and we will) restrict ourselves to classifying
the simple solutions to (3.2).

In what follows {,, denotes a primitive m™ root of 1.

Type A Q = [ and the defining equations for 4 are
f1 = ex? + axox; + bxsx
fo = ex3 + axsx; + bxixs

= cx% 4+ axyxy + bxyx; .

Table 3.1. Central extensions of 4

Type (4) Number of moduli Number of moduli if / =0

4 5 2
B 2 1
E -1 -1
H 0 0
S -1 -1
s 0 0

S2 —1 -1
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To find all simple extensions D, we must find all / and a such that (3.2) is
satisfied for y = 0. First observe that x* = x since Q is the identity matrix,
Hence if we write [ = (I1,5,13) = Hsx for some 3 x 3-matrix H; then the
first equation in (3.2) says that A3 must be symmetric. The second equation
in (3.2) says that o may be chosen freely. Given such o and / (and hence
A), by making a substitution of the form x — x + uz we can transform 4 to
an equivalent algebra in which o« = 0. In general this will be possible in a
finite number of ways. Since we may still perform the substitution z — vz we
see that generically our equivalence classes are parametrized by projectivized
symmetric 3 x 3-matrices, i.e. a 5 dimensional family. If we now consider those
with [ = 0 then o may be arbitrary, and allowing for substitutions of the form
z — vz, it follows that these form a 2-dimensional family.

Type B Q = diag(l,1,—1) and the defining equations for 4 are
S1 =x1x3 + x0xy +x§ —x3
fr= xf + Xox) + XX — ax%
f3 =x3%1 - x1x3 + axsx; — axyx; .

Since we restrict ourselves to simple solutions we find from (3.2) that o3 = 0,
I3 = 0, and there is a symmetric 2x2-matrix H, such that (I}, ;)" = Hy(x;,x2).
We may still perform the substitutions

X — X +tuwz x3—xy+z x3—x3 3.11)

without destroying the simpleness of our solution. We can use (3.11) to nor-
malize to « = 0 in a finite number of ways i.e. now the equivalence classes
are generically parametrized by projectivized symmetric 2 X 2-matrices i.e. a
three dimensional family.

Type E Q = diag({y,{3,(]) and the defining equations are

fi = x3x1 + Bxixs + (33
fr=x1x2 + §xaxy + 23
fr="{loxt +xx3 + (xsxz -
Corollary 3.2.4 applies, so D is equivalent to Afz].
Type H QO = diag(1,—1,{s) and the defining equations are
fi=x —x3
fr = x1x2 — x0%1 + (a3
Sy = x0x3 = Laxzxz

It follows from (3.2) that ap = a3 =0, [, = I3 = 0 and /, is a scalar multiple
of x;. Making a suitable substitution x; — x;+u12, X3 — X3, X3 — X3, £ = VZ We
can make o3 == 0 also, and make this scalar equal to 0 or 1. Hence there is (up
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to equivalence) a unique algebra D which is not of the form A{z]; it is given
by a = 0, I] = x;, [ == I3 = 0. Finally, the extension with /; = [, = I3 =0,
o = o3 =0 and a; = 1 is not equivalent to A{z], and this algebra gives the
unique D (up to equivalence) having no linear terms.

Type S; Q = diag(a, B,(ef)~") with « and B generic, and the defining equa-
tions are
Si = xax3 + aPxzxy

S2 = ox3xy + axix;
S3 = X1x2 + axpxy
Corollary 3.2.4 applies, so D is equivalent to A[z].
Type S] 0 = diag(a,a™", 1) and the defining equations for A are

1 =xx3 + aoz_lx3x2
fr = ax3xy + axyxz
fi= x% + x1x2 + axyx; .

This is similar to Type H. There is a unique algebra not of the form A[z] and
it is equivalent to an extension with no linear term.

T S; O = diag(a, —a, x~%) with a generic and the defining equations are
ype £ g g €q

fi =xx o7 xs

fr =x3x2 — & 'xpx3

fi=xi-x

Corollary 3.2.4 applies so D is equivalent to A[z]. O

4 The point variety
4.1 General results

Let T = k{xo,...,x,) be the free algebra. If g is a homogeneous element of
degree d in T then we will denote by g also, the image of g in the commutative
polynomial ring k{xg,...,x,], i.e. g becomes a section of ¢(d) on IP = IP(7}).

On the other hand if g = X a;x;x; then g'» will denote the multilineariza-
tion of g in the sense of [3]; that is, g¢*% = Za,.jxfl)xﬁ.z) where (1), (x?),
represent homogeneous coordinates on P corresponding to the basis (x;); of
Ty. Then g(1?) defines a section of ©(1,1) on P x P.

Suppose that D = T/(gl,...,g,,,? is a quadratic algebra. Then we will write
Ip for the scheme defined by (g§ Yt .m Thus I C P x P. Furthermore
we define 2p = pr;(Ip) C IP, the projection onto the first coordinate.

Recall that a point module over D is a graded left D-module My &M & - - -
generated in degree zero such that dimM; = 1 for all i = 0. This definition

.....
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may, in an obvious way, be extended to families so as to define a functor
from Sch/k to Sets (see [3]). Our definition of #p may then be justified by
the following specialization of a result in [3].

Theorem 4.1.1 Suppose that Pp = pr|(Ip) = proy(Ip) and that I is the
graph of an automorphism op : Pp — Pp. Then

1. Pp represents the functor of point modules, and the truncation functor
M — M5 (1) is represented by o~ .

2. Every point module of D is of the form D/Dy; + --- + Dy, where
(y:)i € Dy. The corresponding point in Pp is given by the common zero

of (¥i)i

Proof. 1. The first statement is given in [3, Corollary 3.13} and the remarks
thereafter.

2. Suppose to the contrary that M := D/Dy, + Dy, + --- + Dy, is not
a point module. It certainly maps onto the point module corresponding to
¥ (¥1,-.., ¥n), and hence (after shifting) has a cyclic subquotient, N say, with
dim Ny = dim Ny = 1 and dim N, = 2. Choose elements eg, e, e2;, €2 such that
Ny = key, N1 = key, N, = kes; + kep,. Then there are points p,qi,q> € D}
such that x - eg = x(p)e; and x - e; = x(q1)e21 +x(g2)ex, for all x € D,. Since
N is cyclic ¢, and g, are linearly independent. Since Nfkey; and Njke;, are
truncated point modules of length 3 the points (p,q;) and (p,q2) (viewed in
P x IP) are both in Fp. But g; +4¢, and this contradicts the fact that I is the
graph of an automorphism of #p. U

If the hypotheses of Theorem 4.1.1 apply (and they always will in the
examples we consider in this paper) then we will call the pair (#p,op) the
point variety of D. If p € Pp then the corresponding point module will be

denoted M(p). Thus (4.1.1.1) says that M(p)>:(1) gM(p"‘l).

Lemma 4.1.2 Suppose that (I'p)ea defines an isomorphism between pr (I )req
and pry(I'p)ed. Then I'p defines an isomorphism between pr (Ip) and pry(Ip).

Proof. This is a consequence of [3, Proposition 3.6]. If p € pr,(Ip) then
the preimage of p is (scheme-theoretically) a linear space, and by hypothe-
sis is 0-dimensional. Hence the preimage consists of a single reduced point.
Hence by the argument in [3] pr, is an isomorphism in a neighbourhood of p.
The same argument applies to pr,, whence both projections are isomorphisms
from I'p. O

We will need the following result in the next subsection:

Theorem 4.1.3 Suppose that D is an Artin-Schelter regular algebra with
Hilbert series (1 —t)™*. Suppose furthermore that (I'p)req defines an isomor-
phism between pry(Ip)ea and pry(Ip)ea. Then pri(Ip) = pry(Ip) and Ip
defines an automorphism of Pp = pr(Ip)

Proof. Let x = (xi,...,x4) be the generators of D. It follows from the
Gorenstein property, and the hypothesis that Hp(¢) = (1 — t)~* and that pk
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has a minimal resolution of the form

4 P(x) (x)

0— DDt PO ps s X p ko

where we have written P(x), Q(x) to emphasize the dependence on x. Hence
Rp is spanned by the entries of the vectors x'P and Qx.

