Lecture 2 Laplace equations

o invariance, explicit solutions
o mean value formula
maximum principle,
(higher order) derivative estimates,
regularity—analyticity
Harnack
Liouville
o Green’s functions for balls & half space
o weak formulations
mean value
weak or weaker /distribution
viscosity
o Energy method, uniqueness, Dirichlet principle, Neumann version

Invariance for Harmonic functions, solutions to Au =0
u(x + xo)
u (Rx)
u (tx)
RMK. Equations don’t know/care which coordinates they are in.
u—l—v au, where Av =0
Jul@—y)ey)dy
%)—u(w) — D.u, so is D*u
. u(Rez)—u(z)

. — Dou = zu; — x5u;
u((1+e)z)—u(z)

. — Du () - x = ru,, so are 10, (ru,) = 1y + U, T3 Uppy, - -

e u (#) Kelvin transformation
. . . B
RNK. “Kelvin” transformation for the heat equation u;—Au = 0, #G’Tu (%, _1) :

Example of harmonic functions

co (@) =x14+ - Fxy, oa(x) =x@0 -0, e o () =Ty T,
-Re/Im f(2) on C' or C", Inz =Inr + if

- radial ones

s =3 =[P 1(e/]al’)
Inr n=2 Opr®™| _,=—1Inr
r n=1

u(z) =u(r)
Diu = u, =t

2
1 U x _
Diyu = tu, + (%) Zo =, 5 —u, %+ L,

— (ur) =2 T1%2 T2
(Drpu = (%) 2221 = uy, BF2 — u, 252)
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U, Uy Uy
AU=Upyp — — +N— =Up+ (n—1)—
r r r

— (r"’lur)r = 0 for the above.

RMK. Fourier way: Au=0 — |¢a=1

1 .
u(zr) =— /Rn W@”'édf

satisfies

u(Rx) =u(z) radial

t? ped(t 1
u(ter) = — ettt () = u(z) homogeneous order 2 — n.
R |t§|2 tn $n—2

So u = ¢,r>™" 4+ 9.9999 n # 3; n = 2 is a different story.
More harmonic functions.
egl.

Dir?™" = (2 —n) 7’1_”% =2-n)r"r;=(2-n)—

_ 1T _ r* —nx
Dyr*™ = (2 —n) [—nr " 171x1+r "l =(2—-n) e !
_ —NIT1T2
Dyor®™" = (2—mn) rn+2

Let Py (x) be any homogeneous polynomial of degree k, Py, (D) r?™" = Tf_’“g(f%k. For

example, o, (D) r?™" = Tffzﬁf’%. Note Hy # Py in general, but Hy, (x) = Tz_”ﬁ"“f—_f_)mc
ol

is the Kelvin transform of harmonic function P (D) r?~", thus harmonic.
Exercise: Hy (z) are ALL harmonic polynomials of degree k.
n=2,2F--s r¥coskf, r*sin k6

2_,2 2_.2 . .
n=3k=2 rt (f—ff, R = ) spherical harmonics named by Lord

Kelvin.
eg2. Harmonic function

2—n
X \a:|::1 ’{E . x0’27n _ ’l’ B x0’27n _ 0’

’.T _ xﬂ,Q*ﬂ - ‘.’L"2in W — Zo

is Green’s function (up to a multiple) for the unit ball.

Mean value equality
Recall the divergence formula (the fundamental theorem of calculus)

/de (17) dr — /m <x7,7> dA.

2




V = Du, then 0= Joq turdA.
V = vDu, then Jo (Dv,Du) +v Au= [, vu,dA.
V = uDuv, then [, (Du, Dv) +u Av = Joq uvydA.

/UAU—UAU—/ VU, — uv,dA.
Q a0

Mean value case. For harmonic function u

1

= ud.
0B8] Jap,

u (0)

Now Au =0 in By, take v = |z|*", Q = B;\B.,

Bi\B: figure

we then have 0 = [, vu, — uv,dA, or

0
i 2 — 2 —
/ vu,dA :/ uv,dA = u( _:l)dA— u< _?)dA. (*)
8(B1\B:) 8(B1\B.) oB, T oB. T
1 e
We get / udA = u——=dA = 10By|u (0) . So u(0) = ‘8—]131‘ Jo, udA. Also for
OB dB.
all other radius / by scaling w () = u (lx) .
o . -1 I qer
RMK. In hindsight one just takes v = =T
& ] (n —2) 0By 2"
“Solid” formulations:
(0) ! udx
u(0) = —
|B1] J,(0)

Take a weight function nr™~!, from 1 = fol nr"~tdr we have

! 1 I 1
u(0) = / nr"t {—/ udA] dr = —/ / udAdr = —— udzx.
0 0Bt Jag, ) |Bil Jo Jon,(0) |Bil J B, (0)

Also scaled version .

N |BT| Br(0)

u (0)

udzx.



