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ABSTRACT. In 1982 E.K. Sklyanin [13] defined a family of graded algebras A(E, T),
depending on an elliptic curve E and a point 7 € E which 1s not 4-torsion. Basic properties
of these algebras were established in [16], and a study of their representation theory was
begun in [7]. The present paper classifies the finite dimensional simple A-modules when
7 18 a point of infinite order. Sklyanin [14] defines for each k € N a representation of
A in a certain k-dimensional subspace of theta functions of order 2(k — 1). We prove
that these are irreducible representations, and that any other simple module is obtained by
twisting one of these by an automorphism of A. The automorphism group of A is explicitly
computed. The method of proof relies on results in [7]. In particular, it is proved that every
finite dimensional simple module 1s a quotient of a line module. An important part of the
analysis 1s a determination of the 1-critical A-modules, and the fact that such a module is

(equivalent to) a quotient of a line module by a shifted line module.
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Introduction.

Fix n € C with Im(n) > 0, and write A = Z @ Zn. Let 6y, 601, 610,611 be Jacobi’s
four theta functions associated to A, as defined in Weber’s book [17, p.71]. Fix 7 € C such
that 7 is not of order 4 in E = C/A. Whenever {ab, ij, klI} = {00, 01, 10}, define

at [ 011(7)0as(7) 1

@ = (1) 0:i5(7)0ke(T) ]

and set a1 = agg, a2 = ag1, a3 = ajg. We remark that a; + as + as + ajasaz = 0. The
4-dimensional Sklyanin algebra is the graded algebra A = Clzg, z1,z2, 23] defined by the

six relations
Tox; — ;%o = ai(x;T + TpT;) Tox; + TiTo = TjTp — TR

where (i,7,k) is a cyclic permutation of (1,2, 3).

This two parameter family of algebras was defined and first studied by E.K. Sklyanin
in 1982 [13]. In that paper Sklyanin constructs a 2-dimensional and also a 3-dimensional
simple A-module and poses the problem of finding all the simple A-modules. The only
obvious finite dimensional simple A-module is the trivial module A/AT, where AT =
@D,.>0 An is the augmentation ideal of A. In a subsequent paper [14] Sklyanin defined
for each k¥ € NU {0}, an A-module V; = 025" of dimension k 4 1 consisting of certain
theta functions (see §3 for the precise definition of this module), and asked if these were
all the finite dimensional irreducible representations. The present paper shows that when
7 is of infinite order, then each Vj is irreducible, and all the finite dimensional irreducible
representations can be constructed from the Vj as follows.

The automorphism group of A acts on the space of A-modules: if V is an A-module,
and ¢ € Aut(A) we write V¥ for V twisted by ¢ (see §2 for the definition). Our main
theorem is that every non-trivial finite dimensional simple A-module is of the form V7.
Furthermore, a precise description of Aut(A) is given: if |7| = oo, then there is an exact
sequence 1 — C* — Aut(A) — E4 — 1 where E,, denotes the points in E with n-torsion.
If A € C*, we write V* for the corresponding twisted module; if ¢ € E, we define (in §2) a
representative ®(£) € Aut(A), and write V(2§ + k1) = chb(g) for the corresponding twisted
module. Our main result may be stated as follows (other notation will be defined later in

the introduction).

Main Theorem. Suppose that || = oo. For each w € E3 and for each k € NU {0}
there is a (k + 1)-dimensional simple module V(w + k7). The set of all the non-trivial finite
dimensional simple A-modules is precisely the set of all the twisted modules V (w + k7)*
where A € C*. There are no isomomorphisms between these modules for distinct triples
(w, k, \). Furthermore, each V(w + k7)* is a quotient of the line module M(p, q) for all
p,q € E such that p+qg=w + k7.



The paper is organized as follows. Section 1 introduces notation, and gives a brief
account of the main results from [7] and [16] which are required in this paper. In particular,
an embedding of E in P? is described, and basic results on point modules and line modules
are recalled. We also make use of the main result in [5], and this is recalled. Section 2
describes all the graded algebra automorphisms of A. There is (with one exception) an
exact sequence 1 — C* — Aut(A) — Ey — 1 where C* is the ‘trivial’ subgroup of
automorphisms, namely A € C* acts on A, as scalar multiplication by A". There is a
closely related linear action of E; on P? which restricts to automorphisms of F in such a
way that £ € E, acts as translation by €. The action of Aut(A) on point modules and line
modules is also described. Section 3 proves that each Vi is a quotient of a line module
(in fact Vi is a quotient of the line module M(p, ¢) whenever p 4+ ¢ = k7), and that Vj is
simple. Section 3 also proves that the stabiliser for the Aut(A) action on Vj is a normal
subgroup which is isomorphic to E5. Section 4 proves that every finite dimensional simple
A-module is a quotient of a line module, and describes all the line modules which can
possibly have such a quotient. When 7 is of infinite order, the only line modules which
can have a non-trivial finite dimensional simple quotient are the line modules M(p,q)
where p,q € E satisfy p+ ¢ = w + k7 with w € E; and & € NU {0}. Furthermore, if
P+ ¢q=w+ k7t with w € E; then M(p, q) has a 1-parameter family of (k 4 1)-dimensional
non-trivial simple quotients, namely the twists V(w + k7)* for A € C*. The results in
Section 4 give information about the ‘fat points’ for A. Section 5 proves that every non-
trivial finite dimensional simple A-module is of the form V,”. It follows that the non-trivial
finite dimensional simples are in bijection with the points of N7 up to the action of Aut(A).
This last formulation illustrates a certain similarity to the representation theory of gl(2, C),
which is satisfying because Sklyanin’s original paper emphasises that A should be viewed as
a deformation/quantization of the enveloping algebra U(gl(2, C)). Section 5 also classifies
the primitive ideals in A, showing that the primitive spectrum is analogous to that of
U(gl(2,C)).

The 4-dimensional Sklyanin algebra and higher dimensional analogues are also studied

by Odesskii and Feigin in [10] and [11].
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§1. Preliminaries.

Let V be a 4-dimensional vector space with basis g, ©1, 23, 23. Define A =T(V)/I to
be the quotient of the tensor algebra T(V) with defining relations as in the introduction.
Thus I is generated by its six dimensional subspace I, C V ® V. The algebraic properties
of A are intimately related to certain subvarieties of P(V*) and P(V*) x P(V*). To define
these subvarieties, we first embed C/A in P(V*).

Define holomorphic functions g, on C for each ab € {00, 01, 10, 11} as follows:

- _ (V=T ab=00,11
gab(Z) = "}/abeab(T)eab(QZ) where Yab = { 1 ab = 017 10.

Define E = j,(C/A) where j, : C/A — P(V*) = P? is given by

Jr(2) = (911(2), 900 (2), g01(2), g10(2))

with respect to the homogeneous coordinates g, 1, x2, 3. Sometimes it will be convenient
to label the basis for V as X171 = xg, Xoo = #1, Xo1 = 2, X190 = x3. Now, we define

o = (1,0,0,0), e =(0,1,0,0), ey =(0,0,1,0), e5=(0,0,0,1)

S={e; | 0<i<3}
As ={(ei,e;) | 0 <1 <3}
A-=A{(pp+7) [ peE}
'=AsUA,.
Thus I is the graph of the automorphism o of EU S given by o(p) = p+ 7 for p € E, and
o(e;) = e; for i = 0,1,2,3. By [16, §§2,3] the subvariety of P(V*) x P(V*) defined by I,
is V(Iz) =T, and by [7, 1.2], I3 is the precisely the subspace of V@ V consisting of those
forms which vanish on I'.
I It
is proved in [7, §3] that if p,q € E, then the secant line ¢,, passes through e; if and only

It is convenient to label the points of Fy as wg = 0, wy = % + %77, Wy = %77, w3 —
if p+ q = w;.

Most A-modules we consider will be finitely generated Z-graded A-modules. If M =
B, M is such an A-module and p € Z, then the shifted module MIp] is defined by
setting M([plm = Mp4m. When not otherwise specified a map ¢ : M — N between
graded modules will be a graded map of degree zero; that is ¢(M,,) C Ny, for all m.

If M is an A-module, we write E/(M) = E:L'til(l\l, A). We define the j-number of
M to be the least j such that E(M) # 0; it is denoted by j(M). We say that M is a
Cohen-Macaulay module if E*(M) = 0 whenever i # j(M).
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If M is a finitely generated graded A-module then the Hilbert series of M is the formal
series Hyr(t) = ), (dimMy)t™. This series is always of the form ¢ar(¢)(1 — )~ where
qu(t) € Z[t, 71, qu(1) # 0 and d € {0,1,2,3,4}. Writing Hpy(¢) in this form allows us to
define the Gelfand-Kirillov dimension of M to be d(M) = d, and to define the multiplicity
of M to be e(M) = qu(1). If d(M) =d, and d(M/N) < d for all non-zero submodules N,
then M 1is said to be d-critical.

We shall adopt the notation used in [7] and [16]. Although we assume that the reader
is already familiar with those papers, we will recall those results from [7] and [16] which
are relevant to the present paper.

