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ABSTRACT. Fractional diffusion equations replace the integer-order derivatives in
space and time by their fractional-order analogues. They are used in physics to
model anomalous diffusion. This paper develops strong solutions of space-time
fractional diffusion equations on bounded domains, as well as probabilistic repre-
sentations of these solutions, which are useful for particle tracking codes.

1. INTRODUCTION

The traditional diffusion equation 0;u = Aw describes a cloud of spreading par-
ticles at the macroscopic level. The point source solution is a Gaussian probability
density that predicts the relative particle concentration. Brownian motion provides a
microscopic picture, describing the paths of individual particles. A Brownian motion,
killed or stopped upon leaving a domain, can be used to solve Dirichlet boundary
value problems for the heat equation, as well as some elliptic equations [4, 11]. The
space-time fractional diffusion equation @B u=A"?ywith0<fB<land0<a<?2
models anomalous diffusion [19]. The fractional derivative in time can be used to
describe particle sticking and trapping phenomena. The fractional space derivative
models long particle jumps. The combined effect produces a concentration profile
with a sharper peak, and heavier tails. This paper studies strong solutions, and prob-
abilistic representations of solutions, for the space-time diffusion equation on bounded
domains. Our main result is Theorem 5.1. Strong solutions are obtained by separa-
tion of variables, combining the Mittag-Leffler solution to the time-fractional problem
with an eigenfunction expansion of the fractional Laplacian on bounded domains. The
probabilistic representation of solutions involves an inverse stable subordinator time
change, resulting in a non-Markovian process. Fractional diffusion equations are be-
coming popular in many areas of application [15, 23]. In these applications, it is often
important to consider boundary value problems. Hence it is useful to develop solu-
tions for space-time fractional diffusion equations on bounded domains with Dirichlet
boundary conditions.
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2. RANDOM WALKS AND STABLE PROCESSES

A random walk Sy = Y| +- - - +Y],, a sum of independent and identically distributed
R?-valued random vectors, is commonly used to model diffusion in statistical physics.
Here [t] denotes the largest integer not exceeding ¢, and S,, represents the location of
a random particle at time n. Suppose the distribution of Y is spherically symmetric.
If 02 := E[|Y1]?] is finite and E[Y;] = 0, Donsker’s invariance principle implies that
as A — oo, the random process {A\71/2S),, t > 0} converges weakly in the Skorohod
space to a Brownian motion {B;, t > 0} with E[B?] = ¢2. If the step random variable
Y1 is spherically symmetric, and P(|Yi| > z) ~ Cz~* as x — oo for some 0 < o < 2
and C > 0, then E [|Y;|?] is infinite, and the extended central limit theorem tells us
that {A\=Y/Sy,,t > 0} converges weakly to a rotationally symmetric a-stable Lévy
motion {A;,t > 0} with

E[eiﬁv‘lt] — o Colé|*t for every ¢ € R? and ¢ >0,

where the constant Cy depends only on C' and the dimension d, see [18]. A simple
rescaling in space yields a standard stable process with Cy = 1. Since {\/*A,,t > 0}
has the same distribution as {Ay;, ¢ > 0}, stable Lévy motion represents a model
for anomalous super-diffusion, where particles spread faster than a Brownian motion
[17].

If we impose a random waiting time 7}, before the nth random walk jump, then
the position of the particle at time 7T, = J; + --- + J, is given by S,,. The number
of jumps by time ¢t > 0 is N, = max{n : T,, < t}, so the position of the particle at
time ¢ > 0 is Sy,, a subordinated process. If P(J, > t) ~ Ct™" as t — oo for some
0 < 8 < 1, then the scaling limit of c_l/f@T[Ct] = Z; as ¢ — 00 is a strictly increasing
stable Lévy motion with index (3, sometimes called a stable subordinator. The jump
times 7,, and the number of jumps N; are inverses: {N; > n} = {T,, < t}. [20,
Theorem 3.2] shows that {¢™? N, t > 0} converges weakly to the process {E;,t > 0},
where F; = inf{z : Z, > t}. In other words, the scaling limits are also inverses:
{E; <z} ={Z, >t}. Now N, ~ ¢’F}, and [20, Theorem 4.2] shows that the scaling
limit of the particle location {c_ﬁ/O‘SN[d],t > 0} is {Ag,,t > 0}, a symmetric stable
Lévy motion time-changed by an inverse stable subordinator.

