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Abstract

In this paper we present an L,-theory for a class of stochastic partial differential equations
(SPDEs in abbreviation) driven by Lévy processes. Existence and uniqueness of solutions in
Sobolev spaces are obtained. The number of derivatives of the solution can be any real number,
and the coefficients of SPDEs under consideration are random functions depending on time and
space variables.
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1 Introduction

Let (©, F,P) be a complete probability space and {F;,t > 0} an increasing filtration of quasi-left
continuous o-fields on (2, F,P) with F; C F, each contains all (F,P)-null sets. We assume that
on (,P), there are a family of independent one-dimensional Lévy processes Z!, Z2, ... such that
for each & > 1 and 0 < s < t, ZF is Fi-measurable and ZF — Z¥ is independent of F;. We call
ZY, 72, ..., Lévy processes relative to {F;,t > 0}.

In this article we are concerned with W™P-theory of the following quasi-linear stochastic partial
differential equation on R?

du = (aijuximj + blugi + cu+ f(u))dt+ (Uikugﬁi + pFu + gk(u)) dzF (1.1)
fort > 0 and 2 = (z',...,2%) € RY where u,: = g;‘i and Uyig; = %. Here p € [2,00)

and n € R. Indices i and j go from 1 to d, and k runs through {1,2,...} with the summation
convention on i, j, k being enforced. The coefficients a?, b’, ¢, 0™ ;¥ depend on (w,t,z), and the
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functions f(u) = f(w,t,z,u) and ¢g¥(u) = g¥(w,t,z,u) satisfy certain properties to be specified in
Assumption 4.9.

Stochastic partial differential equations (SPDEs) of type (1.1) arise naturally in applications
when the objects are subject to randomness and high variability. For instance, such equations
arise in nonlinear filtering theory of partially observable diffusion processes, in relativistic quantum
mechanics and population models with geographical structures (See, for instance, [16]).

In this article we establish the unique solvability for SPDEs (1.1) in Sobolev spaces W™P(R9).
The order of derivatives n of the solution can be any real number. In particular, it may be negative
or fractional. Our L,-theory for equation (1.1) also can be used as an instrument for treating
SPDEs with measure-valued processes, for example, driven by Lévy space-time white noise (see
Theorem 4.13).

If {Z* k > 1} are independent one-dimensional Wiener processes, L,-theory for SPDE (1.1)
has been well studied. An L,-theory of SPDEs with Wiener processes defined on R" was first
introduced by Krylov in [9]. Subsequently, Krylov and Lototsky [11, 12] developed an L,-theory
of such equations in half space R’} with constant coefficients. These results were later extended
to SPDEs with variable coefficients defined in bounded domains of R™ by several authors, see, for
instance, [8, 7, 13].

However as far as we know, most of previous works (except for the Lo-theory of equations of
divergence form type, see (1.3) below) on SPDEs driven by Lévy processes were devoted to study
the mild or pathwise solutions of SPDEs of the type

n
du = (Au+ f)dt + ) g*(u)dzf, (1.2)
k=1
where A is the generator of certain semigroup and g¢*(u) satisfies certain continuity conditions.
Semi-group approach has been one of main tools of such studies. For a sample of such study, we
refer the reader to Peszat and Zabczyk’s book [15], and some other recent works [2, 5, 14, 17] and
the references therein. The main differences between equation (1.1) and equation (1.2) are that
(7) the operator A in (1.2) is non-random and independent of ¢, and (¢7) unlike in (1.1) the first
derivatives of the solutions do not appear in the stochastic part of (1.2).
We refer to [6] and [4] for an Lo-theory of equations of divergence form type. Roughly speaking,
unique solvability of the equations of the type

du = ((aijuxj + )i + blugi + cu + f)dt+ <O'ikumi + pFu + gk) dzk (1.3)

in space L2(Q x [0,T], H3) can be found in [6] and [4].
Our approach in this paper is different from those in [15, 2, 5, 6, 14, 17]. We adopt an analytic
approach introduced by Krylov in [9]. Our results are new even for the stochastic heat equation

du = Audt + gdZ;,

since we establish unique solvability result in L,(Q2 x [0,T], H}) for every p € [2,00) and n € R,
not just in Ly(Q x [0,T], Hy) space. (The definition of Sobolev space H)' = W™ will be given in
next section.) This allows us to obtain various regularity results of solutions (see Remark 4.5(ii)).



In section 2 we introduce some stochastic Banach spaces, and in section 3 we deal with equations
with constant coefficients. Our main results are given in section 4 and consist of Theorem 4.2 (Lo-
theory for linear equations), Theorem 4.4 (L,-theory for linear equations with p > 2) and Theorem
4.10 (Ly-theory for quasi-linear equations with p > 2).

We end the introduction with some notation. As usual R? stands for the Euclidean space of
points z = (2!,...,2%), and B,(z) := {y € R? : | — y| < r} denotes the Euclidean ball in R? of
radius 7 centered at x. For ¢ = 1,...,d, multi-indices a = (a1, ...,q) with a; € {0,1,2,...} and
functions u(x) on R?, we set

D := uyi = Ou/0z’, D% := D{* - ... - Dy, la| :=aq + ... + ag.

For a,b € R?, we define a A b := min{a, b} and a V b := max{a, b}. For p > 1, we will use ||u|, to
denote the L,-norm of u in L,(R% dz). For scalar functions f,g on RY, (f,g) := [za f(2)g(z)dz.
We will use C' and ¢ to denote a constant whose value may change from line to line.