Take another weight 2nr?"~!, from 1 = fol 2nr?"~Ldr we have

1 1 9 1
u(0) = / 2nr?n 1 {—/ udA] dr = —/ / r"udAdr
0 0Bt Jag, ) 1Bil Jo JoB,(0)

2
= — z|" udz.
Bl oo
Take a radial weight ¢ () = ¢ (r) € C3° (By (0)) such that 1 = [, pdz = [ ¢ (r)|0By| " *dr,

then we have

1 1 1 1
u(0) = / © (1) |0By| " {—/ udA] dr = / / pudAdr = —— oudz.
0 ' |8B1‘ rn—1 dB,.(0) 0 JoBr(0) |Bl| B1(0)

RMKI1. Tracing the sign of Au and noticing / vu,dA =P 0, one gets mean
OB,
value inequalities for superharmonic functions Au < 0: u (0) < fu and subharmonic

functions Au > 0: u (0) < fu.
RMK2. “ .. all the women are strong, all the men are good-looking, and all the
children are above average.” —A Prairie Home Companion with Garrison Keillor.
RMKS3. Also for u € C§° (R"), after applying Green’s formula,

-1 1
u(I)Z/n O Au(y)dy =T *u.

Here the singular integral [, |z — y[> ™™ f (y) dy is defined as lim,_ fR”\Be(x) lz—y|* " f (y) dy
for any f € Cg° (R™).
Green case. Still Au = 0 in By, but

—1 2—n 2—n| L an
-G L S _ r
v (.’L‘,QJO) (n—2)|8Bl| (’QJ ZL’()’ |33‘ |$|2 Zo ) )
Q = BI\BE <£U0) .
B\B. (x¢) figure
Taking limits on two ends of (*), we get Poisson formula
oG 1 1 — |zl
u(xo) = / Mu (x)dA = |xo|nu(x) dA.
o8, O 0B1| Jop, |z — ol

Note u (z) = [, 8%73’ ) (y) dA,, as sum of harmonic functions e — ‘|n, is harmonic—

smooth, analytlc in terms regularltyﬁfor e CO L ...

Application 1. Strong maximum principle (No toughing).
Aul = AUQ =0

U1 Z Ug, w“=r at 0



then
1

Ozul(O)—Ug(O):m n

(ug — ug)dzx > 0.

It follows that u; = wus.
Application 2. Smooth effect and derivative test.

Take radial weight ¢ (y) = ¢ (Jy]) € Cg° (R™) such that 1 = [ (y)dy = [;" ¢ (r) |0B,] dr.

Then

[rwe-na=["[  wwee-pin

= [ u@em)Bdr = u) [ o)
=u(r).

Consequence u (z) = [p, u(y) ¢ (z —y)dy is smooth for continuous “initial” u (y),
and

Dku<o>=/ (v >D’%o<x—y>dy:<—1>’“/ (y) Dk (x — ) dy.
Thus
DM (0)] < C (kym,9) [[6ll sy < C (s, ) [ B [[tl] o i

Scaled and positive versions

v : Bp — R harmonic
u(x)=v(Rx): By — R
a a o] ||U||L1(BR)
D% (0)] = D0 (0) R| < € (k. 0) 2 < € (k. 0) Bl [0y
that is

R R
C k@) 10]l oo (55)
Rk

Clen@)lloll 1 (sy) ) 51| '
b ) >
|D* (0)] < { R , also =25 =10 (0), provided u > 0

RMK. The larger the domain, the flatter the harmonic graph.
Sharper estimates for analyticity
“Direct” way: try concrete , calculate its derivatives, to have

C (n,|a]) < |a|!/C'®  have not found any ¢ yet.

“Canonical” way:
[D%u (0)] < (Ja]n)* full o s, -

Step 1.
Dy (0) = — Dyvd L div (v,0,--- ,0)d ! dA
LU = — 1vdx = iv (v, T = vV
|Br| /5, |Bg| /5, 1Br| Jos,
< 19B=l)
= |B ‘ L>°(Br)>



then, say Div (0) = |Dv (0)
n
D0 (0)] < % -
Step 2. Fill in the unit ball with balls with radii %, %, N S N
figure
we have

| D" (0)] < kn || D¥! < (kn)*|| D"

U”Lw (Bi) UHLOO (Bop) =

(k’n) HUHLoo (B1) = ) HUHLOO (B1(0)) »

k! (e
where we used klef = k! (1 + 4 ’7; + - ) Generally we have

o (Jo ) ]! (en)"
D% (0)] < Rl 0] oo (B) < TRl V] oo () -

Step 3. For now smooth harmonic function u, we have its Taylor expansion

U(af):u(0)+Du(o).;H...Jrﬁ| EN:AW”%N

1
Z D%y (x) x® = NI lz|¥ DNu (%) with w = %

This can be shown via integration by parts. Setting f (¢) = u (tx), then

+/01f’(s>ds

—FO) + (s— 1) F ()]} - /0(8—1)f”(8)ds

L O+ O+ O+ s F O+ [ =17 Y 9 as
= F(0)+f(0) + %f (0) +--- + ﬁf““) (0) + %f““ (s7).

Now we use the polarized expression |z|~ DNu (%) to get a better estimate, at the
same time, with simpler argument. Note f'(t) = z - Du (tz) = |z| D,u (tx) and also
FM () = |z|Y DNu (tz) . We then have from Step 2

1 N 1 N N
|Ry| = Vi || ‘Divu (*)‘ < Nl |z|" N!(en) HUHLOO(BM+1(O)>

N N—oo
= (ol en)™ lull o, ) "= 0



once |z| < =+

RMK. The above “canonical” way is a model for analyticity of solutions to analytic
elliptic equations.

“Elementary” way.