It was proved in [16] that A is a noetherian domain, and has the same Hilbert series
as the polynomial ring in 4 variables, namely (1 —¢)~*. Furthermore, A is a Koszul algebra
of global homological dimension 4, and is regular in the sense of Artin and Schelter [2].

The algebra A has other excellent homological properties; indeed in this respect it is
as well-behaved as the polynomial ring. It is proved in [6] that A is Auslander-regular,
which means that if M is a finitely generated A-module, and ¢ > 0, then j(N) > 1 for
every submodule N of E*(M). It is also proved in [6] that A satisfies the Cohen-Macaulay
property which means that d(M) + j(M) = 4 for all finitely generated A-modules M. One
useful consequence (see [7, 2.1€]) of these good homological properties is that the socle of
a graded module M, which is the trace of A/A" in M, is zero if and only if E*(M) = 0,
or equivalently, if and only if the projective dimension of M is strictly less than 4.

In [7] a study of graded A-modules was begun. Attention was focused on the point,
line and plane modules, these being the cyclic modules with Hilbert series (1 —¢)™" where
n = 1,2, 3 respectively. It was already proved in [16] that the point modules are in bijection
with the points of EUS. If p € EUS, we write M (p) for the corresponding point module.
One of the main results in [7] is that the line modules are in bijection with the set of lines
in P? which are secant lines of E. If p, ¢ € E, the secant line through p and ¢ is denoted by
lpq, and M(p, q) denotes the corresponding line module. There is a short exact sequence
0—-Mp+r7,q—71)-1] = M(p,q) = M(p) = 0. If p+ q ¢ E3, then M(p) and M(q) are
the only point modules which are quotients of M(p, q). However, if p + ¢ = w; then there
is a short exact sequence 0 — M(p — 7,9 — 7)[—1] = M(p,q) — M(e;) — 0. Point, line
and plane modules can also be characterized by their homological properties. They are
precisely the Cohen-Macaulay modules of multiplicity 1, and projective dimension 3,2,1
respectively.

In [13] Sklyanin found two central elements in A,, namely

_ 2 2 2 2 2 14a 2 1—a 2
Q = —zg+zzi+zs+2; and Qp = z7 + (—1)1'2—|— <1+a;):€3.

1—&2

If |7] = oo then the center of A is the polynomial ring C[Qq,Q2] by [7, 6.12]. We write

Z4 for the two dimensional space spanned by €y and €2;. There is a surjective map
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Q: E — P(Zy) with fibers {z, —z — 27}, having the property that Q(p + ¢) annihilates
M(p, q). Furthermore, if |7| = oo then AnnM(p,q) = (Q2(p + q)).

Define B := A/(Zy) = AJAQ, + AQy. We may write B = T(V')/.J where .J is an ideal
generated by its degree 2 component, namely .J5. It is proved in [16] that V(.J3) = A, and
in [7] that .J; is precisely the set of bilinear functions vanishing on A,. In [16] it is proved
that if p € E, then the point module M (p) is annihilated by Z,, so is a B-module. It is
easy to see that the point modules M(e;) for e; € S are not B—modules.

The algebra B has a very explicit description in terms of E and 7. Let £ = j¥(Ops (1))
be the invertible Og-module of degree 4 on E determined by the embedding j,. In [3] it is
explained how to construct a graded algebra B(E,0,L) = C& By & By & . .., which for 0 =
Idg is the homogeneous coordinate ring of the projective embedding E — P(H°(E, L)*).
By [16, §3] B = B(E,0,L). It follows from this that B is a domain.

Algebras such as B(E, 0, L) are studied in [5]. A corollary of their main result is that
the 1-critical B-modules are precisely the point modules for B; of course these are just the

M(p) with p € E.



§2. Automorphisms of the Sklyanin Algebra.

By an automorphism of A we always mean a C-linear algebra automorphism which
preserves the grading on A. Thus Aut(A) identifies with the subgroup of GL(A;) = GL(V)
consisting of those ¢ such that (¢ ® ¢)(I2) C I. There is an obvious normal subgroup of
Aut(A), namely the subgroup of scalar matrices, which we denote by C*. If A € C*, then
the corresponding automorphism will be denoted by @y ; that is px(z) = A"z for all z € A,,.
Since I may be characterised as those forms in V' ® V' which vanish on T' = A, U Ag,
Aut(A)/C* may be characterised as the subgroup of PGL(V') such that the induced action
on P(V*)xP(V*) leaves I stable. Warning: we shall adopt the convention that ¢ € GL(V')
acts on V from the right, and on V* from the left, so that (¢(z),p) = (z,¢(p)), for x € V
and p € V*. This convention ‘defines’ an isomorphism PGL(V) — PGL(V*) = Aut P(V*)
which we will use to identify these groups.

There is a natural action of Aut(A) on the category of A-modules. Let M be a left
A-module, and let ¢ € Aut(A). Define M¥ to be the A-module which is M as a C-vector
space, and with A-action given by x * m = ¢(z)m for all € A and for all m € M. We
say that M¥ is obtained by twisting M by ¢, and we refer to M¥ as a twist of M. It is
clear that twisting by ¢ is an exact functor on the category of A-modules. If A € C*, we
shall write M* for the twist of M by ¢x. If M is a graded module, then M* 22 M for all
A € C*, so it is the action of Aut(A)/C* on the graded A-modules which is important.

Our first goal is to show that (with one exception) there is an exact sequence

1 - C* = Aut(A) - E4 — 1.

The group of group automorphisms of E is denoted by Autgroup(E), whereas the
automorphisms of the variety E is denoted Aut,q,(E).

Proposition 2.1. Suppose that ¢ belongs to the subgroup of PGL(V*) such that
(¢ x@)(T') CT. Then ¢ € Autyer(E), and ¢(Es) C Ey. Furthermore, the restriction of ¢
to E is translation by a point of E4 unless E = C/Z & Zp and 7 € {:I:%(l +2p) + A} where
p = €2™/3 In this exceptional case it is also possible for ¢ to be of the form o(p) =p.p+E§
or ¢(p) = p*.p+ & where £ € Ey.

Proof. It follows from the definition of I' that ¢(E) C E and ¢(S) C S. Fix p € E4.
By [7, 3.6] the tangent line to E at p passes through some ¢; € S. Hence the tangent line
to E at ¢(p) passes through ¢(e;) € S. By [7, 3.6] it follows that ¢(p) € Ej.

By [9, Corollary 1, page 43] there exists £ € E and a group automorphism h : £ — E
such that ¢(p) = h(p) + € for all p € E. Since ¢(E4) C Ey, it follows that h(Ey) + € C Ej.
But h(Ey) = E4,s0 £ € Ey. If p € E then o(p+7) = ¢(p) + 7 since (¢ x ¢)(p,p+7) € I.
It follows that h(r) = 7.

For most elliptic curves Autgroup(E) = {£1}. If h = 1 then ¢(p) = p+ £ as required.
On the other hand, if h = —1 then ¢(27) = 0 whence 27 = 0; however, this possibility
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is excluded by our underlying hypothesis that 7 ¢ E4. Thus h # —1, so the result is true
if Autgroup(E) = {£1}. Since E is a complex curve, if Autgroup(E) # {1} then either
E=2C/Z & Zior E=C/Z & Zp where p = e2mi/3

Suppose that E = C/Z @& Zi. Then Aut group(E) =2 Z/4Z, and is generated by multipli-
cation by ¢. If h is not the identity, then a simple calculation shows that h(7) = 7 implies
that 27 = 0. Since this possibility is excluded, the Proposition holds in this case.

Suppose that E = C/Z & Zp. Then Autgroup(E) = Z/6Z, and is generated by mul-
tiplication by —p. If h is not the identity, then a simple calculation shows that the only
possibilities are that A is multiplication by p or p?, and 7 = :I:%(l + 2p)(modA). [

Remark. The exceptional case in Proposition 2.1 can only occur when 37 = 0. In
particular it does not occur when 7 is of infinite order. These special cases arise when
o) = = a3 = ++/—3, in which case there exists ¢ € Aut(A) such that ¢(zg) =

zo, p(x ) p(r2) = —a3, p(x3) = —21.

We now define a map ® : Ey — Aut(A) such that the composition E; — Aut(A)/C*
is an injective group homomorphism. Recall our alternative notation for the generators
of the algebra, namely X171 = 2o, Xoo = 21, Xo1 = 22, X10 = 3. Let (¢,7,k) be a cyclic
permutation of (1,2,3). As stated in [14, Proposition 6] a map of the form ¢(zg) =
Xoxi, (xi) = Nizo, ¢(z;) = Nz, o(xr) = Mgz extends to an algebra automorphism of

A if and only if
/\0/\1‘ /\0/\] . /\0/\k

o = .

