Lecture 5 Weighted norm and solvability

o weighted norm and a priori estimates
o continuity method

Motivation.
aij (¥) Diju = f with C* coefficients A < (a;;) < A7
aij (0) Diju = [ai; (0) — ag; (2)] Dyju + f

From Schauder (Lecture 4)

[ai; (0) — ag; (z)] Diju

£

[ull 2o (,,0) < C {llullpoe(myy + [ llcaay +

C"‘(Bl)]

[[aij (0) = aij (x)] Dijull poo < [laij (0) — aij ()] o | Dijul]
[ai; (0) = ayj (z)] Diju (x) — [ai; (0) — ai; (y)] Diju (y)
|z —y[*
lai; (y) — ai; (x)] Diju () N [ai; (0) — ai; (y)] [Diju (x) — Diju (y)]
|z — y|* v —y|*
< [a]ga | D?u ()] + |a (0) — a (y)| [D?u] .. -

Weighted norm
Let © be a bounded domain and d = dist (x, 0f2) , set

||u||Ci‘°‘(Q) =

2 2 2+« 2
ilelg [Hu”LOO(Bd(z)) + d[|Dul| oo (g, 0)) + @ |D UHLOO(Bd(x)) +d* [ D] Ca(Bd(w))]

-~

lull 5 ()

Hf”cﬁa(m = Slelg [d2 HfHLOO(Bd(x)) +d [f]ca(Bd(x))]
x

Theorem. For any solution u € C**(Q) to a;; (z) Diju = f, we have a priori

estimate
lulleze@ < € (n A o laloney ) ll@ + 1 lczre) -

Proof. 1st.
ulezo ~CE©) s Tl
d<min{dist(z),c}
~C(2) C(e) sup ”u||Bd/2(x)

e
d<min{dist(x),e}

ONovember 6, 2013



2nd. By interior Schauder

HuHBd/Q(x) < C(n,a) {Hu”LOO (Ba(z)) T d? 1N o (Boay) T+ e [fleaBa@) + perturbation}
and

perturbation

= d*[|[a; (0) — a;; (v)] Dijull oo (5 yay) T d*** [(ay (0) — ai; (2)) Dijt] g, (a)
& [a ]Coc(Bd d* || D? UHLOO(Bd(x))

T drte ([ ]Ca(Bd | D? Ull oo (Byay) T @l e By & [DZU]CO‘(Bd(z))>

o 2 2 24+« 2
< 2[a]C"(Bd(ar))d {d ”D u”L‘X’(Bd(x)) +d [D “]oa(Bd(x))}'
Take sup
Sup lullg, @)

d<min{dist(x),e}
< Slélgc (n,a) {HuHLw (Bata)) T d? 1F 1 o (o) + J2t+e [flee(By@y + perturbation}

<supC(n,a) {HUHLOO (Ba(x) T d? ||f||Loo yt+ d**e [f]ca(Bd(x))}

z€eQ
+20alon e Clma)  sup {cﬂ HD%HW» Fa D]

d<min{dist(x),e}

< sup O (1, 0) { [l )+ 1 ey + 8 Uloon |

C"(Bd(w))}

zeQ Ulce(B
d<min{dist(z ( d/2($))

& HD2UHL (B
o (Bg/2())
+2[a] oy €* C (n,0) C(2) sup { +d2te D2y :
(z),e}

<supC(n,a) {HUHLOO (Ba(x)) T d? ||f||L°°(Bd +dire [f]ca(Bd(x))}

e
1 —
3 osw [ull g, 5z

d<min{dist(z),e}

provided we take € depending on [a]ga(p, () - C (1, ), and C'(2) so small so that

o 1
2[a]ga(pyy € C(2) C(n,a) < >
Thus -
swp full ) < € (m.0) [l gy + Wllcgeogo) -
dgmin?dist(ac),a}
And finally

lulloze) < € (m, A 0 [alongay ) [l @y + 1 lczro) -
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RMK. Lower order terms b; (x) D;u + ¢(x)u (no sign restriction on ¢ for this
estimate) with Holder coefficient b and ¢ can be handled via interpolation (tedious
work):

[Dul[ca < C () ||ull e + € HDQUHLOO '

The workable form of this theorem is to add another § < a weight (for free). Set

||U||c7§’g(9) =

-8 2 2 24« 2
ilelgd HUHLOO(Bd(x)) -+ d ||Du||L°°(Bd(x)) + d HD UHL"O(Bd(x)) + d [D U] CD‘(Bd(:E))]

[ fllz+a) = Slelg d=’ [dZ 1Nl oo (Byay) T > [f]CQ(Bd(z))i|

“UHL%(Q) = i‘ég d’ ||u||L°°(Bd(gc))

Theorem. For any solution u € C**(Q) to a;; (r) Djju = f and 0 < 8 < «, we
have a priori estimate

lulloze @ < c(n, A a, [a]CQ(Q),ﬂ> {Huu%(m 1 ez

Proof. Just multiply both sides of Schauder estimate in each ball B, (x) by d=*,
then take SUP, repeat the above argument. As § < «, that 1/2-coefficient can still
be created for the left hand side to swallow the perturbed terms.