The random variable Z; has a smooth density. For properly scaled waiting times,
the density of the standard stable subordinator Z; has Laplace transform E[e=7%t] =
e~ for any n,t > 0, and Z; is identically distributed with t'/%Z;. Writing gz(u) for
the density of Z;, it follows that Z, has density s~'/#g4(s~/#u) for any s > 0. Using
the inverse relation P(E; < s) = P(Z; > t) and taking derivatives, it follows that F;
has the density

(2.1) Ji(s) = d%IP(Zs > ) =t s Pga(tsTHP).

For more details, see [19, 20].



3. FRACTIONAL CALCULUS

The Caputo fractional derivative of order 0 < 3 < 1, defined by

(3.1) P f(t) _ 1 /t af(r) dr
' otP ra-p)J, or (t—r)s

was invented to properly handle initial values [9, 13]. Its Laplace transform (LT)
s f(s )— sP=1£(0) incorporates the initial value in the same way as the first derivative.
Here f fo e % f(t)dt is the usual Laplace transform. The Caputo derivative has
been Wldely used to solve ordinary differential equations that involve a fractional time
derivative [15, 24]. In particular, it is well known that the Caputo derivative has a
continuous spectrum, with eigenfunctions given in terms of the Mittag-Leffler function

00
Zk

— I'(1+ Bk)
In fact, f(t) = Eg(—Mt?) solves the elgenvalue equation

P
o = M)

for any A > 0. This is easy to check, differentiating term-by-term and using the fact
that ¢* has Caputo derivative t*°I'(p +1)/T(p+1— ) for p >0 and 0 < 8 < 1.
For 0 < a < 2, the fractional Laplacian A*/2f is defined for

f € Dom(A%/?) = {f c L*(R% dx) / <11 F (&) Pde < oo}
as the function with Fourier transform

(32) A2 f(&) = —[¢]" f(E)-
For suitable test functions (for example, C? functions with bounded second deriva-
tives), the fractional Laplacian can be defined pointwise:

B3 A= [ (1) = @) = V) lgen) i i

where cq > 0 is a specific constant that depends on d and « so that

1 —cosyy
Cd,a/ —ia dy = 1.
y€ERd |y|d+

Remark 3.1. (i) It can be verified using Fourier transforms that, for f € Dom(A%/2), if
the right hand side of (3.3) is well-defined for a.e. * € R?, then the Fourier transform of
the right-hand side of (3.3) equals —[£|* f ( ) (cf. [18, Theorem 7.3.16]). Conversely, it
can also be verified that if f € L?(R%; dx) is a function such that the right hand side of
(3.3) is well-defined for a.e. z € R? and is L?(R?; dx)-integrable, then f € Dom(A%/?)
and (3.3) holds.

Es(z2) =
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(ii) Using a Taylor series expansion in (3.3), it is easy to see that A2 f(x) exists
and is finite at a point zo € R? if f is bounded on R? and f is C? at the point z.
Hence, if f is bounded and continuous on R? and f is C? in an open set D, then A%/2 f
exists pointwise and is continuous in D. Moreover, if f is a C'! function on [0, c0)
with |f/(t)] < ¢t for some > 0, then by (3.1), the Caputo fractional derivative
OPf(t)/OtP of f exists for every ¢ > 0 and the derivative is continuous in ¢t > 0. O

For 0 < a < 2, let X be the Lévy process on R? such that
E [eif'(X*_XO)] = " for every £ € R%
This Lévy process X is called a standard (rotationally) symmetric a-stable process
on RY. When o = 2, it is Brownian motion running at double speed.

Denote the transition semigroup of X by {F;, ¢ > 0}. Using the fact that X, = X
as t — 0+, it is not hard to show (e.g., see [1, Theorem 13.4.2]) that {F;,t > 0}
is a symmetric strongly continuous semigroup on the Banach space L*(R%; dz). Let
(F,&) be the Dirichlet form of X on L?(R% dz). That is,

t>0

1
(3.4) F = {u c L*(R% dx) : sup —(u — Pu, U) [2(Rd:d) < oo} ,

1
(3.5) E(u,v) = lir% z(u — P, v) p2(rd ) for u,v € F.
It is known that, for example, via Fourier transforms [14],
_ 2
F o= WePARY) .= {u € L*(R% d) :/ (u(x) =) ) 4 < oo},
R

dxRd |$ - y|d+a

Sy — G [ () ) ) o)