P Y P Ve Y

In particular, each of the following ®(¢) € GL(V) extends to an automorphism of A:

®(0)(X11, Xo0, Xo1,X10) = (X11, Xoo, Xo1, X10)
®(2)(X11, Xoo0, Xo1, X10) = (X11, —Xoo. —Xo1, X10),
@(%77)(X11,X00,X017X10) = (X11, —Xo0, Xo1, —X10),
(I)(% + %U)(Xu,Xoo,Xthlo) = (X11, Xoo, —Xo1, —X10),
-011 (T foo fo1(T 010
O8I X Ko o o) = (245 o, 950 it 953,

®(11)(X11, Xoo, Xo1, X10) = ( 2“2:;)( 015 ngggXlo,—z OiE:an, O;SETgX )

(% + In)(Xa1, Xoo, Xor, X10) = (243 Xoo, i 420 X, 924 X, —i 200 Xy )

We define ® on the other elements of E4 by requiring that ®({ + w) = ®(£) o ®(w) for
each ¢ € E4 and each w € E,. Notice that @ is not a group homomorphism. However,
it is easily checked that the restriction of ® to E; is a group homomorphism and the
composition ® : By — Aut(A)/C* is a group homomorphism.
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Theorem 2.2.
(a) The map @ : B4 — Aut(A)/C* defined above is a group homomorphism.
(b) If £ € E4, then the induced action of ®(¢) on E is translation by £.
(¢) Set p = €2™/3. Suppose that E = C/Z @ Zp and 7 = +1(1 4 2p)(modA). Then
Aut(A)/C* =2 E4 x (Z/3Z).
(d) If (E,7) is not as in (c) then Aut(A)/C* = E,.

Proof. (a) This is a routine calculation.

(b) By the remarks at the beginning of this section, Aut(A)/C* identifies with {¢ €
PGL(V*) | (¢ x ¢)(T') C T'}. It follows from (2.1) that the induced action of ®(£) on E is
translation by some point of Ey. In fact ®(£) is translation by & itself; since this is easy
to check we only give the details for £ = i. Consider a point z € C and j-(z) € E. Then

(7)
= (i911(7')910 22), ZHQQ(T)H(H (22), 901 (T)Hoo(QZ), —910(7’)911(22))
(r)

). igeHom (), ~igago0(=) 155 (Hon (7))

where the last equality makes use of the convention that Aut(A) acts on the right of V,
and on the left of V'*.

(¢) (d) Since E is not contained in a hyperplane any automorphism of P(V*) is deter-
mined by its action on E. Therefore the remarks at the beginning of this section, together
with (2.1), imply that restriction gives an injective map Aut(A)/C* — Autyqr(E). More-
over (2.1) shows that the image is contained in either E4 acting on E by translations,
or in By X (Z/3Z) in the ‘exceptional case’. The existence of ® shows that the image of
Aut(A)/C* in Autyer(E) is at least as large as the group of translations by Ey, so this
proves (d). To prove (c) first observe that multiplication by p is of order 3. As in the
remark after (3.1), there exists ¢ € Aut(A) of order 3, with ¢ ¢ C*. Thus Aut(A)/C*
contains a copy of E x (Z/37Z). However, by (2.1) it can be no larger than this. [ |

Since our interest is in the case when |7| = oo, the exceptional case (2.2¢) cannot
occur. Hence there is an exact sequence 1 — C* — Aut(A) —» Ey — 1.

Twisting a graded module does not change its Hilbert series, so the twist of a point
module (or a line module) is again a point module (respectively, a line module). Thus
the action of Aut(A) on point modules induces an action of Aut(A) on EUS (the variety
which parametrises the point modules), and an action on those lines in P(V*) which are

secant lines of E. As the next result shows, it is easy to check that this coincides with the

restriction of the action of Aut(A)/C* C PGL(V*) on P(V*).

Proposition 2.3. The action of Aut(A)/C* on P(V*) is such that if p € Aut(A)
then



(a) forallpe EUS, M(p)? = M(¢(p));

(b) for all p,q € E, M(p,q)* = M(¢(p). ¢(q));

(c) if ¢ € Aut(A), and ¢ = ®(£) (mod C*), then M(p,q)? = M(p+ &, q+ §).

Proof. Let M be either M(p) or M(p,q). The action of a € A on m € M¥ is such
that a * m = 0 <= ¢(a).m = 0. Hence if M = A/AU where U is a subspace of Ay, then

M? =2 A/Ap(U). Furthermore, our convention regarding the action of ¢ on V and V* is
such that if U C Ay then V(p(U)) = ¢(V(U)). The result follows. [ |



§3. Sklyanin’s Representations.

The first task in this section is to define Sklyanin’s finite dimensional modules Vj.
We do this after recalling some preliminary results (3.1)-(3.3) which appear in his paper
[14]. The proofs of these results are fairly straightforward calculations using the addition
theorems for theta functions in [17, §22]. Nevertheless, it seems to us that remarkable
ingenuity was required for Sklyanin to find the action on M(C) described in (3.1). Indeed,
we do not understand the real reason for the existence of this A-module. Nor do we fully
understand the real reason for the existence of the modules V.

Although our main interest here is when 7 is of infinite order, a number of our results
are also valid when 7 is of finite order, so we will often work in that generality. If 7 is of
finite order, we will denote by s the smallest positive integer such that 2s7 = 0. If 7 is of
infinite order we declare that s = oc.

Having defined the modules Vi, we will prove in (3.6) that Vi is simple whenever
kE < s (this includes the case where 7 is of infinite order). A preliminary result is that
Vi 1s a quotient of a line module. The last part of this section discusses the twists of the
modules Vi, and the action of the center on them. Finally Theorem 3.10 gives a complete
list of all the modules obtained by twisting the various Vj, and proves that there are no
isomorphisms between these twists. Of course, the main goal of the paper is to prove that

these are all the finite dimensional modules.

The space of meromorphic functions on C is denoted by M(C). Recall that A; has
basis Xoo, Xo1,X10,X11. X =), AavXas, then we consider X as a function on C by
defining X (z) = >, Aavgas(2), where the g4, are defined in §1.

Theorem 3.1. [14] For each £k € NU {0}, M(C) is an A-module with the action of
X € Ay on f € M(C) given by

X(z — %k'r)
911(22)

X(—z— %k'r)

(X.F)(z) = 61 (22)

flz+7) flz=7).

The central elements ©; and 25 act by scalar multiplication on this module. Indeed M(C)
is annihilated by

Q — 460 ((k+1)r)2  and Q- 4#{%&1((1{ +2)m) 00 (7).

Remark. Since 47 # 0, it follows that M(C) is not annihilated by both € and 5. In
particular, M(C) is not a B-module. In fact, M(C) can not have a non-zero subquotient

which 1s a B-module.
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Definition. For each p € N, and for each ab € {00,01,10,11} let ©F, denote the

space of holomorphic functions on C satisfying
flz+1)=(=1)"f(z) and f(z+n) = e_mb_pm(Zz""")f(z) for all z € C.

Such functions are called theta functions of weight p and characteristics ab. It is convenient
to define ©9, to be C, the space of constant functions. The subspace of O, consisting of

the even functions is denoted by @52_.

Proposition 3.2.

(a) For each p € N, dimO}, = p and each non-zero f € O, has exactly p zeroes (counted
with multiplicities) in the fundamental parallelogram.

(b) Given any p points in the fundamental parallelogram whose sum is 0, there exists
some 0 # f € OF, with zero locus precisely that set of p points. Furthermore, f is
determined up to scalar multiples by the location of its zeroes.

(¢) For any k € NU{0}, dim®g§+ = k+1, and any 2k points {£z; |0 < j < k—1}, there

exists some 0 # f € ®§§+

with zero locus precisely that set.
Proposition 3.3. For each k € NU{0}, the space @g’g"’ is stable under the A-module
action on M(C) defined in (3.1).

Definition. For each k € NU{0}, define V} to be the A-module V} := ©25F with the
A-action given in (3.1). Thus dimVy =k + 1.

Remark. In some of the later proofs k = 0 is a special case. The module V; is just
the space of constant functions, namely Vo = C. The A-action is given by (3.1), namely
X.1= eig)z) — é)i((_zzz)) for X € A;. Since z1, z9, x3 are even functions, they all annihilate
1 € V. On the other hand xg.1 = 2i611(7) # 0. Thus V; is a quotient of the point module
AJAxy 4+ Axg + Azg =2 M(eg) corresponding to eg € S. By [7, 5.7] M(eg) and hence Vg, is
a quotient of every line module M (p, ¢) such that p+ ¢ = wg = 0. That is, Vj is a quotient

of M(p,—p) for every p € E. This proves (3.4), (3.5) and (3.6) for V5.

Proposition 3.4. Fix k& € N such that & < s. Suppose that p,q € E are such that
p+q=Fkr,and p— q ¢ Z7. Then Vi has a basis {f; |0 < ¢ <k} such that the zero locus
of f;is

Z(fi)={tlp+ Gk -1 =20 +j)r) |0<j <k -1}
={t(¢g+(GE-Dr+2(i—j)7) |0<j <k -1}

Furthermore, if u;,v; € Ay satisfy V(u;, v;) = {p—2ir g42ir then u;. fi = vi. fi = 0.
Proof. The hypothesis on k ensures that this set of potential zeroes consists of 2k
distinct points. By (3.2¢) there is a (unique up to scalar multiples) 0 # f; € Vi with
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this set of zeroes. It remains to show that the f; are linearly independent. Suppose that
> o<m<k Amfm = 0.

