PROBLEMS WEEK 9 & 10

Problem 1: Let f : R" — R™ be a Lipschitz map, and A C R™ be an H"-measurable set.
Show that O7(f(A),z) > 0 for H™ almost every x € f(A).

Definition 1: Amap f: A — B, A C R", B C R™ is said to be bi-Lipschitz if f is Lipschitz
and it has a Lipschitz inverse f~!: B — A.

Definition 2: A set £ C R" is said to be an Ahlfors s-regular set for some 0 < s < n, if
there exists a constant C' > 1 so that for every r > 0 and each x € F,

C~'r* <H(EN B(z,r)) < Cre.
Problem 2: Show that the image of an Ahlfors s-regular set by a bi-Lipschitz map is an
Ahlfors s-regular set.
Problem 3: Let S CR", m <n—1,and € € (0,3). Let 0 € S. Assume that there exists
an m plane L containing the origin, such that Vp € (0, 1] and for each x € SN B(0,1)
SN B(z,p) C (ep) — neighborhood of (L + z) N B(x, p).
Prove that S N B(0, i) is contained in a Lipschitz graph. Give an estimate for the Lipschitz

constant of the corresponding function.

Problem 4: Let f : R” — R™ be Lipschitz, n > m. Let g : R®™ — R be an H"-summable
function. Assume that sup,cpn |f(2)] < R, and that ¢ > 0. Show that for each H"-
measurable set A C R™, there exists a set S C B(0,R) C R™ (S = S(g, f, A)), such that
H™(S) > 2H™(B(0, R)), and for each y € S

9
gdH™™ < —/ngd’H".
/fl(y)ﬁA H™(B(0,R)) J4

Problem 5: If £, F' C R" are sets of (locally) finite perimeter, then £ N F and E U F are
sets of (locally) finite perimeter, and, for U C R" open

1O(E U F)I(U) + [0(E 0 E)|(U) < [[0E[|(U) + |0F|(U).