Starting from Green’s formula

/vAu—uAvdx:/ v, — uv,dA
B1

2B,
with v (y) = cnm = K (z —y), we have
u(z) = ) K(z—y)uy —y- DyK (z —y) udA(y) .
B

Let us write the kernels as analytic functions of x :

9 1-n/2
n 1-n/2 n | —2x -y
g2 = (e = 20y + ) = (1 n HT)

i () el 2o (1)) (el e

is analytic in terms z for small z. So is y - D, |z — y|*~" for small z and |y| = 1.
RMK. “Wave” functions are not necessarily smooth, let alone analytic.

Application 3. Harnack inequalities—a quantitative version of the strong maximum
principle.
eg. Consider positive harmonic functions =", z;7~™ on {z; > 0}.

P2 xr~™ graph figure

eg. In general for Au=0, u > 01in B; (0), we have

1 1 B 1
udr < —— udr = |5l u(0) =

U(ZL‘) ‘Bl—\x” B1(0) |Bl—|x\‘

T

RNK. As those two examples suggest, from estimating the kernel of Poisson repre-
sentation, we have a sharper comparison

- | Bijal] B, 0)

(1—2|) 2
WU(O) <u(r) < )t

u (0) .



Going along a chain of balls with geometrically increasing radii, from the boundary,
using the following Harnack, one can get a super linear growth out of the boundary
for non-negative harmonic functions. Question: can one refine the Harnack chain
argument to make a linear growth from the boundary of the ball? For C'! boundary,
the linear growth is true by simple barrier argument. This is the content of Hopf
boundary lemma. For less smooth domains, no linear growth. For example: 3% — 22
in the domain {y > |z|}.
Harnack. Suppose Au =0, u > 0 in B, (xy). Then we have

sup u < 3" inf wu.

Br/4($0) B'r/4(x0)
In fact
4 circle ﬁgure Bl? Bl/47 B1/4 (xmax) s B3/4 (l‘min)
1
maxu = U (Tmax) = —— udx
By |B1/4‘ By /a(Tmax)
1
< udx
}Bl/‘l’ B3/4(®min)
= 3" (Tpin) = 3" min u.
By
Consequences - - - , for example one sided Liouville for entire harmonic functions.

RMK. Harnack inequality is in fact a quantitative version of the strong maximum
principle. It measures how much the minimum leaps when moving inside, or flipping
around how much the maximum drops when moving inside. For example, to move
inside B4 from By,

min (u —my) > 37" max (u — my)
Bija By

or
m1/4 2 my + 3" (M1/4 - ml) .

The flip version is

min (M; — u) > 3 " max (M; — u)
By By

or
My <My —3" (Ml — m1/4) .

(This should be Moser’s observation: subtracting the leap from the drop, one has
oscillation decay of the “harmonic” function.)

Liouville Theorem. Given Au = 0 and |u| < M in R", then u =constant.

Differential way. w is smooth, and [Du (0)| < % ||ul| oo,y < FM — 0, a8 R — oc.
Similarly Du = 0 everywhere, and then u is constant.

Harnack way. infg: u = m, u — m > 0, we then have

0 <sup(u—m) <inf(u—m)—0, as R — oo.
BR Br



Harnack way also gives the following
One sided Liouville. Au =0 and v > —M in R", then u =constant.
Fundamental theorem of algebra: There is a root for any polynomial equation
P(z) = 0 in C = R? Suppose otherwise, then harmonic function In|P (z)| =
Reln P (z) has a lower bound in R?. By one sided Liouville, it is constant. An in-
consistence. Two sided cut: 1/P (z) would be bounded holomorphic, or two bounded
harmonic functions. By Liouville, they are constant. A contradiction.

Green’s function: Dirichlet and Neumann problem for balls and half space

* @
*

wave” function can be determined by initial position and velocity
minimal surface is determined by boundary height, nonlinear version of harmonic
functions; given pay-off at the boundary, should know expectation of a random walk
starting anywhere inside (Dirichlet Problem)

* steady state irrotational/incompressible fluid can be determined by boundary
flux (Neumann problem)

Q. Why not Cauchy data for harmonic functions?
A1l. No special direction like time
A2. Green’s identity

/uAv—vAu:/ uvy — vu,dA
9] a0

=1 [ 50 UvdA = 0, cannot arbitrarily assign u.,

V=TT [y UVy — vu,dA = 0.

Q. What can be described then?

A. Dirichlet, Neumann, and mixed for closed domain.

Exercise. [J] Sec3.3 Problem4: Solve for harmonic function with Cauchy data

Au=0 inS'x (1—-¢1+¢)
u(l,0)=¢ ©, 1 analytic .
u, (1,0) =1

Dirichlet.

Pick v (z,y) = G (x,y) such that Ayv = 6 (x) and v (z,0Q) = 0 to pick up u(z)
and ignore u.,. We have the fundamental solution for § (x) . To take care of boundary,
we subtract a harmonic function

Cn

G (z,y) = —h(z,y) =0.

n—2
|(£ - y' yeof)
Now the hard to find A need to satisfy

Ayh(z,y) =0 inQ
h(x,y):% fory € 00 -

|lz—



u(x) = /QG (z,y) f (y) dy—l—/aQ ©(Y) Gy (x,y)dA(y), Gy (2,y) harmonic® in x

{ Au(x)=f(x) in
u(x)=¢(x) ondQ ’

Surprisingly in the sense limgs,_., u (r) = ¢ (y) for smooth enough domain and con-
tinuous .

