
PROBLEMS WEEK 2

Problem 1: (Lebesgue points for Radon measures) Show that if µ is a Radon measure in
Rn and f ∈ Lploc(Rn) for some 1 ≤ p <∞ then for µ-a.e. x ∈ Rn

lim
r→0

 
B(x,r)

|f − fx,r|p dµ = 0.

Problem 2: (Campanato’s criterion) Let B = B(0, 1) ⊂ Rn be the unit ball with center

0. Let 1 ≤ p < ∞ and γ ∈ (0, 1). Show that if u ∈ Lp(B) (i.e.

ˆ
B

|u(y)|p dy <∞) and u

satisfies ( 
B(x,r)

|u(y)− ux,r|p dy
) 1

p

≤ κrγ,

for some κ > 0 where B(x, r) ⊂ B and ux,r =

 
B(x,r)

f(u) dy, then there exists u : B →]R

such that u = u a.e. on B and for x, y ∈ 3
4
B,

|u(x)− u(y)| ≤ Cκ|x− y|γ.

Hint: Show that {ux,2−jr} for x ∈ 3
4
B and B(x, r) ⊂ B is a Cauchy sequence.

Problem 3: Let µ be a Radon measure in Rn. Set for x ∈ Rn,

Mµf(x) = supr>0

1

µ(B(x, r))

ˆ
B(x,r)

|f | dµ,

if f is a µ-measurable function, and

Mµν(x) = supr>0

ν(B(x, r))

µ(B(x, r))
,

if ν is a Radon measure in Rn.

1. Show that there exists a constant C < ∞ depending only on n, with the following
property: if µ and ν are Radon measures in Rn, then

µ ({x ∈ Rn : Mµν(x) > t}) ≤ Ct−1ν(Rn).

2. Show that for 1 < p <∞ there exists a constant Cp <∞, depending only on n and p
with the following property: if µ is a Radon measure in Rn, thenˆ

(Mµf)p dµ ≤ Cp

ˆ
|f |p dµ,

for all µ-measurable functions f .
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