Set r = p+ (3k — 1)r. Thus Z(fi) = {£(r — 2(i + j)7)|0 < j < k — 1}. Set
o = r—2kt =r —2(m + (k —m))r. Clearly f,(&) = 0if 1 < m < k. However, if
fo(&o) = 0, then either {§; = r — 257 or §g = —r + 257 for some j, with 0 < j < k — 1.
The first possibility can not occur because k < s, and the second can not occur because
2r ¢ Z.27. Hence fo(&o) # 0. By evaluating Y ., 1 Amfm at & it follows that Ag = 0.

Suppose that \g = A\ = ... = X,—1 = 0. Tﬂus_2n<m<k Amfm = 0. If n =k then the
proof is complete, so suppose that n < k. Set &, = r—2(k4+n)r =r—2(m+(k+n—m))r.
Clearly fm(€n) = 0if n+1 < m < k and a similar argument to the above shows that
fn(&n) # 0, from which it follows that A\, = 0. Thus the f; form a basis for V.

To prove that f; is annihilated by w; and v; it is enough to do this when ¢ = 0,
since the general case is then obtained by replacing (p, q) by (p — 2i7,q + 2i7). Set zo =
P+ (%k —1)r=—-qg+ (%k — 1)7. Since Z(fo) = {£(20 — 2j7)|0 < j < k — 1} it follows
that fo(z+7)iszeroat z € {z0— (2 + 1)7),—20+ (27— 1)7|0 < j <k —1} and fo(z —7)
is zero at z € {20 — (2 — 1)7),—2z0 + (27 + 1)7|0 < j < k — 1}. In particular, both
folz +7) and fo(z —7) are zero at z € {z0 — (27 — 1)7),—20 + (2 — 1)7 |1 <5 <k —1}.
Furthermore fo(z + 7) is zero at z € {—z9 — 7,20 — (2k — 1)7} and fo(z — 7) is zero at
z€{z0+71,—20+ (2k — 1)7}.

Suppose that X € Ay vanishes at {zg — (%k — 1)1, —z0 + (%k — 17} ={p,q}. Then
X(z — %kT) is zero at z € {z0 + 7,—20 + (2k — 1)7}, and X(—z — %kT) 1s zero at z €
{—2z0—7,20—(2k—1)7}. It follows that both X (z— %k'r)fo(z—l—r) and X(—z— %kT)fQ(Z—T)
are zero whenever z € {+(zo — (27 — 1)7)|0 < j < k}. Thus X. fo has 2k + 2 zeroes, so is
identically zero. That is ug.fo = vo.fo = 0. |

Remark. Part of (3.4) holds under weaker hypotheses. Let & € N and p,q be
arbitrary, and suppose that p+ ¢ = k7. Then there exist elements f; € Vi such that Z(f;)
is as stated in (3.4) (possibly k& > s now so the zeroes must be counted with multiplicity),
and u;.f; = v;.f;i = 0 as before. In particular

Hom(M(p,q), Vi) #0
for all p, g such that p+ ¢ = k7.

The proofs of (3.5) and (3.6) require a result from [7, §5] which we briefly recall.
Suppose that p, ¢ € E and that p — g ¢ Z.27. Then M(p, q) has a basis e;; such that e;; €
M(p,q)iy;, Aei; 2 M(p+(j—1)7,q+(i—7)7), and if X € Ay then X.e;; € Cejyq1,;ECe; j41.
Furthermore, X.e;; € Ce;4q ; if and only if X (g + (¢ —j)7) = 0 and X.e;; € Ce; j41 if and
only if X(p+ (5 —1)7)=0.

Theorem 3.5. If k < s and p+ g = k7 and p — ¢ ¢ Z.27, then V} is a quotient of
M(p,q).
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Proof. By the last part of (3.4) if u,v € Ay satisfy V(u,v) = {,, then u.fo = v.fo = 0.
It follows from this that there is an A-module map ¥ : M(p, q) — Vi such that ¥(ego) = fo.
The surjectivity of ¥ will be proved by showing that f, = a,.fo for some a,, € Ay,, where
{fn |0 <n <k} is the basis for V}, described in (3.4).

If 0 < < k then there exists Y; € A; such that Y;(¢ +i7) = 0 and Yi(p —i7) # 0;
notice that p — 17 # ¢ + i7 by the hypothesis on p — ¢q. If 0 < n < k define a, =
Yon—1Yon—o...Y1Yy € Ay, We will show that a,.fy is non-zero and has the same zeroes
as fn, hence is a non-zero scalar multiple of f,. To do this it suffices to prove for each 1

that Y3;_1Y5;,_2.fi—1 1s non-zero and has the same zeroes as f;.

Set r =p+ (3k —1)7 so that Z(fi1) ={x(r —2(i+j —1)7)|0 < j < k—1}. Now

_ Yia(p—20—1)7)
- 611(2r —2(20 — 3)7)

(YZi_Z.fi_l) (r — (2 — 3)7) fima(r —2(i — 2)7).
But fi_1(r —2(i —2)7) # 0 since 2p+ k7 # Z.27 and k < s. Also Ya,_2(p—2(1 — 1)7) # 0,
so Ya;_2.fic1 # 0. Both fi_1(z + 7) and fi_1(2z — 7) are zero for z € {+(r — 2(1 + j)7 +
7)|0 < j <k —2}. Furthermore if zo =r —2(1 + k — 1)7 4+ 7 then fi_1(20 + 7) = 0 and
Yoi—a(—20 — %kr) = Y2i_2(q+ 2(z — 1)7) = 0. Finally, since fi_1(—z9 — 7) = 0 it follows
that
Z(Yaimz.fisr) ={£(r =20+, -1)r —7)[0<j <k -1}

By repeating the argument in this paragraph with Y3;_5.f;—1 in place of f;_; and r — 7 in
place of r it follows that Y3;_1.Y2;_2fi—1 # 0 and

ZY2ic1Yoio ficn) ={£(r—=2(i+7—-1)r =21 |0< 5 < k—1} = Z(fi).

Hence Y3;_1Y5;_2.fi—1 is a non-zero scalar multiple of f;. Thus ¥ is surjective. [ |

Remarks. 1. With the notation of (3.5) it is easy to see that 0 # Y;.e; 0 € Cei41 0 so
it follows by induction that Y5,_1Y2,—2...Y1Y5.€00 1s a non-zero scalar multiple of ez, o
and hence that U(Cey; o) = Cf; for all 1.

2. If (3.5) is combined with (2.3) the following result is obtained. If ¢ € Aut(A), and
¢ € Ey is such that ¢ = ®(€) (mod C*), then V7 is a homomorphic image of M(p+§, kT —
p+ &) for all p € E such that 2p ¢ Ey + Z7.

Theorem 3.6. If & < s then V} is sumple.

Proof. The result is obviously true for & = 0 so we suppose that k& > 1. Choose
p,q € E such that p—q ¢ Z.27 and p+ g = k7, and let {f; |0 <1 < k} be the basis for Vi
obtained in (3.4). Let U : M(p,q) — Vi be as in the proof of (3.5).

Suppose that 0 # f = > .. 0ifi € Vi and let m be maximal such that 6, # 0.
We must show that f generates Vi. If m = 0 then (3.5) shows that A.f = A.f, = Vi
so we may suppose that m > 1. By the previous remark f is the image of an element
€= g<cicm €i€2i,0 € M(p,q) with €, # 0.

For_0_§ 1 < m — 1 choose 0 #Y; € Ay such that its divisor of zeroes on E is
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(Vido = (0 + i)+ (p— (2m — i)) + (p— (2m — i — 2)7) + (—p+ (dm — 2~ 3i — K)r).
It follows from the location of the zeroes, and [7, 5.6] that

(1) Yi.€iqyrr € Ceigrqr,r for all r > 0;

(i) Yi.ezm—ri—r € Ceam—ri—ry1 forall 0 <r <

(ii1) Yi.eam—ri—rt+2 € Ceom—ri—rys forall 0 <r <.
Claim: Y, _1 ... Y1Y0'<20<i<m—1 €i€2i70> = 0. Proof: Write e/ = " ..., ., €i€2:,0. Define
a new degree function on M (p, q) by defining deg(e;;) =1 — j, and write M; for the degree
i component of M(p,q). Thus ¢’ € My & My & ... Mypm—a & Mam—2. It is clear that if
X € Ay then X.M, C M,_y & M,4+1. However, it follows from (i) that Y;.M; C My,
and from (ii) that Y;. M3 —i C Mypm—i—1, and from (iii) that ¥;. Moy —i—2 C Mapm—i—3. In
particular, Y, _1.My,—1 = 0 because Yy,,—1(g+ (m —1)7) =Y_1(p—(m —1)7) = 0. Thus

Kycwb®ﬂb.”ﬂ@m_4@ﬂlmhg>Cjwl@ﬂ&.“ﬂbm_5@ﬂbm_3

}ﬁYa<ﬂﬂM$A42“.Nﬁm_4Gam&m_2>CZA@éEALL..M&m_GG}NQm_4
Yﬁ_z.”}ﬁYa<A&M$A42“.NQm_4eam&m_2>(Zﬂlm_l
Yﬁ_l”.YJ@(@%egm@.uﬂbm_4@jwwWﬁ>::0. O

The hypothesis on p — ¢ and the choice of k ensures that Yi(¢ + (2m — i)7) # 0,
and therefore 0 # Yj.e2p,; € Ceapm iv1 by (i1) above. Hence Y1 ...Y7Y).€2m 0 is a non-
zero scalar multiple of ezp, . It follows from this fact and the claim that ez, n 1s in the
submodule of M(p, q) generated by the element e. Thus ey, 2, 1s also in the submodule
generated by e, whence U(ezp, 2m ) is in the submodule of Vj generated by ¥(e) = f.

