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The equations

A1
u first derivatives Du and double derivatives D?u ~
An
Algebraically
Laplace Au=o, =M+ -+ A\, =¢

Jk:/\l...)\k+...:c
M-A detD*u=o0,=X\ -\, =c¢C
InA\+---+In)\,=C
arctan Ay + - -+ +arctan \,, = C'  (take tan, then algebraic)
Also Indet (85u) =0.

figure
elliptic < f (\) monotonic
Geometrically
A --+ K = (K1, -+ ,Ky), principle curvatures of hypersurface (z,u (z)).
o, (k) = ¢,

. . . D
in particular, mean curvature H = k; + - - - + k,, = div (H—uDl2> ,
u

2
and Gauss curvature K =k - -+ - Ky = %

(1+[Dul?)
Tangent way: Re-represent graph (x,u (z)) at (zo, u (zo)) = (0,0) over its tangent
plane, @ (Z) =0+ 0 -2 + 1 (k123 + - + KpZ2).

figure

Assume Du = (0,---,0,u,) and u, = tan@, then

u(z) = [u(z) — tand x,) cosf
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and

(xla o, Tp—1, In) - (:fl; T wfn—lv:fn COSQ) .
Now at 0
U1 Ui,n—1 Uy cOS 0
D24 (%) = cosd
Un—1,1
Upp €OSO Uy 11 €0S0 Uy, cOS?
1 1
= cosf D?u
1 1

cos 6 cos 0

Hence H = cos @ [uy1 + -+ + Up—1.n—1 + Unp, cos? 0] Du=(0y Oun) div (\/%) and
K = cos™ 0 cos® 0 det D*u = %.
(1+|Dul?) 2
Second fundamental way: I = \/%
g=1I+(Duw)" (Du) ¢ '=I—-—— (Du)" (Du)

14| Dul?
K1
g ' =B or g '?II¢g7'/? ~
K
1 U D
e i I U B R e
1+ | Dul® 1+ [Dul 1+ | Dul®
1 1. |00, (B 0
K=k K,= 5 2n/2detD2u:—8i 003( )? e
(1 +|Dul?) (1 +|Dul?) n i 1+ |Dul?
1. |00y (B) oju
ok (k) = E&» 5B ? 2 -
7 4 /14 |Dul
Probability
%Amax + %)\min =0
u=p(z) on
figure

Random walk, when hits boundary, the pay off is ¢ (z).



Let u () be the maximal expectation of pay off, starting from interior point = € €,
with directional probability % <p< % Say we are in 2d case.

w () = pn [u(l‘+€€h> —;U(w—eeh)} . [u(:chaev) eru(x_gev)

0 = prupn + Pollyy

Now%ﬁ{ph ]g%,takemax
Po
2 1
g)\max + 3>\mm - sup aZjD”Lju =0
$<(aij)<3

When compare with solution to

Z aijDijw =0 in Q
w =@ (z) on )

2 1
ZaijDijw =0= g)\max + g)\min (u) > ai;Diju

w=u on Jf)
—> wu > w by the maximum principle.

Other sources for equations.

o Fluid mechanics

vector field V

incompressible div (V) =0

irrotational curlV =0 <= DV = (DV)T — V = Du

= Au=0

o Variational

Eu] = [, F (Du)dx

p € G5 ()
d

i

— [-% o B (Dw) g

> o 1 (Dw] = 0.

egl. F(Du) = |Du|® Energy F,, = 2Du --» Au = 0.
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_ 2 _ Du . . Du _
eg2. F (Du) =1/1+|Du|” Area F, = T » div (—\/m>
eg3. Fu] = [ o041 (k) \/1+ |Dul*dx, E-L equation oy (k) = 0 (Reilly).

RMK. One obvious thing
1d principle curvature of curve (z, f (x))

also [ kds = ( f“fZ) \/1 + f2dx = [ (arctan f,), doz = arctan f;|s
1

Q. In nd similar thing should happen to the total Gauss curvature

/an (k) \/1 + | Duf*da?