The fact that (I'p).q defines an isomorphism means that if 0{ = ({y,...,
L4) € L* is a vector with entries in some field extension L/k then

tkP(()=3 and tkO() = 3. (4.1)

We now show that for any local k-algebra R and any R-point (p’, p”) of I'p
there exist R-points of the form ( {) ,p') and (p”, p’’) in Ip.

Let p' = x(D = (x(l),.‘ 2)) €ERY poi=x@® = (x(z),...,xaz)) € RY
Then there is a complex

L) o))
RO R 25 pe (42)
However, using (4.1), we see that (4.2) is exact after restricting to the residue
class field of R. Therefore (4.2) 1tself is split exact. Hence we may find x(® =
o2, Xy and x® = (x{,...,x) € R* such that
RO B
00— —r> R* ) RS

and

(2) (3)
REVRILR 0

are exact and the x,(O),x( ) are independent after tensoring with the residue class

field of R. Putting p := x\%% p/" := xB3) yields the desired result.
This shows that pr,(I'p) = pr,(Ip). The last assertion of the Theorem
follows from Lemma 4.1.2. (]

4.2 Point varieties of central extensions of three dimensional Artin-Schelter
regular algebras

In this section D will be a central extension of a three dimensional Artin—
Schelter regular algebra 4 = D/(z) with Hilbert series (1 — ¢)™3. We will use
the notation of Section 3.

In particular 4 = k{x1,x2,x3)/(f1, f2, f3) where f = Mx. However in this
section we will not assume that M is normalized in such a way that there
exists a Q such that x'M = (Qf)'. The equations of D are

= fitzli 4ozt =0 j=1,23
x, ~xz=0 i=1,23

where (/;);,(a;); satisfy the conditions of Theorem 3.1.3.
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Recall that by [3] the equation of #, is given by detM = 0. If detM is
identically zero then one says that 4 is linear. Otherwise one says that A4 is
elliptic because then det M defines a divisor of degree of 3 in IP?, i.e. a scheme
of arithmetic genus one.

Clearly 24 C #p. Our aim will be to describe how much 2, differs from
#4. To this end we have to introduce some auxilliary forms on IP(D7}).

Lemma 4.2.1 Let g = (91,92,93), 1 = (I, b, 1), = (a1, 00,03 ) and let M,
M;, M5 be the columns of M, i.e. M = [M) My M3]. Define

hy = xydet M + zdet [I My M;) + 2% det [a M, M3)
hy = xp det M + z det [M, | M3] + 2 det [M; o M;)
hy = x3 det M + z det [M, M; [] + z° det [M; M, a]

Then h; is in the ideal generated by (g1,92,93).

Proof. By definition h; = det[x;M, + zI + az?, My, M;] (expand down the
first column). Since f = Mx = x;M| + xoM> + x3M3, it follows that A =
det[ f +zl + az?, M, M) also (we have just added to the first column a linear
combination of the other columns). But this is just A; = det[g, M, M;] and by
expanding down the first column, one sees that /; is in the ideal (g1,42,93).
Explicitly

b = Mugi + Mgy + Mygs (43)

where M i; is the minor obtained by deleting the i’th row and the ;j’th column
from M. O

Theorem 4.2.2 1. The hypotheses in Theorem 4.1.1 hold for D. In particular,
the point variety (%p,0p) of D exists.

2. Z = Pp ¥ (z). On Pp N ¥(z), ap restricts to 64 and on Pp N0
V' (2)°,0p is the identity.

3. (ZDIred = (Pa)red Y V(91592593 red-

4. The equations for Pp are as follows:

(a) On WDO”//(Z)” 1= =g3= 0.
(b) On Pp NV (x;) 1 zg, =292 =zg3 = h; = 0.

5. Suppose that A is linear. Then there is a vector p (unigue up to
scalar multiples) of independent linear forms such that y'M = 0. Define
q = Wl + oaz). Then the equations of Pp are

zq =291 =29 =243 = 0.
Furthermore q,¢1,¢2,93 are related by the identity:

zq =g . (4.4)
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Proof. The defining equations of I are
M@ o (10,2 0 (1,2 _ ¢ (4.5)

ZDx® 5@ = ¢ (4.6)

with the obvious notation. Because of (4.6) one can replace the /(Vz? term in
(4.5) by 2D, It follows from these equations that 2, N ¥ (z(1) is given by
the equation det M) = 0 which is the defining equation of #;. On ZpN¥ (2)°
we can take z{I) = 1, and it then follows from these equations that this part
of #p is defined by g!') = 0. Thus (3) holds. Consequently the hypotheses
for Theorem 4.1.3 hold. From this theorem we then deduce (1). The fact that
op exists implies that 2y = P, N ¥ (z) and that op restricts to g4. It follows
directly from (4.5) and (4.6) that gp is the identity on #p\¥7(z). Hence (2)
is true. It remains to prove (4) and (5).

Fix a point p € (#p)rea With coordinates (xg,20). Let (p, p’) be the closed
point of Ip projecting to p. Write (x',z’) for the coordinates of p’. We want
to determine the equations in (x(!,z(") (locally around p) such that there is
a non-trivial solution to equations (4.5) and (4.6).

Suppose that zo+0. Then z’ +0 for otherwise (4.6) forces x’ = 0 whence
p' = (0,0) which is absurd. Hence we may assume that z(1) = z(2) = 1 locally
on I, around (p, p'). Then by (4.6) x®® = x(I), Substituting this in (4.5) we
get g =0, i.e. g, = g2 = g3 = 0. This proves (4a).

Suppose that (xp); +£0. Then we may assume that x = 1 locally around p.
From (4.6) we deduce that z?) = z(”x(lz) on Ip around (p, p'). By resubsti-
tuting in (4.6) this gives zV(x® — xPx") = 0 for all k. If p+p’ we may
proceed as follows. As p+ p’ some x,({2 ) —xﬁz)x,(cl) will be invertible in a neigh-
bourhood of (p, p’). Hence locally around (p, p’) we must have z() = 0 and
therefore I'p has equations z(") = z2 = M(x® = 0 around (p, p’). As x®
cannot be the zero vector, this implies that #p has defining equations

20 =0, detMV =0 4.7)

around p. These equations clearly imply the equations of (4b). Conversely, as
p=p', p cannot be a common zero of the g;. So locally some g; is invertible
giving z = 0 whence (4.7), This proves 4b when p= p'.

Suppose that p = p’. If zo+0 then as before gy = g, = g3 = 0 whence
also h; = 0 by the foregomg lemma Hence the difficult case is when zy = 0.

So assume zp = z' = 0 and x (12) = 1 locally around (p, p'). As
before we have z(V) = z(z) and z(‘)(x(z) —xM) = 0 around (p, p'). Define
& = xf) - xfcl), notice in particular that & = 0 in a neighbourhood of (p, p').
The defining equations for Ip can be rewritten as

MO LW 4 fOD L0002 = (4.8)
Mg =0 (4.9)

where ¢ = (0,¢;,83). At p, the columns M2“) and M3(3) are linearly indepen-
dent for otherwise M x® = 0 would have another solution with x\* = 0
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(contradicting the fact that p’ = p). So some 2 x 2 minor of [M“),M;”] is
invertible in a neighbourhood of p. Hence we can pick two equations of (4.8)
and solve for ¢, ¢;3; substituting these in the other equation of (4.8) yields the
equations in (4b).

For example suppose that M3, = myamas — mpmy; is invertible around
p (we will drop the superscripts (1) temporarily). Then the first two equa-
tions of (4.8) can be solved locally and give us formulas for & and &
viz.

Max, — M3ixy + Lypz + K3pz* = My, (4.10)
Ma3x) — Myxs + Lysz + K332> = Myes (4.11)

where L = [[,M,M;], K = {o, M3, M3] and [:,-j and If’ij denote the minors.
Substituting these values in the third equation of (4.8) gives

(m31M31 + myaMap + mysMa3)xy + (M1 + mypLly + myslas)z

+(3M31 +m3K3 + my3K33)2? = 0.

But this expression is simply det(M)x; + det(L)z + det(K)z> = hy so by = 0
around p. If (4.8) is multiplied by z(!) and (4.9) is substituted, then one ob-
tains zg'!? = 0. This shows that the equations in (4b) do indeed vanish in a
neighbourhood of p.

Now assume that 4 is linear. Then &4 = IP(4}) = P2. We will write ¢ for
the linear automorphism of 4; which induces 4. We transfer this automor-
phism to 4; by defining x7(p) = x;(p°) where x;,x2,x3 is the basis for A;.
Because Iy is the graph of o, it follows that y’M = 0 where

-1 -
W=7 x5 x5 ).