RMK. The limiting behavior for general domain is hard to justify. For smooth do-
mains G (a, y) is smooth up to the boundary. By the following symmetry, A, G (z,y) =
0 and then G.,) (z,y) is harmonic® in z, A, G, (z,y) =0 for y € Q.

Symmetry of Green’s function: G (z,y) = G (y,z) for x # y € Q.

From the ball case, we see this symmetry as follows

—1 2—n 2—n Y 2 ‘ Y 2
Gx,y) = ———— ||z — — r—— =cp, |*— x— =
—n 1-n/2
= cu |z =y = Iyl 2 — 20y + 1]

In general, the symmetry is still valid, as we readily read off from Green’s formula

/uAU—UAu:/ uvy, — vu,dA.
Q o0

Take u (y) = G (a,y) and v (y) = G (b,y) with a # b € . Recall they both vanish
on the boundary of €2, are smooth (harmonic) away from a and b respectively, and
d, and ¢, respectively after Laplace. Equivalently and actually what is really going
on is the following. The domain we are working on is the one after deleting two small
balls around a and b, Q\ {B: (a) U B. (b)} . Now the Green’s formula reads

0= / uvy — vu,dA + / Uy — VU, dA
0Bc(a) 9B (b)

2—n 1

1 2—n
+ /835(1)) ) + 0 (1)] (5 5y — O (D"

Let € go to 0, we see v (a) = u (b), that is G (b,a) = G (a,b) .

Example: Ball Q = By, G = G, (z,y) = Ia_i%l%’ that is, Poisson formula

(for all dimension n)

1 1— |z
= ¥
0B, | 8B1(0) |z — 9]

u(z) (y) dA (y)

10



solves

Au(z) =0 in By (0)
u(r) =¢(x) ondBi, ie limps,.yu(z)=p(y)
In particular,
0) = . ()dA(y) and 1— — L= loly 14
Uu = Tap 1 Yy Yy an = T m Yy)-
10B1| JoB,(0) 10B1| Jop,(0) 17 — ¥l
Derivation of Poisson kernel.
By the symmetry
_ , -
2—n 2—n
Gry)=cp|lo—y["" =y " |z - =5
I o]
[ _n 1-n/2
= o [le =yl = P fol =20y + 1] ]
- y
2—n 2—n X
=cn[le =yl =27y - —3
I 2]
we have
y—x 1 y—= o
DG(x,y):—cn(n—Z)[ i P n} with 7 = —
! ly— " | |y — 7 2
and
2 2 2 _
y Ly —z-y o (Jy —7-y)
— DG (z,y) = —c, (n —2) - -
lyl I R A T
ly|=1 1- |x|2 2 _ 2 21 2 2 )
= —cn(n—2)m recall |z[" [y — 2" = [z|" [y[" =22y + 1 = [y[* |z — g[".

RMK. Though Poisson formula takes the same form in all dimensions n, the
Green’s function takes different forms in dimension n =2 and n = 1.

Note the corrector In |z — y |y|_2‘ equals In |z — y| for |y| = 1, but is not smooth for

1
n=2: G(x,y)——(ln|m—y|—ln]y|—ln x —

21

lyl?

y near 0. The right choice is In |y| + In ‘x -y |y|_2| , which can also be seen by taking
the derivative of the Green’s function in general dimension with respect to dimension
n.

(y—x+ay—1) fory >z

1
n=1: G@MD_§H$—W_*W_JH_{ (r—y+ay—1) fory<az °

N[N0 | =

From Green’s formula

u(:z:):—cn(n—2)/

9B1(0) ly —x

L— |z

|ns0(y) dA (y).

11



Testing with u = 1, we see —¢, (n —2) = |0B;| .

Limit justification.

The intuition is that the positive Poisson kernel P (z,y) approaches the “bound-
ary” delta function 6 (yo) as = goes to yo. For any small € > 0, as ¢ is continuous, there
exists d such that |¢ (y) — ¢ (yo)| < € whenever |y — yo| < d. Take |z — yo| < 71 (e) to
be determined later. Let us measure the difference

1 1—|z)?

1 1
_ + .
19B1l Jopinps)  [90B1l Jopi\5s00)
T 7
€ 1— |z

1] < dA(y) <e

0B1] Jop, |z —y["

2 - ) _
11| < el (aBn/ (Yo + ) - (vo w)dA(y)
0B1\B;s(yo)

0B, |z —yl"
n(8)<s/2 2 o 2n (6
2 el (831)/ n( sz )
‘aBl‘ 8B1\B(;(y0) |5/2’

" 77(5) n(§)=edé™ "
< 2|9l Loy P < el peo(ony 2"

Therefore [u (z) — ¢ (yo)| < € + (]l o,y 2" if |2 — yo| <7 (0).

RMK. Recall G (x,y) vanishes for € 0B, and the integral of |z — y|*" over
small ball is small, then one can show that [ 5, G (2,y) f(y) dy goes to 0 as x goes
to the boundary 0B for say, continuous f ( f € C* is enough to make sense of the
equation Au = f ). Thus the Green-Poisson representation in & for Au = f and
u = @ on OB, really takes the boundary value, say when f € C* and ¢ € C°.

