
theorem :(The height bound I -
Given nz 2 f CA >o 3- E. = Eoin , CA )

and co = Cocn
,
CA / z 1 St if E C- Of CCA ,8ro ) for some

to 70 No C- DE and

Cn ( No ,4ro ) = ECE
, no ,4ro , en

) E Eo

then
q : IRN

- '
✗ IR → 40s ✗ R

, glx ) = Lx ,
en > satisfies

÷ sup I 191261 - qlyll : YE Coco
,
ro
,
ent n DE } f Co encxo , 4%1%2

" " )

Rf
Epl : Replace E by F= Exo .ro C- OLCCA

,
4) OE DE

en 141 = el Fi 0,4 ,
en I = e LE

,
No ,4ro ,

en ) < Eo

we want to show that

I gentle Coen (4)
kin -11 toe c- C not

( = CCO
,
1
,
en I Rename F = E.

Assume Go ⇐ win , Y;) ( to =L
,

small excess → flatness )



⇒ 19cal Is 4¢ toe c- Ende if DE GnRh
- '

✗ {of

teeuark following excess measure lemma

OE 7th -1 (MI - Hn -1 CDL = {(D) = enczl E 2h
-

ten 14 )

where encsl = e IE
,
O
,
s
,
en ) - For t C- (-21^2)

Of Hh " ( Mn hqcxl > tf) - Jlh
"
(Et NDI E en (2) Ez

"

'en(41

Et = { 2- : ( 2-
,
-11 E E } where M = c)* E M Cz



step 2 . Consider f- :C -1,1 ) - , [o , Fl
"
( M ))

f- Ltl = Hh " 1M nhqcxl > t } )

since 191×11<1/4 for ✗c- M because Eo < win
, 'k
,
)

fltl = An " CMI for ttc -1 , -114 )

f-Ltl = 0 for 1- ( 44,1 )

Moreover f- decreasing f right continuous ( cheek ) - thus

7 To
,

I Got < ya st

f- Ltt e Hn -1 ( M )

2-
it t > to

&
f- Lt ) z Tt " -11Mt

2-
if t< to

claim : lqln ) - Tol f cen ) en (g)
Ken -11 thee C not



Note that if this is the case since OEOE then

I -61 e ccnlfencuDK.cn -11 and FRECNOE

Igcse)l E Igcse ) - to I + It! E Zant en (4)
Yun

- 1)

siim
Antal - - - - -

- - - -
- - -

-

-

-
-

-

2-

- Yg ti

Bf of Claude in 2 steps

step} 91×1 - to ± ccnlenl 4)
% ' " 't

the c-CADE

a) let t , c- 11-0,14<1 be such



f- Ltl s tent ttzt ,

fltl > teal ittct ,

✓

-

(A)
.

' '

9- ly
) - ti E Aln ,

Ca ) en (41%1^-1) .

b) We now show that t
, -

to E Cn ency)Y2cn -11

which would complete the
,

proof of step 3

For a. e t (a) N
" -2

(c)
*

Et A @* Elt ) -0
,

Et = } 2- : ( 2- it ) C- E f
1-

@ * E It = Iz : (z ,Hed*E }

thus for a. e t

7th -1 (c)
*

Eth Dz ) = N
" " ①

*

Elen Dz )



By the co
-
area formula 4 Cauchy - Schwarz we have

2 i

/ Nn" (Dnd Idt
seen ) ✓ÑIICMT pencil

f
-2

Jfn -1 (M ) £ Nh
- '

(Dz ) ten (2) f en (2) ← clnlen (4)

£ Ccn )
then Eo I 1

/
<

Hn -2 ( Dan d*Et ) dt £ Clint ✓⇒ D

- 2

Since for t c- ( to
, 2)

N
n "

CET n Dzl e N" l M n hqlxl > tf / = flt )

s Nn -1cm ) £
N
" - '

lD÷
2h

- '

ency )
=

if a small
enough depn .

I %,
Nn" (Dz)



Since

✗
^ "

(Een Dz) ⇐ 314 N
" "
lDz )

applying the local perimeter bound on volume ireaggi
1 Prop . 12.37 )

hµEe1 ( D2 ) 3 RID ) 1 Et n Dz /
n -Yn

- I

(2) N
""

(c) *Et nDz ) z pen ) Fln
-1
( Et n Dz )

^ -4h -1

Combining Ll ) & (2)

cent 12 Jin
-1
let nDz )

"% -1 dt { fit "" Cd*EtnDjdt
to (3) - z

sunt VI ⇐HE
, ,for tc-lto.fi/Jln-1lEtnDz)zHn-'CMn2qlXl > t } ) - en (2)



Jln
-1
(Ee NDI z Hn

"

(Mn Zqlxl > t } ) - en (2)

3 ✓F) - 2
" - '

en (4)

(4) Jt
"
lEenDz ) 3 Rin > Ieni4T for Eo small

enough

Combining (3) f (4) we have
.

In Ito - til (ency ) )
"% '""

scent en (4) %

⇒ to - ti E first en Cu )
% - ¥n-it

@* I
6- flnl en (4)

Yun -11

Thus

by ↳ I 4 CAN we prove step 3 namely

KNE Cn DE qcxl - to scent ency /
Yun - 1)



applying the same argument for IR
" it c- Ucca ,

4) we

conclude that

to
- g-HI ⇐ fin ) eat )¥"") Tse c- CADE ¥



Theorem : ldepsdutz approximation )
Given n > 2 f CA >0 ZE , = Eich

,
CA )

,
Ci = Gln

,
CA )

'

and doo = In ,
CA / so St if E C- Of CCA

, 16h for some

to >0 No C- DE and

Cn ( No
, fro I = ECE

, no , 8ro , en
) E Ed

then if M = ccao.ro ) n OE f
Mo = 1 yen

: sup only ,s ) ⇐ do }
Ocs <8h

there exists a Lipschitz function U :B
" -'

→ IR with

Lipa El
sup 1¥ E G en ( no

,

8%1%1^-1 )
s.tl/Zn-1

Mo C M n P T
= no + { cx.ua ) ) : see Dro }

is Hn " (MIT )/ron - i E t , enlxo ,8ro ) T covers a large
portion of Mon Cro

ii ) t.nu/w-ieiscienlno,8ro1 a large piece hassmall Lipschitz constant
Dr
.