Now let Q € CQy & CQy be such that Q.M(p,q) # 0. Then Q*™.eqq # 0 since M (p, q)
is critical. By the remark after [7, 5.6] Q>™.eqp € Cezm,2m - Since Vj is contained in M(C)
it follows that Q acts on Vj by scalar multiplication; since Vj is a quotient of M(p, q) it is
killed by Q(p + q), but by (3.1) Vi is not killed by both £y and Q3. Thus Q acts on Vj as
a non-zero scalar. Hence Q?™.fy is a non-zero scalar multiple of fy. Therefore U(ezm,2m)
is a non-zero scalar multiple of fy. It follows that fy is in the submodule of Vi generated

by f. Since fo generates Vi, so too does f, and it follows that V} is simple. |

Remark. We have actually proved a somewhat stronger result than (3.6): if k& < s
then Vi is simple over the (Veronese) subalgebra of A given by A?) = ClAz] = P, A2i-
To see this first observe that (3.5) proves that f; € As;.fo, so Vi is generated by fo as an
A®)_module. Secondly in (3.6) we prove that e, 2m € A.e and since every component of
e is of even degree, in fact esm 2m € A®) e, Hence (3.6) proves that fo € A(Z).f showing
that Vz = A®) £

Notation. In the next proof we will write a®(®) in place of ®(£)(a) whenever a € A

and ®(¢) is one of the automorphisms in Section 2.
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Proposition 3.7. If £ € E5 then V,:b(&) >~ Vi.
Proof. Suppose that £ = g + 5n where £,m € {0,1}. Let X € A;. The reader can
verify the following three identities:

X@(é’)(z) _ (_1)£+mem7ri(4z+n)X(Z + 5)
011(22 + 2¢) = (—1) FTme—mmildztn g, (22)
1 : 1
X(—z— ékT — ) = emmmiBzHakn) (o ikT +£).
These identities are not true for arbitrary £, m but only for those in {0, 1}. The first identity
is proved by using [17, (1), page 69]; this could have been used in Section 2 as the definition
of (&) for £ € Ey. The second identity follows from the very definition of 641 viz. [17,
(1), page 69]. The third identity is a simple consequence of the useful fact that if X € Ay,
then X € ©F.
Define a linear map ¢ : Vi, — Vi by

V(=) = FMTEF (2 4 ).

A calculation is required to check that the image really is in V. Having checked this,
it follows that ¢ is a linear isomorphism. The Proposition follows from the fact that
is an A-module map from Vi to quu(g)‘ This is proved by showing that ¢(X.f)(z) =
(X‘p(@.;/)(f)) (z), which is a straightforward (although potentially error prone) calculation
using the identities in the first paragraph of the proof. [ |

Definition. Let w € E5, and let &k € NU {0}. Choose any ¢ € E, such that 2( = w.
Define V(w + k7) := V,:I)(S). By (3.7) this is independent of the choice of £.

Theorem 3.8. Suppose that |7| = co. Let w € Ey, k € NU {0} and A € C*.
(a) V(w+ kT))‘ is a simple A-module of dimension k + 1.
(b) If p,q € E satisfy p+ ¢ = w + k7, then V(w + k7)* is a quotient of M(p,q).

Proof. It suffices to prove this when w = 0 and A = 1.

(a) This is already proved in (3.6).

(b) Now let p,q € E be such that p+ ¢ = k7. By the remark after (3.4) there exists
0 # f € Vi such that Af is a quotient of M(p, q). However, by (a) Af = Vj. [

Our next goal is to show that for distinct triples (w, k, A) the corresponding modules
are non-isomorphic (it is obvious that V(w + kT)A;’_‘—‘V(w’ + m7) if & # m because the
dimensions differ). This is achieved in (3.10), but prior to that, we need to understand the

action of the center on these modules.

Proposition 3.9. Let w = 12;6 + 15“77 € E5 where ab € {11,00,01,10}. The central

elements y and Q9 act by scalar multiplication on V(w + k7). More precisely V(w + k1)
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is annihilated by

900(7’)2

Q _49(1 k 1 2 d Q -4 7
1 b((k+1)7) an 2 600(0)6o0 (27)

Ban((k + 2)7)8ap (7).

Proof. Define £ = 14;b + 11“77. The explicit form of ®(&) is given in Section 2. Before
proving that Q; — 460,,((k + 1)7)? annihilates V(2¢ + k7) we make the useful observation
that X®(©)(z) = e_%”ibe”i(l_“)(2z+%)X(Z +¢). This can be checked by using the formulae
in [17, (8), page 73].

Let 15 € {00,01,10,11}, and f € Vi = V(k7). Then
(X7)*®.f) (=) =
Xij(z + €~ §7)Xij(z + €= (5 = 1)7)
911(22)911 (22 + 27’)
)

Xij(z 46— 5n)Xij(—2+ - (5 + 1)7) N Xij(—z+ &= 5n)Xi(z+ €6 — (5 +1)7) 2 f(2)
611(22)611(2z + 27) 011(22)611(22 — 27) '

)ep(z).f(z +27) —

Xij(_Z +¢&— %T)Xij(_z +£— (g ~r) o
( 611(22)f11 (22 — 27) ) (=2 f(z - 27)

where P(z) = mi(1—a) <4z—|— g —(2(k+ 1)7’) +mib and @ = mi(1 —a)(% —(2(k+ 1)7’) + mib.

Hence
(279 £)(2) = (A(=)e™ D f(= +27) = (B(2) + B(=2)) 2 f(2) + A(—2)e" "9 (= — 27))

where

. 9 91‘]‘(7')91‘]‘(—7')91‘]‘(22 + 26 — kT)ei]‘(QZ + 25 — (k — 2)7’)

B 0:;(1)0;;(—7)0i;(22 + 26 — k7)0;;(—22 + 26 — (K + 2)7)
and B(Z) - %:712] : : : 911(22)911(22 —]|— 27') '

By [10, (R5), page 20]

. —2911(22 + 25 — (k — 1)7’)911(—22 — 25 + (k — 1)7’)911(0)911(27’)
N 911(22)911(22 + 27’)

A(z) — 0.

Again, by [10, (R5), page 20] we have

. —2911(25 — (k + 1)7’)911(—25 + (k + 1)T>911(22 + 27’)911(—22)
N 911(22)911(22 + 27’)

= —2611(2¢ — (k4 1)7)?

= B(—=z).

B(z)
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Thus
(B(2) + B(—2))e? =~y ((k + 1)r — 26)2e—mbmi01=) (3=t 1)7)
= —40,((k + 1)7)2.

Thus, Qf(@ acts on Vi as multiplication by 46,,((k + 1)7)%. Hence Q1 — 46,5((k + 1)7)?
annihilates V(2€ + k7).

Now we look at the action of Q;b(@ on Vi. We do this by writing Q;b(@ as a linear
combination of €y and Qf(@, and using the first part of the proof which shows that both
these act on Vj, as explicitly determined scalars. This method is not effective when ab = 11,

so we do that case separately.
It follows from the definition of ®(£) in Section 2 that

0 (T)Z ’ 910(7’)2
02 _  _(_qyete1t X2, 4+ (=1 _x2
1 ( ) eab(7)2 ( ) 9a,b—|—1(7_)2 a,b+1
901 (T)2 900(7’)2
-1 a+b X2 -1 b+1 X2
+ ( ) 9a+1,b(7—)2 a+1,b + ( ) 9a—|—1,b—|—1(7—)2 a+1,b+1

and

b1 010(27)010(0)600(7)* .,
2Xa b+1

800(27)000(0)00 p41(7)%
+ (_1)a—|—b 901(27)901(0)900( )
800 (27 )000(0)0a+1,6(7)?

foo(7)? 2

— 7 X .
O ppa(T)2 7 1THH

Qg’(f) _ (_1)

2
Xa—l—l,b

+ (=D

We now do the special case when ab = 11; that is, we describe the action of {23 on V.

Combining the expression above for £ = 1, with [17, (9), page 77| we obtain
o(3) _ o1 (7)’ Bo0(0)601(0)* Boo (27)
QY = Q — Q.
1 911(7’)2 ! 900(7’)2901 (7)2 2

The description of the action of €y and Qf(%) on Vi in the first part of the proof, together
with a calculation using [17, (4), page 77] shows that Q3 acts on Vj as scalar multiplication

by 4%911(% + 2)7)611 (k7). Hence the Proposition is true when ab = 11.