Poisson formula scaled version

1 R? — |z|?

u(z) = WTH - W@ (y) dA(y) -

Two ways: guess or scaling u (z) = v (Rx).

Neumann problem
Au=0 in
uy =1 on 00 °
Try to pick v (z,y) = G (z,y) (in Green’s formula) such that Ao = §(z) and
€oQ
Ur(y) =00
Green function should be like

{ G(z.y) = caf e + h(2,9)
Gy =0 for y € 9Q

12



GhdA(y) = / GydA(y) — 1, ase — 0.
oQ OB ()

So we can “only” go with G,y = 1/|0Q| for y € 0Q (then the representation is up
to a constant), and the harmonic h satisfies

{Ah(w =0 9

This harmonic corrector A is hard to come by.
A direct way on the sphere.

u(x) = . K (z,y) ¢ (y) dA (y) + const.

where

P
K (z,y) = /ydr with r = |z|,

solves

Au=20 inBl
u, =1 ondB; with [, ¥ =0 "

Derivation of K : Look for a kernel K (x,y) so that

N K (2,y) =0

K, (z,y) = |x—| -D,K = P(x,y) Poisson kernel,
x
then would pick up the Neumann boundary value. However, K, is not a harmonic
function in terms of x (to match harmonic P (z,y) ), only rK, is. Thus we are lead
to
rK, = P + const.

and
K = / dr +clnr.

Observe, up to a Inr term, the indefinite integral is harmonic in terms of z. This is
because the x-analytic function P’s Taylor expansion consists of homogeneous har-
monic polynomials, operation [ ~dr preserves harmonicity up to Inr (operation rD,
preserves all harmonicity).

We proceed with the integral

2
K= / n/2dr+clnr
1472 —-2r % = y)

1 1—1?
:/— ! n/2dr+clnr.
T (1+7%2—2r cos)

13



dr +clnr

/11+r2—2r cos —21% 4+ 2r cos
r 1472 —2r cos
1 2(r —
:/—— (r = cos) dr +clnr
r 14712 —2r cos
=Inr—In (1+T2—27’ cos) +clnr

CcC=—

zl—ln(1+r2—2r cos) .

And 1
u(sc):g/% n (14|22 = 20-y) o (y)dA(y)

is harmonic and takes the Neumann boundary value u, = .
n=3,57,--- Question: Can one integrate out an explicit kernel K7
n=4,6,8,--- is fine.

RMK. e In complex analysis, the Cauchy integral f (2) = 5 L c £1Z £ (&) d€ is nice:

1 z—>§o€C
o e 4T f ().

But it requires f (£) to be holomorphic near contour C.
e Now a variant (for real contour value), Non-Cauchy integral

1 1
= — — +h d
1 =g [ [ nen] 1o
still holomorphic in terms of z, no matter what boundary value f (§) is, in particular
f (&) = (&) real. (Splitting Schwarz kernel), we “add” the following

1 1 1 €£+4z1

e

Then
u+tiv=f(z)= 271rz /83 gtzi (€)d¢  Schwarz kernel
L [ &tz N e R
= = d
L o I e L
1 1 — 72+ 2rsin (0 — ¢)
T or op, 1+ 712 —2rcos(9—¢)(’0(¢)d¢'
Now
]- 1_ 2 r— . .
u=Ref(z)= gy /831 T ci)s = ¢)(p (¢) dop =y (f) surprisingly,
1 2rsin (0 — ¢) ‘ ) .
v=Imf(z)= 271'/3311—1-7“2—27”COS(9 gb) u(¢p)do : u— its conjugate
=1 1 sin ¢

=2 - g)ds

27 Jop, 1 —cos¢

14



Taking derivative

1 sin ilbert transform
UALQZUML@=§;ABTjg%yw@—@quML@Hmtb o (1,0).

Question: In general dimension, what is the explicit formula of “0 - Dyu (1,0)" —
ur (1,0) on OB} ?

RMK. Schwarz had a cute geometric change of variable from ¢ to ¢* with e, z,
and €" being on the same line for each fixed z € B, satisfying d¢* = %dqﬁ.
Then u (2) = 5= [,p5, ¢ () dd*. As z — €%, most of ¢* on dB; corresponds to angles
near ¢o. Thus the limit is ¢ (¢) . Going up to 3-d and above, the straight Schwarz
like change of variable would have extra factor in the Jacobian. Other ways of change

of variables?

Example: Half space
Kelvin way. y = z/ |z|* : Bi2(0.5e,) — {yn > 1}
figure

Take u (z) = |z|* " v (z/ |x|2) for x in the ball, the Dirichlet/Nuemann problem on
the half space is converted to the ball

{ Av(y) =0 fory,>1 _ { Au(a:):()2 in By (e,/2)
v=p(y) fory,=1 u(z) =z "¢ (z/ |x|2) on 0B/ (€,/2)

{ Av(y) =0 fory, >1 Au(x) =0 in By (en/2)
vy, =¥ (y) for y, =1 2" (2 =) u (2) =ty ] =2 <#> on 9Bz (en/2)
where the Neumann condition is transformed as follows: v (y) = |y|* " u (y/ \y|2)
n 1 07 U 7Oa 1 —2 n
Uyn:(2_n) ynu+ n—QDU‘{( 2 )+y Z]
|l [yl [yl |yl
n n 1
—@2-n) Lyt I Dy 2 Ko ,0,—) —%}
|yl vl 2un/) Yyl
n=1 n
"2 2] [(2 —n)u— uw(x)} .
A mixed boundary value problem.
Direct way.
Poisson formula for Dirichlet
1 2x,
u(z) = T e y)dy
D =108, Jps TV
solves
Au =0 for z,, > 0
u=p(2') forx, =0 Iin the sense u (2, x,) =n 20" o)’
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say 1w € L' (R*™!) and ¢ € C°.

