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Abstract

We study the boundary regularity of solutions of elliptic operators in divergence form with
CY% coefficients or operators which are small perturbations of the Laplacian in non-smooth do-
mains. We show that, as in the case of the Laplacian, there exists a close relationship between

the regularity of the corresponding elliptic measure and the geometry of the domain.
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1 Introduction

The basic aim of this paper is to study the relationship between the elliptic measure of operators in
divergence form with C%® coefficients or operators which are small perturbations of the Laplacian,
and the geometry of the boundary of the domain. We concentrate on domains whose boundary
is locally flat, where this notion will be understood in a weak sense. Let Q C R™"! be an open
set. Loosely speaking we say that 0f) is locally flat if locally it can be well approximated by affine
spaces. In particular, such domains are non-tangentially accessible and therefore their harmonic
measure w is doubling (see [12], [13]).

We prove that if 92 is well approximated by m-planes in the Hausdorff distance sense then

the doubling constant of the elliptic measure of divergence form operators with Holder coefficients,
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w, asymptotically approaches the doubling constant of the n-dimensional Lebesgue measure. If
moreover the unit normal vector to 02 has small (resp. vanishing) mean oscillation, then the
logarithm of the corresponding elliptic kernel has small (resp. vanishing) mean oscillation.

In [4], Dahlberg showed that if € is Lipschitz domain then the harmonic measure and the surface
measure are mutually absolutely continuous. In addition the Poisson kernel is a By weight with
respect to the surface measure to the boundary, which implies that the logarithm of the Poisson
Kernel is a function of bounded mean oscillation with respect to the surface measure on €2 (i.e it
is in BMO(09)). Jerison and Kenig [12], showed that if 2 is a C! domain then the logarithm of
the Poisson kernel is in VMO(912). In the case when the boundary, 012, is locally flat, Kenig and
Toro gave a full description of the relation between the harmonic measure of the domain €2 and the
geometry of its boundary (see [15]). More precisely if 2 C R"*! is an open connected Reifenberg
flat domain with vanishing constant then the harmonic measure behaves asymptotically like the
Euclidean measure. If €2 is a chord arc domain with vanishing constant then the logarithm of the
Poisson kernel has vanishing mean oscillation (i.e. it is in VM O(0f2)).

The regularity of the elliptic kernel for divergence form operators which are perturbations of the
Laplacian on Lipschitz domains has been studied by several authors. Dahlberg [5], showed that if
the difference between the coefficients of an elliptic, divergence form operator L and the Laplacian
satisfies a Carleson condition with vanishing trace then the corresponding elliptic kernel is a Bs
weight with respect to surface measure. In [9], Fefferman, Kenig and Pipher studied the case when
the same Carleson condition is satisfied but without the smallness assumption. In that case, the
elliptic measure of L is an Ay, weight with respect to surface measure. In [7] Escauriaza proved
that on a C! domain if the difference between the coefficients of L and the Laplacian satisfies a
Carleson condition with vanishing trace then the logarithm of the elliptic kernel is in VM O(0Q).

In this paper we extend the results of [15] to more general uniformly elliptic operators in
divergence form. In section 2 we present the preliminaries, define the two classes of operators
we intend to study and state our main results. In section 3 we prove that the elliptic measure
of a divergence form elliptic operator with Hoélder coefficients on a Reifenberg flat domain with
vanishing constant is asymptotically optimally doubling. The proofs in this section follow the
arguments presented in [15]. In section 4 we show that, in a chord arc domain with vanishing
constant, the logarithm of the corresponding elliptic kernel is in VMO. In section 4, we also

extend some of the results in [9] to chord arc domains with small constant. A natural question is



whether Escauriaza’s result (see [7]) generalizes to chord arc domains with vanishing constant. We

expect this to be the case.

2 Preliminaries and results.

In this section we recall some definitions and state our main results. First we introduce the class of
Reifenberg flat domains, which are domains whose boundary can be well approximated by planes.

In particular Lipschitz domains with small constant are Reifenberg flat.

Definition 2.1. Let Q C R*! be a bounded domain, we say that 0 separates R™1 if there exist
d >0, and R > 0 such that for each Q € O, there exist an n-dimensional plane L(Q, R) containing

Q and a choice of unit normal vector to L(Q, R), ng.r satisfying
THQ,R) ={X = (v,t) =z +tngr € B(Q,R) :x € L(Q,R), t >20R} C Q, (2.1)
and
T7(Q,R)={X =(z,t) =x+tngr € B(Q,R) :x € L(Q,R), t <—-20R} C Q°. (2.2)
Here B(Q, R) denotes the (n + 1)-dimensional ball of radius R and center Q).

Definition 2.2. Let Q C R™"! § >0, R > 0. We say that 2 is a (5, R)-Reifenberg flat domain if
0Q separates R" L, and for each Q € 0Q, and for every r € (0, R] there exists an n-dimensional

plane L(Q, R) containing @ such that
" D[oR N B@,r), £Q.1) N BQ7)] <6 (2.3)
where D denotes the Hausdorff distance.
We denote by

O(r) = sup i%f {1D[BQ NB(Q,r),LNB(Q, 7“)]} , (2.4)
QeoN r

where the infimum is taken over all n-planes containing Q).

Definition 2.3. Let Q € R™!, we say that Q is a Reifenberg flat domain with vanishing constant
if it is (9, R)-Reifenberg flat for some 6 >0 and R > 0, and

limsup é(r) = 0. (2.5)

r—0



Note that definitions 2.1 and 2.2 are only significant for 6 > 0 small. Thus when talking about
(0, R)-Reifenberg flat domains we assume that ¢ is small enough. In particular, we assume that §

is small enough so that if 2 is a (J, R) Reifenberg flat domain it is also an NTA domain (see [15]).

Definition 2.4. Let Q C R""!. We say that Q is a chord arc domain (CAD) if Q is an NTA set
of locally finite perimeter such that there exists C > 1 so that for r € (0,diam Q) and Q € 02

Clrm < HMY 09N B(Q,r)) < Cr™. (2.6)
Here H™ denotes the n-dimensional Hausdorff measure.

Definition 2.5. Let Q@ C R"™, § > 0 and R > 0. We say that Q is a (6, R)-chord arc domain
(CAD) if Q is a set of locally finite perimeter such that

sup 6(r) <6 (2.7)
0<r<R
and
H' (0N B(Q,r)) < (14 0)wpr™ VQ € 92 and Vr € (0, R]. (2.8)

Here w,, is the volume of the n-dimensional unit ball in R™.

Definition 2.6. Let Q C R"!, we say that Q is a chord arc domain with vanishing constant if it

is a (6, R)-CAD for some 6 >0 and R > 0,

limsup,_,0(r) =0 (2.9)
and
lim sup L OENB@1) (2.10)
=0 Qeon wpr™

For the purpose of this paper we assume that Q C R"*! is a bounded domain. We consider

elliptic operators L of the form

Lu = div(A(X)Vu) (2.11)

defined in the domain © with symmetric coefficient matrix A(X) = (a;;(X)) and such that there

are A, A > 0 satisfying
n+1

MNP < D ay(X)&€; < Alel (2.12)

ij=1
for all X € Q and ¢ € R™HL,



We say that a function u in €2 is a solution to Lu = 0 in € provided that u € VV;S(Q) and for
all ¢ € C°(2)
/(A(x)Vu, Vo)dr = 0.

Q
A domain (2 is called regular for the operator L, if for every g € C(952), the generalized solution

of the classical Dirichlet problem with boundary data ¢ is a function u € C(9).

