Lecture 3 Solvability for A in 2
Au=01in Bl
u= on JdB
o Perron method
o Boundary values/Barriers/ “Harnack”

Poisson formula

Poisson formula

Recall for
Au=0 (A(u—Tx%xRHS)=0)
1
u(0) = === u(y) dA,.
( ) \831\ 9B, (y) Y
Question: u (z) :/ u(y) dA, (z)?
2B,

Recall in the derivation of the mean value equality, we use

/vAu—uAv:/ VU, — uv,dA.
Q a0

Now take Q = By (0) \B: () and

1 1
v (:v,y) =G (as,y) =Cpn { n—2 n—2 _ n—2:| ly]= 0 y y2
|z —y| yl" " | — g = |y

= =
=0Cn n—2 n—2 _|n—2 )
|y — = [ |y — 7
as |y| |x — y| = |z| |y — |, which can be seen from similarity of Aozy and Aoyz or
just squaring both sides.
We continue for harmonic function wu,

/a u(y) D,G (z,y) - v, dA, = lim [/a u(y) D,G (z,y) - vy — G (2,y) u,, dA,
B1 B

e—0
= lim u(y) DyG (z,y) - vy dAy
e—0 aBE
=—(n—=2)cu[0B1] u(z) =u(z),
-1
(n—=2)[0B|
Using the above symmetry of Green’s function,
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ly — " "2 |y — 2|

if ¢,, is chosen as
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then

y 1 (11— |z
D,G(x,y)  — = ==
vy = BB = e

Thus ( 2)
1 1 — |z
u(z) = ol
0B1| Jop, |y — ]
Note that as a linear combinations of harmonic functions D,G (z,y) for |y| = 1, the
L— )

(y) dA,.

kernel is still harmonic in terms of z. This can also be checked easily (assume

ly — "
y=(1,0---,0) or change variable x — y to x).
Exercise (Inverse problem): Given

_ L[ (k)
0B1] Jop, Ty —al"

u(x) ¢ (y)dA, for p € cv (0B1),

then Au(z) =0 and limu (x) = ¢ (y) .

l'—)y

Au=f(x) in By
uw=0 on 0B

following asymptotic behavior-obvious in 1-d. Here d (y) denotes the distance to the

boundary.

RMK. If u(z) = [5 G (x,y) f (y)dy, then { . We have the

1
If f(y) ~d2(y), then u(x N/d Y) ——— = 00.
() ~ 42 () then u (o) ~ [ d) 75

248 ) then u(e) ~ [ 4(0) o~ 0

If ~d” , then u (x) ~ ~ x).
/() y i V) E7 ) 2
1—

RMK. From the Poisson formula, we see u (x) is analytic. In fact " _‘;’n is

analytic in terms of x for |y| = 1. That is

2 ly|=1
=1

ly—af =[y* — 2y -2 + || —2y-a+ |zf

1

—(1—2- 22 a2 — oy
|y—x|"_(1 2y -z + |z|) 1 2(|9c| 2y-x) + -

Then integrate, we find u () is analytic.

RMK. For { Au=0in B

W= ondBp after scaling we have

1 R? — |z|?
= dA,,.
OB o B Ty —a? W4

u ()

Perron method
Preliminary.
Def. u is a super (sub) harmonic function in the classical sense for u € C? if

Au < 0; in the viscosity sense for v € C? if for any quadratic P < w near an interior
) >)




point xy and “ =" at xq, then AP < 0; in the distribution/IBP sense for u € L' if
(=)

/uAgo < 0 for allgpeOgo/l’l(R") and ¢ > 0.

Propo(szi’zion. For u € C° Au < 0 in the distribution/IBP sense < Au < 0 in
the mean value inequality sense u (z) > ][ u(y)dy for all z and p < Au <0 in
the viscosity sense. P

Proof.

IBP=MVL

If we take p = I', — I'., as before with ', being the C*' modification of the
2
fundamental solution I' by %XB , — Ain B,, then

u— u(0) as e — 0.
\B\/ \B! B.

MVI<«<IBP.
Take ¢ (2) = ¢ (|z|) € C§° (R™) s.t. ¢ > 0 and [ = 1. First

uwm=/Rnu@w(x—y)dy:/nu@w(y—x)dy
:/Rnu(z—i—:c)z/}(z)dz.