2 Stochastic Banach spaces

For t > 0 and A € B(R\ {0}), define
NE(t, A) = # {0 <s<t; zb-zF ¢ A}, NE(t, A) := N¥(t, A) — tuy(A)

where v (A) := E[Nk(1, A)] is the Lévy measure of Z*. By Lévy-Ité decomposition, there exist
constants o, 8¥ and Brownian motion B* so that

zZk(t) = oFt + gEBF +/

|z|<1

ZN*(t,dz) +/ ZN¥(t,dz). (2.1)
21>1

Denote y
P
/C\k,l’ = </ ’Zpyk(dz)> ) /c\k,2,p = 6\141,2 \ Ek,p-
R

Note that for 2 < g < p, by Holder’s inequality,

(p—a)/(q(p—2)) (¢—2)/(q(p—2))
ua < ([ o) ([ ruatan) < Geap
R R

Assumption 2.1 p € [2,00) and
Cp = SUp Cp2p < OO.
k

Note that due to the assumption ¢, 2 < 0o, we have f|Z|>1 |z|lvp(dz) < co. Denoting a* = oF +
f‘z|>1 2vg(dz), we get

ZF = d"t + p"BY +/

» ZN*(t,dz) =: d*t + B*BF + ZF. (2.2)



Throughout this paper, for simplicity, we may and do assume a* = g¥ = 0 (equivalently we
consider equation (1.1) with ZF in place of ZF). See Remark 4.3 for the case 8¥ # 0. The theory
of equation (1.1) for the case a* # 0 can be reduced to the case a* = 0 by moving the term
Spaf (0™ ug + pFu + g*F) to the deterministic part.

For n=0,1,2, ..., define Sobolev space

H? = HI(RY) = {u u, Du, . D"ueLP(Rd)},

where for integer k£ > 1, D*u denotes all the kth order derivatives of u of in the distributional
sense. In literature, H}' is also denoted as WmP(RY). In general, for v € R define the space
H) = HJ(RY) = (1 — A)™/2L, (called the space of Bessel potentials or the Sobolev space with
fractional derivatives) as the set of all distributions u such that (1 — A)Y/2u € L,. For u € Hy, we
define
lull gy o= (L= A Pully o= [ FH A+ €7)72F () (E)ps (2.3)

where F is the Fourier transform and F~! the inverse Fourier transform.

Denote by P the predictable o-field generated by the filtration {F;,¢ > 0}. Let P> be the
completion of P with respect to dP x dt. Denote by H,(T') the space of all PaPxdt_measurable
processes u : [0,T] x Q — H,) so that

T 1/p
wmwyzoﬁﬂ wwcﬂ> < o0

Remark 2.2 Tt follows from (2.3) that for any p,y € R, the operator (1 — A)*/2 : H) — H) ™" is
an isometry. Indeed,

(1= APl g = (L= A)T2(0 = A2l = (1= A 2l = [l gy

We will use |g|s2 to denote the £2-norm of g € ¢2. For ¢2-valued processes g = (g',¢2,...), we
say g € HJ(T, ¢?) if g¥ € H}(T) for every k > 1 and

T 1/p
mmwwy—@{érm—AW%mwﬂ) < 0. (2.4)

Finally, we say ug € Ug if ug is Fp-measurable and

1/p
|mmy=@hwmwwb < oc.
p

Remark 2.3 (i) For a square integrable martingale M, we will use [M] to denotes its quadratic
variation process. The dual predictable projection of [M] will be denoted as (M). Under
Assumption 2.1 for p = 2, Z* is a square integrable martingale with <Zk>t = /6%7215. For
every PIF*d_measurable process H € Lo(Q x [0,T]), M; := fg H,dZ" is a square integrable

martingale with
t
[/ H?d[Z"] ] [/ H?d(Z%) :|—Ck2E|:/ Hfds]. (2.5)
0



(ii) In many other articles, the equation of the type
du = (Au+ f)dt + g(u(t—))dZ;

has been studied. The expression u(t—) is used so that it is predictable and the integral
fo ))dZ; becomes a martingale. Such notation is not used in this article, because by
(1), stochastlc integral can be defined for a process H in Lo(2 % [0,7]) which is not predictable
but has a predictable version H, and (a.s.)

t t
/ H,dZ, = / H,d7,, Yt<T.
0 0

(iii) Let p > 2 For any g € H}(T,¢?) and ¢ € CX(R%), the series of stochastic integral
ey fo #)dZ% defines a square integrable martingale on [0, 7], which is right continuous
with left hmlts Indeed,

e[( [ oaz)] -2 [oraz) - @z [ oora]

and
oo T
San| [ o2l
k=1 0
0 T
< @[ -artgta- ) et
k=1 0
2 2 r 2 k2 2
< @I0-27 P E | [ (D10 APEPE 1= 8) ) ds
k
T
< G- 2) 7l (1 - 2) 2], E / | i —aprer| ]
k
_2
< I =22l (L= A) 26l T gl 1,2 < 00
where ¢ = p/(p — 2) (% := 00). Thus the series of the square integrable martingales

ey fo (g*, #)dZF converges in Lo and hence in probability uniformly in [0, T7].

Definition 2.4 Write u € ”HZH(T) if u € H;H(T) with u(0) € UJH, and for some f € Hp(T)
and g € H) (T, £2)
du = fdt + g"dzF  fort e [0,T]

in the distributional sense, that is, for any testing function ¢ € C°(R?),
(u(t), 6) = (u(0),6) + / (/6 dt+2/ $)dzk (2.6)

holds for allt € [0,T] a.s.. Denote f and g by Du and Su respectively, and define

el g2y = Nl zy + WDl ery + 1Sullgys oy + (02



We will show that ’H'HQ( T) is a Banach space. For this, we need the following result.

