Lecture 6 Quick applications of Harnack

o minimal graph cone
codimension 1

3-d and high codimension

o estimates for Green’s function

Application 1. Minimal graph cones of codimension 1 must be planes.

cone figure

Analytically

Theorem 1 Any homogeneous order one solution u (x) = |x|u (z/ |x|) to

D
div - Zu =0 or

\/1+|Dul?
S Dy, (B (Dw) =0 with F = \/1+ |pf’, sa

must be linear.
Proof. First Du is bounded, since Du (z) = Du (x/ |z|). Then
pl < (Fpipj) < lfl[-

F figure

For any e € R", we have
Z D$i (Fpipj (Du) Da:jue) =0 or
Z Dy, (sz’pj (Du) Dy, (ue — m)) =0,

with m = min ..
min figure and homog figure

By Harnack, we have the strong maximum principle. Apply it to u., we get

sup (ue —m) < C (n, p) inf (ue —m) = 0.
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Thus u. = const. As e is arbitrary, we see Du = const. and u is linear. ®
RMK. Direct strong maximum principle way. D, the above equation,

Z Fpipj (Du) Dijue + Fpipjpk (Du) DkuiDju@ = 0.

bj

The usual Hopf strong maximum principle applies to u., and one gets the same
linearity conclusion.
Application 2. Three dimensional minimal graph cones of any codimension must
be planes.
cone figure

Analytically, one is dealing with

3
Z 97 (DU) DU =0 with U (z) = [2| U (x/ |z]) .

i,j=1

2
+j=1 i Diju =
amew = 0 or

The argument is via strong maximum principle for derivative of solution u. if >
0. rIljsually we only have strong maximum principle for w with szzl
>ij=1 Di (Djaiju) = 0.

Proposition 2 Let u be a W?? strong solution for

2
Z ai;Diju = 0 with pl < (ay) < p~'I.

ij=1
Then u € C** and Du satisfies the strong mazimum principle componentwise.

RMK. The condition |z| U (z/ |z|) = U (z) € W? makes

/\/th:/\/det <I+(DU)TDU)

integrable.
RMK. In R? = C', Au = 0, then H = u, — iu, is holomorphic. Then In|H| =
Reln H satisfies the strong maximum principle, or |H| = |Du| satisfies the strong

maximum principle.
Proof. The equation is

11 Uzy + 2012Ugy + A22Uy, = 0 oOr
2@12 a9

2
Ugy + —Ugy + —Uyy = 0 .
ai Y an v
D, the last equation
2
D, (1D,u,) + D, (ﬂDxuy) +D, <%Dyuy> —0.
aii

a1

2



The nonsymmetric coefficients satisfy

MQIS(L ;) and

a1l ail

2
22 <2u?-2

< , <p
11

Apply De Giorgi-Nash to Wh? weak solution u,, we obtain u, € C*. Apply Moser,
we see u, satisfies the strong maximum principle. Similarly u, € C and u, satisfies
the strong maximum principle. =

RMK. The above proposition fails in 3d and above. The 4d counterexample is
“easy”. Consider the Hopf map

|Zl|2 — |Z2|2 ) 25122)

: R*=C* - R

H(Zl722) = (

E

2112 —|22|?

E for the following equa-

One can cook up coefficients for the saddle surface

tions. Or Lawson-Osserman noticed that (z, */TEH (z)> is a minimal graph cone in

R, (later Harvey-Lawson discovered that this minimal cone is volume minimizing, in
fact a calibrated submanifold in Im @ = R7). Thus with
5

g:]+Z(DH)TDH

we have the minimal surface system in both nondivergence and divergence forms

. 4
Z 9" (x) DijH =0 or Z D; (9" (v) D;H) = 0.
Pyt ig=1

RMK. Recall Euclid triple for right angle triangles: (m? — n?, 2mn, m? + n?).

Theorem 3 Let u be a smooth (W22 strong) solution to

3

Z aijDiju =0 and

ij=1
u(z) = |zfu(z/|x]).
Then u s a linear function.

RMK. Heuristically, ¥ = Du (S?) is a saddle and closed surface in R?, then can
only be a point.

touching figure

Plane with normal e touches ¥ at Du (e) or Du(—e), even 3 is singular.
Claim: X is saddle.
Rodrigue formula K,dX = dvy, where v is the unit normal to a hypersurface X,
eq is a principle direction.
hypersurface figure

3



Now X = Du (z), in this case v = z/ |z|.
Convex case.
support function figure

The support function u is defined as

u(w) =supw -y, oru(rw)=suprw -y thatisu(x)=supx -y,
yeX yeS yeS

then we have
tangent

—

Du(z) =y () + &_ - Day(z) =y(2).

normal

General case. One abandons the support function approach. Assume along = direction
there exists a tangent plane (locally uniquely) to ¥ at y. Define

This way we also have Du (z) = y ().

Next D?*u(x) = ﬁDZU (xz/|x|) has one zero eigenvalue with eigendirection 0,.

This is because for all e, d,u, = 0, this implies (D?ud,,e) = 0. Then D?*ud, = 00,.
Lastly Rodrigue becomes
K d*u = Kydu = dvy = dx,

from which we obtain

1 1
(/fla"""infl): <)\_1a 7m>7 )\n:()l

Now the proof of the theorem (is via 2-d equation). Suppose Du # const. Let

h(zy,x9) = u (21, 20,1).