Continuity method to solve (Bernstein 1910s)

Lu=73"a;; (x) Diju+b; (x) Diu — c(z)u = f(z) in Q (nice, C*' domain)
u =@ on 0f)

where
o \J S (aij) S /\_1]
o [lallga s [1llca s lle (@)l ca < A

ec(z)>0
o fecC(Y)
eg. Uyy + (1 + %) Uyy —u = f(x) in By (0) and v = ¢ on 9B (0) has a (unique)

solution in C** () N C° (Q2) .
Stepl. In Lecture 3, we have uniquely solved in C** () N C? (Q)

{Au:foro in (2 nice

ulg, = g continuous

Step2. Link to A and assume 0 boundary data g =0
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{Ltu:f in Q

u|Q:9

Ellipticity and Holder continuity for L! is the same as L. We can solve L equation,

for ¢t near 0
{ Lou=(L"—LYu+f inQ

ulg =g
We solve this equation via fixed point procedure in Banach space. We check the
needed contraction property for the map v — u via the solution to L% = (L — L) v+
f (from Stepl.)

0 gt
HUHC’LQU’E(Q) S O<)\,A7n) |:HUHL%B(Q) + ||(L L ) v+ fHCi;a(Q):|
<C(A\An) [Hchg,;a(m + Hf“ci;“(m}

provided one has
supd” |u(z)| < C(B)supd®>*? ’f(ac)’

e e
for solutions to Lu=[ inf . This can be achieved by constructing barriers on
u =0 on 0f)

the exterior CY'' domain. It is “easier” to do so for Q being a ball. SKIP.

RMK. One has to go through this extra S-weight step, as we saw even in 1-d case,
the above estimate is invalid for 5 = 0.

ee For

LY (uy —ug) = (L — L) (v — v3) in
{ u; — ugy = 0 on 0N

from the workable weighted Schauder estimate and skipped weighted L estimate,
we have

Jur — U2||cg;g(m <C {Hm - u2||L%ﬁ(Q) + ||(L0 - Lt) (v1 — 02)\}05;(1(9)

<C [t =0)] /(v — 712)”03;“(9) + [t = O)] (o1 — U?)Hcfuga(n)
<C <)" Av n, a, 5) [(t - 0)] ||(v1 - UQ)HCEUJ/;“(Q) :

For t close to 0, the map v — w is a contraction one from complete space C’fv;a (Q)
L'v=f inQ
ulg, =0 on 09
if L'y = f has a solution, L'u = f also has a solution for ¢ near t,.
Thus the solvable set t is open.
Next the solvable set t is closed.

to itself. Thus the equation{ has a solution for ¢ near 0. Similarly,



L'y, = f in Q
urlg =0 on 02
Arscoli-Arzela, there is a subsequence, still denote by wu; such that u, — wu, in

. Lu, = f in
2,0—¢ 2,a *
Chy ™= () and u, € C (€2) satisfies { o =0 on 9
Therefore the solvable set ¢ is [0, 1].

Let t, — t. With{ by the workable weighted Schauder and

Step3. General boundary data g

Extend g € C° (09) to g € C° (Q), approximate the extension by g. € C* () N
_ ubtl
0 (Q) With||gg||c‘2/‘>a(ﬂ) ° < ¢ C, e-free. Now repeat Step2 to solve

L(ue_ga):f_Lg€€Ca<Q)
U — g. =0 on 0N

for u. € C**(Q)NC° (Q) with Cr (Q)NC (Q) norm independent of e. Thus we get
a subconvergence sequence (still denoted by wu.)

u. = uin Cp*~ () NC(Q), and u e Ci* () NC (Q)

satisfying
Lu=f in Q
{ u=g ondf) °

, Alternati;/ez _v;/o the subtle inequality. Approximate the extension g by g. €
C>*(Q) N C? () such that
9. — g in C° (99)

and
19:ll 2.0y < Car independent of e for any Q' CC Q.

By Schauder interior estimates, the solution u. € C** ()N C° (Q) satisfies
[t || 2.0 () < Cor independent of e.
Thus we get a subconvergence sequence (still denoted by u.) such that
u. —uin C** (Q)NC(Q), and u e C>* () NC (Q)
with

Lu=f in Q
u=g ondf) °