Definition 2.7. Let Q be a reqular domain for L as above and g € C(9R). For X € Q consider the
linear functional g — u(X) on C(0R), where u is the generalized solution of the classical Dirichlet
problem with boundary data g. By the Riesz representation theorem, there exists a family of regular

Borel probability measures {wy } xeq such that

o0

For X € Q, wf is called the L—elliptic measure of ) with pole X. When no confusion arises, we

will omit the reference to L and simply called it as the elliptic measure.

To state our results we introduce two classes of operators.

We say that elliptic operator L € L(\, A, «) if it satisfies (2.11), (2.12) and the modulus of
continuity of the corresponding matrix is given, up to the boundary, by

w(r)= sup |AX)—AY)| < cor® (2.13)
|X=Y|<r

for some a € (0,1], that is A € C%(Q). Without loss of generality we assume that A is defined in
R™! since A can be extended to a new matrix in the following way. If we start with A € C*(€2)
then there exists an open set U such that Q C U and A € C%(U). Consider now a smooth function
¢ € C(R™1) which is equal to 1 in © and 0 outside U. We then extend A to B = ¢pA + (1 — ¢)I
in O which gives that B € C*(R"!) and B= A in Q.

An elliptic operator Lu = div(A(X)Vu) defined on a chord arc domain Q C R*™! is a pertur-

bation of the Laplacian for the purposes of this paper if the deviation function
a(X) =sup{|ld — A(Y)|: Y € B(X,§(X)/2)} (2.14)

where §(X) is the distance of X to 02, satisfies the following Carleson measure property: there

exists C' > 0 such that

1 / a?(X) }

sup sup { ——— dX ; < C, 2.15

N e 5(X) (@15)
B(Q,r)NQ



where 0 = H"™ L 0£2. Note that in this case L = A on 0f2 and therefore by letting L = A in Q¢ we
may assume that L is an elliptic operator in R™*+!.

We now state some of our results:

Theorem 2.8. Let Q C R™! be a Reifenberg flat domain with vanishing constant, let L €
LA A, @) and let w be its elliptic measure. Then for all T € (0,1),

w(B(Q,7p)) w(B(@,7p) _ o

lim inf —————3*=1lim sup ———5 =7
p—0Qed w(B(Q,p))  r—0gean w(B(Q,p))

In section 4 we show that if Q is a chord arc domain with vanishing constant and L € L(\, A, «)

then w € A (do). Furthermore we obtain the following results.

Theorem 2.9. Givene > 0, and 0 > 0 there exists § > 0 such that if L € L(\, A, ) and Q C R*H
is a (8, R)-CAD there exists ro > 0, so that for any Q € 0Q and r < ro, if k(Q) = %(Q) denotes
the elliptic kernel of L, then

1

(1+8)
(][ kwda) oy 5)][ kdo,
BQ) B@)

for any B € (0,1/6).

Theorem 2.10. Let Q C R™™ be a chord arc domain with vanishing constant. Assume that

Le LANA a). Thenlogk € VMO(09).

We now recall some of the results concerning the regularity of the elliptic measure of pertur-
bation operators in Lipschitz domains. The results in the literature are more general than those

quoted below.

Theorem 2.11. [5] Let Q@ = B(0,1). If a is as in (2.14),

w@n={smam [ et 210

B(Q,r)NQ

and

lim sup h(Q,r)=0.
r0Ql=1

Then the elliptic kernel of L, k = dw/do € By(do) for all ¢ > 1.

In [8], Fefferman made the first step toward removing the smallness condition of h(Q,r) in

Theorem 2.11 by defining an appropriate quantity A(Q).



Theorem 2.12. [8] Let O = B(0,1). Let I'(Q) denote a non-tangential cone with vertex () and
2(X) 1/2
dX
a=( [ )

where a is as in (2.14). If ||Al|p~ < C then w € Ay (do).

The main results in [5] and in [8] are proved using a differential inequality for a specific family
of harmonic measures which was introduced by Dahlberg. In [9], Fefferman, Kenig and Pipher

presented a new direct proof of these results without the use of this differential inequality.
Theorem 2.13. [9] Let Q be a Lipschitz domain. Let L be such that (2.15) holds then w € Ax(do).
In this paper we generalize Theorem 2.13 to chord arc domains with small constant.

Theorem 2.14. Let Q be a chord arc domain. Let L be such that (2.15) holds. There exists
§(n) > 0 such that if @ C R 4s a (6, R)— CAD with 0 < § < §(n) then w € A (do).

The various constants that will appear in the sequel may vary from formula to formula, although
for simplicity we use the same letter(s). If we do not give any explicit dependence for a constant,
we mean that it depends only on the usual parameters such as ellipticity constants, NTA character
of the domain and dimension. Moreover throughout the paper we shall use the notation a < b to
mean that there is a constant ¢ > 0 such that ca < b. Similarly a ~ b means that a < b and b < a.

Next we recall the main theorems about the boundary behavior of L—elliptic functions in non-
tangentially accessible (NTA) domains. We refer the reader to [13] for the definitions and more

details regarding elliptic operators of divergence form defined in NTA domains.

Lemma 2.15. Let Q be an NTA domain. If Lu =0 in QN B(Q,2r) with 0 < 2r < R, u > 0 and
vanishes continuously on 0 N B(Q,2r) then there exists > 0 such that for all Q € 9Q and for
X eQnB(Q,r),

u(X) < C(M)Bsup{u(if) Y € 9B(Q,2r) N Q).

Lemma 2.16. Let Q2 be an NTA domain, Q € 092, and 0 < 2r < R. If u>0, Lu=0 in Q and u

vanishes continuously on 02 N B(Q,2r), then

u(Y) < Cu(A(Q,r)),

for allY € B(Q,r)N Q. Here C only depends on the NTA constants.



Lemma 2.17. Let Q be an NTA domain, Q € 0, 0 < 2r < R, and X € Q\B(Q,2r). Then

W (B(Q,7))
G (AQ, ), X))

where G(A(Q, 1), X) is the L—Green function of Q with pole X .

c < < C,

Lemma 2.18. Let Q) be an NTA domain with constants M > 1 and R >0, Q € 99, 0 < 2r < R,
and X € Q\B(Q,2Mr). Then for s € [0,7]

W (B(Q.25)) < Cw™(B(Q, 5)),
where C' only depends on the NTA constants of €.

Lemma 2.19. Let Q2 be an NTA domain, and 0 < Mr < R. Suppose that u,v vanish continuously
on QN B(Q, Mr) for some Q € 9, u,v >0 and Lu = Lv = 0 in . Then there erists a constant
C > 1 (only depending on the NTA constants) such that for all X € B(Q,r) N K,

Lu(AQr) _ u(X) _ u(AQ.r)
A ) = oX) = CuA@.r)

Theorem 2.20. Let Q) be an NTA domain. There exists a number o > 0, such that for all Q € 052,

0 < 2r <R, and all u,v > 0 satisfying Lu = Lv = 0 in QN B(Q, 2r) and which vanish continuously

on 0N B(Q,2r), the function 288 is Holder continuous of order o on QN B(Q,r). In particular,

for every @Q € 09, limx_.g % exists, and for X, Y € QN B(Q,r),

-

v(X) oY)
We finish this section by recalling a result concerning the regularity of elliptic measure on

Lipschitz domains, as well as some doubling properties of the elliptic measure of a cylinder. Let

H c R™! be an open half space, for M > 1, s > 0, and Qo € 9H = L we denote by

Ms Ms
CT(Qo, Ms) ={(z,t) e R"™ :z € L]z — Qo| < ——, |t| < ——=}NH,

the cylinder with basis B(Qo, Ms/v/n + 1) N L and height Ms/y/n + 1 contained in H. Note that
C+(Q07 MS) - B(Q07 MS)