The uniqueness of p follows from the fact that rank M = 2 at all points of P2.
Since detM = 0 we also have (Ml,-,le-,M3,~)M = 0. Since rank M = 2 at
all points it follows that M Mo, M 3;) = yu' for some linear form y. Pick a
point p such that x;(p) = 0. Suppose that {i,j,k} = {1,2,3}. It follows that

columns j and k of M are dependent at p"_l and hence that M;, My; and M;;

all vanish at p"_l. Thus these minors vanish along the line where x7 vanishes.
Therefore

(M 11, M2, M3 = x{ p (4.12)
up to a scalar multiple. From the definition of ¢ we have
zqg = p'(lz +a2®) = p'(g — f) = p'(g — Mx) = y'g
as claimed. By Lemma 4.2.1 we have
hi = Mgy + Maugs + Mgy = x{i'g = xzq .
Using (4.4),(4.12) and (4.3) one deduces (5) from (4). [
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This theorem can be understood through its ensuing corollary:
Corollary 4.2.3 Let

_ {"//(gl,gz,gs) if A is elliptic
1\ 7(g,91,92:93) if A is linear .

Then there is an exact sequence

0= Oy(—1) % 05, & 0p, >0 (4.13)

where 0 is the restriction map and ¢ is induced by multiplication by z :
Opr(—1) = Oppry.

Proof. If A is linear this follows directly from Theorem 4.2.2.5. If 4 is not
linear then we may check the existence and exactness of (4.13) locally. Of
course we use the open cover in Theorem 4.2.2.4. Notice that in the elliptic
case, the fact that det M 0, is used crucially on ¥7(x;)°. The result now follows
from (4.2.2.4) and Lemma 4.2.1. O

Hence in a certain sense &p is the union of 2, and the (scheme-theoretic)
base locus of three or four quadrics.

Remark 4.2.4 1. If A is elliptic then Y represents the functor of non-trivial
one-dimensional representations of D, so it has a simple interpretation. The
appearance of ¢ in the linear case seems harder to understand. In the case
of homogenizations of enveloping algebras of three dimensional Lie aigebras
¥"(q) was seen to represent codimension one Lie algebras [9][10]. However
it is not clear to us whether, in general, ¥"(q) or ¥°(q,d1,92,93) represents a
similar, easy to understand functor.

2. Unlike the 3-dimensional case, the point variety may have embedded
components. For example, if ¥7(g;, g2, g3) contains a zero dimensional compo-
nent lying in ¥7(z).

3. One of the conclusions of Theorem 4.2.2 (through Theorem 4.1.1),
namely that point modules for D are of the form D/Du + Dv + Dw, u, v,
w € D; was proved in greater generality in [8]. In our case (i.e. for central
extensions of three dimensional Artin—Schelter regular algebras) it can aiso be
easily proved directly.

4. Theorem 4.2.2 seems to load to two different descriptions of ZpN¥ (x;)°N

¥ (x;)°. It is a pleasant exercise, left to the reader, to check that these descrip-
tions are the same.

The defining relations for a 3-dimensional Artin-Schelter regular algebra
can be described in geometric terms [3]: a tensor f € 4, ® 4; belongs to R, if
and only if f vanishes on Iy C IP?> x IP2. The next result shows that a similar
result is true for D (at least when 4 is elliptic).

Proposition 4.2.5 Suppose that D is a central extension of a three dimensional
elliptic regular algebra A = D/(z) with Hilbert series (1—1)73. Then a tensor
g € Dy ® Dy belongs to Rp if and only if g vanishes on Ip.
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Proof. If g € Rp then g(I'p) = 0 by definition. Conversely, suppose that
g € Dy ® Dy and g(I'p) = 0. Write

g:f+l®2+062®2, f€A1®A;,Z€A1.

In particular g vanishes on Iy = I‘Dﬁprf‘(“l/(z))ﬁprz"[(“//(z)) whence [ € Ry.
Hence after adding a suitable linear combination of the relations g;,¢2,93 to ¢
we may assume that f = 0. Thus (/1) + az(1)z?® vanishes on Ip.

The proof of (4.2.2.4) showed that z(") = z» on I'p. Thus (/U 4 az(1)z(D
vanishes on I'p and hence on #p. We may drop the superscripts and say that
(I + az)z vanishes on Z2p. By the short exact sequence (4.13) this implies that
I +oz vanishes on the subscheme Y = ¥7(g1,¢2,93 ). However, by Lemma 4.2.6
below this scheme is not contained in a plane, so [/ + az = 0. Therefore the
original g belongs to Rp. O

Lemma 4.2.6 The scheme-theoretic intersection of three quadrics, ¢, 92, g3
in 3, is not contained in a plane.

Proof. Suppose that the lemma is false. We may, without loss of generality,
assume that the three quadrics are independent.

By assumption there is a linear form [ such that ¥'(g,,¢2,93) C ¥°(I). If
7°(41,92,93) is zero-dimensional then ¥°(g1,¢2,93) = ¥ (g1, 92,93)N ¥ (I) can-
not consist of eight points (with multiplicity counted) since it is the intersection
of three conics in a plane. Hence ¥7(g;,g2,93) is either a non-degenerate conic
in ¥°(I) or contains at least a IP!.

Suppose that the linear system spanned by g;,¢»,¢9; contains a pair of
planes, say ¥ (g; =uv). Then ¥"({) D ¥ (uv,g2,93) DV (u, 92,93 )Y (v, g2, 93)-
Suppose that 7 (v)=+7¥7({). Then on the plane ¥'(v) the scheme theoretic
intersection of the conics 7 (v,g;) and 77(v,g3) is contained in the line ¥ (v, /).
Since the scheme theoretic intersection of two coplanar conics can not be con-
tained in a line it follows that ¥"(v) = ¥°(!). Similarly ¥ (v) = ¥°(I). Thus
the only possible pair of planes in this linear system is the double plane ¥ (/?).

Suppose that ¥7(g1,42,93) is a non-degenerate conic. Then there exists a
degree 2 form g, and linear forms x;, such that (up to a scalar multiple)
gi = ¢g + Ix;. But then the linear system contains /{(x; — x2) and I{x; — x3)
which are independent since the g; are independent. This contradicts the last
paragraph.

Hence 7°(g1,92,93) contains a line L. The set of all quadrics in P> con-
taining L forms a IPS. The subset of quadrics which are the union of two
planes, one of which contains L, forms a 4-dimensional family in P%. By
assumption gi, g, g3 spans a IP? in IP°. Hence the linear system contains a pair
of planes, which by the above must be ¥"(/?). We may assume that g, = /2.
Since no linear combination of g, and g3 contains a plane, ¥°(/,92,93) is the
intersection of two independent coplanar conics that have a common line L.
Hence ¥°(1,42,93) is L together with a point (possibly embedded). Specifically
v'(1,92,93) is either ¥°(I,xy,xz) or ¥ (I,xy,x*) where I,x, y,z are independent
linear forms. In both cases ¥ (12, g2,93) will be strictly bigger than ¥"(1, g2, 3 ).
This yields a contradiction. U
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Remark 4.2.7 1. We think that Proposition 4.2.5 is also true when 4 is linear.
This would amount to showing that the scheme ¥7(q, 4, 9g>,93) is not contained
in a plane, but we don’t see how to do this. Presumably (4.4) will be important.

2. Lemma 4.2.6 is probably a special case of a more general result, but we
have not found an appropriate reference.

3. In Remark 4.3.6 below we will show that there may be tensors
g € D, ® Dy which vanish on (I'p).q but are not contained in Rp. This illu-
strates the importance of considering the full scheme Ip rather than just (I'p )red.

4.3 Explicit computations in the generic cases

This section computes (the reduced part of) the point variety #p. For simplicity
we sometimes restrict attention to the case where there are no linear terms in
the relations of D (i.e. /{ = I, = /3 = 0 in the notation of Section 3), because
this allows us to use a well known classification of pencils and nets of conics
in the plane [20]. By Theorem 4.2.2.3 (Zphea = (Pidred U ¥ (g1,92,93 )red SO
to compute (Zp)heq We must compute the (reduced) base locus of these three
quadrics. Usually we will denote (Zp)eq by #p and if op is defined then we
will denote (op)eq by op also.
First, a general remark.

