
The area formula MIMI

terminal : Suppose L : Rh → Rm linear Intern ) then

Jt
"

( LCA ) ) = ELI N
"

( Al f ACIR
"

f : IR
"
- IRM Lipschitz f n Em

temma : A CIR
" Hn - measurable

-

Then

fi ) f-CAI is N
"

measurable

(ii) the mapping g.→ ACA nf
''

Cy ) ) a H
"

measurable

on Rm
'

tmultiplialy function

(iii ) ↳mN° 1A n f
- '

ly ) ) dm
"

Cy ) E (Lip fth N
"
CA )



Lemmata : Let t > I and D= In : Defoe) exists f Jfcxl >of
there exists h Ekta

,

Borel subsets of Tv set

as

i ) B = U Ek
k =/

ii ) f ten is one
-
to
- one

iii ) for each k C- IN
,
there exists a symmetric

automorphism Tn : IR
"
- IR

"

s .t .

Lip ( f leno Tui
' ) E t

, hip Tu o # tea)
"

) Et
-

t
- n

ldet Tu le Tf ten
E t
"

ldettk I

Question : what is the content of Lemma 3 ?



theorem ( Area formula) : Let f : IR " - IRM Lipschitz

( NEMI -

For each H " measurable set A CIR
"

( t) FA Tf da = /,pmH° A ) DH
"

Cy ) = d
"

Heat )

1 ( f t - l )

theorem ( change of variables ) Let fi.IR " - IRM Lipschitz

INEMII it g : R
"
→ IR Nn - measurable

② f.pngcmtfcwdr-f.am#ef..igijyj1dWtY )
Ff : . ( t) is 12) g = XA

• approx . meas . functions by simple functions



Pf of the area formula
, wlog Dfcnl 4 Jf Cal exists theA wtog

Jen CAI L co
-

cased : A c l Jf > o }
,
fix t > I choose ht f in Lem 3

.

④
k dyadic cubes of length z

-

-k
±

-Fj
"
- Ej n Qi n A Qi t Da

disjoint sets

Ufj = A
g , i

claim, I
- thy

, II. an Cflfji ) ) = !pmN°cAnf - ' ly 'd dating )
( MCT )

Tt
"

( f- IF } ) ) = Tt
"

( f
le
,

o Tj
'

o Tj Cfji ) ) s Lip If ,egTj
'

)
"

HII ill

-

E t
'

N
"
CT
, Cfj

' ) )



Nn Cfc Ff ) ) e t? N
"
CT
,
if;D ) ⇐ E

"

H
"

cfcfjil ) H)
-

H
"
CT
, CFI ) ) = An CT

,
- off

,e;)
' '

off
, e;) CFI ) ) Et

"

M
"

Cfi Fj ))
-

t
-"

H
"
I flfji ) ) s t

- n

Tt
"
IT
; CFI ) ) = En I def Tj l H

"

CF! )
Lem 3 FI

-
-

- -

ftp.Jfdx E th ldettj IN
"
(Ff )

E th Nh (Tj Cfji ))
d
"

E th Jeh ( ftp.i ))
d by CA )

¥
,

t
-"

H
"

if IFI
'

) ) e -4¥.

Jfdx e?.tn N
"

I fcfji ) )
is j

k
→ a dawn L
T

t
-m

fp.MN CANE'tyHdNm E Ja Jfdx et
"

↳mutant ' 'ugh ) dorm
t → I



clawed : A C hJf=0 } fix OLE E L

- -

f- =p og i g : IRN - Rm xD" p :iRmxiR
"

-stem

gas) = ( foe) ,
Ex )

Claims : O L Jgcx ) E CE for re A (Binet - Cauchy )

Mn ( FCA ) ) = Jh
"

( pcgca ) ) e N
"

CGCAI ) ⇐ f Titan g-
'

ly ,zy ) )

pram dttnky.tt

Tl
"
( f- CA ) ) e CCH

"
CA )
-

V-E >0 ⇒ N
"
( feat ) so £ Jg Cal du

-

Spt N°1 Anf ' ' hyy ) c FCA ) LCE N
"
CA )

↳Nm°CAnf ' ' Lyn dancy ) - o - fatfdx



Applications
① Length of a curve f : IR - IRM Lipschitz f t

-

l

Jf = loft V= f Taib) CRM

H
'
Csl = Jab lftttldt length of N .

② Surface area of a graph T = Icu , gcse) ) : KEIR
" } cant '

n

g
: IR

"
- - R Lipschitz -

fan - ca
, goal ) Dfw -

- f!! ' , ) ) n

'

Eis
.

.

-
- Fan

LTD f-Cx ) 712€ I t 'Dgl
'
= sum of squares of nxn stubdeterminants

.