For 23 > 0
U(I1,$27$3) = x3h (ﬂ, g) )
T3 T3
(F5) e (2)
uw=h|{— —, u= T
T3 T3 T3 T3
vy = h <ﬂﬁ> oy (ﬂﬁ) T2y (ﬂﬁ)
r3 I3 xs xr3 T3 X3 xr3 T3
1 h11 hlg 0 ]. —I
D2u (561,$2,1) = 1 h21 h22 0 1 —X2
—Xr1 —XT9 1 0 0 0 1



From the equation T [(a;;) D*u] = 0, we have

1 —T 1 h11 h12 0
Tr 1 —X2 (aij) 1 h21 h22 0 = 0,
1 —Xr1 —XT9 1 0 0 0

that is

Z A;j () Dijjh =0 with

M(l’) I<(Ay(2) <p ()l

By the above 2d proposition: maximum principle for Ay, sup h; only occurs at co.
Recall
T T x
Ui (IL‘) = U1 (—1 —2 1) = hl (—, —2> s
T3 I3 Trs I3

supug () = uy (a7, 23,0).
RS

then

To x4, direction x5 and x3 are symmetric, thus similar arguments with v = zsu (i; 1, §z>
give

supuy (z) = uy (27,0, 23) .
RS

Thus

supug () = uy (23,0,0) = uy (1,0,0) or uy (—1,0,0).
R3

The same argument leads to

supug () = u3 (0,0,1) or uy (0,0,—1), say ugz (0,0,1).

RS

(In fact, we only need this info for ug.)
Next

ug (x1,x3,1) = h (21, 22) — 217y (21, 22) — x3he (21, 22)

< u3(0,0,1) = 1 (0,0).

The Taylor expansions for h, Dh at x = 0 are

1 1
h [L’) h( ) + hl (0) 1+ h2 (O) To + §h11 (0) ZL‘% + h12 (0) r1To + §h2 (0) !L’% “+ 0 (|£B|2> s

(
hi (z) = h1 (0) + h11 (0) 21 + b2 (0) 22 + o (|2])
hg( ): (O)+h21(0)l’1+h22(0>1’2+0(|$|)

It follows that
1 1
h(0) — §h11 (0) x% + hio (0) 2129 + §h2 (0) :Eg +o0 (|:1:|2) = h(x) —x1hy () — 220y (x)
< h(0).

*



But Tr[AD?h] = 0, then — [$hq; (0) 23 + hiz (0) 2122 + Lho (0) 23] is a saddle sur-
face, in fact a hyperbola, in turn, cannot stay below 0. Thus * is a contradiction. Note
that we can choose a point on S? such that D?*u # 0, because we assume Du # const.
For convenience, say the point is (0,0, 1) . Then the saddle surface (hyperbola) is not
degenerate. The proof is complete.

RMK. In W22 (R?) or W2™2 (R") case, the Taylor expansion is true (by another
result of Calderon-Zygmund).

Application 3. Estimates for Green’s function.

Let g be Green’s function for p-elliptic divergence equation

g(x)=0 on 0B
lim, o g (z) = 0.

Then for n > 3 and |z| < 1/2

c(n,p) ¢ (n,p)
ey <g(@) < —5"
|| ||

Proof. The argument is through comparing to the model case — A h = 6 (0). We
assume a;; (x) € C*.
Step 1. Define

Capa (2) = inf /Du ADu = DV ADV
ugf’é(Blg)) Bi\Q

:/ V Va, :/ _VA'y;
a(B1\Q) a9

where 7 is the outward unit normal of 2 and V' is the unique minimizer (the existence
of V is straightforward for the convex quadratic energy functional) satisfying

—div(ADV) =0 in B;\Q2
V=0 ondbB
V=1 on 0.

Q) inside B, figure

Observation 1. €3 C Q9 then Capa (1) < Capa (Q2) .
Observation 2. p Capr () < Capa (Q) < p=' Capa (Q).
RMK. Capy ({0}) = 0.

Step 2. Let m = minj,—, g (z) and M = max;-, g ().

Qy C Q,, C By figure
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By the maximum principle applied to g, we get

Oy E{z: g@)>MyCB. Cc{z: g(z)>m} ¥,

We calculate

1 div(gADg) ) .
/ N need Sard
Capa (Qm) = — \ DgADg ﬁ/ 9(ADg, —7) = E/ — 9y
Bl Qm 8Qm

/ —div (ADg) = / 5 (0
m

CapA (Qm) > CCL]?A (Br> > IUCCL])[ (Br) =p = _ )

Now

2—n :
where h = m (Jz|"™ — 1) satisfies

{—Ahzﬁmin&‘

h=0 on 631
So
- 2—n __ 1
m .
~ w(n—2)[0B
Similarly we get
1
Capa (QM) = M’
1
Capa (Qu) < Capa (B;) < p~'Capy (By) = i o
1
M>y——(r*"—1).
21 oy Y

Step 3. Apply Moser’s Harnack along the ring 0B, to positive solution g
—div (ADg) =0 in By, \ {0},

we get
M < C(n,u)m
and then
( ) 1 < M <
c(n,p) —5 < <m
jz["7* T C'(n, )
<g(z)<
1
M < C(n,pym < ¢t (n,p) T
T
for |x] < 1/2.

The proof of the estimates for Green’s function is complete. =