Lemma 4.3.1 Let D = k{xy,...,x0)/(g1,---,dm) be a quadratic algebra. Write
Ap for the linear system of quadrics in W(D}) spanned by the ¥°(g;). There
is a bijection between the following five sets:

1. base points of Ap;

2. point modules which have a non-trivial 1-dimensional quotient module,

3. two-sided ideals J of D such that D/J is isomorphic to a polynomial
ring in 1 indeterminate,

4. points of (I'p N A)ea where 4 C IP(D}) x IP(D7Y) is the diagonal,

S. the fixed points of op (if op is defined).

Proof. Write I for the ideal of D generated by the image of the skew symmetric
tensors in D. Thus D/I is the largest commutative quotient of D. It is clear
that each base point gives a point module for D/I which is necessarily of the
form D/J for some two-sided ideal J, and that such a point module has a
non-trivial 1-dimensional quotient. Conversely if M is a point module with a
non-trivial 1-dimensional quotient, then as in [8, Proposition 5.9], M = D/J
for some two sided ideal J and D/J = k[X]. Since D/J is commutative I C J,
whence M corresponds to a point in the base locus of .45. Hence there is a
bijection as claimed.

To verify the third statement, it suffices to observe that a non-trivial
i-dimensional module is a quotient of a point module. This is easy, and is
proved in [16, Proposition 2.2] (also see [8, Proposition 5.9]).

The fourth and the fifth statements are clear, [
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Table 4.1. Pencils of conics

Type s d b
o 3 0 4
B 2 0 3
b 2 i 2
é 1 0 2
£ 1 1 1
€ o0 0 1+ 00
¢ () 2 1
n [os] 1 o0
Table 4.2. Nets of conics
Type d b locus of the singular conics
A 0 0 smooth cubic
B 1 0 cubic with a node dl
B 0 1 cubic with a node
C 1 1 cubic with a cusp dl
D 2 0 conic-+line intersecting in 2 dl
D* 0 2 conic+line intersecting twice
E 3 0 triangle with vertices di
E* 0 3 triangle
F 2 1 line-+double line containing 2 dl away from intersection
F* 1 2 conic+tangent line meeting in dl
G 2 1 line+double line containing 2 dl including intersection
G* 1 2 line+double line containing di away from intersection
H 1 1 triple line containing one dl
1 o0, 1 plane containing conic of dl
I* 1 00 plane containing one dl

We will use the classification of pencils (i.e. 1-dimensional linear systems)
of conics in P? (classical) and nets (i.e. 2-dimensional linear systems) of conics
in P? (obtained by C.T.C. Wall [20]). Tables 4.1 and 4.2 below summarize
the results; more details can be found in [20].

Pencils of Conics Over k there are 8 types of pencils of conics in IP?, see e.g.
{20, Table 0]. We will use the following notation for them (differing from that
of Wall):

s is the number of singular conics in the pencil,
d is the number of double lines in the pencil,

b is the number of basepoints of the pencil,

0o denotes a line.

We remark that the base points in type § are not collinear, and no 3 of the
basepoints in type o are collinear.

Nets of Conics Over k there are 15 types [20, Table 1 and Table 2] of nets of
conics. This classification is determined by the type of the discriminant curve
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which is a divisor of degree 3 (in all except two cases). As before d is the
number of double lines in the net of conics, b is the number of basepoints of
the net and the last column of Table 4.2 describes the discriminant locus and
which points of it are the double lines (our abbreviation for ‘double line’ is
‘dl’). We denote a conic by 0o,.
The baselocus is collinear for all nets except those of type E*.

It scems to be a delicate problem to determine which nets of conics can oc-
cur as ¥4 for a three dimensional Artin—Schelter regular algebra A. However,
for generic Artin—Schelter regular algebras one can use the defining equations
(given in Section 3.2) to determine the type of 4. First, however, we re-
mark that if 4 is a generic Artin—Schelter regular algebra of type B then the
linear system .4 is a pencil of conics (rather than a net) of type «. One
obtains:

For non-generic algebras other types of .44 can occur.

Example 4.3.2 There are 3-dimensional Artin-Schelter regular algebras 4 such
that .4} has net-type 4,B,D,F and [*.

Take for A the enveloping algebra of a (3,3)-quadratic Lie algebra, in the
terminology of [5]. By [5, Proposition 1.7] they are 3-dimensional Artin—
Schelter regular and by {35, p. 163] the net-types 4,B,D and E occur. To
be specific, let 4 = C[x,y,z]. If the defining relations are xy + yx =
yz+zy = zx +xz = 0 then Type(4;) = E. If the defining relations are
x? =22 = xy+ yx = xz+2x — 2y* + bx? = 0 then Type(A#;) = B when b =1,
Type(A3) = D when b = 0, and Type(.4;) = 4 when b2 +0,1.

Now let 4 = C[x, y,z] with relations xy—Ayx = yz—Azy = zx —xz—y* = 0
with 0% A € €. It follows from the Diamond Lemma that 4 has Hilbert series
(1 —1)73, and that y is a normal 1-regular element with 4/(y) a polynomial
ring. Since there is a ¢ € Aut(4) such that yd = ¢(d)y for all d € 4;, we
may apply Theorem 2.6, to see that 4 is Koszul, and hence Artin-Schelter
regular. It is clear that A} is of type I™.

Now we will determine &, for central extensions of generic Artin—Schelter
regular algebras with no linear terms. The first case we discuss is that of a
polynomial extension.

Proposition 4.3.3 Let A be an Artin-Schelter regular algebra with Hy(t) =
(1 — )73, and let D = A[z] be the polynomial extension of A. Then Pp is
the union of P4 and the cone over the base locus of N, (which lies in V°(z))
with ‘center’ (0,0,0,1). In particular:

1. if A is generic of type A or E then Ay has no base points, so Pp =
P,4U{(0,0,0,1)};

2. if A is generic of type B then Ay has four base points, so Pp is the
union of P4 and four lines through (0,0,0,1).

3. if A is generic of type H or S| then Pp is the union of P4 and two
lines through (0,0,0,1);
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4. if A is generic of type Sy or S, then Pp is the union of P4 and three
lines through (0,0,0,1).

Proof. Since the extra relations for D are all of the form az —za for a € 4,
and these all map to zero in the symmetric algebra S(D;), the equations of
the quadrics in #p are the same as the equations for the conics in .#;. Hence
each quadric in 4} is the cone (with center (0,0,0,1)) over the corresponding
conic in .#;. Hence the base locus of .#p is the cone over the base locus of
A4. Now apply the previous result. Each of the four cases is obtained by using
Tables 4.1 and 4.3 to compute the baselocus of A, O

Remark 4.3.4 By Theorem 3.2.6, if A is a generic 3-dimensional algebra of
type E,S; or S, then every central extension of 4 is trivial i.e. it is a polynomial
ring D = A[z). Hence the previous result describes the point modules for D
when 4 is generic of type E,S;, 5.

We now attend to the case when D is a non-trivial extension of 4 having
no linear terms in z in the defining equations (i.e. / = 0 in the notation of
the previous section). However, first we require the following result in order
to compare A5 and Aj.

Propesition 4.3.5 Let xo,x1,x2,z be homogeneous coordinates on 3. Fix
linearly independent quadratic forms qi,q2,93 € Clxo,x1,x2] and scalars
ay, oy, a3 € € which are not all zero. Define conics C; = ¥ (q;) in P2 and
quadrics Q; = V(qi + 0:z?) in P2, Let Ay (respectively Ap) denote the
net of conics (respectively, quadrics) generated by Ci,C;,C3 (respectively,
01,02, 33). Suppose that N is not of type I or I*. Then

1. the locus of singular quadrics in A} is a degree 4 divisor of the form
L + A where:

(i) L is the pencil of quadrics in Np which contain (0,0,0,1);

(ii) 4 is isomorphic to the locus of singular conics in Ny;

2. all the quadrics in L are singular: they are the cones with center
(0,0,0,1) over the conics in a pencil L' C Ny;

3. if L' has by basepoints and N has by basepoints, then Np has 2by — b,
basepoints;

4. the number of basepoints of Np which do not lie in ¥ (z) is 2(b) — by).

