Lecture 6 Boundary and global Schauder

o Poisson formula on the upper half space & estimates

o Schauder estimate on the upper half ball via weighted norm
o Straighten boundary

o Global estimates

Poisson formula
Consider

Au=f z,>0 C*(RY)
u=g v,=0 C%

Make an even extension of f to R", f € C* (R"), then

u—Txf=g¢g 2,=0 C** ~

So we just need to study the case f = 0.
RMK. Case g = 0, general f is plain and simple.
Case general g, f = 0 is fun and informative, but a bit involved.

{ Alu=Tx*f)=0

Representation of u
2-d. Consider holomorphic function

1

wtin=go | () de
1 E—x+y
= om leg(f)df
then
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YT or (5-@2+y2g(€)d5

N B ek S _1 §
"o Ja (f—x)2+y2g(§>d§_ 27r/m &+

The direct calculation of u, and u,, is a mess, we go the conjugate way

g(x—§)ds.

1 £
uy:—vzz—%/}zl §2+y29m($—f)df

_ 1 €
uym—_%/}{1 mgm (x—f)df

eg. Harmonic function Re 1/z satisfies

{szxTyz_O
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and

e Yy &
:v2+y2_27r/m<5—> |5|2§'

Au=0 y>0 . n
n-d. For{ w=g y=0 with (z,y) € R
1 Y
U= — Ty (&) dE.
e S €

We derive this formula in the following.

-1 1 1 -0

G: — 77:
(n—2)[0B4] [ux,y) e - —n)l”_Q] ’

G_, = 1 y—1n Y+ )|}n50 2 y

|0B | [I(ﬂf,y)—(é,n)ln C@y) = E-)["] 0B [(z - & y)[™

Ly Y
XXX
Heuristically by Green’s identify, we get

RMK. Curiously Kelvin(y) =

where X = (z,y).

1 Yy
— N —raY
= S e O %
1 y
- — — ) de.
S R T L

Rigorously one can check (Exercise) harmonic function u take boundary value g €
CY(RY N L™ (R"). .
To compute u, and u,,, we push y to g by changing variable { = y¢

1 1 _
== g (x — y€) dE.
! Rn—1 ‘(571)‘ g(x 3/5—) ‘
Then
uy= L (-€) - Dug (2 — ) d€
Yy Rn_1|(§’1){’n $g y
e=yé 1 1
- D, - &8)d
A T (=€) - Dpg (x — &) d¢
1 —£
_ - Dog(x —€)d
on S (&g P OE
and

1 —£ —£
R — . Dy, —8)dé = ——— % D,,.g.
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Observe (Exercise) as in 2-d, harmonic functions of (£, y)

& y @
= 1m

(& I" Roeo [0B1] Jigp\ponre—1 [(§ — 2,9)[" |2]

T ) 2 Y
= P, * — with P, (z) = —— -
Yl ! 0B1| | (z,y)]

Thus we have obtained Dirichlet to Neumann map

x
uy = —Py*x —5 x Dyg

2|

and
T
|z["

Uyy = — Py * * Dyrg.

Note that as a function on R"7!, ﬁ is
e homogeneous order n — 1 and Dﬁ is homogeneous order n

0/ indA:O.
Br |z

By Newtonian estimates in Lecture 4, we have

T

< C() [0l e, -

X
HW * Drag
T Co(By)s)

Next the Poisson kernel P, () is a nice one, approximating dgn-1 as y — 0%. Then
for g € C°(R™ )
18y * Gl oo gn-1y < C () |Gl oo (gn-1y

and

||Py * gHC(y(Rn—l) S O (n) ||g||ca(Rn*1) :

Finally u,, = Py * D9 and uy, = — (umlxl +---+ anflmnq) . We arrive at
Theorem. For u = P % g with g € 037“ (By N R™1) | we have

HuHcZa(}Ti) <C(n) ||g||C§’“(B1ﬁR”*1) :

h
——l
Now ¢ A(u—Pxg)=0 in R}
u—Pxg=0 onxz,=0

Claim. Odd extension h = h xrﬁ =0
—h (', —x,)

is harmonic in R".