Lemma 2.21. Given € > 0 there exists My = My(n,e) > 1, so that if M > My, and if w denotes
the L—elliptic measure of CT(Qo, M s) as defined above, then for Q1,Q2 € A(Qo, s) = LN B(Qo, s),

r\" _ ¥ (AQ1, 1)) )"
(1—¢) (7“2) < XA (Qa1)) <(1+¢) (7‘2) , (2.17)

as long as X = (z,t) € OCT(Qo, Ms/2) NC(Qo, M s).

and ri,79 € (0, 8]



Proof. After rescaling we may assume without loss of generality that Ms = 1, r; € (0,1/M], for
i = 1,2. First let us examine the case when X = (z,t) € 9C*(Qo, 1/2), with t > 1/(2kv/n + 1) and

k > 2 to be chosen later. If wX denotes the L—elliptic measure then

X (AQL M) = / (A(Q)VoG(Q. X),1)do(Q)
A(Q1,r1)

or

wX(A(Q1,m)) < / (AQ)VQG(Q, X),v) — (A(Qo)VoG(Qu, X),v)|do(Q) (2.18)
A(Q1,r1)

+(A(Qo)VQG(Qo, X), w11

where v denotes the inward unit normal to H at @ € £. By the Hopf maximum principle (see [2],

[11]) there exists a constant Cy = Ci(n, A, A, k) > 0 such that
(A(Q0)V@G(Qo, X),v) > Gy, > 0.

Moreover from the C'1® regularity up to the boundary ([10]), we estimate the first term of (2.18)

to obtain

X (A(Q1,m1)) < (1+ Cr)ri (A(Qo) VoG (Qo, X ), v)

where C'= C(n, A\, A, k). In a similar way, using the appropriate representation we have
Wwr (A(Q2,m2)) = (1= Crg)ry (A(Qo)VG(Qo, X), v)

provided that A(Q;, ;) C A(Qo,2/M). Since 1,12 < 1/M, we conclude that
wX(A(Q1,71)) <1+C/Ma><rl>”
wX(A(QQ,’I’Q)) 1_C/MCY 2
(renr) ()
wX(A(QQ,T’Q)) l—i-C/Ma 9
provided that M is large enough.

Now if X = (z,t) € 9CT(Qo,1/2), and t < 1/2ky/n + 1, w*(A(Q1,71)) and wX (A(Qa,72))
vanish on B((x,0),1/4y/n + 1) N L and are non negative in C*(Qg, 1). Applying Theorem 2.20 we

IN

and
w* (A(Q1,71))

v

have that for x > 8§,

WX (AQum)) _ wPVTD(AQL, )| _ w(g”’l/w‘/mVA(Ql,m))(l)a

wX(A(QQ,rg)) w(w’l/QHMMA(Q%rQ)) - w($71/16M)(A(Q27r2>) K

9



On the other hand our new reference points (z,1/2kv/n + 1) and (x,1/164/n + 1) fall into the first

case as described above, since k > 8. Thus
(o)) ) <t
K 1 +C/MO‘ 79 - LQX(A(QQ,TQ))

1\¢ 1+C/Ma 71 "
<(14C(-= — =) .
- ( i (ff> )(1—C/M"‘><T2>
To finish the proof, for a given ¢ > 0 choose k > 8 such that (1 — C(1/k)*) > /1 —¢, and

(14+C(1/k)*) < V/1+4e. Next for that selection of x choose My > 2 large enough so that for
M > M07

e LM _1+C/M

1 .
S1yopre Si—cjme = VitE

3 Optimal Doubling on Reifenberg Flat Domains.

As seen in Lemma 2.18, the L—elliptic measure of an NTA domain is a doubling measure on 0f).
In the present section we prove that the L—elliptic measure of a Reifenberg flat domain Q C R**!
with vanishing constant, behaves asymptotically like the Euclidean measure in R”. Using the
terminology introduced by M. Korey (see [16]) we say that the L—elliptic measure of a Reifenberg

flat domain with vanishing constant is asymptotically optimally doubling.

Theorem 3.1. Given ¢ > 0 there exists M(n,e) > 1, so that if M > M(n,e) there exists
d(e,M,r/s) = 6 > 0 such that, for 0 < r < s < R/M and any (6, R)-Reifenberg flat domain

Q C R"™ we have:

where Q1, Q2 € 02N B(Qo, s) for some Qp € 9N, X € Q, and | X — Qo| > Ms.

Corollary 3.2. Let Q C R™! be a Reifenberg flat domain with vanishing constant. Then for any
X eQandte(0,1)

X X
hm IIlf w (8QOB(Q77—/))) — hm Sllp w (aQﬂB(Q,Tp)) —

p—0 Q€N wX(aQ NB(Q,p)) P—0 Qeon wX(afl NB(Q,p))

n

The main idea of the proof is to compare the elliptic measure of a Reifenberg flat domain with
the elliptic measure of an appropriate cylinder. In order to do this we need to introduce some extra

notation.

10



Let Q C R™™! be a (6, R)-Reifenberg flat domain, with § < dp. Let M > 1 be a large number to
be determined later, let s > 0 be so that Ms < R. There exists an n-dimensional plane £(Qq, M s)

containing (g and such that

iD[@Q N B(Qo, Ms), L(Qo, Ms) N B(Qo, Ms)] <0,

TH(Qo,Ms) CQ and T (Qo, Ms) C Q°.

In particular if we define for r = Ms or r = Ms/2

~ Ms Ms
Q(Qo, Ms) = QN {(z,t) € Rz € L(Qo, Ms), |z — < —, |t < ,
(Qo, M) {(z, 1) x € L(Qo, Ms), |z QO’—\/m H_m}
C+(Q0,T):{(l’,t)6Rn+11$6£(Q0,M8), ‘.’B—Q0|§ L 7257“3753#}1
vVn+1 Vn+1
C(Qo,r) = {(z,8) ER™ 1z € L(Qo, M), |z — Qo < ———, —20r <t < ——
(QO T) {(l‘ ) T (QO S) |‘T Q0|—\/7m r> _\/m}
and
Ms Ms
C(Qo, Ms/2) = {(z,t) e R" 1z € L(Qo, Ms), |z — < |t < ————1,
then

CH(Qo, Ms) € QQo, Ms) C C™(Qo,Ms), and C*(Qo,Ms)C TH(Qo, Ms).

Note that the Hausdorff distance between CT(Qo, Ms) and C~(Qo, M s) is 46 M s. Besides if nass.0,

denotes the unit normal to £(Q, M s) chosen with the appropriate orientation, then

Ms
A M == - s + 7M 27
(Qo, Ms) Q0+4\/mnM Qo € CT(Qo, Ms/2)
for o small enough
Ms
Bl A(Qy, Ms), —— | Cc CT(Qo, Ms/2
< (QO S) 8m> (QO S/ )
and
Ms Ms
dist|B| A Ms), ———— |,0CtT (Qo, Ms/2)| > ———.
ls[ < (Qo, Ms) wm) (Qo, Ms/ )} S TNCES|

Remark 3.3. If II denotes the orthogonal projection from R™*! onto £(Qq, Ms) then

Ms
n+1

I1(Q(Qo, Ms)) = {z € L(Qo, Ms) : |z — Qo| < b

11



Next we introduce the sets which arise from the intersection of 8§(M s, Qo) and cylinders having

direction nass .. We denote by

['(Qo, s) = {(x,t) € Rz e L(Qo, Ms), |x—Qo| <s, [t| < \/2%} N 8()(@0,]\/[5)
and by
F(er) = {(ZE,t) € RTH_I SRS ‘C(QOaM'S)7 |3j - H(Q)| < T, ‘t’ < T]\f—: 1} N aﬁ(QﬁvMS)a

for Q € T'(Qo,s) and r > 0 small enough so that I'(Q,r) C I'(Qo, s). In particular if » = 7s for
some 7 € (40M, 1), then

F(Q,r 1- (257M>2> c 00N B(Q,r) C T(Q, 7). (3.1)

If 7 is relatively large with respect to 20M, the projections of these 3 sets on L(Qq, Ms) have
almost the same area. In fact recall that |[II(T'(Q,r))| = wpr™.

