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Models for equity markets

I Market with n stock capitals (X1, . . . ,Xn).
I Standard model of time-dynamics - geometric BM.

d log Xi(t) = γi(t)dt + σi(t)dWi(t), i = 1, 2, . . .

I (W1, . . . ,Wn) - correlated BM.
I Too general.



Market weights

I Market weights:

µi =
Xi

X1 + . . .+ Xn
, i = 1, 2, . . .

I Measure the influence of individuals.
I Empirically observed: lower µi = higher growth & volatility.
I Models where γi and σi depend on µi ?



Volatility-stabilized markets

I (Fernholz-Karatzas ’05) Volatility-stabilized market (VSM).
I (P. ’09) Parameters (δ1, . . . , δn) ≥ 0.

d log Xi(t) =
δi − 1
2µi(t)

dt +
1√
µi(t)

dWi(t), i = 1, 2, . . . .

I (W1, . . . ,Wn) are iid BMs.
I Existence and weak uniqueness.



Wild fluctuation; sedate market

I S = X1 + . . .Xn ; δ0 = δ1 + . . .+ δn.
I Then

dS(t) =
δ0

2
S(t)dt + S(t)dβ(t), GBM.

I The market is sedate.
I Individuals fluctuate wildly. No diversity.
I Describe process of market weights.



Market weights

I Peculiar characteristics of market weights.
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Figure 1: Capital distribution curves: 1929–1999

cesses represented by continuous semimartingales (see, e.g., Duffie (1992) or Karatzas and Shreve
(1998)). The representation of market weights in terms of continuous semimartingales is straight-
forward, but in order to represent the ranked market weights, it is necessary to use semimartingale
local times to capture the behavior when ranks change. The methodology for this analysis was
developed in Fernholz (2001), and is outlined here in an Appendix. By using the representation of
ranked market weights given in Fernholz (2001), we are able to determine the asymptotic behavior
of the capital distribution. For a market with a stable capital distribution, this asymptotic behavior
provides insight into the steady-state structure of the market.

We shall assume that we operate in a continuously-traded, frictionless market in which the stock
prices vary continuously and the companies pay no dividends. We assume that companies neither
enter nor leave the market, nor do they merge or break up, and that the total number of shares of a
company remains constant. Shares of stock are assumed to be infinitely divisible, so we can assume
without loss of generality that each company has a single share of stock outstanding.

Section 2 of the paper contains some basic definitions and results regarding the basic market
model that we use. In Section 3 we present a model for a stable capital distribution, and we apply
this model to the U.S. equity market in Section 4. Section 5 is a summary, and the Appendix
contains some technical mathematical results that we need in the other sections.

2 The market model

In this section we introduce the general market model that we shall use in the rest of the paper. This
model is consistent with the usual market models of continuous-time mathematical finance, found
in, e.g., Duffie (1992) or Karatzas and Shreve (1998), but follows the logarithmic representation used
in, e.g., Fernholz (1999).

Consider a family of n stocks represented by their price processes X1, . . . , Xn. We assume that
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I logµi ≈ −γ log i , or µi ≈ i−γ .
I Does VSM lead to Power-law decay?



Some answers

(P. ’09)

I Market weights process - diffusion !
I Independent of S.
I The famous Wright-Fisher model.
I Genetic transfer to non-overlapping generations.



Wright-Fisher models

I Markov chain - urn model.
I M Balls of n - colors.
I Pick M randomly w.r.
I Fill another urn with copies.
I Ultimately monochromatic.
I No absorption.



Mutations

I Introduce mutation probabilities qij, 1 ≤ i, j ≤ n.
I Suppose we pick color i from Urn (k− 1).
I But replace color i in Urn k w.p.

1−
∑
j 6=i

qij

I Or else, replace by color j w.p. qij.



Simplifications

I Popular simplification:
qij = qj.

I Diffusion approximation to proportion of colors.
I Rate of mutation δj:

qj = δj∆t.

I Diffusion on the unit simplex

{xi ≥ 0 : x1 + . . .+ xn = 1}

I WF diffusion - parameters (δ1, . . . , δn).



So what ?

I So what ? Can one do any math ?
I MC is difficult.
I Even invariant distributions are not known explicitly.
I The diffusion is better.
I Invariant distribution Dirichlet(δ1, . . . , δn).
I But still ...



BESQ connection

I Z - Bessel-square - Qδ
z

Z(t) = z + δt + 2
∫ t

0

√
|Z(s)|dβ(s), z ≥ 0, δ ≥ 0.

I δ = 1, 2, . . . - norm-square of δ dimensional BM.
I δ = 0 - Feller branching diffusion.