Derivation
G (z,y) . ! } ith 7 = ( ) and 1
1Y) = Cn n—2 _n— W1 Y= Y1, Yn-1,"Yn) aNA Cp, = 0 75 1
o=y g 1 1 (2—n) |08
0,6 = (n- ey | LT -
lz—yl" |z -7
yn=0 1 2,
0B |z — y[*
The boundary limit justification is through the following manipulation
1 2z,
u(r) = on —— (@ —ydy
|0B1| Rn—1 (x%_i_ |y|2) /2
1 2 ,
=57 ————— (@ —zy)dy. M
OB Jre (1 )
i 1 2 _ 1 _
For example, © = 1 implies ER Jrns () dy = 1. (Compare [, () dy =
1 . . ’8B”_1’
ot S div WC@ =5

RMK. For L! boundary data ¢, the limit justification is done via Lebesgue dom-
inate convergence theorem.

RMK. From &, one sees the tangential derivatives D, u, after a convolution—
Hilbert transform, determines the normal derivative u,,,.

2
Dy (z) == / WDWSO (2" — zny) dy.
A (L [yl)

1 2 ,
Uy, = —————(—y) - Do (2’ — 2,y) dy
’831’ Rn—1 (1 + |y|2) /
chang var z,y to y 1 2 ’
= ———— 7z (Y) Do (¢ —y)dy
|8B1| Rn—1 (x% + |y|2)n/2 x
2 — (@' —y)

= 7z Do (y) dy.
|aB1| Rn—1 (I‘% + |x/ _ y|2) /2

Then we have reached the Poisson formula—Hilbert transform
2 —x'
Uz, = n/2
|8Bl| (|l’l|2 *|>37%)

So the Drichelet data u (z’, 0) along the boundary, then V. u (2, 0) already determines
the Neumann boundary data wu,, (2/,0); but only for THE bounded solution. e.g.
u + x,, is another unbounded solution.

x« Vo : Veu(2',0) — uy, (2, 2,).

16



RMK. One can describe the analytic Cauchy data for harmonic functions near a
small neighborhood of the analytic boundary. One cannot describe both the initial
SMOQOTH position and velocity along the boundary for harmonic functions.

For example n = 2. Suppose Au = 0 for y > 0, and u (z,0) = 0, u, (2,0) =
Y € C™\C%, not analytic and u is C* up to the boundary Then one makes an odd
reflection: wu(x,y) = —u(x,—y) for y < 0. The C? extension is a harmonic, then
analytic. A contradiction.

C? version: assume u is C? up to the boundary, the C? extension is harmonic,
then analytic. A contradiction.

CY version (Schwarz): assume u is continuous up to the boundary. Pick any ball
centered at the boundary, let A be the harmonic function by Poisson formula taking
the boundary value w.

Maximum principle = h (z,y) = —h (z, —y) =
M.P. again = u = h.
So u is harmonic, then analytic. A contradiction.
RMK. e n = 2 Cauchy integral
1 1 1 E—x+y

u+iv:E ng_zgo(f)df':E R1|€_—Z|280<5)d5
1 .0+
U(%?J):;/Rl msﬂf)dﬁ "o ()
v(a:,y):l/ x—_gw(f)df :u(z,0) — conjugate v (z,y)
T Jp1 (m—§)2+y2 y=0

Hx: u — conjugate v

Uy — —u, and v, — —v, U, — tu, holomorphic

Uy:—vx%—vy:ux'
e Examples:
Poisson: u+z’v_L‘y+)2__/ 92 i ng
22+ (y+1)7 Tm(z—&) 2 £+1

— 1 1 _

Hilbert:v:@—+)2:—/ $ 25 25 d¢ = H xu(-,0)
24+ (y+1) T m (x— &)+ 28+ 1

W, = (y )22:_/ 25 -— €2d§:H*ux(-,0)
[+ (y+1)?° Te (- + 2 (E+1)

e (Communicated by Don Marshall) Let a and b be two points on the real line.
The harmonic function, angle £bza equals w for z between a and b, and 0 outside a
and b. Observe

b— b— b1 bt—a+i
£bza = arg ® —Imn © :Im/ dt:Im/ w——i_;ydt.
a—z a—z o t—2 o |t—2|
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Any harmonic function taking piecewise constant values on the real line is just the
sum of the corresponding angles time constants, then divide 7. The continuous version
is just our above Poisson formula.

Poisson formula for Neumann

_ leln|m y| ¥ (y)dy n=2
ule) = { (n— 2)|831| fRn . y1|n zp(y)dy n>3

solves/is a solution to

Au =0 for x,, > 0
Uy, = (2')  for x, =0 in the limit sense.

Derivation. Look for kernel K (z,y) such that its boundary normal derivative is the

Poisson kernel
1 22,

K
%K (@9) = BT =y

for y, = 0.