2 Jrap |z — y|tte
Let (Dom(L), £) be the L*-generator of the Dirichlet form (€, F); that is, f € Dom(L)
if and only if f € W/22(R?) and there is some u € L*(R% dx) so that

E(f.g)=—(u,g)  for every g € W22(R%);

in this case, we denote this u by £f. It is known (cf. [14]) that £ is also the semigroup
generator of {P;,t > 0} on the space L?(R% dx). Using the Fourier transform, one

~

can conclude (cf. [14]) that f € Dom(L) if and only if [g, [£]*[f(§)[?dé < oo, and

Z}“(g) = —|¢|*f(€) for every f € Dom(L). Hence the L-generator of X is the
fractional Laplacian A®/2,

It follows directly from Dirichlet form theory (cf. [14]) that, for f € L?*(R?) and
t >0, Bf € F=W2RY), and v(t,r) := E.[f(X;)] is a weak solution to the
following parabolic equation:

(3.6) %v(t, z) = A%yt z); 0(0,z) = f(z).
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That is, the function x — v(x,t) belongs to the domain of the L? generator £ = A%/2
for every t > 0, and equation (3.6) holds in the space L*(R%; dx). Here the fractional
Laplacian and the first time derivative in (3.6) are defined in terms of the Banach
space norm. For example, the time derivative is the limit of a difference quotient
that converges in the L? sense, so it need not exist point-wise. The classical diffusion
equation models the evolution of particles away from their starting point, due to
molecular collisions. The space-fractional diffusion equation (3.6) models particle
motions in a heterogeneous environment, where the probability of long particle jumps
follows a power law [17].

For 0 < a < 2, the symmetric a-stable process X can be obtained from Brownian
motion on R? through subordination in the sense of Bochner [8]. Let {B,P,,z € R?}
be Brownian motion on R? with P,(By = x) = 1 and Ey[B;Bj]] = 2tI, where ' denotes
the transpose, and [ is the d x d identity matrix. For 0 < a < 2, let Z; be a standard
stable subordinator with Z, = 0, whose Laplace transform is E[e™*%t] = et for
every s,t > 0. Then it is easy to verify, using Fourier transforms and a simple
conditioning argument, that B, is a symmetric a-stable Lévy process starting from
the origin that has the same distribution as X, with Xq = 0. The process X has a
jointly continuous transition density function p(¢,z,y) = pi(x — y) with respect to
the Lebesgue measure in RY. That is,

P.(X, € A) = / Pt 2, y)dy.
A

Using the self-similarity of the stable process and its relation with Brownian motion
through subordination, it is not hard to show that for a € (0,2) we have

(3.7) pi(z) =t Vop (V) <t (0) =t Y*My,, t>0,2€ R

Another kind of time change relates to particle waiting times. Suppose {T},t > 0}
is a uniformly bounded strongly continuous semigroup on a Banach space E, with
infinitesimal generator (A, Dom(.A)). It is known that v(¢t) = T} f solves the Cauchy
problem dv/0t = Av with v(0) = f for any f € Dom(A) (see [2]). Let Z be a standard
(-stable subordinator independent of X, and recall that E; = inf{s > 0: Z; > t} is
its inverse process. If gg(u) is the density of Z;, then [3, Theorem 3.1] shows that
another subordinated semigroup

yields solutions to the time-fractional Cauchy problem: w(t) = R;f solves

o°
Fv(t) = Aw; w(0) = f

on the Banach space E for any f € Dom(.A). Applying this to the transition semi-

group {P;,t > 0} of the symmetric a-stable process X on the space L?(R% dzx), one
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sees that the process Y; = Xpg, can be used to solve the space-time diffusion equation
on R% that is, w(t, z) = E,[f(Y;)] is a weak solution for

o8
wﬂ)(iﬁ, t)
That is, the function x — w(z,t) belongs to the domain of the L? generator £ = A®/?
for every t > 0, and equation (3.9) holds in the Banach space L?(R%; dx).

(3.9) = A2p(z,t);  w(z,0) = f(x).

4. EIGENFUNCTION EXPANSION FOR BOUNDED DOMAINS

Let D be a bounded open subset of R%. Recall that X is a standard spherically
symmetric stable process on R?, and define the first exit time

mp =inf{t >0: X; ¢ D}.