Let us denote by @ the elliptic measure of (~2(M $,Qo) and by wy the elliptic measures of
C*(Qo, Ms).

Lemma 3.4. Given € > 0, there exists M(n,e) > 1 such that if M > M(n,e) there exists
d(e,M,r/s) =& > 0 so that if Q is a (§, R)-Reifenberg flat domain, then for 0 < r < s < R/M,
Qo,Q € 99, B(Q,r) C B(Qo,s), and X € dC(Qo, Ms/2) NCT(Qo, M s),

(1= )X (A (@4, 7) < X020 B@,1)) < (1+ )X (A_(Q-,1) (3.2)
where Q. = T1(Q) £ 26 M snprs.qy, and Ax(Qx,7) = B(Q+,7) NICE(Qo, Ms).

Proof. The basic idea is to compare the appropriate solutions of Lu = 0 in C*(Ms, Qo) and

Q(Ms, Qo) in order to apply the maximum principle. Since Lemmata 2.15 and 2.21 are valid we

may adopt the proof of Lemma 4.1 in [15]. O

The following lemma gives the opposite estimate when the pole is far away from the boundary.

Lemma 3.5. Given ¢ > 0, there exists M(n,e) > 1, so that if M > M(n,e) for k > 2 there exists
d(e, M, k,7/s) =6 > 0 such that if Q is a (0, R)-Reifenberg flat domain, then for0 <r < s < R/M,
Qo € 09, Q € 09, B(Q,r) C B(Qq,s), and X = (x,t) € 9C(Qo, Ms/2) N CH(Qo, Ms), with
t> Ms/kvn+1,

(1 - e)wX(A-(Q-,7) <&¥(B(Q,7) < (1 +e)wi (Ar(r,Q+)). (3.3)
where Q. = T1(Q) £ 26 M snprs,qy, and Ax(Qx,7) = B(Qx,7) NICE(Qo, Ms).

12



Proof. Let ¢’ = £'(¢) > 0 to be chosen later. We first prove that, for M > 2 there exists 0 <
d(e, M, k,r/s) so that

X A(Q) < TSN (A (3.

Let us first show how to obtain (3.3) from (3.4). Choose M large as in Lemma 3.4. Denote
§' = 0(¢’, M,r/s) the constant in that lemma. Then for § < min{d’,§(e’, M, k,7/s)}, inequality
(3.2) holds with & instead of e. Combining (3.2) and (3.4) we obtain

(1-¢) x

2
=X (A (@) < ¥ Q) < S

0@
Choosing &’ > 0 so that 1 —e < (1 —¢')2/(1+¢') and (1+¢')?/(1 —¢’) < 1+ ¢ we obtain inequality
(3.3).

Now we continue with the proof of (3.4). Recall that C*(Qq, Ms) C Q(Qo, Ms) C C(Qo, Ms).

Assume that § < §’ and define
ui(z,t) = (A (Q-,r)) for (z,t) € C™(Qo, Ms),

and

us(@,t) = W™ (AL (Qy,1)) for (x,t) € CH(Qo, Ms).

We compare ui(x,t —45Ms) and us(x,t) for (x,t) € CT(Qo, M s). First note that if t = 20M's or
|z — Qo] = Ms/v/n+1 then uy(z,t — 46 Ms) = us(z,t). Indeed, if t = 26M s then u(x,t — 45Ms)
vanishes for |z —TII(Q)| > r and it is equal to one otherwise. The function ug has the same behavior.
When |z — Qo| = Ms/v/n+ 1 >> r both functions vanish.

Since C~(Qq, M s) is an NTA domain, u; is non negative on C~(Qo, Ms) and wuq(z,t) = 0 for

3Ms
1) €0C(Qo, Ms)N{(z,t) e Rt > 1},
we apply Lemma 2.15 to get
Ms
u(x, — 46Ms) < K,6°
AV )< K

where K depends on the NTA constants of C™(Qo, Ms). Now consider a bounded function v(z, t)
such that
Lv(z,t) =0, in CT(Qo, Ms)

v(z,t) =0, on t=20Ms
v(z,t) =1, on t=Ms/\vVn+1
v(z,t) >0, on |r—Qol=Ms/vn+1.
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Therefore for (z,t) € CT(Qo, M s)
up(x,t — 40Ms) < ug(x,t) + Kyv(x, t)0P. (3.5)

By the maximum principle inequality (3.5) holds for all (z,t) € C*(Qo, M's). Let

R =C(Qo, Ms)N {(az,t) eR"x € L(Qo, Ms), |x — Qo] < \/2%(1 - 1//€>,

Ms <i< Ms 1 1
kvn+1— =7 v/n+1 K '
From the Hopf maximum principle and Harnack’s inequality for § small enough and for Y € R

UQ(Y) Z KQ - KQ(TL,)\,A, R, T, M)

Choosing § > 0 even smaller we have Kjv(z,t)6% < K106° < 'Ky, therefore for (z,t) € R we
obtain

up(x,t —46Ms) < (1 + &' )ug(w,t). (3.6)

Applying classical interior estimates (see [10], chapter 8) we conclude that there exists § > 0 such

that for 6 > 0 small enough and for (z,t) € R,
uy(x,t — 46Ms) > (1 — C(6k))ur(z,t) > (1 — )ui(, t). (3.7)

Combining (3.6) and (3.7) we have

for (z,t) € R and the proof is concluded. O

The next theorem is an immediate consequence of Lemmata 3.4 and 3.5. We refer the reader

to Theorem 4.2 of [15] for the details of the proof.

Theorem 3.6. Given ¢ > 0 there exists M(n,e) > 1, so that if M > M(n,c) there exists
§(e, M,r/s) = & > 0 such that for any (6, R)-Reifenberg flat domain Q@ C R and 0 < r <

s < R/M we have

where Q1,Q2 € 00 N B(Qo, s) for some Qo € 0N, X € Q(QQ,MS)\C(Qo,MS/z). Here & denotes
the elliptic measure of ﬁ(Ms, Qo)-

14



We now show that as long as X € €(Qo, Ms) is far away from Qu, @ (E)/&¥(E') and
wX(E)/wX(E') are comparable, whenever E, E' C QN B(Q, 2s).

Lemma 3.7. Given e > 0, 7 € (0,1) there exists M(n,e) > 0 such that for M > M(n,e) there
exists & = 6(e, M,7) > 0 such that if Q is (3, R)-Reifenberg flat domain, 0 < r < s < R/M,
Qo €09, Q €09, B(Q,r) C B(Qo,S) and X € Q(Qo, Ms) \ C(Qo, Ms/2), then

. GIX,Y) _ dwX(Q) . G(X,Y)
e i =5 v) < aoxg) = 1O ey

Here w (resp. &) denotes the elliptic measure of Q (resp. QUQo, Ms)) with pole at X, and G (resp.
G) denotes the Green’s functions of Q0 (resp. Q(Qo, Ms)).

