
Math 558

Homework - Part 2

Due March 16

Problem 1 Problem 8, Chapter 7 Evans, Partial Differential Equations.

Problem 2. Let u ∈ H1(Br(x0)) be a weak non-negative supersolution of L in Br(x0) ⊂ Rn,
i.e. for any ζ ∈ H1

0 (Br(x0)) with ζ ≥ 0 a.e. in Br(x0)

(∗)
∫
Br(x0)

∑
|α|,|β|≤1

aαβD
αuDβζ ≥ 0,

where

(E)
∑

|α|=|β|=1

aαβη
αηβ ≥ |η|2, ∀η ∈ Rn,

and

(B∞)
∑

|α|=|β|=1

‖aαβ‖L∞(Br(x0)) + r
∑

|α|+|β|=1

‖aαβ‖L∞(Br(x0)) + r2‖a00‖L∞(Br(x0)) ≤ Λ.

Show that for every p ∈ (0, n
n−2

), and every θ ∈ (0, 1)(∫
Bθr(x0)

up
)(∫

Bθr(x0)

u−p
)
≤ Cr2n,

where C is a constant that depends on n, θ, Λ, and p.

Hint: Let r = 1. Show that for γ ∈ (0, 1), w = (u + ε)γ is a supersolution of an operator
L̃ on B1(x0), whose coefficients satisfy (E) and (B∞). Show that v = wq, for q ∈ (0, 1/2)
satisfies ∫

B1(x0)

|D(vζ)|2 ≤ C

∫
B1(x0)

v2(|Dζ|2 + |ζ|2),

for ζ ∈ C∞c (B1(x0)).
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Problem 3. Let u ∈ H1(Ω) be a weak non-negative solution of Lu =
∑
|β|=1D

βfβ − f0 in

Ω ⊂ Rn, i.e. for any ζ ∈ H1
0 (Ω)

(1)

∫
Ω

∑
|α|,|β|≤1

aαβD
αuDβζ =

∫
Ω

∑
|β|=1

fβD
βζ +

∫
Ω

f0ζ,

where

(E)
∑

|α|=|β|=1

aαβη
αηβ ≥ |η|2, ∀η ∈ Rn.

We also assume that if Br(x0) ⊂ Ω then

(B∞)
∑

|α|=|β|=1

‖aαβ‖L∞(Br(x0)) + r
∑

|α|+|β|=1

‖aαβ‖L∞(Br(x0)) + r2‖a00‖L∞(Br(x0)) ≤ Λ0,

and
Λ1(r) = r

∑
|β|=1

‖fβ‖L∞(Br(x0)) + r2‖f0‖L∞(Br(x0)) ≤ Λ1.

Show that for every p ∈ (0, n
n−2

), and B4ρ(y) ⊂ Ω(
ρ−n

∫
B2ρ(y)

up

)1/p

≤ C inf
Bρ(y)

u+ CΛ1(ρ),

where C only depends on n, Λ0, Λ1, and p.

Hint: Note that you may assume without loss of generality that ρ = 1 and that Λ1(1) = 1.
Let γ < 1. Replace ζ above by (u + 1)γ−1ζ2. Consider separately the cases γ = 0, γ < 0,
and γ ∈ (0, 1).
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