In fact (by Poisson formula or Perron for general domain/equation) let H be the

. AH = O in Bl
solution of { H=hondB, We have
A [H (@', x,) + H (2, —x,)] =0 in By
H (2 z,) + H (2, — ) =0on 0B

By maximum principle, H («', z,)+ H (2', —x,) = 0 in By, in particular H (2/,0) = 0.
Further

AH =0=Ah in Bf

H = h on OB}
Again by maximum principle, H = h in B;. Symmetrically equality happens on the

lower half. Thus B
h = H 1is harmonic in B;.

Au = f c c” <B1>

w=yg e (B Rty - Then

Summary. Let u satisfy{

u=h+Pxg+Txf

and
llene (52, < € 0 [l m(ig) + Mol + Wllonary) -

Counterexamples.
Eg 0. u, =¢ € L™, but u, ¢ L™

u=Imzlogz=z60+ylnr

0 >0
T <0

u(x,O)zx@z{

uy (2,0) =60 € L™
uy = 0y (0 +ylnr) little tedious, instead
u, = 0yIm zlogz = Im 0, (zlog 2)

= ml(é—@) (zlogz) =Imid (zlogz) here {
i

=Red(zlogz) = Re(logz+1)
=Inr+4+1¢ L™



Eg 0. u, = ¢ € C°, but u, ¢ L™

1 0
uw=1Imz(logz)"* =r (In®r + 92)1/6 sin <§ arctan or + 9)
nr

0 x>0
u(x,0) { — || (1112 || + 7r2)1/6 sin (é arctan %) <0 } urse near

1
u, = Red (z log% z) = Re [logé z+ 3 (log Z)_Q/g}

1 0 1 - 2 0
= (1112 r+ 92) Y8 cos (5 arctan E) + 3 (ln2 r+ (92) 13 s (_§ arctan E) )
e eCo

Eg 0”7 uy, (2,0) = ¢” € L™, but u,, ¢ L*™.

u=1Imz*(logz) =2zylnr + (z* — y*) f
>
u(x,())z{o z=20 }EC’LI

2 <0

Ugy (2,0) € L )

Uzy = Oy Im 22 (log z) = Im 3 (92 — 0?) 22 (log 2)
=Red?[2? (logz)]=Re(logz+ 1) =lnr+1¢ L>® °

Uyy = —20 € L™

Schauder estimate on the upper half ball
Consider

{ u=g onxz, =0
where
o )\ S (G,U) S )\71[
o ||allga s [0l ca s [lc (@) |l < A, no sign restriction for ¢ () yet.
e feC(BY).
We want

+llgll

(°)

C2,2(BiN{xzp=0})

lell o (7)< €00 A M) el sy + A

As in the interior case, we freeze coefficients

> aij (z0) Diju = ay; (x0) — aij (x)] Diju — biDyu — cu+ f in By (v) N RY
u=g onx,=0 if Bs(xg)N{x, =0} # O ’



where § () = 1 — |z|. Apply the above boundary estimate (summary, scaled version)

and previous interior estimate for Laplace, we have (recall scaled norm ||u|| was defined
in Lech)

Narll gl 2 2+a
Jull g+ < C (A, n) ||U||Loo(35+) + ||9||B;m{xn:0} +0 ||f||Loo(35+) +6 [f]Ca(B;)
i +perturbation

where perturbation

= 0% layj (z0) — ay; (Qf)HLoo(B;) HD2UHL°°(B;)

+ 57 {Haij (z0) — aij (I)HLoo(B;) [DZU} co(B}) + [ag; (7o) — aij ()] co(B}) HDZUHLOO )}
+ 62 {HbDUHLoo(B;) + HCUHLoo(B;f)} + o {[bDu]ca(B;) + [Cu]ca(B;)}

< 0N 8 [ D] ) + FAT [DP] o + 8N 62 D2 )