Lemma 2.5 Suppose g(w,t) = (g',9%,---) is an (*-valued predictable process so that each g*
bounded. Then there is a constant C = C(p,¢p) so that

0o t p/2
\ k(S)\2|Z|2Nk(d27d8)>
(/[

p/2
< C(p,o) (/0 zjlgk(S)\QdS) +/0 Z\g WP ds| . (2.7)

Proof. Fix a positive integer M. By monotone convergence theorem,

M t p/2
k 21,12 ntk
(kg [ [ epeen (dS,dz)>

| (5[ [ roretve d”fﬂ

Since (a 4 b)P/? < 2P/2(|a[P/2 4 |b|P/2) and N¥(ds, dz) := N¥(ds, dz) — vi(dz)ds,

A:

p/2
2 N
A< PR g E (Z/ /z|<N 5)[2|2[2N* (ds, dz))
‘ M p/2
2R ( J AT rz\%k(dz)ds)
0 Rk:l
p/4
4 a1k
< C(p) A}gnOOIE (Z/ /|<N )[4 2|2 N* (ds, dz)>

p/2
(/ CQ.g |2d8> )
0

where second inequality follows from the Burkholder-Davis-Gundy inequality and the fact that the

k=1

stochastic process J; := >a" fg f|Z|<N g% () [2|z|2N*(ds, dz) is a square integrable martingale with
quadratic variation process

M
t_z / / O N s, = 37 3 162 Tz

k=1 0<s<t



Recall that for any ¢ > 1, (3 |an|9)"9 < 3" |ay|. Thus if 2 < p < 4, then

E <Z/ /z|<N (s)|* |2|*N*(ds dz))p/4]

M p/4
< E (Z S 19(s) 4AZ“> } {Z YORAC mz‘“’]

k=1 0<s<t k=1 0<s<t

IN

TR

/Zlgk ”d'o‘]-

0 k=1
If 4 < p < 8 then

p/4
’ ( / /|Z<N s)|*|2|* N (ds dz)) ]
< E ( //|z<N )[4 |2|*N¥(ds, dz) +Z/ /<N Vk(dz)ds>p/4]
(Z/ /<N 5)[82[E N (ds dz) L (/;;gk(s)ﬁtds)m]
C(p,co)E {/Ot;gk(s)pds—k (/Ot;gk(s)‘lds)pM] |

Similarly, in general, for p € (271 27,

E Ki [ [ zzN’“(dz,ds>>p/2]
o { </Z| ms)

Also since for each 2 < ¢ < p,

IN

IN

+ C(p7/C\U)E

t
/0 Z |gk(s,x)|pd5] .

k

¢ M 1/q ¢ M 1/2 . M 1/p
\ (s)|qu> < C(q) ( | k(s)|2d8> + ( k(s pds> ,
(/Okzg q(/o,;g /0;'9“’

we get,

Mo p/2
B [(Z I/ \g’%s)\ﬂzPN’f(dz,ds)) ]
. p/2 + oo
< NG \ st) + lg¥(s)|Pds | . (2.8)
cvsse|(f Ewore) [ or]

7



Passing M — oo establishes the lemma. |

Theorem 2.6 For each p € [2,00) and v € R, H)T*(T) is a Banach space with norm || - o +2(7)-
p
Moreover, there is a constant C' = C(d, p,cp,T) > 0 such that for every u € ’H7+2( T),

E |sup lu(t)lfy | < € (IDullyry + ISully ey + E ol |) - (2.9)
Consequently, for each t > 0,
t
lully ) < c/o [l 5 (2.10)

Proof. In view of Remark 2.2, it suffices to prove the theorem only for v = 0. First we prove (2.9).
Let du = fdt + ¢g*dZF with u(0) = ug. Assume that g¥ = 0 for all £ > M and g” is of the type

m

¢ () = 3 Tk (065 @), (2.11)

=0

where Tik are bounded stopping times and g* € C°(R?). Define

M
v(t,z) = Z/ grdzk.
k=170

Then by the Burkholder-Davis-Gundy inequality and Lemma 2.5,

£ [Ssg ’U(s,x”:n]
<g /Ot/’gk(s’m)’2|2!2N"f(ds’dz)>p/2

p/2 ¢
k 2 k Pds
cnee |( [ Siteta) [Tt

Since 3, |an|? < (32, |an|?)P/? and (fg |h|ds)P < tP~1 fg |n|Pds, by integrating over R? we get

IN

IN

[supHva} < C(d, p, co, )||g||IHIO ) = C(d,p,co,t / \g\p ds. (2.12)

Next we show that (2.12) holds for general g € Hg(T, ¢?). By Theorem 3.10 in [9], we can take a
sequence g, € Hg(T, %) so that for each fixed n, g& = 0 for all large k and each g* is of the type
(2.11), and g, — g in H)(T',£*) as n — oo. Define v, (t,2) = > 77, fg grdZF, then

B sup o] < CCdpco,t) gy E 500 o = wnl| < CClupcor) = g
s<t P s<t L

8



Thus (2.12) follows by taking n — co. Now note that
dlu—wv) = fdt with (u—v)(0) = up.

Thus it is easy to check that

t
B supu— o] < OB (Jual}) + OB | [ 15l as].

s<t

Consequently,
p p P p
B supllully] < C(dp.co ) (If1yq + lally o)+ Ell, ).