Now suppose that ab # 11. Then, we claim that

B(E) 611(7) 600 (7)* a+b fan(7)? ®(¢)
(1) 02 — 7o (0B 2 )6 O (( 1)+, + PR ¢ )

This is proved by comparing coefficients of the various ij. It is clear that the coefficient

of X2, on both sides is zero. Comparing the coefficients of X3+17b+1 involves showing that
800(0)800(27)85(0)* = (=1)"611(7)*6a1,841(7)* + Ban(7) oo (7).
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This is seen to be true by using the identities [17, (1),(9),(10), pages 76-77] at v = v = 7.
Thus the coefficient of X2+17b+1 is the same on both sides of (f). It is not necessary to
compare any more coeflicients because ®(£) preserves the center of A, so in particular it
leaves CQ; & CQy stable. Hence both sides of (1) belong to this 2-dimensional space and
it follows that the claim is true.

It follows from (7), and the first part of the proof that Q;b(@ acts on Vi as scalar
multiplication by

y_ n(r) Goo(r)” ot s Bun(r)? :
4900(())900(27—)9(16(0)2 ((_1) + 911((k + 1)7') + 911(7_)29(11,((1{: + 1)7-) )

By [17, (1)-(3), pages 76-77] this equals 4%9@((1{ + 2)7)8,p(k7) as required. W

Remark. If |7| = oo, then neither €y nor 2, can annihilate V(w 4 k7), and hence
cannot annihilate V(w 4 k7)* for any A € C*. We shall see later that B actually has no
finite dimensional simple modules, apart from the trivial module. This also follows from
(4.1) below, together with the main theorem of [5] and [7, 5.9].

Theorem 3.10. Suppose that |7| = oo. There are no isomorphisms among the
modules V(w + k7)* for (w,k,\) € By x (NU {0}) x C*.

Proof. Suppose that V(w + k‘T))‘ ~ V. where w = 12;b + 1;“77 for some ab €
{00,01,10,11}. Tt is sufficient to show that w = 0 and A = 1. These two modules have the
same annihilators in the central subalgebra C[Q;, 2], so it follows from (3.1) and (3.9)

that

/\29ab((k + 1)7)2 =011 ((k + 1)7’)2 and /\29ab((k +2)7)04p(k7) = O11((k 4+ 2)7)011 (k7).
In particular
011 ((k + 1)7)? 00 ((k +2)7)005(kT) = b ((k + 1)7)? 011 ((k + 2)7)611 (k).

By [17, (1)-(4), page 76], this is equivalent to
Oab((k +1)7) %011 ((k + 1)7)* |6ap(7)*001(0)* — 901(7)29,11,(0)2} =

911(7’)2 (—1)a+b+1911((k‘ + 1)7’)4901(0)2 — eab((k‘ + 1)7’)2901((k + 1)7’)29(1[)(0)2} .

The next part of the proof shows that for each ab € {00,01,10} this implies that 7 is of
finite order. Since this is not the case, we conclude that ab = 11.

Suppose that ab = 01. Then 6;;((k + 1)7)* — 601 ((k + 1)7)* = 0; by [10, (A2), page
22] 6p1(2(k 4+ 1)7) = 0 whence 7 is of finite order.
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Suppose that ab = 10. By [10, (A10), page 22] we have 619(7)*601(0)*—601(7)*010(0)* =
—611(7)%600(0)?. Therefore

B10((k + 1)7)%011((k 4 1)7)%600(0)? =

—911((1{? + ].)7')4901 (0)2 + 910((k + 1)7’)2901((1{? + ].)7')2910(0)2.

By [10, (A10), page 22] 611 ((k+1)7)?600(0)* = o1 ((k+1)7)*610(0)* —10((k+1)7)*601(0)?.
Therefore 61o((k + 1)7)* = 611((k +1)7)*. Hence 610(2(k +1)7) = 0 by [10, (A3), page 22].
It follows that 7 is of finite order.

Suppose that ab = 00. A similar argument, using [10, (A1), page 22] and the identity
11 (x+u)b11(x—u)810(0)* = 601 (x)*0o0(u)* —Ooo(7)*601 (u)? shows that 7 is of finite order.

Thus ab = 11. It follows that A\?> = 1, so it remains to show that Vk_l%Vk. Suppose
to the contrary that ¢ : Vi — Vk_1 i1s an A-module isomorphism.

If feVianda€ A, then ¥(a.f) =ax* f = —a.f. In particular, a.f =0& ax f =0.
Choose p € E such that 2p ¢ Z7, and let B = {fo,..., fx} be the basis for Vi as in (3.4).
Set ¢ = kt—pand zg = p—l—(%k— 1)7. Choose u;,v; € Ay such that V(u;,vi) = lp—2ir g+2ir-
Since f; is the unique element (up to scalar multiples) which is annihilated by u; and v;,
it follows that ¢ (f;) = 7 fi for some 0 # ~; € C.

Let X € A; be such that X(p — (2k + 1)7) # 0 and X (¢ + 7) = 0. Recall that
Z(fi) ={*+(z0—2(i47)7|0 < j < k—1}. By choice of p, it follows that (X.fo)(z0—2k7) # 0
and fi(zg — 2k7) = 0 for all i = 1,...,k. Hence if X.fo = > ;<4 Aifi, then Ao # 0.
But I/J(XfO) = X ¢(f0) = —X.y0/fo, so ZOSigk vidifi = =0 Zogisk Aifi. Hence
(7i +70)Ai = 0 for all 7. In particular, 299\ = 0. This contradiction forces us to conclude
that V, ' 2V. |

Remark. The key step in (3.10) shows that V(w—l—kr))‘ and V(w'+k'T)" have different
central characters if (w,k) # (', k'). Tt follows that Extl(V(w + kr)*, V(w' + k'7)#) =0
if (w,k) # (w', k). This is similar to what occurs for the finite dimensional simple modules

over gl(2,C).
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§4. Finite dimensional simple modules as quotients of Line Modules.

This section completes the proof of the main theorem by showing that there are no
finite dimensional simple modules other then those found in Section 3. The proof of this
depends on some preliminary results which are of independent interest.

The first goal of the preliminary results is to relate a finite dimensional module which
is not graded to a graded module. Thus (4.1) proves that a finite dimensional simple
A-module is a quotient of a l-critical graded module, and (4.2) proves that we can find
such a graded module which is a quotient of a line module. A rather simple illustration
of this phenomenon occurs for the 1-dimensional A-modules: a 1-dimensional A-module is
necessarily a quotient of one of the four point modules M (e;) where ¢; € S.

Proposition 4.4 proves that only ‘special’ line modules can possibly have a 1-critical
quotient which is not a point module. Indeed if |7| = oo then M(p,q) can not have such
a quotient unless p + ¢ € Ey + d7 for some d € NU {0}. By using the modules V(w + k7)*
we can show that all these ‘special ’ line modules do have such a quotient, and hence have
a non-trivial finite-dimensional simple quotient. Such quotients exist because there is an
injective map M(p — dr,q — dr)[—d] — M(p, q); in fact, up to scalar multiples there is a
unique such map of degree zero, and any finite dimensional simple quotient of M(p,q) is
actually a quotient of the cokernel of this map.

The preliminary results in this section can be phrased in the language of ‘fat ” points,

a notion introduced by Artin in [1].

Let M and N be graded A-modules. Then M and N are equivalent if they contain
submodules M’ and N’ of finite codimension such that M’ = N’ via a graded map of degree
zero. If M and N are equivalent, we write M ~ N. This is indeed an equivalence relation.
The modules M and N are equivalent if and only if they give isomorphic objects in the
quotient category Proj(A) := GrMod(A)/tors where GrMod(A) is the category of finitely
generated graded A-modules and morphisms being the A-module maps of degree zero,
and tors is the full subcategory consisting of those modules which are finite dimensional.
Equivalent modules have the same GK-dimension, and if they are not finite dimensional,
they also have the same multiplicity.

A fat point is an equivalence class of 1-critical modules of multiplicity > 1. Thus the fat
points are irreducible objects in Proj(A). In addition, the point modules give irreducible
objects of Proj(A).

If £, is a secant line, and NV is a 1-critical A-module such that there is a non-zero map
M(p,q) — N of degree zero, then we say that the corresponding fat point is contained in
the line {,.

Lemma 4.1. Let S be a finite dimensional simple A-module. Then S is a quotient

of some 1-critical graded module.
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Proof. If S is the trivial module, then S is a quotient of every point module, so the
result is true. Henceforth, suppose that S is not trivial. It is clear that S is a quotient of
some graded module, namely A itself.

Suppose that S is a quotient of a graded module M of GK-dimension < d. By [8,
6.2.19] there is a filtration M = M® > M' > ... D M* = 0 by graded submodules such
that each factor M'/M'*! is critical; actually [8] does this for non-graded modules, but
the same proof will give the result we require. Clearly S must be a quotient of one of these
factors. Thus S is a quotient of a critical module of GK-dimension < d.

Now choose d € N minimal such that S is a quotient of a d-critical graded module M,
say. Write S = M/N. Such an M exists by the previous paragraph. Suppose that d > 2.
Then dim(M,) — oo as n — oo. However, dim(S) < oo so there exists 0 # m € N N M,
for some n. Thus S is a quotient of the graded module M /Am which is of GK-dimension
< d. This contradicts the minimality of d, so we conclude that d < 1. Since the only
0-critical module is the trivial module, it follows that d = 1. Thus S is a quotient of a

1-critical graded module. |

Remarks. 1. We will make frequent use of the observation that if S is a simple
quotient of a l-critical graded module N, then S is also a quotient of every non-zero
submodule of N.

