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The isoperimetric inequality

Theorem: Given a planar figure of area A and perimeter P
4TA < P2

Equality occurs if and only if the figure is a disc.

Theorem (Wirtinger inequality): Let f : R — R be a piecewise C!
periodic function with period 27 (i.e. f(0 + 27) = f(0)).
Let f denote the mean value of f

. 1 2w
Fe—

f(6)do.
= 0

Then o o
/ [F(0) — FI2 do < / [F/(0)]2 do.
0

0
Equality holds if and only if
f(0) = f + acosf + bsinf

for some constants a, b
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Fourier series

Let f : R — R be a piecewise C! periodic function with period 27, the

numbers ap,, b, in (1) and ¢, in (2) are called the Fourier coefficients of f.
The corresponding series

(o] 1 o0
- _
_zozo cpe'” or an + nz_:l(a,, cos nf + by, sin nf)

is called the Fourier series of f. Here

m= [ fOwsncac b= [ f(Qsinncac )
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Examples
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Does the Fourier series of a periodic function f converge
to 7

For N € N let
1 N N
SI(/(H) = 530 + g_l(an COSs n0 + bn Sin na) = _EN Cnelne (3)

Theorem: If f : R — R be a piecewise C! periodic function with period
27, and S§ is defined as in (3) with a,,, b, and c, defined as in (1) and
(2), then

lim Sh(0) = %[f(@—) +F(64)]

for all 8. In particular,

Jim Sy(0) = £(6)

for every 0 at which f is continuous.
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Wirtinger inequality

Theorem: Let f : R — R be a piecewise ct periodic function with period 27,

Then

/h[f(e) —F2de < /M[f’(e))]2 do.
0 J0o

Equality holds if and only if

f(8) = f + acos 6 + bsin 6

for some constants a, b.

Proof: Let
1

oo
f(0) = 530 + Z(an cos n@ + by sin nf)

n=1

where ag = 2f and

= w> @+t

27 —2 27
/ () —F2do = /
0 0
oo
n=1
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1 oo
fe)y = 580 + Z(an cos nf + by, sin nB)

n=1
oo
o) = Z(—na,, sin n@ + nbp, cos nf)
n=1
cL P . 202 .
/ [F(8) do = wZn a, + b (Parseval's equation)
0 n=1
271 27
/ [f'(G)]sz—/ [F(6) — 712 defﬂz —1)(a2 + b2 > 0.
0 0

Equality occurs if
(n271)(ai+b£):Oeithern:lora,,:bn:OfornZ2

In this case _
f(0) =f+ajcosf + bysing. [
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Second approach to the isoperimetric problem

The Minkowski Addition of 2 sets A, B C R" is defined by
ABB:={a+b:acAand be B}

Warm up:
© Find [0,3] x [0,2] HH[0,2] x [0, 1]

@ Find AH B where A is a triangle and B a rectangle.

© Foraset SCR2and pc€ R, p>0let pS = {px:x¢cS} Let
p€(0,3),and B={xeR?: |x| <1} and Q =[0,1] x [0,1]. Find
BB pB and Q B pB.

@ Find the area and the perimeter of BH pB and Q H pB.
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Steiner's Inequality
Note that if Q C R" and p > 0
Q, = QM pB = {x € R? : dist(x, Q) < p}

Theorem: Let Q C R? be a closed and bounded set with piecewise C!

boundary whose area is A and whose boundary has length L. Let p > 0.
Then

Area(Q,) < A+ Lp+mp?
L(0Q,) < L+2mp.

If Q is convex then the inequalities are equalities.

Questions:
@ Verify the equalities for a convex polygon.

@ Sketch the proof for a convex bounded set.
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Brunn's inequality

Let A and B be bounded measurable sets in the plane

\/Area(AH B) > /Area(A) + \/Area(B).

Minkowski proved that equality holds if and only if A= rB + x for some
r>0and x € R? (i.e. Aand B are homothetic).
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Hadwiger's proof using Steiner’s Inequality

Given a compact set Q C R? we define:

@ inradius

rp =sup{r >0: there is x € R? such that x @ rB C Q}

@ incenter is any x; so that the incircle x; H B C Q

Isoperimetric Inequality of Hadwiger Suppose 2 C R? convex with
piecewise C! boundary, area A and boundary length £. Let M be a line
through the incenter of 2 and a be the length of the chord passing

through the incenter. Then

2 ™
L5 — 47 A > 4(3 2r1)
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