Next we prove the completeness of the space H2(T) using (2.9). Let {un : n = 1,2,---} be
a Cauchy sequence in ’H%(T). Then {u,}, {Du,}, {Su,} and {u,(0)} are Cauchy sequences in
H2(T), Ly,(T), H, (T, £*) and U, respectively. Thus there exist u € H2(T), f € Ly(T), g € Hy(T, (%)
and ug € UI} so that wu,, Duy,, Suy,, u,(0) converge to u, f, g, ug respectively, that is,

lun = vllmz(ry + [Dun = fllw, ) + [1Sun = gllmy 2y + lun(0) — oy — 0

as n — oo. Thus, by Definition 2.4, to prove u € H2(T) and u, — u in H2(T), we only need to
show that for any ¢ € C>°(R?), the equality

t ¢
w).0) = )+ [ o+ 3 [ oz (213)
holds for all ¢ < T (a.s.). Taking the limit from

t
0

(un(t), ¢) = (un(0),¢) + / (D, )dt + > /0 (SPun, ¢)dZF
k

and using the argument given in Remark 2.3(iii) one can show that (2.13) holds in Q x [0, T] (a.e.).
Also the inequality (see (2.9))

Esup ||u, — umH%p < Cllun — um”%g(T)
t<T

show that for some subsequence 1., limy, o0 SUPy<7 ||tin,, —ul|L, = 0 a.s. It follows that (up,, (t), #) —
(u(t), @) uniformly in ¢ € [0,T] a.s., and thus (u(t), ¢) is right continuous with left limits. Conse-
quently (2.13) holds for all t < T" a.s. The theorem is proved. O



3 SPDEs with coefficients independent of x
In this section we study the equation

du = (a"ugiy + f) dt + (Uikuﬂ + gk) dzF, (3.1)
where the coefficients a” = a” (w, t), 0™ = 0% (w, t) are independent of x.
Assumption 3.1 (i) The coefficients ¥ and o* are predictable.

(ii) a¥ = a’*, and there exist constants 6, K > 0 so that
@]+ o'l < K,
0laxa < (a7 — o) < (a¥) < Klgxa, (3.2)
where o' == 1372, 5%720“‘303']‘3 and Igxq denotes the (d x d)-identity matriz.
First we give an Lo-theory for SPDE (3.1).

Theorem 3.2 Let Assumption 3.1 be satisfied. For every f € HY(T), g € H} N (T, %) and ug €
UJ*2, equation (3.1) with initial data ug has o unique solution u € Hy*(T), and

1D%ulligzry < € (I gy + 19y o1 ey + ol ) (3.3)

llligy 2y < C e (I gy + oy o2 oy + lollg o) (3.4)

where C' = C(dy,d, ¢y, K) > 0 is a constant independent of T'.

Proof. Owing to Remark 2.2, we may assume v = 0. Indeed, suppose that the theorem holds when
v = 0. Then for general v € R, notice that u € ’H;H (T') is a solution of the equation if and only
if v:= (1 — A)Y?u € H3(T) is a solution of the equation with f := (1 — A)/2f, §:= (1 — A)/%g
and @y := (1 — A)??uq in place of f, g and ug, respectively. Thus we have

lullggezery = oy < C (I legery + Illzgcreny + ol )

= C (HfHHg(T) + 9l ey + H“‘)”Ug”“) ‘

Let f € HY(T), g € H(T, ¢?) and ug € UZ.

Step 1. First we prove that (3.3) and (3.4) hold for any solution u € H3(T) of (3.1) with initial
value ug. Fix ¢ € {1,2,---,d} and denote v = u,e. Then

dv = (aTvgigs + fuo)dt + (0™ vy + g% )dZ}. (3.5)

10



Let h* be a predictable version of c'*v,: + g¥,. By It¢’s formula (e.g. Theorem 4.4.10 of [1]. Also
Remark 3.3 below)

lu(t)|? = y(uo)m%/o 2udv+ > > [AZEPRF(s) . (3.6)

k=10<s<t
Take expectation and integrate over R¢ to get
T .. T .
0 < E||Duo|7, + E/O /Rd 20(a" Vgigi + fre)drdt + IE/O /Rd Ei’Q(O'Zkai + g%,)2dxdt.

The last term is equal to

T
E/O /Rd <2Oélj’l)xi’l)xj + 2 vai Z/c\zﬂa—lkg];f + ‘9:632) dxds
i k
r ij 2 2
< E/o /Rd 20704045 dzds + e[| Dol|L, i) + CENDINL, (1,02
and
/ 20(a vy + foo)dr = / (=200, — 2u, f)dx
R R
< —2/ aviv,de + E/ | Dv|?dzx + C(a)/ |f|?dz.
R4 R4 R
It follows that
r i ij 2 2 2 2
QE/D /Rd(a” — o )vgivgdrdt <E|Duol|z, + el Dvlli, oy + CUIL, ) + 1PN, 1,e0))-

This and condition (3.2) prove (3.3).
Now using (3.3), the definition of ||u||§{2(t) and the inequalities
2

lull = 1= A)ullz, < llulley + 1D*ullny, | Dully < el D?ullg + CEllulg,  (3.7)
we get for each t < T
.. 2
luley = (Nl + la7tems + fllage + oD + gl ) ) (3.8)
C (IluliZgqy + 1Dl + 1/ g + gl ee))
C (luliggey + 11/ gy + 19y o) + luoll?z)

t
C [ ulgugds+ (101gery + Cllliyerey + o)

IN

IN

IN

where the last inequality is from (2.10). Finally Gronwall’s inequality leads to (3.4).