More Variationals

Egop: Efu f w)de + [udx
E-L equatlon ak( u) ThlS can be derived using the following divergence
structure.
D2
kow = Dy - A = 2070
5’mij
0 [0oy (D?u) 0[O0y (D?u)
= |22 5 — | ————= 0, u.
812. |: 8mij Ju + &El (9mij ]u

g

0

Fg Slag: A[DU] = [ \/det (I +(DU)" DU)dx, U:Q— R

Insist minimizer irrotational, i.e. U = Du, then E-L

D Z arctan \; = 0 < Z arctan \; = c.

A[DU] = [ \/det (I— (DU)” DU) dr, U:Q — R".

Insist maximizer irrotational, i.e. U = Du, then E-L

DZlnii—:: Zlnl—'—)\ —ce————+Zln/_\i:C.

figure?

Explicit solutions
oH=0

catenoid: |(z,y)| = cosh z
helicoid: z = arctan ¥
Sherk’s surface: z = ln
o Hj = const.

unit sphere

cosy
cos



o Au=0

complex analysis in even d: u = Rez¥, 27%, e*, zfe® ...
algebraic n-d u = oy (1, -+, x2)
radial 1 1
n —_—
Au = afu + Oru + 2 Agn-1u

Uy + nTilur =0
"y 4+ (n— 1) r"2u, = 0 or (r"tu,), =0

T
— C
Ur = 2=

rn

c

pn—2 ?

u= In |[(x1,29)|, or |z

o arctan Ay + - -+ + arctan \3 = /2 or g9 = 1
u = |(x1,x2)| cosh 3
o arctan \; + - - - + arctan A3 = 0 or Au = det D*u
u = x3sinh ™ |(z1, z2)|
o arctan \; + arctan Ay = 7/2 or det D?u = 1
u= ["du= ["wdz; + usdx,
w= 75 (t = Dh(t)) = 75 (t1 = 31 + 363,12 + 6ty to)

2
Du(z) = 5 (t+ Dh(t)) = 5 (ti + 3t] — 313, to — Gtitz)

v = fxdv = fzvldxl + vodxe
x = (t1, —hg) = (t1,6t1t2)
Duv (x) = (hy,t2) = (3t] — 313, t2)
Exercise: Show that u and v are indeed solutions. Express u and v explicitly in

sl

terms of z. (v = 3 + 1;%1)
Reasons for better behavior (than wave equations)
Ry harmonic
R; Energy minimizer
Ry Comparison principle
two solutions cannot touch each other

figure

Au=0
D?u; > D*uy = 0= Aug — Aug > 0 =+

two solutions can cross each other

figure

In contrast to wy — Wy = 0, wy = 2% + 12, wy = 0.
Rs3 Fourier transform
Lu = feC (R
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Exercise: Verify

1
u:cn/mf(y)dy.

— . fzé_ ~

Diju = —fz’fju = ‘6’5 f
~—~—
bounded

feL2<:>feL2:>5ij\ueL2=>DijueL2
Also f € C* = D*u € O,

Outlook:

Linear theory

> a;; (z) Diju = f (x)

a;; () € C* C* invariant space Schauder

a;j (x) € C°/VMO LP invariant space Calderon-Zygmund
Nonlinear theory

o Quasilinear equations

Zsz‘pj (Du) Diju:o

want Du € C'*, in order to apply Schauder.
Divergence equation

De Giorgi-Nash u, € C“.
o Fully nonlinear equations

F(D*u) =0
want D?u € C* in order to run Schauder, then continuity method.
8e : Z FuijDijue =0
852 : Z Fuij Dijuee + Z FuijuleijueDklue =0

Assume convexity to drop cubit derivatives. Thus need to study
Nondivergence equation

Z Q5 (D2U> Dijw =0

Krylov-Safonov w € C*.