A time-change relation

F-K ’05, P. ’09
I X - VSM(δ1, . . . , δn).
I (Z1, . . . ,Zn) - BESQ (2δ1, . . . , 2δn).
I ζ = Z1 + . . .+ Zn.

Xi = Zi (4Ct) , Ct =
∫ t

0
ζ−1(u)du.

I S(t) = ζ (4Ct) , ζ-BESQ(2δ0)



Corollaries

I Assume each δi > 0. Individuals can hit zero. No absorption.
I δ0 > 1. The entire market does not hit zero.
I Market weights:

µi(t) =
Xi

S
(t) =

Zi

ζ
(Ct).

I Invariant distribution Dir(δ1, . . . , δn).
I ςa = inf{t : S(t) ≥ a} σa = inf{t : ζ(t) ≥ a}.
I

µi(ςa) =
Zi

ζ
(σa).



BESQ exit density

I Z1, . . . ,Zn - independent BESQ - (2δ1, . . . , 2δn).
I Time zero - Z(0) in

U = {y : yi ≥ 0, y1 + . . . yn ≤ 1} .

I Z - transient. Exit density on boundary ?
I p(ς1, z, y).



Stopped density

I X(0) = x; s = x1 + . . .+ xn < a.
I yi ≥ 0, y1 + . . .+ yn = 1.
I p(ςa, x, y) - stopped density of market weights.

Theorem.(P. ’09)

ϕ(x, y) = (1− s/a)
∞∑

m=0

Γ(2m + δ0)
m!Γ(m + δ0)

(1 + s/a)−2m−δ0

×
∑

k: k1+...+kn=m

(
m

k1 · · · kn

) n∏
i=1

(xi/a)ki Dir(y; k + δ).

(1)

Dir(y; γ) =
∏n

i=1 Γ(γi)
Γ
(∑

i γi
) n∏

i=1

yγi−1
i . (2)



Market weights at fixed times

I µ = (µ1, . . . , µn) - diffusion independent of S.
I (P. ’09) Transition density p(t, ξ, y)

p(t, ξ, y) =
∞∑

m=0

Γ(2m + d)
m!Γ(m + d)

bm(t)

×
∑

k1+...+kn=m

(
m

k1 · · · kn

) n∏
i=1

(ξi)ki Dir(y; k + δ).

Dir(y; γ) =
∏n

i=1 Γ(γi)
Γ
(∑

i γi
) n∏

i=1

yγi−1
i .

I Coefficients are explicit.



Idea of the proof

I Z1, . . . ,Zn - BESQ(θ1, . . . , θn). θ = θ1 + . . .+ θn.

L =
n∑

i=1

θi∂i + 2
n∑

i=1

xi∂
2
i .

I Inversion wrt simplex

I(x) =
x(∑n

i=1 xi
)2 , K[u](x) =

(
n∑

i=1

xi

)1−θ/2

u (I(x)) .

I Analogous to Kelvin transform for the laplacian.



The BESQ potential

I u : D→ R.

Lu = 0, x ∈ D ⇔ LK[u] = 0, x ∈ I(D).

I Potential kernel

uy(x) = u(x, y) =
∫ ∞

0

n∏
i=1

p(Zi(t) = yi | Zi(0) = xi) dt.

I Explicit description - non-central χ2.

Luy(x) = δy(x).



The Green kernel inside the simplex

I y inside simplex.

vy(x) = v(x, y) = uy − K[uy]
Lvy = δy, vy|S= 0.

I S =
{

x ≥ 0,
∑

i xi = 1
}

.
I Explicit Green kernel v(x, y).



The exit density as a derivative

I BESQ exit density ϕ(x, y):
∑

i xi < 1,
∑

i yi = 1.

ϕ(x, y) = −2
ω(y)
ω(x)

n∑
i=1

yi ∂iv(y, x), y ∈ S,

ω(x) =
n∏

i=1

xθi/2−1
i .

I Proof - integration by parts.



Poisson-Dirichlet

I Random point process.
I 0 < α < 1, θ > −α.
I Stick-breaking scheme.
I Y1,Y2, . . . - Yn - Beta(1− α, θ + nα) - independent.

V1 = Y1, Vn = (1− Y1) · · · (1− Yn−1)Yn.

I Order V(1) ≥ V(2) ≥ · · · - PD(α, θ).



In equilibrium

I Invariant distribution of market weights Dirichlet(δ1, . . . , δn).
I Power law decay ?
I Suppose

n→∞, max
i
θi → 0,

∑
i

δi → θ.

I Ordered µ(1) ≥ µ(2) ≥ . . . converges to PD(0, θ).
I Exponential decay.
I Contrast Rank-based models.



Thank you