2. One can be rather more explicit about the 1-critical graded module N which
maps onto S. Define a new A-module S := §® C[t] with a € A,, acting by a.(s @ t) =
(a.s) @ ++7_ Thus S becomes a graded A-module with degree n component gn =S Ct".
Since dimS < oo, S is finitely generated. For each A € C*, g(t — A) is a submodule, and
the quotient is isomorphic to S*, the twist of S by \ € Aut(A4). We write 7 : S — S for
the map with kerr = g(t —1).

S has the following universal property. If M is any graded A-module such that M, =0
for n <0, and ¥ : M — S is an A-module map, then there exists a unique degree 0 map
¢ : M — S such that ¢ = m o). It follows that if S is a quotient of a 1-critical graded
module N, then N[k] is isomorphic to a submodule of S for some k € Z.

3. One can use an argument like that in (4.1) to show that if S is a finite dimensional
non-trivial simple A-module, then there exists a homogeneous prime ideal P such that S
is an A/P-module and d(A/P) = 1. In fact, P is the annihilator of any 1-critical module
which maps onto 5.

4. If |7] = oo, then B = A/(£21,€Q2) has no non-trivial finite dimensional simple
modules. To see this, suppose that S were such a module. By (4.1) S is a quotient of a
1-critical B-module. However, by [5] such a B-module is equivalent to a point module. By
[7,5.8] the only point modules having a non-trivial simple quotient are the modules M(e;)

where €; € §. However, none of these is a B-module.

Theorem 4.2. Let N be a 1-critical graded A-module. Then N contains a non-zero

graded submodule which is a quotient of a line module.
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Proof. Let P = Ann(N). Since N is critical, P is a prime ideal. If 0 # m € N then
Cl€21,22].m is of GK-dimension 1, so P N C[Qy,Q:] # 0. This is a homogeneous prime
ideal of C[21, 2] so it must contain some 0 # Q € CQy & CQy = Z5. Thus Q.N = 0.

Set e = e(N). There exists n such that dim(Ny) = e for all &k > n.

By [7, 6.12] there is a line module, M say, such that Q.M = 0. Let U C Ay be
the 2-dimensional subspace such that M = A/AU. The homogeneous polynomial function
U — Homc(Nk, Nk41) = Ende(C?) 4et, C has a non-trivial zero so there exists 0 +uelU
and 0 # m € Nj such that u.m = 0. But Q.m = 0 also, so there is a non-zero map

¢: AJAu + AQ — N. Consider the diagram

0—>L—A/Au+AQ —- M — 0

!
N

where the sequence is exact.

By [7, 6.2] A/(Q) is a domain. Since A is a domain H, q)(t) = (1 —#*)(1 — )7,
and H 4 auta0(t) = (1 —1)(1 —#*)(1 —t)~*. It follows that Hp(t) = #(1 —t)~%. But L is
cyclic, so L is a shifted line module.

If L C ker(yp), then there is an induced map @ : M — N which is non-zero. If
L ¢ ker(y), then ¢(L) # 0, so in either case N contains a non-zero submodule which is a
quotient of a line module. [ |

Corollary 4.3. If S is a finite dimensional simple A-module, then § is a quotient of
a l-critical graded module which is a quotient of a line module.

Proof. By (4.1) and (4.2), S is a quotient of some 1-critical graded module N which
contains a graded submodule N’ such that N’ is a quotient of a line module. Since
dim(N/N") < oo all its composition factors are isomorphic to the trivial module. But S
must be a quotient of either N/N' or N’ so we conclude that S is a quotient of N'. [

Proposition 4.4. If N is a l-critical graded quotient of M(p,q) of multiplicity d,

then there is an exact sequence
0— M("][—d] - M(p,q) = N =0

where M(0')[—d] is a shifted line module. Furthermore, either

(a) N is a point module (equivalently d = 1), or

(b) d>2,and M({') = M(p — dr,q — dr) and either 2dr =0or p+ q € Ey + (d — 1)7.
Proof. Apply Homs(—, A) to the short exact sequence 0 - K — M(p,q) = N — 0

and take cohomology. Since d(N) = 1, we have E'(N) = E?(N) = 0. Since the socle of

N is zero, E*(N) = 0 by [7, 2.1e]. Since M(p,q) is Cohen-Macaulay, E'(M(p,q)) = 0

for i # 2. Thus EY(K) = 0 for i # 2, so K is also Cohen-Macaulay of GK-dimension
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2. Furthermore, e(K) = 1 since e(M(p,q)) = 1, so [7, Theorem 2.2] implies that K is
also a shifted line module. If K is generated in degree k then Hy(t) = (1 — t*)(1 —¢)~2
and e(N) = k. However, e(N) = d by hypothesis so K is generated in degree d, and
K = M({")][—d]. Examination of the Hilbert series, shows that d = 1 if and only if N is a
point module.

Now let S = (,, N E be the scheme theoretic intersection, and let M(S) be the
point module with values in S as defined in [3, §3]. In the terminology of [5], M(S) =
(T*(Os))wq - In particular, M(S) is a B-module. As in [4, 6.24] there is an A-module map
W) : M(p,q) — M(S) which has finite dimensional cokernel. Consider the diagram:

0= M(¢)[~d) = K — M(p,q) = N =0

+
M(S)— M(p) — 0.

Suppose that keryp) C K. Then N is isomorphic to a subquotient of M(.S) so is a B-module.
Since every 1-critical B-modules is a point module [5], this gives alternative (a).

Suppose that ker(y) ¢ K. Then M(p,q)/ker(v)) + K is finite dimensional since N
is 1-critical. Thus ¢ (K) is of finite codimension in M(S). Shifting, this gives a map
M) — J\I(Sa_d) with finite dimensional cokernel. Hence by [4, 6.23] ¢/ N E = Lk
scheme theoretically. Since 0=%(p) = p — dr, it follows that ¢ = {,_4, ,—4r. Furthermore,
since M(p—dr,q—dr) embeds in M(p, q), it follows that Q(p+¢q) = Q(p+¢—2dr). Hence
by [6, 6.9] either 2d7 = 0 or (p+ q) + (p + ¢ — 2d7) = —27. This completes the proof of
(b). [

Remark. Since line modules are Cohen-Macaulay modules, it follows that the module
N in (4.4) is Cohen-Macaulay. By (4.2) it follows that every fat point has a representative

which is a Cohen-Macaulay module.
The result in (4.4) allows us to give a more precise version of (4.3).

Lemma 4.5. Suppose that || = oo. Let w € Ey, &k € NU {0} and suppose that
p,q € E satisfy p+q = w+ k7. Let S be a non-trivial finite dimensional simple quotient of
M(p,q). Then S is a quotient of a 1-critical graded module which is a quotient of M (p, q).
Proof. Let N be a 1-critical graded module mapping onto S. Set @ = Q(p+ ¢). Thus
Q2.5=0, and Q.N = 0 by Remark (2) after (4.1). Let U C Ay be such that M(p,q) = A/AU.

The argument in the proof of (4.2) shows that for some 0 # u € U there is a diagram

0—L— A/Au+ AQ — M(p,q) — 0

L
N
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where the sequence is exact, and L is a line module.

We now determine which line module L is. Choose v € A; such that V(u,v) = £,,.
Then L = Av,s0 L 2 A/Aa+ Ad’ where a,a’ € Ay are such that av,a’v € Aju + CQ. By
[7,4.2], V(a,a') = lp—r,g—7 where (u)g =p+q+p' +¢. Thus L= M(p' — 7,4 — 7).

Suppose that (L) # 0; thus (4.4) applies to L — (L) — 0. Since (p' —7)+(¢' —7) =
w— (k4 2)7, it follows from (4.4) that ¢(L) is a point module. Since S is a quotient of
(L), it follows from [7, 5.8d] that (L) = M(e;) for some e; € S. This implies that
(p —7)+ (¢’ —7) = w; € Ey. This is impossible since & > 0, so we conclude that ¢»(L) = 0.
Hence there is an induced map M (p,q) — N, and S is a quotient of this image. |

Lemma 4.6. Let L, and Ly be submodules of M(p, q) which are shifted line modules.
Then L; N L4 is also a shifted line module.

Proof. Consider the long exact sequence obtained by applying Hom 4(—, A) to the
sequence 0 — Ly N Ly — Ly & Ly — Ly + Ly — 0. Because d(Ly N Ly) = 2, it follows that
E°(Ly N Ly) = EY(Ly N Ly) = 0. Because socle(Ly N Ly) = 0, we have E*(L; N Ly) = 0.
Similarly E4(L1 +Ly) = 0. Since both Ly and Ly are Cohen-Macaulay, so is Ly @ Ly. Hence
E3*(Ly @ Ly) = 0. Tt follows that E*(L; N Ly) = 0, whence L; N Ly is Cohen-Macaulay.
But e(Ly N Ly) =1, so by [7, 2.2] Ly N Ly is a shifted line module. [ ]

Proposition 4.7. Suppose that |7| = oco. Let £k € N, and let w € Ey. If p+¢q =
w+ (k —1)7 then
(a) M(p,q) has anon-trivial finite dimensional simple quotient (this also holdsif |7]| < o0);
(b) dimcHoma (M(p — kr,q— k7)[—k], M(p,q)) = 1; we will write K (p, ¢q) for the unique

submodule of M(p, q) which is isomorphic to M(p — k1, q — k7)[—k];

(¢) M(p,q)/K(p,q) is a l-critical module; it is a point module if and only if £ = 1, in
which case it is isomorphic to some M(e¢;);

(d) if S is any non-trivial finite dimensional simple quotient of M (p, ¢), then S is a quotient
of M(p,q)/K(p,q)-

(e) M(p,q)/K(p,q) is not a B-module.

