
Math 524

Homework due 10/06/10

Reading from Stein & Shakarchi: Introduction, Chapter 1, §1,2,3.

Definition: Let (X, ρ) be a metric space. We say that x ∈ X is a cluster point for {xn} ⊂ X
if ∀ ε > 0 and ∀N ∈ N, ∃n ∈ N, with n ≥ N such that ρ(x, xn) < ε.

Problem 1. Let (X, ρ) be a metric space, and let {xn}n≥1 ⊂ X be a Cauchy sequence.
Assume that {xn} has a cluster point x ∈ X. Prove that the sequence {xn} converges to x.

Problem 2. Let {xn}n ⊂ R, and x ∈ R. Show that x = limn→∞ xn if and only if every
subsequence of {xn} has in turn a subsequence which converges to x.

Problem 3. Prove that a metric space (X, ρ) is separable if and only if there exists a
countable family of open sets {Oi} such that for any open set O,

O =
⋃

Oi⊂O

Oi.

Problem 4. Prove that E ⊂ Rn is compact if and only if E is closed and bounded.

Problem 5. Let (X, ρ) be a metric space. Prove that X is complete if and only if for any
decreasing sequence {An} of non-empty closed subsets of X (i.e.· · · ⊂ An ⊂ An−1 · · · ⊂ A2 ⊂
A1, Ai 6= ∅, Ai closed) such that

lim
n→∞

diamAn = 0,

then
∩∞n=1An = {x} for some x ∈ X.

Recall
diamA = sup{ρ(x, y) : x, y ∈ E}.
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