Table 4.3. Net types for generic
Artin—Schelter regular algebras

Type(4) Type(Aa)
A A

B a

E A

H F*

S E*

S D*

Sz E*
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For each pair (A3, L"), Table 4.4 below gives the number of points in the
baselocus of Np. oo, denotes a plane conic and oog denotes a line pair. A
blank entry means that the pair (Ny,L') cannot occur.

Proof. Let M; be the symmetric 3 x 3 matrix corresponding to the conic C;.
Then the symmetric 4 x 4 matrix corresponding to the quadric Q = aQ; +
BO> + yQs in Ap is

(OCM] +,BM2+'))M3 0 )
0 oy + Poag +yaz )

The singular quadrics Q € #p are those for which the determinant of this
matrix vanishes. This determinant is

(oot + Pog + yaz) - det(aM; + M, + yM3)

and since A4 is not of type [ on [*, det(aM; + fM, + yM3) does not vanish
identically. The first two parts of the proposition follow at once.

We may choose the basis for 44 such that O, and O, pass through
(0,0,0,1) and hence determine L. Then L’ is the pencil spanned by C; and
C;. Now Q) N (O consists of by lines through (0,0,0,1) and the basepoints
of L'. A simple calculation shows that the third quadric Q; intersects each of
these lines in two distinct points, neither of which lies in #7(z), unless the line
passes through a basepoint of .4; in that case (3 meets the line at a single
point with multiplicity 2, and that point lies in ¥7(z). This gives the number
of basepoints for .4} and also counts those which don’t lie in ¥7(z).

To illustrate how Table 4.4 is obtained we discuss the row labelled F™*.
From [20, Table 1], we may choose coordinates such that the net .4} is all
Ax3 + 2ppxox) + v(x? +x3) for (A, 1,v) € P2, The locus of singular conics is the
union of a conic C := ¥ (Av — u?) and the tangent line £ := ¥(v) to C at the
point x3. The only double line in the net is x3. There are two basepoints, p;
and p, of .#;. The tangent line ¢ is spanned by x} and 2xex;.

Table 4.4. Baselocus of 45 for the pair (A;,L7)

o f y 4 € € 4 n
4 8 6 - 4 - - - -
B 8 6 4 4 2 - - -
B* 7 5 - 3 ~ - ~ -
c 7 5 3 3 1 - - -
D 8 6 4 - 2 - 2 -
D* 6 4 - 2 - 2 + oo, - -
E 8 ~ 4 - - - 2 -
E* 5 3 - - ~ 1+ o0, - -
F - 5 3 3 - 2 + oo 1 ~
F* 6 4 2 - - — - 00,
G - 5 3 ~ 1 ~ 1 00
G* ~ 4 2 2 - 1+ o0 - 00,
H - - - 3 1 - - 00y
I - - - - ~ ~ 1 00,
I* - - - - - 2400 - 0
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Now L determines, and is determined by a pencil in .44, which we label
L'. There are 4 possibilities for L’: (i) L' is in general position relative to
4 = CU/¢; (i) L'+¢ is tangent to C; (iii) L'+¢ passes through x3; (iv)
L' =¢. In case (i) |L'N 4] = 3 and L’ has no double lines, so Type(L') = «
and b = 4. In (ii) |L’ N 4| =2 and L’ has no double lines, so Type(L') = p
and by = 3. In (iii) {L'Md| =2 and L’ contains 1 double line, so Type(L') =y
and b, = 3. In (iv) every conic in I’ is singular and L’ contains 1 double line,
so Type(L') = n.

Suppose that Type(L') = a. Let py, pa2, p3, ps be the basepoints of L’. Then
the basepoints of Ap consist of py, pp lying in ¥(z), two points on the line
through p; and (0,0,0, 1), and two points on the line through p4 and (0,0,0,1).
Of these the 4 not lying in ¥7(z) are coplanar. This gives the entry in (F*,x).
The cases (F*,f) and (F*,y) are similar. Now suppose that Type(L') = #.
Then 4} is spanned by g = x2, g2 = 2xgx; and g3 + 22 where ¢; € C. It is
clear that the baselocus of 4 lies in the plane xp = 0 and is the intersection
of this plane with the quadric g3 + 22 = 0. This gives the (F*,#) entry. 0

Remark 4.3.6 If D is not of type (4,x),(4,5),(B,a),(B,B),(B*,a),(C,x),
(D,a),(D,B) or (E,a), then there are tensors in Dy ® D; which vanish on
(I'p)ied> but which do not belong to Rp. In particular, in all except the above
nine cases, there is a linear form u such that 04wz vanishes on ¥7(g1, g2, 93 dred»
and hence on Pp. Therefore u ® z vanishes on (I'p)eq but ¥ ® z ¢ Rp. Contrast
this with Proposition 4.2.5 above, which says that the defining relations of D
are precisely the tensors in D; ® D; which vanish on (the non-reduced scheme)
I'p. In Proposition 4.3.9 we prove that such situations can occur when D is a
central extension of a type 4 Artin—Schelter regular algebra, and in particular
when A is elliptic.

The point variety for the central extensions of generic Artin—Schelter regular
algebras can be determined with the help of Table 4.4.

Proposition 4.3.7 1. If A is generic of type A and D is a generic central
extension of A, then Pp is the union of P, and eight additional points.

2. If A is generic of type B, and D is a generic central extension of A,
then Pp is the union of P4 and an elliptic space curve of degree 4.

3. If A is generic of type H, and D is the -unique non-trivial central
extension of A, then Pp is the union of P, and a plane conic.

4. If A is generic of type S| and D is the unique non-trivial central ex-
tension of A, then Pp is the union of P4, a plane conic and two additional
points.

Proof. By Theorem 4.2.2.3, Pp = P4 U {basepoints of .4p}, so we have to
compute this base locus.

A generic type A algebra is a Sklyanin algebra (see below). In Proposi-
tion 4.3.9 we discuss the “constant” central extensions of a Sklyanin algebra.
We find that in type (4, ) there are eight additional points. Since eight is the
maximum by Bezout’s theorem, a generic central extension will also have eight
additional points.
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Suppose now that 4 is generic of type B. It follows from Theorem 3.2.6
that D = k[x;,x2,x3,z] has defining relations of the form f; + z(bx| + cxz) +
w122, f2 + z(cxy + dxz) + apz%, f3 where a,b,c,d, 0,0 € k and f), f2, f3 are
the defining relations for 4 given in Theorem 3.2.6. Since f3 is a symmetric
tensor, it follows that 4} is the pencil of quadrics spanned by 2xix; + x3 —
x3 +z(bx; + cxp) + 0122 and 2xyxy +x% — ax? +z(cx; +dxy) + 022, Since the A4
and D are generic, the scalars a,b,c,d, o, a, are in general position. It follows
that the intersection of these two quadrics is a smooth elliptic curve (cf. [17,
Proposition 2.5]).

Now suppose that 4 is generic of type H or §{. By Theorem 3.2.6, 4 has
a unique non-trivial central extension and it has no linear terms in z (i.e. [ =0
in the notation of the previous section). Hence .4} is obtained from .4 as in
Proposition 4.3.5. One verifies that the pair (A%, L’) is of type (F*,#) if 4 has
type H and is of type (D*,¢) if 4 is of type §]. One may now read off the
description of the base locus of 45 from Table 4.4. [

Recall that a three-dimensional Sklyanin algebra [13]{14] is an Artin—
Schelter regular algebra, with Hilbert series (1 —¢)~> such that P4 is a smooth
cubic and o4 is translation by a point which is not 3-torsion. We will take
as defining equations of a Sklyanin algebra, the equations given for generic
Type A algebras in Theorem 3.2.6.

It is easy to see that a Sklyanin algebra is of type 4 and furthermore a
type A algebra is a Sklyanin algebra if and only if (3abc)® +(a® + b3 + 3)}
(with notation as in Theorem 3.2.6).

Lemma 4.3.8 If A4 is a 3-dimensional Sklyanin algebra, then

1. Ay is a basepoint free net of conics;
2. Ay is either of type A or type E.

Proof. 1t follows from Lemma 4.3.1 that 4% is basepoint free, since o4 does
not have a fixed point. Hence .4} cannot be a pencil of conics. Since 4 has 3
defining equations it follows that .4} is a net of conics in P(4}) = P2,

A basis for .44 consists of the conics

ax(z, + 2gx1x; = 0, ax% + 2gxoxy = 0, ax% + 2gxox; = 0
where g = %(b + ¢). The discriminant divisor has equation
(@ +20° ox1xz — ag*(x3 +x3 +x3).