Then

{ 1hr1|x—y| n=2

T g .
|aBl| |"L‘ - y| (n— 2)|831| |z— y|” z n=3

One contrasting example: [zyzdz = 0.5zyz* is not harmonic anymore. The limit
justification is the same as in Dirichlet problem.

. Au = f(x) x,>0, say € C§ (z, >0)
RMK. Bounded solution to { W= 2,=0 say €LINCY

the following Poisson representation:

u(@) =G (x,)x () = Gy, (2,) x ¢ ()
1 1 1

- (2-n)[0B] R? <\$ —y"? -yl
n 1 2
|8B1| Rn—1 (1 + |y‘2)n/2

has

) 1)y

o (2 — z,y) dy.

e Lebesgue dominate convergence theorem

feC*= D*ue(C°

feC® = Due C® D> could be unbounded, c-egu = zyIn*/?r
p € C*(0Q) = D*ue C* (Q)
Uy = P x Pty Ugry = P x P! !

e Boundary Schauder u,, = R* @, Uy, = R*@pp  and ug,,, = f — P*x Ay

e Schauder

o€ Ct# u, €C° wu, couldbeunbounded, c-eg u = Imzlogl/3 z

n

Weak formulation for Laplace equation: Au = 0.
Mean value formulation.
Suppose u € L' satisfy u (z) =-f ()l y) dy for all z and 7.

18



Exercise. Then u is continuous, since

u(x)—u<x0>:][ w(y) dy — ][ u () dy "=5° 0.
Bi(x) Bi(zo)

2 minor overlap circle figure

In turn, we have u (z) =, Byt (¥) dy. In fact

P By (20) = / u(y) dy
By (z0)

w1 By (o) — / u(y) dy
OB (x0)

B, |u (o) = / u(y) dy.
OBr(z0)

Then
U(fE)Z/nw(w—y)U(y)dyGC“’

for ¢ (x) = ¢ (|z]) with [, ¢ (Jz|) dz = 1. Let us check Au = 0.

1
/ udA = / w (0) + Du (0) - z + = D;ju (0) myz; + e3dA
0B.(0) 0B:(0) I——

Alx%+~-~+/\nx%

2 2
0B, u(0) = OB, u(0)+ 0+ = ()\1— -+>\n%> 9B.| + 0 (%) |0B.|
1

Integration by parts formulation.

For u € C°/L'/distribution [u A ¢ =0 for any ¢ € C5°. How to move to mean
value formulation?

Q. How to find ¢ € Cg° such that

1 1
Ap = =XB, — T XBi !
[Bao| Y7 By
CY1 approach. ¢ ~ “QT'Lng‘XB27 — “QJLT‘B”XBl :
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Analytic way. We just look for those radial ones by solving

n—1 1 1
Prr + T@r = EXBl or @XBQ-
Forr <1
1 72
p = E%X[O’” +c1.
For r > 1

27
©=cor* " + c3.

After CH! matching at r = 1, we have

1 r? 1 1
oy = 4 BI2XB T B~ [Bil(n—2)n for || <1
- 1 for |z| >1

|B1|(n—2)n rm—2

Similarly

1 r? 22 1
. _{ Bl 2aXB: ~ Bypn  [Bezn for |7l <1
- —1 1

TBiln—2m 7= for |z| > 1

“Incidentally” the gradient matching coefficient ¢, leads exactly the coefficient for the
fundamental solution I' = mwﬁ

Geometric way (Caffarelli).

quadratics drop down to fundamental figure

2
This requires @y = 25]'32' — A to touch 27", in fact ,,7;—1_2 at || = 2. We have a
system #22‘ — A =55 and 273']% = f(,;ﬂff which implies ? = n(n —2)|B;| and
_ _2(n-1) i _ _l=? : -1 _ -1
A= ETCEAR Similarly we get ¢ = T A’ touching 7= = T EE At

|z| = 1. Thus ¢ = @y — 1 € Cy'' answers the above question.

ForuELl,/uAg0:0:>][ u:][ u.
B Bi

Therefore (exercise)

u(x) = 71“12% o )u a.e. at Lebesgue point of L' w.

Cor. (Weyl) u € L'/C° satisfying [u A ¢ = 0 for any ¢ € Cg°. Then u € C™
and Au = 0.
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Warning;:
1
/WASDZCMO((D?&O!

C> approach (Weyl)
Work for u €distribution
U (2) = (|z]) € CF° with [¢ =1
Ve (@) = 59 (%)
I x 1. graph figure

_ B I for |z|>¢ _ 1
Step 1. p. =T'x1. = { smooth for |z] <& - Recall I' = =B a2

Step 2. AL x v = ).
Step 3. e, — @, € CF°

/ u A\ (9062 - 9061) =0= uwez - / Wbel
n Rn

Rn

- u * 1, is independent of
- ux 1. € C*™ (Review distribution theory, try it.)
- u x 1. = u as a distribution (Exercise).

Pointwise (viscosity) formulation.

Definition: u € C? is a viscosity solution to Au = 0, if for any quadratic P (2) u
<
near an interior point zy and “ =" at x¢, then AP > 0.
<

RMK. If there is no quadratic touching u fI'OIl(l )above or blow at xzy, then one
checks nothing. No touching, no checking!

RMK. We can replace those quadratics by equivalent C*/C testing functions.
Certainly C? harmonic functions satisfy this definition. We do have C° but non
C? solutions to (fully nonlinear) elliptic equations such as Monge-Ampere/Special
Lagrangian equations.