Let X P denote the process X killed upon leaving D; that is, X” = X, for t < 7p and
XP =9 for t > 7p. Here 0 is a cemetery point added to D. Throughout this paper,
we use the convention that any real-valued function f can be extended by taking
f(0) = 0. The subprocess X has a jointly continuous transition density function
pp(t, x,y) with respect to the Lebesgue measure on D. In fact, by the strong Markov
property of X, one has for t > 0 and z,y € D,

(41) pD(t7x7y) (t z y) E, [p( — 7D, TD?ZJ);TD <t] Sp(t,fb,y).
Denote by {PP,¢ > 0} the transition semigroup of X7, that is

PP f(x) = Bu[f(XP)] = / polt, x.9)F(y)dy.

The proof of the following facts can be found in [14]: The operators { PPt > 0} form
a symmetric strongly continuous contraction semigroup in L?(D;dz). Let (EP, FP)
denote the Dirichlet form of XP, defined by (3.4)—(3.5) but with {PP,t > 0} in
place of {P;,t > 0}. Then FP is the /& -completion of the space C>(D) of
smooth functions with compact support in D, denoted by W, (D) in literature. Here
E(u,u) = E(u,u) + [gqu(z)*dz. Moreover, EP (u,v) = E(u,v) for u,v € We/?2(D).
Let Lp be the L*- 1nﬁn1tesm1a1 generator of (EP, FP); that is, its domain Dom(Lp)
consists all f € W/**(D) such that

8D(f> g) = —<U, g)LQ(D;dI) for every g € W(;X/QQ(D);

for some uw € L*(D;dz); in this case, we denote this u by Lpf. It is well-known (cf.
[14]) that Lp is the L?-generator of the strongly continuous semigroup {PP ¢ > 0}
in L*(D;dz). For every f € L*(D;dx) and t > 0, PPf € Dom(Lp) C WOO‘/M(D).
Moreover u(t, z) := PP f(x) is the unique weak solution to

ou
9 _r
or — P
with initial condition u(0,z) = f(z) on the Banach space L?*(D;dx).
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Note that the transition kernel pp(t, x,y) is symmetric and strictly positive with
(42) pD<t’x7 y) S p(ta %y) S t_d/aMd,on x,y € -Dat >0

in view of (3.7). In particular, one has sup,cp [, p(t,z,y)*dy < oo for every ¢ > 0.
Thus for each t > 0, PP is a Hilbert-Schmidt operator in L?(D;dx) so it is compact.
Therefore there is a sequence of positive numbers 0 < A; < Ay < A3 < --- and an
orthonormal basis {t,,,n > 1} of L*(D;dz) so that PP, = e ), in L?(D;dx) for
every n > 1 and t > 0. Since for every f € L*(D;dx), f(x) = o0, (f, ¥n)thn(x), we
have

(4.3) PPf(x) = (f tn) PPbn(z) Ze”" (f, n)ton().
n=1
That is, the transition density
(4.4) po(tz,y) = e, (2)n (y).
n=1

It follows from [7, Theorem 2.3] that for any bounded open subset D of R?, one has
(4.5) en®t <\, < con®/? for every n > 1.

Using the spectral representation, one has

(4.6) Dom(Lp) = {f e L*(D): |Lofll72mpy = Z)‘721<f7 Un)? < OO} -
n=1
and

Lpf(x ZA (f,¥n)ton(x)  for f € Dom(Lp).

For any real valued functlon ¢ : R — R, one can also define the operator ¢(Lp) as
follows:

DOHI(¢(£D)) = {f € L2 D dl’ Z(b fawn> }7

n=1

S(Lp)f = Z ) {fs o)

In next section, the operator L% defined using ¢(¢) = t* will be utilized.

The generator Lp is also called the fractional Laplacian on D with zero exterior
condition, denoted as A®2|p. We now record a lemma that gives an explicit expres-

sion of Lp.
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Lemma 4.1. For f € FP, if

. Cd,a
(4.7) ¢(z) :=lim (fy) = @) T —amady

=0/ yerdiy—al >} ly — @[*te
erists and the convergence is uniformly on each compact subsets of D and ¢ €
L*(D;dz), then f € Dom(Lp) and ¢ = Lpf. In particular, if f is a bounded function
in FP N C*(D), then f € Dom(Lp) and

£ = 1  f(a)) e
S Eli% {yeRd:\yfx|>s}(f(y) fw) ly — x|dte
_ / Ul = 1) = V1) vley) sy