Proof. The Lebesgue differentiation theorem for Radon measures, ensures that, for w-almost every

Q € 90N B(Qo, 2s)
B ) BEB@1)
dwX =0 wX(B(Q,r))

Consider a smooth function ¥, such that ¥, =1 on B(Q,r), spt(¥,) C B(Q,2r), |[V¥,| < < and

(3.8)

|D?W,.| < % Let u, satisfy Lu, = 0 in Q and u, = ¥, on 9. Let @, satisfy Lu, = 0 in Q(Ms, Qo)
and u, = ¥, on 8@(@0, Ms). Then

un(X) = / T, (Q)dw¥ (Q) = — / (A(Y)VG(X,Y), VT,)dY

onN Q

i (X) = / U, ()5 (Q) = — / (AY)VE(X,Y), VE,)dY.
99(Qo,M3s) Q(Qo,M3s)

An argument similar to the one used to prove the Lebesgue differentiation theorem ensures that

dwX (Q) = lim i, (X)

de r—0 Uy (X) .

(3.9)
Let A(Q) = Ag, then

/(A(Y)VG(X, Y),VU,)dY = /<VG(X, Y), AgV¥,)dY + /((A(Y) — AQ)VG(X,Y),V¥,)dY.
Q Q Q

We estimate the last term by appealing (2.13), Holder’s inequality, a boundary Cacciopoli estimate

15



(see [13], Lemma 1.21) and Lemma 2.16,

'/<(A(Y)_AQ)VG<X,Y)7V\I/T>CZY‘ < Cra< / |VG\2dy>1/2< / \V\If,,|2dY>1/2
Q

B(Q,2r) B(Q,2r)

1 1/2
Cro=pn/2pn/2 < 7[ ]VG|2dY>
r B(Q,2r)

1/2
< Crorn—? <][ GQdY>
B(Q,4r)

< O GAQ, ), X).

IN

To estimate the first term on the right hand side note that

/ (VG(X,Y), AgV¥,)dY = / div(GAQV¥,)dY — / Gdiv(AgV¥,)dY
Q Q Q

thus

up(X) — Q/ G(X, Y)div(AQV\IIT)dY’ < cr"2+aG(A(Q,r))+' / div(G(X, Y)AQV\IJT)dY‘.

(3.10)
Note also that
‘/div(G(X,Y)AQV\IJ,,)dY’ = ' / div(G(X, Y)AQ,V\IJ,,)dY‘.
@ O(Qo,Ms)
If F = Q(Qo, Ms) \ C*(Qo, Ms) then
/ div(G(X,Y)AgVV¥,)dY = / div(G(X,Y)AgVY,)dY + / div(G(X,Y)AgV¥,)dY
Q(Qo,Ms) C*(Qo,Ms) F
and
/ div(G(X,Y)AQV\I/T)dY’ = ‘ / (G(X,Y)AQV\IIT,en)dS‘
C+(Qo,Ms) (=215}
< C sup l1""_1G(X, Y)
YeB(Q2rn{t=251 "
<

C<MTS(S>QG(A(Q, r), X )2,
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Now

1
'/G(X, Y)div(AQV‘Ifr)dY’ < C sup GX)Y) HYFNBQ,2r))—
A FNB(Q,2r) r

C(MS(S)&G(A(Q, ), X) " M

r

_ oM QHGAQ,T,XT”’Q.
(%) ota@n.x)

r

In a similar way,

IA

1
o / V@Y
FNB(Q,2r)

ci( / |VG|2dY)1/2(H”(;fmB(Q,m«)))l/2

B(Q,2r)
n/2

' ! (AQV .., VG)dY'

IN

r

IA

C——G(A(Q,r), X)(Msorm—1)1/2

M56>1/2

72

r

= Cr"zG(A(Q,r),X)<

Therefore
Msd

r

3
/ div(G(X,Y)AQV\I/T)dYSC( > G(A(Q,r), X)r" 2
Q(Qo,Ms)

for 3 = min{e, 3}. We use this estimate in (3.10),

M sé

B
) G(A(Q, r), X)r" 2,

ur(X) — /G(X, Y)div(AQV\IIT)dY' < Cr'teT2GAQ, 1), X) +C’<
Q

Note that a similar estimate holds for @,(X) in terms of G. Next we write

?;EX ) G(X, V) div(Ag V¥, )dY

/ G(X,Y)div(AQVV¥,)dY = / X,Y)

Q(Qo,Ms) Q(Qo,Ms)

= / <gg§:§j§—l(Q)>G(X,Y)diV(AQV\IIT)dY—I—Z(Q) / G(X,Y)div(AQVT,)dY

Q(Qo,Ms) Q(Qo,Ms)

where _
. G(X,Y)
Q) =l =X vy

‘We now choose 7s < r < s and



where ¢ = /(). Then we choose § such that

() <
— <e€.
T

Combining the estimates above with Theorem 2.20 we have

W) - 1Qu 00| < [a(x

/ (X,Y)div(AgV ¥, )dY‘ (3.11)
Q
+ '/ (X,Y)div(AgV¥,)dY — [(Q )/ (X,Y)div(AQV\IIT)dY‘

+ 1Q)

up (X) — / G(X, Y)div(AQV\IJ,,)dY‘

< Pe2GAQ, 1), X) 4+ €2 G(A(Q, 1), X)
Q)" G(AQ, 1), X) + £1(Q)r"*G(A(Q,7), X)

(1) 10 () -2eta@n.

"2GA(Q, 7, X){( o ')ZWQJ’)’X)

AN
=
+
™

S w0+ G + 0 Q)

since by the maximum principle

2GA(Q, 1), X) S WX (B@1)) S wn(X).

Furthermore since

( (@,r),X) ur (X)

lim GAQTX) o) X) o)l < e

ro0 G(AQ,r),X) (@) o ur(X) (@) U@

We conclude the proof by combining (3.9), (3.11) and choosing & in terms of e. O

Corollary 3.8. Given ¢ > 0, there exists M(n,e) > 1 so that if M > M(n,c) there ezists
S(n,e, M) > 0, such that if @ C R*""! is a (8, R)-Reifenberg flat domain with § € (0,8(n,€)],
QoedN,0<s<R/M, E;E' C QN B(Qo,2s), and X € Q(Qo,MS)\C(Qo,MS/2) then

W (B)
*(EY)

X (E)
X (E")

X (E)

4= AE)

< S(l—i—s)

Proof. We choose €’ to depend on ¢ such that Lemma 3.7 is satisfied. From Theorem 2.20 we have

G(X, A(Qo, Ms)) <|Q - Qol)a

Qo) = U = C Ao M)\ M5

18



for @ € 02N B(Qo, 2s). In addition Lemma 2.19 guarantees that there exists a constant C' > 1 so

that
. G(X, A(Qo, Ms))
CHQ) = G, Ao, 1)) = O
Hence
(1- 37 Ja@o) < @) < (1+ - )@
Since
~X E d&X X < / /¢ X ! X E
K (B) = [ Tx @@ = (1+2) [ 4@ (@ = (142) (14 57 1@ (B)
E E
and
GX(E) > (1+)™! (1 — ]\(Zl) 1(Qo)w™ (E)
we have that
n—2l—=(C/M*) w¥(B) _ o¥(E) n2l+(C/M*)  w¥(E)
O+ renm o) = ov) = Y T o) ok
Choosing M and ¢’ appropriately we conclude the proof of Corollary 3.8. 0