It is an easy exercise to see that there are precisely 4 singular curves in the
pencil of cubics Axpxixy + u(x3 +x3 + x3) and that these are given by pu =0
and (A/u)* = 27. Each of these singular curves is a triangle.

Hence, when the discriminant curve is smooth Type(#;) = 4 and when it
is not smooth Type(A4;) = E since the net is basepoint free. [J

Proposition 4.3.9 Let A be a 3-dimensional Sklyanin algebra and D a non-
trivial central extension of A having no linear terms in z. Then Pp is the
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Table 4.5. Types of Ap for Sklyanin algebras

Type geometry (C+ L) points
(4,a) elliptic curve + transversal line 8
4,8) elliptic curve + tangent in non-flex 6
4,6) elliptic curve + tangent in flex 4,,
(E,a) triangle + line avoiding vertices 8
(E,7) triangle + line through 1 vertex 4,
(E,0) triangle + baseline 2

union of P4 and either 2,4,6 or 8 additional points according to the type of

(N3, L) determining the net of quadrics ANp:
Each of these cases does occur.

Proof. By Lemma 4.3.8, ./, is either of type 4 or E. Table 4.4 then gives
the possibilities for the type of L. We give examples to illustrate that each
possibility does occur. Let D be the algebra determined by the equations:

axf + bxyxs + cx3x; +dzb =0
ax% + bxsx) + cxixz + ezt =0
ax% +bxyxy 4+ cxoxy + f22 =0

and z central. Set g:= 1(b+c) and N = a* + 24°.

Type a b ¢ d e f
4,8) a b c Nac — 3a°g? Nac — 3b°g? Nab — 3% g
(4,6) a b c —3ag? 3ag® 0
(E,y) a b —b 1 1 0
(£,0) a b —b 1 ] ]

Types (4,a) and (E,«) arise when d,e, f are generic. [

5 The line modules

This section classifies the line modules for central extensions of 3-dimensional
Artin-Schelter regular algebras. Section 5.1 handles the general case, and
Section 5.2 specializes to the extensions in which / = 0. Throughout this sec-
tion D is a central extension of an Artin-Schelter regular algebra 4 = D/(z)
with Hilbert series (1 — )73,

The key result is Theorem 5.1.6. The statement of the theorem involves
certain quadrics Q,, one for each p € #4. Each Q, passes through p and
belongs to linear system .4 introduced in Section 4. The Theorem states that
the line modules for D correspond to the lines in ¥"(z) and the lines lying
on 0, which pass through p. The line modules of the first type are precisely
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those line modules which are 4-modules, so this is the trivial case. Hence a
finer analysis of the line modules reduces to the analysis of the O, e.g. its
rank etc.

5.1 General results

Notation. We will just write ¢ for the maps 64,0p,(04)req a0d (6D req-

Recall that a graded D-module M is a line module if M is cyclic and has
Hilbert series Hy(t) = (1 — ¢)~2. Obviously the best thing would be to deter-
mine the structure of the scheme (a Hilbert scheme) representing the functor of
line modules, as we did for point modules. Unfortunately, our methods are not
sufficient to treat this problem. Instead we classify the line modules directly. It
will be clear that they occur in certain families, which would correspond to the
irreducible components of the Hilbert scheme. However, we make no attempt
to formalize this point.

Since D has all the good properties stated in Corollary 2.7, the results in
[8, Sect. 2] apply. These are summarized in Proposition 5.1.1.

Proposition 5.1.1 Let D be an Auslander regular noetherian domain with
Hilbert series (1 — t)™* and suppose that D also has the Cohen—Macaulay
property.

1. Every line module M for D is a critical module of GK dim(M) = 2,
multiplicity e(M) =1 and is a Cohen—Macaulay module.

2. Every line module is of the form D/Du + Dv for some u,v € Dy.
Consequently, the line modules are in bijection with certain lines ¥ (u,v) in
P? = IP(D}).

3. If M is a line module for D, then there is a unique (up to scalar
multiples) element a®@u—b®v € Rp such that M = D/Du + Dv. Conversely,
if Rp contains such an element then D/Du + Dv is a line module. Thus there
is a bijection between line modules for D and the projectivized space of rank
2 tensors in Rp.

Proof. Most of this is in [8, Proposition 2.8], and all that remains to be shown
is that the element a ® u — b ® v is unique (up to scalar multiples). Suppose
that M = D/Du; + Dv; (i = 1,2) and that a; ® u; — b; ® v; € Rp. Since
kuy + kvy = kuy + kv, it follows that a Q uy — by @ vy = a3 Q@ uy — by @ vy
for some a3, b3 € D;. Hence in D we have aju; = byv; and azu; = bsvy. If
a; = pasz for some p € k then it follows that b; = ub; also since D is a
domain—the ‘uniqueness’ now follows. Hence the result is true if ka; = ka;
or if kb] = kb3.

Suppose that ka; +ka; and kb; +£kb;. By [8, Sect. 2], Exté(M,D)(Z) is a
right line module, and is isomorphic to D/a\D + b)D and to D/asD + bsD.
Hence ka; + kby = kas + kb; and therefore ka; + kas = kb; + kbs. If we write
W for this vector space, then Wu,; = Wy,. Using the fact that D is a domain,
we may define a linear map ¥ : W — W by wo, = Y(w)u;. However, if
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w is an eigenvector of Y then it follows that w is a zero divisor in D. This
contradicts the fact that D is a domain. [J

There are some obvious line modules: every line module for 4 = D/(z)
is a line module for D. By [4] these line modules are in bijection with the
lines in IP3 = P(D}) which actually lie in ¥°(z). Indeed, since a line module
M is critical, either z - M = 0 or z acts as a non-zero divisor on M. If
z+ M =0 then M is a line module for 4, so it is the others which we must
classify. These line modules are closely related to point modules over A for the
following simple reason. If the line module M(¢£) = D/Du 4 Dv corresponds
to a line £ = ¥ (u,v) which does not lie in the plane ¥'(z) then M/zM is a
point module for 4; that is £ N ¥ (2) € P4.

Just as line modules for D correspond to rank 2 tensors in Rp, so too do
point modules for 4 correspond to rank two tensors in R4. That is, if u,v € 4,
are linearly independent, then {p} = ¥"(u,v,z) belongs to &, if and only if
there exist a,b € 4; such that aQv—b®u € R,4. This rank 2 tensor is uniquely
determined (up to a scalar multiple) by p; this may be proved as in (5.1.1.3) or
as a consequence of (5.1.2.2). Define pV as ¥"(a,b,z). Clearly pV is uniquely
determined by p. It should also be remarked that p¥ may be characterized by
the fact that Exti(M(p),4)(2) is the right point module corresponding to p".

Proposition 5.1.2 Let a® v—b®u € Ry with ¥ (u,v,z) = p. Then

1. There is an exact Sequence
0 — A/Aa(~1) — A/du — A/du+ Av — 0 .

2. If ¥"(u,z) is contained in P4 then ¥ (a,z) ="V (u,z)"—l. Otherwise let
S = ¥ (u,z) NP4 This is a scheme of length 3 which is the direct union of
the spectra of serial k-algebras. Then ¥ (a,z) is the unique line containing
(S - p)”ﬂl. Furthermore, in this case pY is the point in ¥ (a,z) N P4, not
contained in (S — p)°~ .

3. If p is fixed then a and u determine each other up to a scalar multiple.

4. If A is elliptic then p¥ = ( o Y~ where y is as defined in [4,(6.26)].
If A is linear then p¥ = P

5. The map p — p" is an automorphism of P4 as a k-scheme. This
automorphism commutes with o.

Proof. 1. The existence of the complex is clear. The exactness follows from
the fact that line modules are critical.

2. This is [4, Prop. 6.24] translated to left modules. (Actually {4, Prop. 6.24]
was stated for elliptic 4, but the slight generalization given here is proved in
the same way.)

3. Clear from (2).

4, If 4 is elliptic this follows from (2) and [4, Prop. 6.24]. If 4 is linear
then according to (2), pV lies in ¥~ (u,z)"—1 ny (v,z)"-1 = p"'l.