11



Step 2. Due to the method of continuity (see the proof of Theorem 5.1 of [9]), to finish the
proof for v = 0, we only need to prove that for each f € HY(T),g € HY(T,¢?) and ug € U3, the
equation

du = (Au+ f)dt + g"dZF,  u(0) = ug (3.9)

has a solution u € H3(T). Let v € H3(T) be the solution for
dv = (Av + f)dt, v(0) = ug

(cf. Theorem 5.1 of [9]). Then @ := u — v would be a solution for (3.9) with f = ugp = 0. The
solvability of equation (3.9) with f = up = 0 can be easily proved based on a priori estimates (3.3)
and (3.4). See the proof of Theorem 3.8 (Steps 1 and 2) below for details. This completes the proof
of theorem. O

Remark 3.3 Actually, to get (3.6), we assumed that v satisfies (3.5) in the classical sense (not
in the sense of distributions) and is sufficiently smooth in x. To be more precise, one has to go
through the arguments in the proof of Theorem 3.7 of [9], and we leave this to the readers.

Lemma 3.4 For c >0, let ZF(c) := ¢ ' Z%, and v¥ be the Lévy measure of ZF(c). Then

ct

/R 20k (ds) = /R 20K (d2).

Proof. Denote N¥(t, A) = #{s <t; AZ¥(c) € A}. Then NF(t,A) = N*(c?t,cA) and
vF(A) =E [Nk(CQ,cA)} = 2R (cA).

[

Hence the lemma follows from a change of variables. Indeed, let f(z) = cz and h(z) = 2?/c?. Then
vk o f~1 = ¢2vF, and so

/ 20k (dz) = / h(F(2) (d2) = / h(2) ek (dz) = / 20K (d2).

Remark 3.5 Fix ¢ > 0 and consider equation (3.1) with ZF(c) in place of Z}:
du = (aijuﬂ'mj + f) dt + (O’ikuxi +gk> dzF(c), (3.10)

It follows from Lemma 3.4 that Theorem 3.2 holds for equation (3.10) in place of (3.1) with the
same constant C' = C(do, d, ¢p, K) in (3.3).

Let T} denote the semigroup associated with the Laplacian A on R?, that is,

Tif(x) = P, * f(z), where Py(z) = (27rt)_d/2e_‘x|2/(2t).

12



Lemma 3.6 Letp € [2,00) and g = (g%, ¢°,---) € HY(T, (%) := L,((0,T) x RZ, ¢2). Then

T t p/2 T
/ / </ |DT}—sg(s,2) 2% ds> dtdx < C(d, p)/ / lg(t, )|}, dtd. (3.11)
Re JO 0 R4 JO

Proof. See Lemma 4.1 in [9]. O
To establish an L,-theory of SPDE, we need an estimate on ), [pa fOT fg |DT;_sg" (s, x)|Pdsdtdz.

Lemma 3.7 Let p € (2,00) and f € L,((0,T) x RY). Then for anye >1—2/p,

T t T
/ / / \Dﬂ_sf(s,x)|pdsdtd:r§0/ f () dt, (3.12)
RdJo Jo 0 P
where C' = C(d,p,e,T).

Proof. Without loss of generality we may assume ¢ < 1. Let ¢ > p be chosen so that 1/p =
(1 —¢)/2 +¢/q. Define an operator A by

DT,_.f ifs<t,

0 otherwise.

Af(t,s,x) = {

First observe that, due to Lemma 3.6 and the inequality ||T3—sDf||q < ||Df|lq, the linear mappings
A1 Ly([0,T), Ly(RY)) — Lo([0,T] x [0,T] x RY)

and
A Lg([0,T), Hy) — Lg([0,T] x [0,T] x RY)

are bounded. Sincee = (1—¢)-0+¢-1and 1/p = (1—¢)/2+¢/q, it follows from the interpolation
theory (see, for instance, [3, Theorem 5.1.2]) that A is a bounded operator from L,([0,T], H;) to
Ly([0,T] x [0,T] x R?). The lemma is proved. O

Theorem 3.8 Let p > 2 and Assumption 3.1 be satisfied. Assume o'* = 0 for each i,k and
g0 > 1—2/p. For every f € H}(T), g € H}"'T0(T, ¢2) and uy € U, equation (3.1) with initial

data ug has a unique solution u € H) (T, and

lllggeacry < © (1 gy + gl 1ve0 gy + lollzo2) (3.13)
where C' = C(do, d, p, ¢, 0, K, T).

Proof. Again by Remark 2.2, we only need to prove the theorem for v = —1. Since we assume o =
0, the uniqueness of solution of equation (3.1) follows from the uniqueness result of deterministic

equations. Thus we only need to show that there is a solution u & H%,(T) and u satisfies (3.13).
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Step 1. We assume first that g¥ = 0 for k > M and each g¥(k < M) is of the type

ZI% o+t )~ (x), (3.14)

where 7F are bounded stopping times and g*(z) € C>°(R%). We prove the theorem for the stochastic
heat equation:

M
du = Audt+»_g"dzZf, u(0)=0. (3.15)
k=1
Define
M m(k)
k kl k
v(t, ) Z/ (s,x)dZ :Z g t/\ﬂ+1 Ztm )
k=1 =1
and .
u(t,z) :=v(t,x) +/ Ti_sAvg ds.
0
Since for any sufficient smooth function h, w = fot Ti_sh(s)ds satisfies wy = Aw + h, we get

d(u —v) = (A(u —v) + Av)dt = Audt. Therefore
du = Audt + dv = Audt + g*dzF.