Proof. Suppose that f € FP and that ¢ defined by (4.7) converges locally uniformly
in D and is in L?(D;dx). Then for every g € C*(D), by the expression of EP(f, g)

and the symmetry,

E(f0) = 5 [ (@) = FW)ala) o) ey
~ lim () = 1) (9y) — 9(2) 22— dudy
2620 J 1 (0 .y)eRIxRE: |—y| >} ly — 2]

- _y—l% R4 (/{yeRd:Iy—x>a}(f(y> - f@))wfdﬁdy> g(z)de
. / Bla)g(e)d

Since C?(D) is EP-dense in Wg/Z’z(D), this implies that f € Dom(Lp) and Lpf = ¢
on D.

Assume now that f is a bounded function in FPNC?(D). Using a Taylor expansion,
one easily sees that

Cd,a
/ ) ’f(x +y)— f(z) = Vf(x) -y1{|y‘§1}| ‘y[imdy < 00 for every x € D
yeR

and the integral is a continuous function on D. Set
& (0%
Y(z) = / v (f(l' +y) — f(x) = Vf(z)- y1{|y|§1}) w[imdy for x € D.
ye

For any compact subset K of D, let
K. := {z € R?: there is some 2 € K so that |z — x| < ¢}.

Defining
O f
8:I;i8:1:j

HDQfHOO = max

1<i,j<d ’

o0




we have

. Cd,a
iy sup | [ (F@) = @) 5y~ b(2)
=0 zek | {yerd:|y—a|>e} |y B $|d+o¢
. Cd, o
= limsup / (f(iU +y) — f(z) =V f(z)- yl{ly\él}) d+a dy‘
e=0geK {yeR®:|y—z|<e} ‘y’
. Cd, o
< lim / sup [[D* £l lyl* d+ady‘ =0.
e—0 {yeRd:|y—z|<e} zEK-: |y|

By what we have shown in the first part, this implies that f € Dom(Lp) with
Lpf =1, which completes the proof of the lemma. O

The main purpose of this paper is to investigate the existence of strong solution to
the following equation:

8
%u(t,x) = AY?y(t,x); x €D, t>0

(4.8) u(t,z) =0, z €D, t>0,
uw(0,2) = f(z), x€D.

Let Cw(D) denote the Banach space of bounded continuous functions on R that
vanish off D, with the sup norm.

Definition 4.2. (i) Suppose that f € L*(D;dx). A function u(t,z) is said to be a
weak solution to (4.8) if u(t,-) € Wy*(D) for every t > 0, limyjou(t, z) = f(z) a.e.
in D, and 0°/0tPu(t,r) = A®?u(t,r) in the distributional sense; that is, for every
¥ € CH[0,00) and ¢ € C?(D),

/Rd (/000 ult x)aﬁa@gt) dt) d(w)de = / TP (ult, ),0) wlt) .

0

(ii) Suppose that f € C(D). A function u(t, x) is said to be a strong solution (4.8)

if for every t > 0, u(t,-) € Co(D), A%?u(t,-)(x) exists pointwise for every x € D

in the sense of (3.3), the Caputo fractional derivative d%u(t,z)/0t’ exists pointwise

for every t > 0 and = € D, 9°/0tPu(t,x) = A%?u(t, z) pointwise in (0,00) x D, and
limy o u(t,x) = f(x) for every x € D.

A boundary point z of an open set D is said to be regular for D if P, [tp(X) = 0] = 1.
A sufficient condition for xq € 0D to be regular for D is that D satisfies an exterior
cone condition at xo, that is, there exists a finite right circular open cone V =V,
with vertex xq such that V,, C D¢ (cf. [10, Theorem 2.2]). An open set D is said to be
regular if every boundary point of D is regular for D. Assume now that D is a regular
open set. Then [10, Theorem 2.3] shows that {PP,t > 0} is a strongly continuous
(Feller) semigroup on the Banach space C (D) of bounded continuous functions on

R? that vanish off D, with the sup norm. Moreover, {PP,t > 0} has the same
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set of eigenvalues and eigenfunctions on C,o(D) as on L*(D;dx): PP, = ey,
in Coo(D) (see [10, Theorem 3.3]). In particular, every eigenfunction 1, of the L*-
generator Lp is a bounded continuous function on D that vanishes continuously on
the boundary 9D.