5. This follows from (4) and [4, (6.26), Lemma 5.10(ii)]. O
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Definition 5.1.3 Let p € #4 C ¥ (z). Choose a,b,u,v € Ay such that
p="Y{(uv,z) and aQv —-bQu € Ry. Let | € A\, A € k be such that
a®@uv—bRu+1®z+z2®z €Rp.

Define the scheme Q, := ¥ (av — bu+ Iz + Az*) C P(D*). It follows from
(5.1.1.3) that QO is uniquely determined by p.

Lemma 5.1.4 If p = pV then ¥ (z) is tangent to the scheme Q, at p.
Proof. Since p = pY, the defining equation of Q, is

(o + o)u+ (pu+ dv)o + Iz + Iz =0

for some [ € A; and some o, f,y,6,4 € k. If (o + pv)u + (yu + dv)v = 0
then the result is obvious. If (au + Bv)u + (yu + dv)v+0 then ¥ ()N Q, =
¥ ((ome + Bvyu + (yu + ov)v) is singular (as a scheme) at ¥"(u,v,z) = p. Since
¥'(z) N Q) is singular it follows that ¥7(z) is tangent to Q, at p. []

Lemma 5.1.5 Let p € P4 such that p=+ p¥. Then there is a unique (up to
a scalar multiple) u € A, such that p € ¥ (u) and such that there is a rank
two tensor in Ry

(ou+pr)@v+wRu (5.1)

with p = ¥ (u,v,2),(u,v,w) € Ay, linearly independent and o, € k. Subject
to p =¥ (u,0,2), v may be chosen freely.
Let | € Ay, A € k be such that

(u+p)@v+weu+l®z+A2Q®z€Rp

and write | = lju + Lo + law. Then Iy is uniquely determined by p and u.

Proof. Let aQv—bQu € Ry with p = ¥ (u,v,w). If a(p) = 0 then a € ku+kv.
If b(p) = 0 then we may relabel a,b,u,v so that a € ku + kv. If a(p)+0 and
b( p)+0 then for some 0= u € k(a+ub)(p) = 0 and (a+pub)Rv—-bR(u+uv) €
R, and a+ub € k(u+pv)+kv. Hence R4 contains a tensor (au-+pr)Q@v+wRu
with p = ¥ (u,v,w). Since ¥ (om+ Bv,w,z) = p¥ = p it follows that u, v, w are
linearly independent. Clearly ou + fiv is unique, up to a scalar, since it must
be zero on p and pY. By Proposition 5.1.2.3. u is therefore unique up to a
scalar.

It is clear that we may substitute v — 8;v + d,u, d; +0, without changing
the form of (5.1). Hence v is arbitrary. Furthermore under such a substitution
w is transformed to a sum of w and a linear combination of u and v. Hence
the coefficient in / of this new w will not change. O

Theorem 5.1.6 Let p € 4 C ¥ (2). A line through p corresponds to a line
module if and only if it is contained in either ¥'(z) or in Qp.

Proof. Let L be a line through p, not lying in #7(z) and corresponding to
a line module. Choose u,v € A4, such that ¥"(u,v,z) = p. Then there exist
scalars p,n such that L = ¥ (u + pz,v + #z). Since L corresponds to a line
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module there exist a,b € 4;, o, € k such that
(a+a2)@w+nz)—(b+Bz)R(u+ uz) € Rp

which implies that Q, = ?¥"((a + az)(v + nz) — (b + Pz} (u + pz)). Hence
LCQ,

Conversely, suppose that L = ¥"(u+ uz,v+1z) lies in Q, and not in ¥7(z),
and that p = ¥"(4,v,z). We will show that L corresponds to a line module.

Suppose first that p = p¥. If 0, = P* then u@v—~v®u € Rp so
(w+nz2)0 -+ uz) — (u+ uz) ® (v+nz) € Rp whence L corresponds to a line
module. Now suppose that O, #IP3. Then there exist ] € 4; and «, §,7,6,A € k
such that

fi=(u+p)Qu+(yu+d)QRv+I®z+iz®z€Rp.

Hence
Qp = V(o + Boyu+ (yu+ ov)o+ Iz + 2% . (5.2)

If p is a smooth point of the scheme @, then any line on O, passing through

p is contained in the tangent plane to O, at p. By Lemma 5.1.4 this tangent

plane is #°(z), so L C ¥"(z) which contradicts the hypotheses. Hence O, is

not smooth at p, from which it follows that [ € ku + kv. Thus | € k{u,v,w).
Now define f3, 3 by

fh=zQu—-u®z,
fi=zQu-1v®z,

and define A" = k(u,v,2)/(f], f5 f3). Then A’ is a 3-dimensional Artin—
Schelter regular algebra, because A'/(z) is 2-dimensional regular and Theo-
rem 2.6 applies to A’. Furthermore #, C IP(4}*) is given by

z((owt + Bou+ (yu + Svyv + Iz + 2°) = 0.
On the other hand, L lies in @, given by (5.2). This means that
A JA (u+ pz) + A (v + nz)
is a point module for 4’. Consequently there exist a,b € 4}, such that
a@+nz)—bRu+uz)eRy CRp

This shows that L determines a line module.
Now suppose p= p¥. We may assume that u,v, 4,7 were chosen so that
there is a tensor of the form

(+)Rv+wRu+(liu+Lhv+Ew)®z+22®z (5.3)

in Rp. Hence Q, = ¥ ((om + Po)v + wu + (L1u + v + lsw)z + Az%). Since
L C Q, this implies that u = /3 and

nlap+ ) —lLip—ln+i=0.
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Now by adding a term of the form A ®z —z ® k to (5.3) we obtain that
(aw+ B+ (I — P)z) @ (v +nz) + (w + (I — na)z) @ (u+ pz) € Rp
which shows that L represents a line module. 3

Proposition 5.1.7 Let p € 24, and assume that the equations of D are in
standard form (as in the previous sections)

g:=f+Ilz4+0az=0
zx—xz=10,
where g = (g1,92,93), 1 = (I, 1, LY, f = (f1, /2 /3), x = (x1,x2,x3),

f = Mx, and x**M = (Qf)".
Let { = ({1,03,03) be the coordinates of p°. Then Q, = ¥({'Qg).

Proof. Since the entries of x’M span R, there exists 7 = (y1,72,73) € k°> such
that x'My is a rank two tensor corresponding to p. This means that p is the
common zero of the entries of My. That is M(p)y = 0, so y is the coordinate
vector of p®, whence y = {. Therefore the rank two tensor in R4 corresponding
to pis xX’M{ = f'Q'(, and the corresponding tensor in Rp is g'Q'{. This yields
the desired result. [

Remark 5.1.8 1. Notice that O, = IP* if and only if Rp contains a tensor
u®v—v®u with p = ¥(u,0,2) (and in this case p = p¥). Otherwise O,
is a quadric belonging to the linear system 4. Sometimes Q, is uniquely
determined by the fact that it goes through p and p¥ and lies in 4.

2. Suppose that Ap is a net of quadrics. Then the map p — @, can
be interpreted as a map %, — IP2. By (5.1.7) this is a morphism. If 4 is
elliptic then the image of 2, is degree 3 curve in .4#p = IP?. Since the locus
of singular quadrics in .4 is a degree 4 curve, in general we expect @, to
be singular for exactly 12 points p € 2,. The final example of the paper
illustrates this clearly.

In order to give a more explicit description of the lines on Q, which pass
through p, we introduce the following definitions.

Definition 5.1.9 Let p € #,. Let T, be ‘the’ rank two tensor in Ry corre-
sponding to p. Then p is

L. of the first kind if T, may be written as
VR V+wRu

with u,v,w € A, linearly independent.
2. of the second kind if T, may be written as

URV+wRu
with u,v,w € A, linearly independent.
3. of the third kind if p = pV.

Note that p is always of exactly one kind.
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Lemma 5.1.10 If p= pV, then Q, is smooth at p.

Proof. Let u,v € Ay be such that ¥"(u,v,z) = p. Since p+ p", the defining
equation for Q, is of the form av + bu + Iz + Az* with either a(p)+0 or
b(p)+0 for some a,b,] € 4; and 1 € k. By changing the choice of u,v we
may assume that a( p)#0. Then the partial derivative with respect to v does
not vanish at p, so @, is smooth at p. O

Theorem 5.1.11 Assume char(k)+2. Let p € P4 C ¥(z). Then the nature
of the lines passing through p which correspond to line modules, and
are not in ¥'(z) is given by the following table. In the table Q, is treated as a
scheme.