Also by stochastic Fubini theorem, almost surely,

M t s
u(t,z) = ’U(t,:ﬂ)+2/ / Ty_sAg*(r, x)dZF ds
k=170 J0O
Moot ortog
= v(t,x)—Z/ / —T;_og*(r, x)dsdZ"
oo Jr Os
M
= > / Ty_rg"dZF. (3.16)
k=1"0

Similarly,

0 u(t x)—i/t O 1 gzt
Oxt _k=1 g O t=sg 025

Thus by the Burkholder-Davis-Gundy’s inequality and (2.8), we have

M P p/2
(Z/ /|8Tt_sgk|2z\2Nk(dz,ds)>
k=170 X

0
C(p,co) E (/ E |8$Tt_sgk|2ds> / E |—Tt sg"|Pds| . (3.17)
=1

E [|uq (¢, 2)[")

IN

IN
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By Lemma 3.6,

T t >® o p/2
E Ty .g"%d dtd <CIE/ / P dtde = C
/]Rd/o </0 ; |8Ji t—sg | 5 X |g’ €z ||g||HO(T€2

Also by Lemma 3.7,

T
0
E > I5-Tiosg"l?
/Rd/o ‘6xt 9" |Pdsdtdx
k

T T
kP _ - /24t
< c [ 5 s ‘CE/O /. D101 8y % s
5 /2 1P — p
< CIE/ /R 2gldrds = C gl g oy
where for the second inequality we use the inequality 37, |ax|? < (33 |an|?)?/2. Thus it follows

from (3.17) that

T T
p p
B [l de| < CE | [ ol o] (3.18)

Now we prove (3.13). As before, (3.16) yields

p/2 t M
E [Ju(t, z)["]) < C(p, %) E (/ Z|Tt_sgk]2ds> +/ S ITiosgbPds| . (3.19)
1 0 k=1

Since (il lan|?)P/? < MP/2S Ja,|P and 1T fllz, < Ifllz,, it easily follows that u € H)(T),
and consequently u € H,(T'). By Theorem 2.6 and (3.18),

E lsup 7
s<T

< C (IDull s g+ ISull? 7o)

= C (I8l gy 191 s )
< O (el oy + 1912+ ) < Cllaleco i1 oy
Note that the constant C' is independent of M. This together with (3.18) and the inequality
g = 100 = Al < Nl g + 1Al 0 < a0 + sl

proves (3.13).

Step 2. We now prove the theorem for equation (3.15) for arbitrary g € H;°(7, ¢?). By Theorem
3.10 in [9], we can take a sequence g, € H (7, /%) so that each g, satisfies the extra assumptions
specified in Step 1 and g, — g in H*(T, ¢?). Then by the result of Step 1, equation (3.15) with
gn in place of g has a unique solution u, € H;(T), and thus u, — u,, satisfies

d(un — um) = Aun — up)dt + ( gm)dZt

15



Again by Step 1,
[tn = wmllag(ry < C P, d, 0, T)lIgn = gmllzzo (1,02)-

It follows that {u,} is a Cauchy sequence in H,(T), and there exists u € H}(T') so that u, — u in

’H;(T ). Taking the limit from

(un(t). ) = /O (A, $)di + /0 (gF, §)dz}

one easily checks (see the last part of the proof of Theorem 2.6) that u is a solution of equation
(3.15).

Step 3. Finally we consider equation (3.1). Let v € H}(T') be the solution of equation (3.15),
where the existence of the solution is obtained in Step 2. Also let @ € ’H;,(T) be the solution of
the following equation (see [9, Theorem 4.10])

du = (aijﬁxixj + f + aij'l)xixj — Av)dt, 71(0) = uqg.
Then by Step 1 and [9, Theorem 4.10],
[0l ) < cllgllgeo o2y

lallsyry < CUD? ol sy + Il zy + o).
Note that v := @ + v satisfies

du = (aYuyiy; + f)dt + g"dZF  with u(0) = ug,

and estimate (3.13) follows. Remember that uniqueness was already discussed at the beginning of
the proof. The theorem is proved. O

4 Main Results

First we consider the following linear equation :
du = (aijumj + blugi 4+ cu+ f)dt+ (aikuwi + pFu + gk) dzF, (4.1)

where all the coefficients depend on (w, t, ). To explain conditions on the coefficients, we introduce
the space of point-wise multipliers in H,. Fix kg > 0. For r > 0, define ry =r if r =0,1,2,---,
and ry = r + ko otherwise. Define

B(RY) if r =0,
B = C’r—l,l(Rd) if r = ]_7 27 cee (42)
C"(RY) otherwise,

16



where B(R?) is the space of bounded Borel measurable functions on RY, C"~11(R?) is the space
of r — 1 times continuously differentiable functions whose (r — 1)st order derivatives are Lipschitz
continuous, and CT(Rd) is the usual Holder space. We also use the Banach space B" for f2-valued
functions. For instance, if g = (¢!, g2, ...), then |g|go = sup, |g(x)| and

D~ — D¢
|g|Cn71,1 = Z ]Dag\Bo + Z sup ’ g(a?) g(y)‘KZ
TFY |z =y

|a|<n—1 |a|=n—1

Assumption 4.1 (i) The coefficients a,b?, c,c™ u* are P @ B(R?)-measurable functions.

