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i) A function f E L' cut has bounded variation in u if

sup { fu f div lo dx : of Edc CU.IR" ) : if I E I 4 cos

we write f EBV (U)

ii ) E c inn measurable has finite perimeter in U if He C- BVCU )

iii ) f- E L'
we
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theorem ( structure theorem for Bbc functions )
Assume f E Bveoccu ) ,

there exist a Radon measure µ on U and

T : U → IR
"

µ. measurable function sit
.

fi ) local l = I µ a. e

( ii ) to Edc CU ,
Rn )

{ f- divot dx = - fu lo . r da

Remade : The structure theorem asserts that the weak first partial
derivatives of BV functions are Radon measures

.



Notation :① If fEBVµ CU )
, µ= "Df H f tDfT=HDfH Lr n - e

.

QE Ck (U .
Rn ) vtariahon measure

fu f- divot dx = - fu .
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set of locally finite perimeter if HE C- Bveoccu )
"DXEH = H dell f T = - VE thus to C- C'ccu.IR

" )

↳ divot dx = ¥0 . Ve DKOEH

HOEK CU ) perimeter of E in U

ME = VE DA DEH Gauss -

Green measure

IMEI = Adell



④ Recall from Riesz Representation theorem ; at f. Xe EBVeedu )
V CC U

,
V open
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theorem ( Iseperimetric inequalities )

Let E CIR
" bounded set of finite perimeter -

Then

i) ( Ln CE ) )
"Yn

E C, I feel ( IR
" ) ( isopenmehic inequality )

ii) For Bex
,
r ) CIR's ( relative isoperimetric inequality )
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theorem ( Lower semi
- continuity of perimeter )

suppose ( Ent seq of sets of l - f. p f E CN s.t for each

compact set k CCIR
"

tuff, as
I A- E) n KI - o ⇐ /µlXEj - Xeldx → o

j -soo

hue sup IME.gl CK ) do I
j -so

then E is a set of l . f. p .

in
. pen

XEJ → XE " Yoo

µ Ej → ME f

for every open set U can
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Preposition : If ECIR
"
set of l . f. p . in IR

"

then

sup IMEI =/ KEIR
"

: O L IE NB ( x
,
r ) I can rn

,
fr >of C OE

Moreover there exists a Borel set t sit

A EAF d = O f sptIµf I = OF



theorem : If R >O f 3 Ent sets of finite perimeter in IR
's set

it sup IMEI ( Rn ) cos f (ii ) En C BR

k 31

then there exist a subsequence heal and a set E of f. p .

sit
.

Ek' → E in the sense that XEL → XE j E CBR

and ink

µ End
→

ME

Notation PCE ) = IMEI CR
" ) perimeter of E



Existed of minimizer in geometer varied probtems

DIRECT method Et CAIS Et variations ( in the class

of sets of locally finite perimeter )

① Prove compactness of an arbitrary minimizing sequence .

② show minimality of the limit via lower semi - continuity .

Plateau type problems- - -

:

classical Plateau problem : minimize area among surfaces with fixed

boundary : given an open set A CIR
" and Eo can set of

finite perimeter ,
the Plateau problem in A wine boundary data Eo

consists in minimizing PCE ) among all sets of f - p . that

coincide with Eo outside A



Preposition : ( Existence of minimizer for the Plateau type problem )

Let A CR
"

open bounded set f to a set of finite perimeter in IR?

There exists a set of finite perimeter E s .t E IA = Eo IA

and
PCE ) s PCF ) for every

F s
.

t F IA = Eo 'A

E is a minimizer for the variational problem

V CA
,
Eo ) = inf L PCF ) i Fi A = Eo 'A }



Relative Isoperimetric problems
Given an open set A CIR" the relative Isoperimetric problem in A

amounts to the volume constrained minimization of the relative

perimeter in A

LAI NA ,
m ) = Inf L IMEI CA ) = PCE ;

A ) : E CA : 'Elem }
where m E CO

,
IAI )

.

A minimizer in (* I normalized to obtain spt IMEI =dE is

relative soperimetric set in A
.

Prepositor ( Existence of isoperi metric sets )

If A is an open bounded set of finite perimeter
,
m E lo

,
'Al )

then there exists a set of finite perimeter E CA such that

PCE : Al = LIA
,
m ) f 'El = m

.
In particular , E is a

minimizer in the variational problem ¥1 .

# end of
review
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Preposition :(Local perimeter bound on volume )

If n > 2
,
t C- (0,11

,
HEIR

"

and r >o then there

exists a constant cent ) so such that

PIE : Bex
,
rt ) > ccn.tt IE nBlx.rs/n-Yn

for every
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,
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Bf : Recall the relative isopenmetric inequality
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