Proof. Write M = M(p, q). (a) This is already proved in (3.8) for |7| = oo. If |7| < o0
then by the remarks after (3.4) and (3.5), there exists 0 # f € V(w 4 (k — 1)7) such that
Af is a quotient of M. By (3.8) there exists 0 # Q € Zy and 0 # v € C such that
(@ —v).Af = 0. Thus no simple quotient of Af can be the trivial module, so M has a
non-trivial simple quotient, S say.

(b) By (4.5) S is a quotient of a l-critical graded module N which is a quotient of
M(p,q). If N is a point module, then N = M(e;) and p + ¢ = w;, whence £k = 1 and
N = M(p,q)/M(p — 7,q — 7)[—1] by [7, 5.7]. If N is not a point module, then (4.4)
shows that N = M(p,q)/M(p —dr,q— dr)[—d] and p+ q € E; + (d — 1)7. It follows that
2(d—1)7 =2(k — 1)1, whence d = k.

In either case there exists 0 # 6 € Homa(M(p — k7,q — k7)[—k],M(p,q)) and any

non-trivial finite dimensional simple quotient of M is actually a quotient of M/Im(4).
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Furthermore, it is implicit in the above that M /Im(d) is 1-critical, and is a point module
only when k& = 1. This proves (c¢) and (d), and we now complete the proof of (b).

Set Ly = Im(d). Suppose that Ly is another submodule of M which is isomorphic to
M(p—kr,q—kt)[—k]. Notice that Hy/r, (t) = Hpryr,(t). By (4.6) L1 N Ly is a shifted line
module, and we may consider the inclusion L1NLy; C Ly. There are two consequences of the
fact that M /Ly is 1-critical. Firstly Ly /L; N Ly is 1-critical, and secondly e(Ly /Ly NLy) =
e(M/Ly). In particular, M/Ly is a point module if and only if Ly/L; N Ly is a point
module.

Suppose that & = 1. Then M /L, = M(e;) for some ¢; € S by the earlier part of the
proof. Hence M /L, is also a point module. By [7, §5] there are only three possibilities for
MLy, and since Ly = M(p—1,q—7)[—1], it follows that M /Ly = M (e;) and p+q = w; for
some ¢. Similarly M /Ly = M(e;). However, dimcHom a(M(p,q), M(e;)) =1, s0 Ly = Ls.

Suppose that & > 1. Then Ly/L; N Ly is not a point module, so (4.4b) applies to
Ly/Ly N Ly as a quotient of Ly. Therefore (p — k7) + (¢ — k1) € E2 + (d — 1)1 for some
d € N. Since p+ g € Ey + (k — 1)7, it follows that 2(d + k)7 = 0. This is impossible, so we
conclude that no such Lq exists.

(e) By [5, Theorem 1.3] the only 1-critical B-modules are the point modules M (p)
where p € E. [ |

The proof of the Main Theorem. We must prove that the only finite dimensional
simple A-modules are the trivial module, and the various V(w + k7)*.

Let S be a finite dimensional simple A-module. By (4.3) and (4.4) there exist p,q €
E,w € Ey,and k € NU {0} such that S is a quotient of M(p,q) and p+ ¢ = w + k7. By
(4.7d) S is actually a quotient of M(p,q)/K(p,q). Let Q € Z3 be such that Q.M(p, q) # 0.
Since S is simple, there exists v € C such that (2 — v).S = 0. Hence S is a quotient of
M(p,q)/K(p,q) + (@ —v)M(p, q).

By (3.8) and (4.7d) V(w + k7)* is a quotient of M(p,q)/K(p,q) for all X\. Since
Q(p+q).V(w+kr) =0and V(w+k7) is not a B—module, we have Q.V(w+k7) # 0. Hence
(Q—p).V(w+kr)=0forsome 0 # pu € C. If \2 = yp~! then (2 —v).V(w+kr)T* =0. In
particular, there exists A € C* such that both V(w + k7)* and V(w + k7)™ are quotients
of M(p,q)/K(p,q) + (2 —v)M(p,q).

Since M(p,q)/K(p,q) is a l-critical module of multiplicity & + 1 which is not anni-
hilated by Q, it follows that as a C[2]-module it is free of rank 2(k + 1) (since € Ay).
Therefore dim(M(p,q)/K(p,q) + (2 — v)M(p,q)) = 2(k + 1). Since the non-isomorphic
(k + 1)-dimensional simple modules V(w + kT)A and V(w + kT)_)‘ are both quotients of
this module, it follows that M(p, q)/K(p,q)+(Q—v)M(p,q) = V(w+kr) @V (w+k7r)72.
Thus S is isomorphic to either V(w + k‘T))‘ or V(w + kr)_)‘. [ |

Remark. Fix w € E; and & € NU {0}. Consider the lines {{,4|p + ¢ = w + k7}.

These lines all lie on a common quadric by [7, 3.11]. If £ = 0 this quadric has a unique
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singular point, and all these lines pass through this point; if w = w; then this singular point
is ¢; € S and M(e;) has the 1-dimensional quotient modules V(w;)*. In some sense the
singularity is being recognised by these finite dimensional simple modules (or vice versa).
Now suppose that k& # 0. Then the quadric is smooth, and the lines £, never intersect one
another by [7, 3.10¢]. However, V(w 4 k7)* is a quotient of all the line modules M (p, q).
If N is a 1-critical graded A-module mapping onto V(w + k7) then (by the proof of (4.5))
there is a non-zero map M(p,q) — N. Thus, in the terminology of [1], the fat point N is
contained in all the lines £,,. Thus from the algebraic point of view these lines behave as
if they were on a singular quadric, with the singular point being created by the existence
of the simple module V(w 4 k7). This is reminiscent of the situation for semisimple Lie
algebras where the finite dimensional simple modules are associated to the singular point
{0} of the nilpotent cone.

The results in this section classify all the fat points for A when |7| = oco. They are
precisely the quotients M(p,q)/K(p,q) given in (4.7¢) where p + ¢ = w + k7 for some
w € Fy and k € N. This fat point has multiplicity k + 1.
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§5. Classification of the primitive ideals.
As a consequence of the main theorem we classify all the primitive ideals in A.

Before doing this, recall that if |[7| = oo, then the only finite dimensional simple
B-module is the trivial module. this follows from [5] and Lemma 4.1 (see Remark 4
after (4.1)). It also follows from the Main Theorem and the fact that none of the V,” is
annihilated by both €, and Q5 (3.9).

For each vy, 15 € C define J(v1,v2) = (Q1 — v1,Q2 — 12).

Theorem 5.1. Suppose that |r| = oo. The primitive ideals in A consist of the
ideals J(vy,v2) where vy, vy € C, the annihilators of the modules V(w + k7)*, and the
augmentation ideal. The completely prime primitive ideals are all the J(vq,v3), and also
the annihilators of the 1-dimensional modules, namely A(z; —p) + Az;+ Az + Axy where
{1,7,k, 0} ={0,1,2,3} and p € C.

Proof. A primitive ideal of finite codimension in A is the annihilator of a finite
dimensional simple module, so is either the augmentation ideal or is of the form AnnV (w+
k7)*. Furthermore, the 1-dimensional simple modules are the quotients of point modules
M (e;). So it only remains to prove that a primitive ideal of infinite codimension is one
of the J(v1,v3), and that the quotient by this ideal is a domain. The latter is proved as
follows. If A is made into a filtered algebra by defining F'A := @jﬁi Aj, then A is its own
associated graded algebra, and the associated graded ideal of .J(vq, 12) is the ideal .J(0,0).
Since A/.J(0,0) = B is a domain, A/.J(v,17) is also a domain by [8,1.6.6].

Suppose that .J is a primitive ideal of infinite codimension. Since A is a noetherian
algebra of countable dimension over an uncountable field, .J meets the center of A in a
maximal ideal. Hence .J contains some J(v1,v3). Now A/J(v1,v3) is a domain of GK-
dimension 2, so any proper factor is of GK-dimension at most 1. However, as is well-known
(see e.g. [15, 3.2]) an algebra such as A cannot have a primitive quotient of GK-dimension
1. Therefore J = J(v1,v2).

It remains to show that each .J(v1, v2) is a primitive ideal. Recall that every prime ideal
of A is an intersection of primitive ideals (see [8, §9.1]). Hence if .J(v1,12) is not primitive,
then it must be contained in infinitely many primitive ideals which are necessarily of finite
codimension in A. Thus .J(vy,vy) annihilates infinitely many of the V(w + k7)*. It is an
easy consequence of (3.9) that this is impossible. [
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