(ii) a¥ = a’*, and the functions a” and o' are uniformly continuous in x. In other words, for
any € > 0, there exists 6 > 0 such that whenever |z —y| < d,

]a”(t,x) - aij(ta y)| + ‘O’z(t,ﬂj‘) - Ui(tvy)|€2 <E.
(iii) There exist constants 6, K > 0 so that
@] + 6] + |e| + [0 |2 + |ple < K,
5Id><d S (aij — Oéij) S (aij) S KIdxd7 (43)
iko.jk

where o/ == 13" & o and Igxq denotes the (d X d)-identity matriz.
3 2ik=1Ck2

Below are our main results for the linear equation (4.1). We formulate them into two theorems
since our assumptions are stronger when p > 2.

Theorem 4.2 Let v € R,T > 0 and Assumption 4.1 hold. Assume there is a constant L > 0 so
that for each w,t,

‘aij(ta ‘)|B|‘Y‘+ + ’bi(t7 ')‘BWH + le(t, ‘)|BW+ + ’Ui(tv ')’BW“H + |2, ')‘B‘VHH <L.

Then for any f € HY(T), g € HgH(T, %) and ug € U27+2 equation (4.1) with initial data uy has a
unique solution u € H'QYH(T), and

lullag2cry < € (I legery + Igllegyr ey + o2 (4.4)
where C' = C(6,d,p,co, K, L,~v,T).

Remark 4.3 Condition (4.3) appears naturally when one writes down the It6’s formula for |u|?,
where u is a solution of (3.1) (see the proof of Theorem 3.2). Remember we assumed ¥ = 0 in
(2.2). From the proof of Theorem 3.2, it is easy to check that if ¥ # 0 then one only needs to
replace the condition (4.3) by

0 g < (aij — dij) < ((lij) < Klgxq,
where a'l := %Zzozl((ﬁk)Q +Ez,2)‘7ik‘7jk'
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Remember that for » > 0, r4. := r if r is an integer, and r1 := r 4+ K¢ > r otherwise.

Theorem 4.4 Let p € (2,00),7 € R and g9 > 1 — 2/p. Assume Assumption 4.1 holds, c'* = 0
and there is a constant L > 0 so that for each w,t,

’aij(t7 ')‘B\’YM + |bl(t7 ’)’B|’Y\+ + ’C(t, ')‘B\’th + ‘:u(t7 .)’B|’Y+1+50|+ <L. (45)

Then for any f € H(T), g € HY ™" Y(T,02) and ug € U™, equation (4.1) with initial date ug has

a unique solution u € H) *(T), and

lullgg+2zy < € (Iflliggry + 19lggy1000 oy + iollgo2 ) (4.6)

where C' = C(6,¢cy, K, L,p,~,T).

Remark 4.5 (i) Note that Theorem 4.4 requires stronger conditions than those in Theorem 4.2;

o'* is assumed to be zero, and the regularity condition of y is stronger.

(ii) However Theorem 4.4 gives better regularity results of solutions; let v+ 2 —d/p > 0 and u be
the solution in the above theorems. Then from the embedding H, T2 ort2d/p it follows
that

T
B | [ s as] <€ (Il + lallggrssn g + ol ).

To prove Theorem 4.2 and Theorem 4.4 we need the following three lemmas.

Lemma 4.6 For p > 1 and v € R, there is a constant C = C(d,p,vy) > 0 so that for every
a € B+ and uw € HY,
ol < O lal o, Nl

The same is true for (2-valued functions a in B+,
Proof. See Lemma 5.2 in [9]. O

The following result is an extension of Theorem 3.2 for SPDEs with variable coefficients that
have small oscillations.

Lemma 4.7 Let b' = ¢ = u* = 0 and suppose that there is a constant L > 0 so that for each w,t,
’aij(t7 ')\Bwu + |‘7i(ta ‘)|B“Y+1|+ <L.
Define

5= sup (a¥(t,2) — a(t,y)| + o™ (t,2) — o™ (t,9)|)

w7x7y

Then there exists By = Po(d, 6, K) > 0, independent of L, so that if § < [y then for any solution
u € ?-[;H(T) of the equation

du = (aijumimj + f) dt + (Uikuzi + gk> dzF,  u(0) = ug (4.7)
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we have
lullgg=2ry < € (Il + gl oy + lolgzg2) (438)
where C' = C(d, p,co,v,0, K,L,T).
Proof. Let u € Hg”(T) be a solution to equation (4.7). Denote
ag (1) = a¥(t,0),  off(t) = o™ (t,0),
fO = (aij - agj)uzlxj + f7 g’g = (O—ik - Jék)uxl + gkv

Co = sup <‘aij - a6]|3\7\+ + ’Ui - 06‘3\7+1\+) .

w,t
Then du = (aui,; + 0)dt + o + gk dzF. So by Theorem 3.2, for each t < T,
0 “z'w 0 Yz 0 t
1Dl 0y < O, 8, K) (Iollig + I0llgy ) + ol g2
Let 'y denote the constant C' in Lemma 4.6. Then by Lemma 4.6,
1(a” = ag Jugiai ||y < Crla” = af | giois [tgiai |y < CLCol D*ul 7,
and similarly (also remember HDUHH;JA < EHDQUHH; + c(e)|ullag)
10" = 00)ugill g1 g2y < CLCollDull g1 < CLColl D?ull sy + Cllull -
Thus if C(d,d, K)C1Cp < 1/8, then we get
I1D%ullgy ey < Cllwllg ey + CllF g ery + Cllgllgy+r 7y + Clluollyy+2,
and this easily leads to (see (3.8) and (3.7))

Il g2y < © (el + 1 gy + Noleges oy + ollgee) -

Therefore, (2.10) and Gronwall’s lemma prove the lemma (if C(d,d, K)C1Cy < 1/8).