TB -

- I Geiger) ) : xe B } ; Tt
"

CTB ) = fig Fyi doe



I

¥#¥¥T⇒ I 9 continuous

①
F s = depends on Q

f
n -, as N

'

CI ) = to
o , yes Cito l L as

# of iterations



③ Let MC Rm Lipschutz n - dimensional embedded submanifold .

UC IR
" f i U → IRM chart for M

j Lipschitz

AC flu ) Borel

gig = ( Gtx
, j

> t
, j
- I - - -

n then (Df Ho Df = Cgi, )ij

g = dat
gig. If = Tg

H " CAI = volume of A in M = f rgdn
f-

'
LA )



the asana formulae .tn#/
#

Lemmalt : suppose L : IR
"

- IRM is linear ACIR
"

H ? meas

Then : Ci ) the mapping y l- H
" - m

CA n i' 4yd ) is N ? meas
.

( ii ) 1pm Tl
" -m

CA n i' 1yd ) dy = ELI H
"
CA )

f : IR
"
→ IRM Lipschitz f n > m

Le.mma5_ i Let A C IR
"

be H
"

-

measurable
-

Then

( il A n f
- '

ly 4 is Tl
"
- m measurable for dm a - e y

Cii ) The mapping y → N
" - m

( Anf
- '

Ight is Hm measurable

( iii) 1pm Jl
" - m

can f-
'

ly ) ) dy s tcn-gflmku.pt Im Tl
"

CA )



Lemmata : Let t > I assume h : Rn- IR " is Lipschitz and set

B. = 1 x : Dhcxl exists f Jhcx ) > o }
then there exists a countable collection 1 Data? ,

of Bord sets of 11T
sit .

⇐ , gym ( B a U%?u ) = O

Ci ) h Ign is one - to - one

(iii ) For each k I Sr : IR
"
- IR

"

symmetric automorphism st .

Lep CSI
'

o hi Dal et , tip ( h
no
Sul et

En l det Sul es Jh , Dn
E th ldet Snl



Contrast : Lemma 3 f Lemma 6

Lemma_3 f : IR
"
- IRM n s m

iii ) for each be C- IN
,
there exists a symmetric

automorphism Tn : IR
"
- IR

"

s .t .

Lip ( f leno Tui
' ) e t

, hip Ctu often)
- '

Jet

Lemma 6 : h : IR
"

→ Rn
-

(iii ) For each k I Sr : IR
"
- IR

"

symmetric automorphism set
.

Lep CSI
'

o ht Dal et , tip Chiba o Sul et



theorem ( co - area formula ) .

Let f : IR " - IRM Lipschitz with

IMEI For each Nn
-

measurable set A CIR
's

-

.

↳ If he) DH
"
cut

= ↳mm
" - m

CA n f
- '

Cy ) ) dmm ly )

Bernd : ① f : IR
"

- i R flat = Hell Df = I Jf =L
11×11

as

NMA ) =/
,

I DN" Cx ) = ! N" CA n f
' '

ly ) ) dy =/ N
" - '

'AndBrd!
O

② A = hJf = of
-

then for Nm a . e y

yin
- m

( A n f
- '

3 yy ) = O

Sardis theorem says that ut f E
Ck (IR "

,
Rm ) k > it n - m

1 If = o 's n f
"

144 = of a -
e y



Cl : how do we use LG ?

cased A C l Tf >o } f : IRN - i IR
m

h
, Cal = l foe) ,

Pa Cx) ) Px : IR
"
- IRM

- n

Use LG t ha : IR" → IRN

to decompose ha

A- a = IKEA : det Dh , * o } . . .
.

Casey A c l Jf - o f Ck
, y ) E IR

"

x
IRM
→Rm

gcxiyt - fuel t Ey Capply case 1 to g ) .



There Cinteqratuin over level sets )

Let f : IR" - IRM Lipschitz /nzmI
,

let g : Rn → IR be

Jl
"

- measurable

lil of 1 f
-

icy ,
is It

"
- m

summable dm a - e y

Cil fang Jf 'm dunk ' -f.am/ff..idy,dnn-mldnmYlRemar-ks
.

.

the co - area formula is this theorem for g = XA



Applications

1) Polar coordinates :

g
: M - R N

"

- measurable

• ↳ng da = f.
"

(↳gdnn
- ' Ids

S

in particular ad
. ↳ g = f,zgdN

" "
a - e r

-

7¥ feel = 1×1 Jf = I

s
.

. .. "÷:::i:
"" I



21 Inte Ever laid sets

assume f : IR " → IR Lipschitz then
e If = ,Dfl

i ) ↳n

'Dfl = !! N"'

tf - th dt

ii ) of ess int IDF I > O j g : IR
"
→ IR H

"
summable

↳
f. Itgd

" = f.
"

l #
s ,
%f , dm

" - ' Ids

&

It f
,f?!;

= - {
f. t ,

okay ,

dn
" "

L
'
a -et

.

Pf :
(
apply co - area grxhf > t }