Proof of Theorem 3.1: For ¢/ = &'(¢), let M(n,e’) > 1 be as in Theorem 3.6 and Corollary
3.8. For M > M(n,¢e') there exists d(n,&’,r/s, M) > 0 so that if Q is a (4, R) Reifenberg flat
domain with § < §(n,e’,r/s, M) then Theorem 3.6, Lemma 3.7 and Corollary 3.8 hold. Namely
for 0 < r < s < R/M we have that

r\" _ @ (B(Qu1) r\"
1—e) (L) < 20T o oL
1-(3) = Smarm <4 +(5)
where Q1, Q2 € Q2N B(Qo, s) for some Qp € 02, X € Q(Qo,MS)\C(Q(),MS/2). Moreover
GX(B(Q1,r) _ w(B(Q1,7)) X (B(Q1,7))
WX (B(Q2,5)) ~ wX(B(Qa,5)) wX(B(Q29))
Therefore for &’ > 0sothat 1 —¢ < (1 —¢')? and (1 +¢')2 < 1+¢, and X € QN IB(Qo, Ms/2)

(1-¢) <(14¢)

n

1-0)(2) ¥ (B(Qus) < (BlQu) < 142 ) X (BQa0)

The maximum principle guarantees that for all X € Q\B(Ms/2, Qo)

a1 _E)C)n < m < +e><z>n.
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4 Regularity on chord arc domains.

In this section we prove that on a chord arc domain with small enough constant if L is either in
LA\ A,«) or if it is a perturbation of the Laplacian then the elliptic measure is an A,, weight
with respect to surface measure. In the case that €2 is a chord arc domain with vanishing constant
and L € L(\, A, a) we show that the logarithm of elliptic kernel (i.e. the density of the elliptic
measure with respect to the surface measure) is in VMO. A key step in these proofs is Semmes’
Decomposition for chord arc domains with small constant (see [15], Theorem 2.2).

Let Q be a (d, R)-CAD for § small enough so Theorem 2.2 in [15] holds. Let P € 99 and let
r > 0 small enough so the construction in Lemma 5.1 in [15] goes through. In this case there exist
two Lipschitz functions At and h~ defined in £(P,r) such that A~ < h™ and ||[VhT || < 1 where
n o~ 64, Let

QF = {(z,t) e R"™ : z e L(P,r), t >hT(x)}

and

Q" ={(z,t) eR"™ : zc L(P,r), t >h (z)}.

As in Lemma 5.1 in [15] the graphs T'F of h* approximate 992 in C(P,r) from above and below

respectively, in the sense that

D|T*NB(P,r); 02N B(P,r)| <nr and H*(0QNTTNI"NB(P,r)) > (1—clexp{—02/77}>wnr"
(4.1)

where c¢1, ¢ are positive constants as in ([15], Theorem 2.2). Moreover
Qtne(P,r) cQNC(Pr)cQ NC(P,r).

Lemma 4.1. Let L € L(A,A,«). There exists 6(n) > 0 such that if @ C R"™ is a (§, R)—CAD
with 0 < § < 6(n) and X € Q then w™ € Ay (do) where o = H™ L 9.

Proof. Choose d(n) > 0 such that Semmes decomposition applies © as in Lemma 5.1 in [15].
For X € Q let d = dist(X,09) and wX = w. Let 0 < r < min{R/2,d/4}. For P € 9N let
A = 00N B(P,r) and A = A(P,r) be the non-tangential interior point of Q N C(P,2r). We
may assume that QT N C(P,2r) C QN C(P,2r). We denote by w™ be the L—elliptic measure of
QF NC(P,2r). Since for E C A, wA(E) ~ w(E)/w(A). Tt is enough to prove that for o’ € (0,1)
small, there exists 3 € (0,1) so that if wA(E) < o then o(E)/o(A) < 3.
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Assume that w?(E) < o/. We decompose E as in Lemma 5.2 of [15], E = E; U Ey where
E; = ENJNT and By = F\ 0Q*. By the maximum principle wf(E;) < w?(E) < o/. We write

O'(E) _ J(El) + U(EQ)
a(A)  o(d) oA

(4.2)

Since Q7 is a Lipschitz domain, wy € Ay (doy) so there are positive constants 0, Cp, Cy such that

o (B’ wi(Ey) o (B1) \’
CI(U+(A+)) : wi(Aq) : CQ(U+(A+)>

where Ay = 9Q N B(II(P),h" (II(P)),ry/1 4+ n?) and o denotes the surface measure of 9Q7.

Therefore the first term of (4.2) is estimated by

o(Er) _ o(B1) o0+(A4)
o(A) T o (Ay)  a(A)

<1+ )21 4).

Finally the second term of (4.2) is controlled using the Semmes’ Decomposition estimate for chord

arc domains with small constant (see [15], Theorem 2.2). That is,

o(E2)
a(A)

c1 exp(—ca/n)wpr™
o(A)

< S (1 +n)exp(—ca/n).

Gathering all the estimates and choosing o > 0 and & > 0 small enough, since n ~ §'/* we conclude

that o(F)/o(A) < g < 1. O
An immediate consequence of Lemma 4.1 is the following Corollary.

Corollary 4.2. Let L € L(A\, A, «). There exist §(n,A\,A) = 9 > 0, p > 0 and 3 > 0 such that
if @ C R s a (5, R)-CAD with 0 < § < &y, for X € Q, A = 90N B(Q, s) with Q € 09,
s < min{dist(X,00)/4, R/4}, and E C A is a measurable set then

= ()

S

Moreover if kx = dwX /do then

1 125 1/1+428 1
<
<J(A) /kX da> < CU(A) /k:Xda
A A

where ¢ > 1 denotes a constant that depends only on n, A, A.

The next theorem states that the density satisfies a reverse Holder inequality with optimal
constant. The proof is very similar to the proof of Theorem 5.2 in [15], which we can adopt in our

case due to the C'“ regularity of the coefficients. Here we present only the main steps of the proof.
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Theorem 4.3. Let L € LA\, A,«). Given € > 0, and N > 0 there exists dg = 6(e, N,A\,A,n) >0
such that if Q@ C R*"™! is a (5, R)-CAD with 6 € (0,00) there exists v = v(e, N, A\, A,w) > 0, so
that for any surface ball B C 09 with radius s < /2, if X € Q with dist(X,0Q) > N, and
kx(Q) = H(Q) = %7(Q) then

1 g, \P 1

<

<U(B) /k da> < (1—1—6)0(3) kdo,
B B

where 6 > 0.

Proof. We intend to apply Semmes decomposition in the set A(Qq,r) = B(Qq,r)NIN with r = Ms
for M >> 1 large enough.

Let X € 9C(Qo,r/2) N QT C Q(Qo, Ms) and Q(Qq, M s) = QNC(Qo, Ms). We denote by w the
elliptic measure of €2 with pole at X, by @ the elliptic measure of ﬁ(Qo, M s) with pole at X, by
@_ the elliptic measure of 2~ NC(Qo, Ms) with pole X and by w_ the elliptic measure of Q™ with
pole X. Moreover we denote by k_(Q) = dw_/do_, k_(Q) = do_ /do_.