+ A {0 1 Dull e ) + 8 ll e (51 }

+ 0AS> HDQUHLW(B;) + 01PN ||D“||Loo(3;) + 6A> HDUHLOO(B;) + 62N ||u||LOO<B§+) :

Take SUP of both sides for weighted norm

ull g2y = sup [l g -
o (BY) ~ veBY Bs)

As before, we may and do restrict ¢ less than a small number so that C' (A, n) Aé* <
1/2, then we obtain

lulle:

2a(B+) S C’(n,/\,A)

w

el sy + ol L.+

C (B1n{wn=0}) cgv+a(13;“)] '

with § (z) > 1/2, then what we wanted follows

Note for = € B;r/2

s (5) < € (A )

oo (B;) C2’a(31ﬂ{zn_0})] '

el ooy + 1AL+ gl

Straighten the boundary

figure curved boundary to upper half space

v(y) =u(z(y) =u
Dyu=DywD,®, D,,

6



(Aij () = Da® (i) (Dy®)', Bi (y) = biDo® + (ai5) Dao®, C (y) = ¢ (¥ (y))
Fy)=f(Y(y),Gy) =g (y))

The equation in y-coordinate system is

{ > Aij (y) Dijv+ Bi (y) Div+ C (y)v=F(y) yn>0
v(y)=G(y) ony,=0

with

M < (Ai () S AT Do®| o 1
[Allges 1Bllge s IC]lga < A C ([ ]| 2.0)

and

[ull gz < C(I12]lc20) [10]] o2
1G]z < C([®]lc2a) 9]l 2e
[Ellce < C([lge) | Fllga -

By the estimate on B}, we obtain

Hu”c2-,a(31/2rm) < C(®,A A n) [HU”Loo(Bmﬂ) + ”9”02»6«(31@9) + Hf”Ca(BlmQ)} :

Through finite covering, we arrive at the
Global estimate:

el o) < C 102 can s 2 A1) [l oy + 190z omy + 1 ()] -

Further, for C' (z) < 0, we have
||U||Loo(Q) < ||g||L°°(8Q) + C (A, diamf2) ||f||L°°(Q) :

L°° estimate

Lu:ZaU (z) Diju +b; (z) Diu — c(r)u= f(z) inQ
ueC*(Q)NC(Q)
c(x)ZO

Then
ol oy < s4p ] + O (A, dinn, [ ) 170
o0

Proof. W.L.G, we assume Q C {0 < xz; < d}.
Upper bound
Take concave enough barrier

W= (e = X" ) | £l oo e )+ sup Jul



then W > u on 92 and

LW = — (a11K2 + blK) erl ||f||L°O(Q) - C(l’) W
c>0
< — (a11K2 + b1K) eftm ||f||Loo(Q)
< = 1 fllzeo )

for large K = K ()\, HbHLOO(Q)> . By the comparison principle, W > u in €.
Lower bound barrier —W.
Thus the L*° estimate.

Existence
Theorem.

{ Lu=>a;j () Diju+b;(x) Diu—c(x)u=f(x) €C*(Q) andc(z)>0
u=geC> (00)

has a unique solution u with

[ull cza(q) < C (1R c2e s A A0 gllczaon) + 1 o) | -
(@) ()

Continuity method under global estimate.
L'=(1—t)A+tL

Lou = f
Stepl. { "

uniquely solvable.
By Perron C° (Q) solution u exists, by Laplace regularity u € C** (Q).

ou= (20— 1) fios
u=4g

By global Schauer, the map: v — u, C*® (Q) — %o (Q) for ¢ near t; is a
contraction, and then has a fixed point u as the solution.

Step3. Closedness. Suppose t sequence in the solvable set. By global Schauder

{ Ly = f c2ee(0)

Step2. Openness. Suppose t in solvable set.

ast —t,, uy — u, € 0% (Q) . Still
U = @g

{ Lu,, = f inQ

uy, = g on 0f)
1 _ .
Thus 1 in solvable set, that is Lu=] nQ has a solution. The uniqueness
u =g on Jf)

and estimates are already derived.