Then

][B,,(z)u*w@) dy:][B,, /nu(z—i—y)gp(z) dz dy
/"][Bp (+§+?7) dy ¢ (2) dz

wio/n (z+x) P(2)dz
=ux*x(x).

Recall the argument from - B, ()Y (y)dy = u(0) for all p leading to Awu (0) = 0 for
u € C?. Similarly for u* € C* with pr(x)u*qﬂ (y) dy < ux1 (x) for all p and z we
show

Auxp(z) <0
It follows that for all ¢ € C§° (R") and ¢ >0
/u*w AN <0
and also
/U*¢s A <0.

3



Let € go to 0, Wehave/uAgpSOforallgongo(R") and ¢ > 0.

MVI=-Viscosity.
For any quadratic P touching u from below at, say 0, we have P (0) > u (0) >
U(BP(O)U > jpr(O)P for all small p. That is

Thus
AP <0.

Viscosity=MVI.

For any z, say 0 and all » < p, let h be the harmonic function by Poisson repre-
sentation s. t. Ah =0 in B, and h = u on 0B,. Using the “shifting” argument for
equivalency of viscosity harmonicity and classical harmonicity, we see the comparison
u(x) > h(z) in B,, in particular

h(0) > u.

1
u (0) > —/ u.
1Bl J,

RMK. Certainly the subharmonic version of the above proposition is also true.

e Local property RMK. As super/sub harmonicity in the viscosity sense is a
local property—only requires a local touching, so is super/sub harmonicity in the
distribution/IBP (the compact support set of the test function could be small) or
mean value sense (the valid radius could be less than any small fixed number)

Integrate we get

We also need and are ready for the following three properties.

e Comparison Theorem.

a) u and v are C? viscosity super and sub solutions respectively to Aw = 0 in .

b) u > u on 0f.

THEN ©» > v in Q.

Proof. It is straightforward if we use the mean value inequality formulation.

RMK. If we only use the viscosity formulation (which is only available for a large
class of general fully nonlinear elliptic equations), and if u or v is C?, then the proof
is the same as the “shifting” argument for equivalency of viscosity harmonicity and
classical harmonicity—just replace the C? harmonic function h with the C* sub/super
solution. If both u and v are only continuous, the comparison was achieved for general
fully nonlinear equations in late 1980s.

e “Minimum”” or “Maximum choice property.

If u; and us are both C° continuous super or sub viscosity solutions to Aw = 0,
then so is continuous u; A us = min {uy, us} or uy V uy = max {uy, us} .

Proof. For any quadratic P touches u; A us from below near an interior point, it
automatically lower-touches u; or us (both if u; = w; at the point) near this point.
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As both u; and uy are viscosity super solution, then AP < 0. The subsolution part
is just an upper touching argument.

RMK.The mean value proof is similarly easy, the distribution/IBP way is not so
obvious

e Replacement property.

Let u € C° () be a super (sub) solution to Aw = 0. For any interior ball, say
centered at 0, B, € €1, let h be harmonic inside B, and shares u value on the boundary,
that is

Ah =0 in B,
{ h=wu on 0B,

u outside B,

Then the the harmonic replacement of u : v = { h inside B,

is also super (sub)

harmonic.

Proof. By the comparison theorem, v > h in B,. For any quadratic P touches v
from below near an interior point xq of €2, if z¢ is inside B,., then P lower-touches h
near xg; if xg is on the boundary or outside of B,, then P lower-touched u nearby. In
either case, we get AP < 0. (The sub case is similar.)

Preliminary example. In 1-d the harmonic/linear function u = sup wv.

v">0
v(a)=A
v(b)=B

convex functions wrapping up the linear one

Au =0 in Q (nice domain)

u = @ on 0f2 - et

Perron method for {

S:{u: uECO(Q), Au>01in Q, u < on@Q}.

Then

w (x) = supu (z)
uesS

is the desired harmonic solution.
Part I. Aw =0 1in Q
Stepl. § is nonempty and w is well defined.
Choose M such that |¢| < M on 0f, then constant function —M € S. And

w > —M, otherwise,w = sup —M Vu. Alsow < M as u < M for all u € S.
—MVueS
Step2. Convergence to w.