Proof. After Theorem 5.1.6 we need to describe the lines in @, which pass
through p.

InCase 1, 0, = ¥ (v? + uw + Iz + Az*) and obviously no lines on Q, can
lie in ¥7(z).

In Case 2, Q, = ¥ (u(v + w) + z(I + Az)) and one of the lines on Q,
through p is #"(u,z). When rank (Q,) = 3, the other line on @, through p
cannot lie in ¥'(z) since ¥'(z) N @, is a pair of lines, one of which does not
pass through p. When rank(Q,) = 2 there is only one line on @, through
p, namely ¥"(u,z). When rank(Q,) = 1, Q, is a pair of planes only one of
which contains p.

Case 3. The sub-cases Q, = IP? and O, = ¥#7(z*) are obvious so suppose
that we are in neither of these cases. Therefore Q, = ¥ (au + bv + Iz + az*)
with au+bv+0, ka+kb = ku+kv and ¥ (u,v,z) = {p}. If Q, is smooth at p,
then any line on Q, through p lies in the tangent space to Q, at p. By Lemma
5.1.4 this tangent space is ¥°(z), so there are no new line modules in this case.
Suppose that 0, is not smooth at p. In this case it follows that / € ku + kv.
Now @, is either a cone or a pair of planes (not necessarily distinct). In the
first case there are infinitely many lines on Q, through p. In the second case
both these planes contain p, and at least one plane is not ¥7(z); that plane
gives rise to infinitely many new line modules. O

Table 5.1, Lines through p, not in ¥'(z), corresponding to line modules

Nature of p Nature of @p Lines through p

1. first kind rank 3 two distinct lines
rank 2 a double line

2. second kind rank 3 one line
rank 2 none (double line in ¥7(z))
rank 1 a P! of lines

3. third kind o, =P’ a P? of lines
g, = v(z%) none
IPfd: 0, and smooth at p none

¥ (%)% Q, and non-smooth at p infinite family
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Remark 5.1.12 A useful example to consider is that of ‘Homogenized sl(2)’
[9]. In this case the point variety for D is ¥7(z) together with an embedded
conic in ¥7(z) and a point not in ¥'(z). Since 4 = D/(z) is commutative,
Py =¥ (z) and every p € P is of the third kind. Furthermore Q, is always
a union of ¥(z) and one other plane. However, p is on both these planes
if and only if p lies on the embedded conic. Hence there are no extra line
modules through p if p is not on the embedded conic, and there is a P! of
extra line modules through p if it lies on the embedded conic. In [9] the line
modules for D are described as the lines lying on a certain pencil of quadrics;
this is different from the description in this paper, and it suggests that for a
particular D there may be a more elegant description of the line modules than
that given in Theorems 5.1.6 and 5.1.11.

Proposition 5.1.13 Suppose that p € 2?4 Then, to which kind p belongs, may
be found in the rightmost column of Table 5.2 below. The result depends on
whether certain conditions are true or not. Y and N mean ‘yes’ and ‘no’,
and — means that the condition is irrelevant, meaningless, or follows from
the other conditions.

Proof. Let T, be ‘the’ rank two tensor in R4 corresponding to p.

1. Suppose to the contrary that p is of the second kind. Then 7, =
u®v+ w®u Thus ¥ (u) goes through p, p¥ and also through p° (by
Proposition 5.1.2.2). This contradicts the hypothesis that p, pV, p° are not
collinear.

2. In this case 4 is necessarily elliptic. Suppose to the contrary that
T, = u@v+w®u. By (5.1.2.2), ¥ ()NPy = p+ p¥+q = p¥+(p') '+¢°
whence p +¢° = p¥ -+ g. But this is impossible since p pV.

3. Suppose to the contrary that T, = vQv+w®u. By (5.1.2.2) v vanishes on
p, p¥ and also on p° by the collinearity hypothesis. However, u also vanishes
on p and p°. Therefore ¥ (u) = ¥"(v) contradicting the fact that 4 and v are
independent.

4. Suppose to the contrary that T, = v@v+w®u. If p¥ p° then we may
continue as in 3. Assume that p = p°. Then (pV)’ = pV (since ¢ commutes
with the map p — p¥) and hence ¥(v)’ = ¥°(v) (since v( p) = v(p¥) = 0).
On the other hand, by (5.1.2.2), ¥"(v)° = ¥ (u). This implies ¥"(u) = ¥'(v)
which yields a contradiction.

5. This is by definition. [0

Table 5.2. The kind to which a point belongs

vV G

p=p p=7p line through p, pV p, p¥, p° collinear

contained in 24

1 N - - N first kind
2 N Y N - first kind
3 N N - Y second kind
4 N — Y Y second kind
5 Y - - - third kind
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5.2 The constant case (I = 0)

We now specialize the results in Section 5.1 to the case when the defining
relations of D are of the form f;+ ;2> =zx; —x;z =0 (j = 1,2,3) ie. [ =0
in the earlier notation.

If we specialize Theorem 5.1.11 to this case, then there is some simplifi-
cation, as we now show.

Definition 5.2.1 A point p € P4 C V' (z) is special if there exist 0*a,b,u,v €
Ay such that ¥ (u,v,z2) = p and a® v —b®u € Rp.

Proposition 5.2.2 A point p € P4 is special if and only if p° lies on the line
Y (d'x,z).

Proof. This is a direct consequence of Proposition 5.1.7. Let p € 2, and let
{ = (£1,02,03)" be the coordinates of p°. By definition p is special if and only
if z does not occur in the equation for Q,, but this equation is {'Qg. Therefore
p is special if and only if {*Q(lz + az?) = 0. But [ = 0 so by Theorem 3.1.6,
a=Qa O

It is clear that if D = A4|z] then every point in £, is special.

Theorem 5.2.3 The lines through a point p € P4 which do not lie in ¥'(z)
and which correspond to line modules, are given by the following table.

Proof. This is straightforward after (5.1.11). OO

Remark 5.2.4 If A4 is a net of quadrics, then for every p we have
0, = ¥(au + bv + 0z®) with au + bv+0. Hence if p is of the third kind,
then Q,, is not smooth at p, and one obtains an infinite family of lines through
p which are not in ¥7(z). -

Example 5.2.5 Let A be a 3-dimensional Sklyanin algebra. That is, %4 is a
smooth elliptic curve and ¢ is a translation of the form p® = p-+1 with 370.
Then p¥ = p + 21.

If 27 = 0 then every point of &, is of the third kind, and hence there will
be a lot of line modules.

Table 5.3. Lines, not in ¥°(z), containing p, corresponding to
line modules

Nature of p Lines through p not in ¥7(z)

1. first kind, not special 2 lines, not through (0,0,0,1)
(1 in characteristic 2)

2. second kind, not special  none

3. first kind, special 1 line through (0,0,0,1)
4. second kind, special a P! of lines

5.

third kind none or an infinite family
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If 2740 then there will be no point of the third kind. A point p will be
of the second kind if and only if p, pY, p® are collinear i.e. if and only if
p = —t+ o with 3w = 0. Consequently (if char. < 3) there will be nine points
of the second kind. All the other points are of the first kind.

Now suppose that [ = 0, i.e. g = f + az’ in the defining equations for D.
It follows from Theorem 3.1.6 that «, and hence the line containing the special
points is arbitrary. Hence generically there will be three distinct special points,
not coinciding with any points of the second kind. (The 3 special points and the
9 points of the second kind account for the 12 points where Q, is singular.)
Consequently, in the generic case, there will be two continuous families of
lines corresponding to line modules, namely

1. the lines in ¥7(z), and
2. the lines on ¢, passing through p.

Clearly the lines in the second family are parametrized by some double covering
of 2 A-

At a special point the two lines in the second family coincide, and at a
point of the second kind they lie in ¥7(z) and hence they already belong to
the first family.

Now assume that D is a generic central extension of a generic Sklyanin
algebra, with linear terms (/4 0) in the defining equations. Since rank(Q,) =3
for the points of the first kind when [ = O this will still be true for almost
all points when /=0. Hence by Theorems 5.1.6 and 5.1.11 there will still be
two lines through p, not in ¥7(z), corresponding to line modules for almost
all p € #4. Hence the above picture, of line modules, i.e. two families, one
of which is parametrized by a double covering of %4, remains valid in the
generic, non-constant, case.
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