We need to estimate
/ K HPdo = / k' Pdo + / k'*+Bdo. (4.3)
A A\IQ- ANOQ-

To estimate the first term of (4.3), we apply Semmes decomposition to get
_ Co n
o(A\OQ™) < Cy exp(—?)wn(Ms)

" o (A\OQ")
o(A)

where 1 ~ §'/4. Applying Corollary 4.2 and choosing § > 0 small enough we conclude that

<204 exp(—@)M”.
n

1+8

U(lA)A\a/Q_ Kde < @(A\a/ﬂ_ kde")WU(A\aQ)H‘ZB
- K<W>H%B<a(2)!kl+ﬁda>l+ﬁ
< K<2C1 eXp(—)M") w2 (cr(lA) /kHﬂda) 1+5

IN

m\
N

q

T>\ —

ol

-

+

=)

QL

R)
N———
—
+
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In order to estimate the second term of (4.3), we need to show that

WX (A)
X(A)

KQ) < (141 (Q) (4.4)

for every X € 9C(Ms/2,Qo) N, where k and k_ denote the elliptic kernel with pole X, A_ =
B((II(Qo), h~ (11(Qo))),s) N0~ and Q@ € ANA_.

The proof of (4.4) follows the same guidelines as the corresponding proof in [15]. We include
the proof in the case that the pole is far from the boundary in order to illustrate which results need
to be used in this case. We refer the reader to [15] for the proof of the case when the pole is close
to the boundary.

Let X = (z,t) with t > Ms/ky/n+1. Let Go C AN I~ be the set of density points of
ANoQ.

By Lebesgue density theorem

/ EHtBde = / kKB do

ANON— Go
and applying Corollary 4.2 for Q € G, we have

1i W(AO M 39_)

im =1,
AolQ  w(Ao)

and
B W(Ao) L w(AQ N 897)
M) = A SRy ~ AT T o)

where A is a surface ball centered at ) and contained in A. Let FF = AgNoQ~ and apply the

maximum principle to obtain

where
,  w_(AL)
— < — 7
1-¢'< w(A)

since Lemmata 3.4 and 3.5 are valid. Now using Corollary 3.8 we obtain

<14¢

w(F) na w—(F)
TA) < (1 + )37(4)_(A_)
and
w(F) ng Ww—(F) 0-(A;) w(A)
720 =TT oA wo(an)

23



where A is a surface ball in 92~ centered at @) and with the same radius as Ag. Using the fact

that 92~ is a Lipschitz graph with small constant less we conclude that for § > 0 small enough,

w(F) s w-(F) (A nsw-(8g) w(A)
otae) = e an ST Ty ey
Therefore letting Ag | @@ we conclude that
ns w(Q)
Q)< (1+e )5w_(A_)/€—(Q)-

The proof of the case when the pole is close to the boundary uses Theorem 2.20 and the ideas
of the proof of Theorem 4.2 in [15].

Next we estimate the second term in (4.3). For X € 0C(Qo, Ms/2) N,
1 Ay 1M1

/k”ﬁda < [(1 + /)8 w(A) } ) /k“ﬂda

U(A)G o(A J

1+8
< (1) [<1+5'>6w‘fgi)_)] : U_(lA_) / Ko

< a+ol +g'>7w°jgi)_)]w(a_ 5/ k_do-_>w

(1+€)(1+¢)80+0) (U(lA)/k:do—> Hﬁ.

Combining all the estimates above and choosing ¢’ in term of €

(o B/klwda)””ﬂ <1495 b

IN

we have that

The regularity result is a consequence of the following corollary.

Corollary 4.4. Let L € L(A\, A, ). Given e > 0, and N > 0 there exists 69 = d(e, N,\,A,n) >0
such that if Q@ C R" is a (6, R)-CAD with § € (0,00) there exists v = (e, N, R, \, A, w) > 0,
so that for any surface ball B C 02 with radius s < v/2, if X € Q with dist(X,09) > N, and
kx(Q) = H(Q) = %7(Q), then

i 1
B

1
<e.
J(B)/logkda>|da_e
B



Proof. We will use Sarason’s lemma and John-Niremberg’s in the following manner. Let ¢’(g) > 0
to be determined later. For &’ and N let 6 and + be as in Theorem 4.3 and dv = ([, kdo) kdo.

From Holder’s inequality we have

1-6/14+p
/ kK1 Pdo < ( / k”ﬁda) o(B)?P/1+8,

B B

Hence for ¢’ small enough

3 3 1 A e, NP

- < <1 !
/k: dv/k dl/_(a(B)/kzda> (G(B)/k dU) <1+ 3¢
B B

B B

Applying now Sarason’s lemma (see [17]) together with John-Nirenberg’s inequality guarantees that

1 Yro,
I —cnlP < =p I1/3
<w(B) B/|logk sl dw) - B °

where c¢g = 1/w(B) [z logkdw. From the theory of A-weights we have for some p large enough

(fr) =i

B

for p € [1,00), if s < /8,

Thus applying Holder’s inequality we have
1/|1o k—cpldo < C 1/ylo k— cplPd 1/p<c(ﬂ )e't/3
B B

Choosing &’ so that C(B,p)e'l/s

a(lB)B/“ng_ (U(lB)/logkda>|da§€.

B

< ¢/2 we conclude that for a surface ball B with radius s < /8

O]

Corollary 4.5. Let L € L(A\, A, ). Let Q C R™™! be a chord arc domain with vanishing constant.
Then for any X € Q, logkx € VMO(0S).

We now concentrate in the case when L is perturbation of the Laplacian, i.e we assume that
(2.15) holds. The crucial step in the proof of Theorem 2.14 is to compare the L-elliptic measures

of the Lipschitz domains Q% we constructed above.
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Lemma 4.6. Let L be a uniformly elliptic operator in divergence form satisfying the assumptions
of Theorem 2.14. Let T* be defined as above. Then there exists § > 0 such that for Q € 092 and
s>04 ECTTNT™ NB(Q,s)

0
) so(2)

where Ay = B(Q*,s) with QF = (II(Q), h*(II(Q))) and 11 is the projection in L(P,r). Here w*
denote the L—harmonic measures of Q* N C(P,2r) with pole outside B(P,r).

Proof. The proof will follow the lines of Main Lemma in [6]. Let G € I'"NT~ N B(P,r) and denote
by QT = (¢,h*(q)). If X = (2,7,41) then

dist(X,T%) ~ |zpe1 — hT(2)]
and for ¢ such that h*(q) # h™(q)
h(q) —h™(q) =~ dist(Q",I'") ~ dist(Q,T'"). (4.6)

We proceed by constructing a Whitney decomposition of R"*1\ G. Extract a subfamily {Q; } such
that I~ \ G C UQ; . By (4.6) note that dist(Q; ,I'") ~ diam Q; . Since Lip(h™) <n and n << 1
there exist a family {Qj} obtained by vertical translations from {Q; } and such that Q= € Q; if

and only if QT € Q.. Furthermore
diam Q; = diam Q] ~ dist(Q;",I'") ~ dist(Q; ,T'T)

and 't \ G C UQ; .
We can find @ such that 2Q; U 2@;Ir C @7 and diam Q] ~ diam Qf Next we define the
measure u for F C I~ N B(P,r) by

Fn@)

Q) +(Q7).

((F) =wi(FNG) +Z

We will prove the following claim.

Claim. If @ € T~ and B(Q,s) C B(P,r) for F C I'" N B(P,r) then

pu(F) w_(F)
n(B(Q, s)) S w_(B(Q, s)) (4.7)
and
w(B(P,r)) ~ 1. (4.8)
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From the claim, using the real variable lemma of Coifman and Fefferman (see [3]) we conclude
(4.5).

Proof of claim. Let Q € T- N B(P,r) and 0 < s < r. If for all 4, Q; N B(Q,s/2) = 0 then
B(Q,s/2) C G, Q € T'" and by the doubling property of w

W(B(Q.5)) > wi(B(Q,5/2) N G) = wi(B(Q.5/2)) Z wi (B(Q, 9)).

