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The equations

A
u first derivatives Du and double derivatives D?u ~
An
Algebraically
Laplace Au=o, =M+ -+ A\, =¢

Uk:)\l"')\k+"'zc
M-A detD*u=o0,=X\ -\, =c¢C
InA\+---+In), =C
arctan A; + - -+ + arctan \,, = C' (take tan, then algebraic)
Also Indet (00u) = 0.

figure
elliptic < f (\) monotonic
Geometrically
A --+ K = (K1, ,Ky), principle curvatures of hypersurface (z,u (z)).

or, (k) = ¢, in particular minimal surface div | —2—
Voo

Tangent way: Re-represent graph (z,u (x)) at (zq,u (z9)) over its tangent plane,
W(E) =040+ (22 4 + rn72).
Computational way: 1] = \/%
g = I + (DU)T (DU) gil =] — 1+|éu‘2 (DU)T (DU)
R
g 'II =B or g '?I1g7'? ~
Kn



1 iU . D
H:/@1+---+/{n:—<Au oty Zuij):dw Y

1+ [Duf? 1+ [Dul 1+ |[Duf?
| 1. |80, (B )
K =iy = dot D?u = Lo, | 200 (B),  Ou

(1+1DuP) (1 + |Duf?)" m 9B i

1 0oy, (B)? o;u

)
g OBi; 1+ |Dul?

o (k) =

Probability
é/\max + %)\min =0
u=p(r) on o2

figure

Random walk, when hits boundary, the pay off is ¢ (z) .
Let u () be the maximal expectation of pay off, starting from interior point = € €,
with directional probability % <p< % Say we are in 2d case.

u(2) = pi [u(:ﬁ—seh) +u($—seh)] ‘o [u(:ﬁ—sev) tu(z — eey)

2 2

0 = prupn + Pollyy

Now%ﬁ{ph ]g%,takemax
2
2 1
g)\max + g)\min = sup CLijDiju =0
3<(ai;)<3

tr=1

When compare with solution to

ZaijDijw =0 in Q
w =y (x) on IN

2 1
> aiDijw =0 = g Amae + 3 A (u) > ay; Dyju

w=u on 0



—> u > w by the maximum principle.

Other sources for equations.
o Fluid mechanics

vector field V

incompressible div (V) =0

N N AN\T
irrotational curlV = 0 <= DV = (Dv) —V = Du
= Au=0
o Variational

u) = [, F (Du)dx

© € Cg° ()

d
pr F(Du+tDy) dx|— 0—/2

- [~ (D
0
> 5 1B (Dw)] =0,

egl. F(Du) = |Du|* Energy F,, = 2Du --» Au = 0.

. 2 - Duw __ gin | —Pe ) —
eg2. F'(Du) =1/14 |Du|” Area F,, = TriouE > div ( /—1+Du2> 0

eg3. Eu] = [ox_1 (k) /1 +|Dul’dz, E-L equation oy, (k) = 0 (Reilly).
RMK. One obvious thing
1d principle curvature of curve (z, f (x))

w (,/1+fz)3 (\/1+f2)
also [ kds = ( —te /T4 f2dx = [ (arctan f,)_dx = arctan f,|

Vit z)
Q. In nd similar thing should happen to the total Gauss curvature

/an (k) \/1+ |Du|*dz?

dx

More Variationals

Eg oy : E[u fuak u)dz + [udx
E-L equatlon ak( u) ThlS can be derived using the following divergence
structure.
D2
koy = Doy - A = 2200
om;;
0 aO'k (D2 ) 0 8ak (DQU)
= — —8 — | ———%| 0. u.
(9xi |: 8mij u * 8 (977%]' Ju

0



Eg Slag: A[DU] = [ \/det (1 + (DUY" DU> dr, U:Q — R

Insist minimizer irrotational, i.e. U = Du, then E-L

D Z arctan \; = 0 & Z arctan \; = c.

ADU] = [ \/det (I— (DU)" DU) dz, U:Q — R".

Insist maximizer irrotational, i.e. U = Du, then E-L

DZln1+)\ Zln1+)\ —C(—————+Zln)\ =c.

figure?

Explicit solutions
oH=0
catenoid: |(z,y)| = cosh z
helicoid: z = arctan £
Sherk’s surface: z = In &2
o Hj, = const.
unit sphere
o Au=0
complex analysis in even d: u = Rez¥, 27%, e*, zJe* ...
algebraic n-d u = oy (1, -+, x2)
radial

Au = 83
Upr + ”T_lur =0
"y 4+ (n— 1) r"2u, = 0 or (r"tu,), =0
Up = 71

c
U= In |(x1,22)|, or |z

o arctan A + - -+ + arctan \3 = /2 or g9 = 1

u = |(x1,x9)| cosh 3

o arctan \; + - - - + arctan A3 = 0 or Au = det D?*u
u = x3sinh ™ |(z1, z2)|

o arctan \; + arctan Ay = 7/2 or det D*u = 1

u = fxdu = fxuldxl —|—UQdLE2

w= 5 (t = Dh(t)) = 75 (t1 = 31 + 363,12 + 6ty 1)
Du (z) = f(t—IrDh())—\/%(t1+3t§—3t§,t2—6t1t2)

v:fxdv:fmvldxl%—vgdxg

x = (t1, —hg) = (t1,6t1t2)
Do (z) = (hy, t2) = (3t3 — 3t2,t5)

Exercise: Show that u and v are indeed solutions. Express u and v explicitly in

2
— 3 )
terms of z. (v =z} + 152)




Reasons for better behavior (than wave equations)
Ry harmonic

Ry Energy minimizer

Ry Comparison principle

two solutions cannot touch each other

figure
Ay =0
D?u; > D*uy = 0= Aug — Nug > 0 ——
two solutions can cross each other
figure

In contrast to wy — Wy = 0, wy = 22 + 2, wy = 0.
Rs Fourier transform

Au = feCf (R R
m:fi—]ﬂ u-f oru = — LQ

Exercise: Verify
u=cy, / —f(y)dy
|z — yl

= ~ &

Djju = =& u = |é|§
~—
bounded

fel*s fel?= Dyue L*= Dyuc L2
Also f € C* = D*u € O,

Outlook:

Linear theory

> i () Dyju = f (x)
a;; () € C* C* invariant space Schauder
aij () € C°/VMO LP invariant space Calderon-Zygmund

Nonlinear theory
o Quasilinear equations

> By, (Du) Dyju =0

want Du € C'*, in order to apply Schauder.
Divergence equation

02 Y o [ (D) =0
£ i



De Giorgi-Nash u, € C“.
o Fully nonlinear equations

F(D*u) =0
want D?u € C% in order to run Schauder, then continuity method.
8e . Z FuijDijue =0
862 . Z Fuz‘j Dijuee + Z FuijuleijueDklue =0

Assume convexity to drop cubit derivatives. Thus need to study
Nondivergence equation

Z Q5 (D2U> Dijw =0

Krylov-Safonov w € C*.