Step2.1 Fix z¢ € €2, say ¢y = 0, there exist a sequence of uy in S such thatklim ug (0) =
_ —00
u (0) . Let Uy be the harmonic lift of uy, in B, (0) C €. Then by the replacement prop-
erty U, € S and by the comparison
w > Uy > uy
w (0) = lim Uy (0).
k—o0



By the a priori C?, C?, --- interior estimate estimate, we can extract a subse-
quence, still denoted by U} such that

U, — v in C%® norm, in any fixed subdomain of B,.

Then Av = 0 in classical sense and v < w in B, and v (0) = w (0).
Step2.2 Claim v = w in B, (0) . Suppose there is z1 s.t. v (z1) < w (z1) . From the
definition of w, there exists u € S s.t.

w(z1) > u(xr) > v(x).
Let Uybe the harmonic lift of u V Uy, in B,. Repeat Step2.1, we have
U, — v in C** norm, in any fixed subdomain of B,
Av =0
w>0>0
v(0)=0v(0) =w(0) and o (x1) > v (z1).
By the strong maximum principle, ¥ must coincide with v, It contradicts v (z1) >
v(xy).
Part IT When lim u (z) = ¢ (z)?
Ty

egl /Exercise Let © be a C? strongly convex domain (principle curvatures x > n >
0) and ¢ € C?. Locally near every boundary point, 9} is written as x, = g (2/) ~
s (mat+- + Rpa2ly)

@ (@',9 () = ¢ 0,0) + o (0,002 + s, (0,0) g (&) + O () >
Let

B* (2, 2,) = ¢ (0,0) + ¢ (0,0) 2’ + N,

figure  between two linear functions on the boundary

Then
AB* =0 in Q
B~ < ¢ < B*" on 99 for large enough N

It follows that Perron solution satisfies
B~ <u< B*.
Hence lin(l)u (x) = ¢(0).
T—
eg2. 2-d For any domain missing the negative x-axis, at locally. Let

1 —logr

B = — =
(z) ¢ logz  log?r + 62

>0 and -0 asz — 0.
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Then AB = 0.
figure domain missing the negative x-axis

Claim: Perron solution satisfies lin[l) u(z) = (0).
T—

Indeed for any £ > 0, there exists d s.t. ¢ (0)4+¢ > ¢ (x) > ¢ (0)—¢e on Bs (0)NOS2.
0)—

Lower bound. There exists large N s.t. B~ = —N B+ ( e < on Jf2. Also

harmonic function B~ € S. Hence

U = supv > B,
vES

Thus there exists d; s.t. in By, (0) N2
u > (0)— 2e.

Upper bound. There exists large N s.t. harmonic function BT = N B+ (0)+e >
@ >wv on JN for all v € S. By the comparison

Bt > v in Q.
Thus there exists dy s.t. in Bs, (0) N2
u < (0)+ 2e.

RMK. For u taking the continuous boundary value ¢ at ¢, for the above argument,
only need
AB =0
B>0 “="only at zy .
BeC’(Q)

eg3. Counterexample. Lebesgue spine 3-d. Set p = y/y? + 22

figure p = e %e graph w/ k=1,2,k

Set X = (z,y, z), integrate harmonic fundamental solution ﬁ along x-axis

dt

U(X)_/o \/(;p—t)2+y2+z2

1—z+/(z—1)74+p?

=|X —(1,0,0)| — | X| + zlog
—z+\/(z—1)" + p?

= nice — 2z log p.

Thus
0
)lgin()u(X) = 2ék :



doesn’t exist.
egd. Let Q = B\ (0)

Au=0 in
u=1on 0B
u(0) =2
has no solution. As lir%u () equals 1 for u = 1 and oo for u = T,},Q.
z—

Proposition. If 9 satisfies the exterior sphere condition at xy (one C*!' condi-
tion) then Perron solution u takes the continuous boundary value ¢ (xg), that is,
lim u(x) = ¢ (xo) .

T—T0
figure exterior sphere condition
1 1

figure graph of — .

1 1
on—2 |x _ xl‘
Theorem. If 00N Bg (zo) = {x, = L (2')} where L (2') is Lipshittz with |[DL| < N.
Then the Perron solution u takes the continuous boundary value ¢ () .

Proof. Set B = —5. Then B > 0 and = 0 at x; and also AB = 0.

figure Lip domain

Barrier way. Construct barrier directly in 2-d 7 cos af), implicitly in 3-d and
above r® f (0) , where 6 is the angle from the Lip cone axis.
Mean value way. - -- More powerful/general but long,.