If there exists an ¢ such that Q; N B(Q, s/2) # () by the doubling property of w

w(B(Q,s) 2 wi(B(Q,s) NG) + > wi (@)
QiNB(Q,s/2)#0

Moreover, if @ € T+ NT~, and Q; N B(Q, 5/2) # 0 for some 4,
u(B(Q,s)) 2 wi(B(Q,5) NG) +wi(B(Q,5/2)\ G) 2 wi (B(Q, 5/2)).
Now if Q ¢ T, Q = Q= € Q; (for the same i as above) and QT € Q7. In addition
B(Q",s/4)NTT\ G Ccu2Q; and Q; N B(Q,s/2) #
since for (x,h*(z)) € B(QT,s/4) NTT\ G,

(@, i (2)) = (@, 27 ()] < (2, h7 (2)) = (2,27 ()| + (2, ™ (2)) = (¢, 2" (q))]

< diam Q; + s/4 + s /A.
Thus 3w (QF) 2 wi(B(QT,s/4)\ G) with Q7 N B(Q, 5/2) #  and
WB(Q,5) 2 wi(B(Q,5)NG) +wi(BQF,5/4)\ G)
for Q € T~ \ Tt
Now if B(Q,s/(2-10%) NG =0, for all X = (z,h*(z)) = (z,h (z)) we have

|(a,h™(q)) = (2, h™ (2))] > s/(2-10°).

Hence if |¢ — x| < s/(2 - 10°) then

S ns
2-106  2-106

|z —q| >

and for n small enough

S

(g7 (9)) = (2. (@) > | — | = 1s/(2-10°) > .
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Thus by the doubling property of w,,

WB(Q.5)) = wi(B(Q",5/(4-10%)) 2 wi(B(Q",cs) Z wi(B(Q,cs)).
On the other hand, if B(Q,s/(2-10%) NG # 0, then B(Q*,s/4) C B(Q,s) and again by the

doubling property of w

W(B(Q,5)) = wi (B(Q*, 5/4)) 2 wi (B(Q, cs)).

Thus, in any case we have shown that

WB(Q,s)) 2 w+(B(Q",5/4)) 2 w+(B(Q,cs)). (4.9)

Let Q e TN B(P,r), B(Q,s) C B(P,r) and consider two cases.

Case 1. For every i, Q; N B(Q, s) # 0 and diam Q;” < 100s.

Then, B(Q,Cs)NI'" # (). For simplicity, let A = AT(Q*",Cs) = A~ (Q~,Cs) the non-tangential
points of QF at Q* at radius C's. Since Q; NB(Q,s) # 0, the distance of Q@ = Q™ to Q; is less or
equal to s and 2Q; C B(Q,Cs), so Q; C B(Q,Cs) and using the Carleson estimate in [1] we have

wi(Q)) . wi(Q))

SA(BQ.0) ~ e (BQ,C) 10
and
wAFNQ;) L w-(FNnQ;) (4.11)
wA(B(Q,Cs)) ~ w-(B(Q,Cs))’ '
Similarly
wH(FNG)  wi(FNG) (4.12)
wf(B(QaCS)) B er(B(QaCS)). ‘
Recall that w(B(Q, Cs)) ~ 1 thus (4.11) and (4.12) become
A N GHAL D)
WwH(FNQ;) ~ m (4.13)
and
A L wi(FNG)
wi(FNG) ~ m (4.14)
In addition, since wy is a doubling measure,
Wi (@) Swi @) (4.15)

If Z € QF, then w?(Q}) ~ 1 = wZ(Qf). For Z € o(Qt N B(P,Cr)) \ QF, wZ(Q}) > 0 and
w?(Q;F) = 0. Therefore by the maximum principle for Z € 9(Q* N B(P,Cr))

WwZ(QF) S wZ(Q)). (4.16)
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From (4.15), (4.16) we deduce that,
WwA(Qh) < wMQ)). (4.17)

Thus, by (4.9), (4.10), (4.11), (4.13) and (4.17) we have

wF)  _ e(FNG)+ 5 g g e (@)
u(B(Q.s) ~ w+(B(Q,Cs))
(F
< AFNQ) +;(gf§ Jut@n)
S WwAFNG) +> wAFNQ))
< WAl
< w-)
~ W (BQ.s)

Case 2. Suppose there exists @; such that Q; N B(Q,s) # 0 and diam Q; > 100s. This implies
B(Q,s)NG =0 and B(Q,s) C Q5.

If @ NB(Q,s) # 0, then, dist(Q; , ;) < 2s, with diam Q; ~ diam @, . Since w_ and w, are
doubling measures and @}, @; have large overlaps, w4 (Q;) ~ w+(Q;). Thus for F' C B(Q, s)

ur) = Y EE @
)

Y w (FNQ;)

7

w (Q]

w—

(@)
w+(Q7)
@)~

1

12

~(F)

w_

and similarly

which yields
WF)  w(F)
w(B(Q,s))  w-(B(Qs))
This concludes the proof of (4.7) in the claim. To prove (4.8) recall that by (4.1)

H'(TT NI~ NB(Pr)) > <1—clexp{ cz/n}>r Wn.
Hence by the doubling property of wy
w(B(P,r)) 2wy (B(P,r)NG) 2w (B(Pyr)) =1
Clearly by the doubling character of wy we also have that u(B(P,r)) < 1. O
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Proof of Theorem 2.14.

Choose 6(n) > 0 such that Semmes decomposition applies 2 as in Lemma 5.1 in [15]. For
X € Qlet d = dist(X,09) and wX = w. Let 0 < r < min{R/2.d/4}. For P € 0Q let A =
NN B(P,r) and A = A(P,r) be the non-tangential interior point of QN C(P,2r). We may assume
that QT NC(P,2r) € QN C(P,2r). We denote by w™ be the L—elliptic measure of Q* N C(P,2r).
Since for E C A, wA(E) ~ w(E)/w(A) It is enough to prove that for a € (0,1) small, there exists
B € (0,1) so that if wA(E) < a then o(E)/c(A) < 3.

Assume that w4(E) < a. We decompose F as in Lemma 5.2 of [15], E = E; U Fy where
Ey = ENJNT and By = F\ 0QF. By the maximum principle w?(E}) < w?(E) < a. We write

o(E)  o(E) | olE)
3~ o) T od) (4.18)

In this case we do not know if wy € Ax(dot). On the other hand since Q™ is a Lipschitz
domain and L (extended to be the Laplacian in Q€) is a perturbation of the Laplacian satisfying

(2.15) we know that w_ € A (do_) by Theorem 2.13. Therefore there are positive constants -,

C1, Cy such that
o (BE)\"" _ w_(E) o (Br) )’
Cl(a_(A_)) Soa) S C2<a-(A—)> 19

where A_ = 0QNB(II(P), h~ (II(P)),r/1 +n?) and o_ denotes the surface measure of 9Q~. The

first term of (4.18) is estimated combining (4.19) and Lemma 4.6,

o(Er)
a(A)

<

(4.20)

A

A

A/~ /9
Ele
|

< QP2 (14 )

where ¢’ = 6'(6,~). Finally the second term of (4.18) is controlled using the Semmes’ Decomposition

estimate for chord arc domains with small constant (see [15], Theorem 2.2). That is,

o(Es)
a(A)

c1 exp(—ca/n)wpr™
o(A)

< S (1 +m)exp(—c2/n). (4.21)

Combining (4.20) and (4.21), and choosing & > 0 and § > 0 small enough(recall  ~ §'/4) we
conclude that o(E)/o(A) < 8 < 1. O
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