RMK. Motivation and origin of viscosity solution. As we see the Dirichlet energy
of harmonic function with some highly oscillating continuous boundary data could be
infinite, and many other nonlinear elliptic equations such as Pucci and Isaacs equa-
tions from stochastic optimization do not have divergence structure, the variational
approach is not adequate. There is a need of pointwise approach. The classic one
is the Perron method for Laplace equation. The modern (since early 1980s) “twist”
is viscosity solution. The origin of viscosity solution (Crandall-Lions, Evans) started
from solving Hamilton-Jacobi equation H (Du) = 0, say in By, with nice C? boundary
data on 0Bj, no easy job. One regularizes the first order equation by adding higher
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order derivatives, say ¢ A u + H (Du) = 0. Recall Au represents viscosity in fluid
mechanics. One can now solve this elliptic equation for solution u. with boundary
value . By the comparison principle for elliptic equations, one can show that the
Lipschitz norm of the approximate solutions wu. is uniformly bounded in terms of the
C? norm of ¢ independent of . By Ascoli-Arzela, there is a uniform convergent limit
v in, say C° norm. The viscosity solution is closed under C° uniform limit. Thus v
is solution to the vanished viscosity equation—Hamilton-Jacobi equation.

We verify C° harmonic functions in the viscosity sense are in fact smooth and
satisfy the “harmonic” equation by Poisson representation formula. Note explicitly
representation for solutions to nonlinear equations are NOT available in general.

Let

h= [P s, a4,
0B1

-h =wuon 0B;.
- Ah =01in Bj.

0
Now if u > h somewhere at x¢ € By, say (u— h) (z¢) = maxpg, (u—h) >0

u,h graph figure

That is, h + max > u in By, “ =" at zo. Next for a small (< max) but positive
e, h + max —¢ |z|” is still above u on the boundary dB;, may not be so inside (for
example at zo # 0). Any way, if necessary, we move up h+max —e || until it leaves
graph u at interior z{,. Analytically, there is ¢ such that

h+max—c|z|°+d6 > u in B.

[ !
= at x

By the viscosity subharmonicity of u, 0 < A (h + max —¢ z|® + §) = —2ne. This
contradiction shows v < h in Bj.

0
Similarly, if u < h somewhere at zy € By, say (u — h) (z9) = ming, (u —h) <0

u,h graph figure

That is, h + min < w in By, “ =" at zo. Next for a small (< |min|) but positive
e, h + min +¢ |z|? is still below u on the boundary dB;, may not be so inside (for
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example at zy # 0). Any way, if necessary, we move down h + min + |z|* until it
leaves graph w at interior z{. Analytically, there is ¢ such that

h+min+|z]°+d6 < wu inB;.

= at z,
By the viscosity superharmonicity of u, 0 > A (h+ min+e |z + §) = 2ne. This
contradiction shows v > h in Bj.

Thus u = h.

Energy method

Au=f in

u=¢ oru, =1 ond say C' boundary

is unique in Dirichlet problem and unique up to a constant in Nuemann problem.
Proof. Let w = u — v, the difference fo two solutions. Then

Uniqueness. u € C? (Q) solution to {

Aw =0 in
w=0 orw,=0 on JN

And

0
~ =~
0:/ wwvz/div(wa):/Dw~Dw+wAw.
o0 Q Q

It follows |Dw| = 0.
Au=f inQ

W= ondQ is equivalent to

Dirichlet principle. u € C? () solution to {

1
Elul = min ~|Duf* + fu.
’UECQ(Q) 2
v=¢ on 0N

Proof. “<=" Let u be the minimizer (E[v] is a convex functional). We have for

all n € C§° ()

d
0= £E[u+en]

6_0:/Du-Dn—l—fn:/(—Au%—f) n.

Consequently Au = f .
“=" Verify [, i |Dul® + fu < o i |Dv|?> + fu

RHS—LHS—/
Q

2 30
E/Dv-Du—\Dul +/ uy  (v—u) —/Du-D(v—u)
Q ) Q

2 0 Neumann

1
§\D(v—u)\2+DU.Du—yDu\2+ f (v—u)
Au

=0.
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Au=f in )

w, =0 ondQ “natural” free

Neumann version. u € C? (Q) solution to {
boundary condition = fQ f =0 is equivalent to
) 1 2
Flu] = min —|Dv|” + fo.
v€C2(Q) 2

Proof. “=" same as above.
. . e o
<" same for equation; but one more variation for boundary condition. Let u a
minimizer

d
- %E
0 R [u + en]

e:o:/QD“'D"””:/@Q“”“/Q(—AHJ“) "

First e C5° () = —Au+f=0

Second n € C* (Q) = [, uyn =0 = u, = 0!

RMK. We emphasize the necessity of the enough smoothness of the boundary
data. For example, for mere continuous boundary data, the Dirichlet energy of the
harmonic solution may be infinity, then no minimizer exists. On the unit circle, take
rapidly oscillating continuous boundary function

() = Z LQ sin 2"6.
m

The harmonic function in B; taking ¢ as boundary value is
(1.0) = 3 " sin 2"
u(r,0) = —7 sin .

However (Exercise)

1 2m
/ |Dul? dz = / / (uf + %uﬁ) rdfdr
By o Jo r

om
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