5. SPACE-TIME FRACTIONAL DIFFUSION IN BOUNDED DOMAINS

In this section, we prove strong solutions to space-time fractional diffusion equa-
tions on bounded domains in R?. We give an explicit solution formula, based on the
solution of the corresponding Cauchy problem. The basic argument uses an eigen-
function expansion of the fractional Laplacian on D, and separation of variables. The
probabilistic representation of the solution is constructed from a killed stable pro-
cesses, whose index corresponds to the fractional Laplacian, modified by an inverse
stable time change, whose index equals the order of the fractional time derivative.

Recall that X is a rotationally symmetric a-stable process in R¢ and {E;,t > 0}
is the inverse of a standard stable subordinator of index 8 € (0, 1), independent of
X. In the following proof, we denote by ¢, ¢, ¢, ... a constant that may change from
line to line.

Theorem 5.1. Let D be a reqular open subset of R?. Suppose f € Dom(L%,) for
some k> —1+ (3d+4)/(2a). Then

u(t,z) = E,[f(XE)] € Cy([0,00) x RY) N C?((0,00) x D)
and u(t,x) is a strong solution to the space-time fractional diffusion equation (4.8).

Proof. First we will prove that f € C(D). Let 0 < Ay < Ay < A3 < -+ be the
eigenvalues of Lp and {¢,,n > 1} be the corresponding eigenfunctions, which form
an orthonormal basis for L?(D;dxz). Note that, since D is a regular open set, we have
from the last section that v, € C(D) for each n > 1. Since f € Dom(L%) for some
k> —14 (3d+4)/(2a), using (4.5) it follows that

(5.1) M == " NF(f,4,)? < o0,
n=1
—k
and so |(f, ¥n)| < VMA". From (4.2) and (4.4) we get
M) < 3 e (@) = pplt,,7) < Mot o
k=1

and hence, taking square roots of both sides, we get

[Un ()] < M2\ | My ot=d/e
Taking ¢t = 1/\,, gives us

(5.2) ()] < A/ ) for every x € D
10



for some ¢ > 0. Since k > —1 + (3d +4)/(2«), (5.2) together with (4.5) implies that

Z 1CFs b)) [ 0n oo < CZ)\;k)\f/(Qa) < czn(a/d)(d/@a)—k) < o0.
n=1 n=1 n=1
Hence f(z) =), _; (f,¥n), converges uniformly on D, and so f € Co(D).

Recall that PP f(z) = E,[f(X})] is the unique weak solution in Wg/Q’Q(D) of the
equation

(5.3) o(t,x) = AY?(t,x)  with v(0,2) = f(x)

0
ot
on the Banach space L?*(R%dz) (cf. (see [14]). The semigroup PP has density
function pp(t,x,y) given by (4.1). Note that p(¢,x,y) is smooth in z. By a proof
similar to [5, Proposition 3.3], we have for every j > 1 and 1 < ¢ < d that

t

oi ,
- —(d+g)ja N 7
(54) ax]p(ta IE,y)‘ <c (t ’ A ‘l’ _ y‘dJroHrj

(2

) < eyt (t, 3, y).

In view of the symmetry p(t,z,y) = p(t,y,x) and pp(t,z,y) = pp(t,y,x), we have
from (4.1) and (5.4) that PP f(x) = [, pp(t, 2, y)f(y)dy is smooth in & € D. More-
over, for every compact subset K of D and T > 0, there is a constant c; = c3(d, o, K, T)
such that, for € K and t € (0,77,

Py .
(5.5) @pp(t,x,y)‘ < et (t, ).

The Chapman-Kolmogorov equation implies

[ ptteits = [ pit g0 dy = pi2t,a,0)
R

Rd
It then follows using (4.2), (5.5), and the Cauchy-Schwarz inequality that

(5.6) [VIPP f(x)] < est™/(26)~Y V|| £ 2 (-

Consequently, each eigenfunction 1, (z) = e*! PP, () is smooth inside D with
’vj%(x)‘ < gt (@H20)/(20) At

for z € K and ¢ € (0,7T]. Taking t = 1/, yields

(5.7) ‘ijn(x)‘ < A2/ for o [

In view of (4.3), PP f(x) is also differentiable in ¢ > 0. (The eigenfunction expansion
(4.3) together with (5.7) gives another proof that PP f is C* in x € D.) Hence in
view of Remark 3.1, v(t,z) = PP f(z) is a classical solution for Ov/dt = Lpv in D.
Now define
u(t,2) = B[ (XB)] = E.[F (Xp); B < 7ol
11



Since X P generates a strongly continuous (Feller) semigroup on Cyo (D), PP f(z) is a
bounded continuous function on [0, 00) x R? that vanishes on [0, 00) x D¢, and hence
so is u, in view of (3.8). By [3, Theorem 3.1] (and [20, Theorem 4.2]), u(t,z) is a
weak solution for the parabolic equation (4.8) on L?(R%, dz). Then, to show that u is
a classical solution, by Remark 3.1, it suffices to show that u(t,-) € C?(D) for each
t > 0, and that the Caputo derlvatlve of t — wu(t, x) exists for each x, and is jointly
continuous in (¢, x).

Bingham [6] showed that the inverse stable law E; with density f(s) given by (2.1)
has a Mittag-Leffler distribution, with Laplace transform E[e=***] = E(—At?). Then
it follows, using (4.3) and a simple conditioning argument, that

u(t,z) = /000 E. [f(Xs);s < 1p] fi(s)ds

(5.8) = / ) (Z e, wnwn(x)) fi(s) du

n=1

= Z D) (fs o) tn().

Then, since 0 < Eg(—A,t°) < ¢/(1 + A\,tP), we have by (5.7) and (5.8) that

IVl < 32 Bal =Mt M 001197
(d+4)/(2a)

14 A\,tP

< Zc)\ k\/_

n=1

(C /M)tfﬁ Z )\7(ld+4)/(2a)717k
n=1

IN

for j = 1,2. Then by (4.5),
[Vl < (VAT Y Aok
n=1

o
< (cca\/M)t*ﬁZn(a/d)((dﬂ)/@a)fl—k) < o0

n=1

if k> (3d +4 — 2a)/(2«). This proves that, when k > —1 + (3d +4)/(2«), u(t, x) is
C? in € K, and hence in D. Consequently, by Remark 3.1, the spatial fractional
derivative A%/2u(t, z) exists pointwise for z € D, and is a jointly continuous function

n (¢, z).
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Next we show u(t,z) is C*int > 0. Let 0 < v < 1A (4/(2a) —1). By [16, Equation
(17)],

0 At 1

—Ea(— M\t < e < v rB=1
This together with (5.1) and (5.2) yields that
oo 8 o
a9 —Ant” B—1y—kyd/(2a)

< 8Ly (el O—kr ) < oAt

n=1

Then it follows by a dominated convergence argument that u(t,z) is continuously
differentiable in ¢ > 0, with
Ju(t, x)

(5.9) ‘T‘ < g ’%Eg(—)\ntﬂ) (f, wnwn(x)‘ <™ forevery z € D.

Hence by Remark 3.1, The Caputo fractional derivative %u(t, x)/0t? of u(t, z) exists
pointwise and is jointly continuous in (¢,z). Since u(t,x) is a weak solution of (4.8)
on L*(R%; dx), by the above regularity property of u(t, z), it is also a strong solution

of (4.8). O

Remark 5.2. The above proof can be easily modified to show that, if D is a bounded
regular open subset of R? and f € Dom(L%) for some k > 1+(3d)/(2a), then u(t, z) =
E.[f(XF)] is a weak solution to the space-time fractional diffusion equation (4.8).
Moreover, the Caputo derivative 9°u/0t® exists pointwise as a jointly continuous
function in (¢, x), and £pu has a continuous version that equals %u /3" on (0, 00) x D.

Remark 5.3. The paper [22] solves distributed-order time-fractional diffusion equa-
tions dyu = Awu on bounded domains. The distributed-order time-fractional deriva-

tive is defined by
O’ f(t
o s = [ S vian),

where v is a positive measure on (0, 1). It may also be possible to extend the results of

this paper to develop strong solutions and probabilistic solutions for 9¥u = A%/?u on

bounded domains. Distributed-order time-fractional diffusion equations can be used

to model ultraslow diffusion, in which a cloud of particles spreads at a logarithmic

rate, also called Sinai diffusion [21]. O
13




Remark 5.4. The fractional Laplacian generates the simplest non-Gaussian stable
process in R?. Stable processes are useful in applications because they represent
universal random walk limits. For random walks with strongly asymmetric jumps, a
wide variety of alternative limit processes exists, see for example [18]. Because the
generators of these processes are not self-adjoint, the extension of results in this paper
to that case remains a challenging open problem. ([l
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