In general, for m > 1, denote a,(t,x) := a¥(t/m?,x/m) and o?*(t,z) := o*(t/m?,x/m). Then
we have

’alr'rjz,(tv ) - G%(t, 0)’B|’Y\+ < /3 + m_(|7|+/\1)007
and we can drop the second term on the right if ¥ = 0. Also we have a similar inequality for o?*.
Observe that u,(t, z) := u(t/m?, x/m) satisfies
dum = (a%(um)mimﬂ' + fm) dt + (U;;li(um)xl + gfn) dZtk(mil)7

where f,,(t,7) := m~2f(t/m? x/m) and ¢*(t,z) := m~1g"*(t/m? x/m). Then it follows from the
above calculations and Remark 3.5 that for 5 sufficiently small and m sufficiently large,

et gy 2ty < € (g ey + 19mliy s g g3y + N0 (/) 2 )

for each t < T Since [[-|| 7 norms of u(t/m?, x/m) and u(t, ) are comparable, one gets inequality
(4.8).
|

19



Lemma 4.8 Let (, € C®°,n=1,2,---. Assume that for any multi-indez «,
sup »  [D*Gu()] < M), (4.9)
xT
n

where M («) are some constants. Then there exists a constant C = C(d,n,~y,p, M) such that for
any f € HY,

> lGnf Iy < CIA-

n

If, in addition,
> @) > e >0, (4.10)

then
1£1; < Cldyn,y,p, M) Y l1Gaf Iy

Proof. See Lemma 6.7 in [9]. O

Proof of Theorem 4.2. In view of Theorem 3.2 and the method of continuity (see the proof
of [4, Theorem 2.11]), we only need to show that a priori estimate (4.4) holds for any solution
u € Hg“ (T) of (4.1). Let Sy be the constant in Lemma 4.7. Since a*, o* are uniformly continuous,
we can fix g > 0 so that

|a¥ (t, ) — a” (t,y)| + o' (t, ) — o' (t,y)|;e < Bo/4  for |z —y| < 20,

Fix a smooth function ¢ € C2°(B1(0)) so that 0 < ¢ < 1 and ((x) =1 if || < 1/2. Take a sequence
of smooth functions {¢, : n = 1,2,---} so that ¢, = ¢((2(z — 2,,)/d) for some z,, € R%, and (4.9)
and (4.10) hold. Then by Lemma 4.8, for each t < T,

Let &n(z) = ((%5*) and
al (t,2) = €a(2)a” (t,2) + (1 = &a(@))a (t,azn), 0, (8, 2) = En(x)o™ (t,2) + (1 — €n()) 0™ (¢, 2n).
Then a,, and o, satisfy (4.3) with the same constants J, K,

| (8, ) — aif (t,y)| + log (t,2) — op(t.y)lee < Bo,  Yw,t 2,y

and u(, satisfies
where
fn= —2aijumi Cowi — a7 Ul pini + D' ugiCr + culpn + fCn

9% = —0*uCpi + pFus + 65 G
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By Lemma 4.7 and Lemma 4.6

Hucnuw o < C (1FalEy 0+ 19021, ) + Gl 202

< C( Z Huwi(Cn)xjH%ﬂ;(t) + HuDQCnH]%g(t) + Hu-DCnH%Ig+1(t) + Han”IZHIg(t)
ij=1

119621 g2y + u0GallZys2 ).

Thus it follows from (4.11) and Lemma 4.8 that

sy < € (s + 15 + 001 o) + 0l (112
By the definition of || - HH“’“(t) and Lemma 4.6,
2
Hu”?—[;'ﬂ(t) = |’uHH;+2(t) + ||6Lijuxixj + biuzi + cu + f||H;f(t)

+ Haluxz + pu + gHHgﬂ(t’zg) + HUUHUQH
< Cllullggeag + 1 g + 19lhggi ) + ol

This together with (4.12), the embedding inequality (see, for instance, [18])
lullpies < ellullfyee + Cle, B)llullyy, VB €[0,1) (4.13)
H) H) 3

and Theorem 2.6 yields that

Jul iz < € / ull2 e gy ds + € (1712 ey + 19021y + ol 22

A priori estimate (4.4) now follows from Gronwall’s inequality. The theorem is proved. O

Proof of Theorem 4.4. Again in view of Theorem 3.8 and the method of continuity, we only
need to prove that a priori estimate (4.6) holds for any solution u € Hy *(T) of (4.1). One can

'k is assumed to be zero,

prove the theorem by modifying the proof of Theorem 4.2. But since o*
the proof of this theorem is much easier.

Let v € H) (T be the solution of
dv = Avdt + (pFu + ¢*)dzZF,  v(0) = up.

The existence of the solution of the above equation is guaranteed by Theorem 3.8. By Theorem
3.8 and Lemma 4.6,

IN

HUHHZ“(t) < C (HNU +gHHZ+HEO(t,€2) + ||u0HUg+2>

ltllgyiseagey + lgllgyrseo + ollgsa) (4.14)
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Note that 4 :=u —v € ”H;H(T) satisfies
dit = (a7, + by + cu + f)dt, u(0) =0, (4.15)

where f = a¥v,i,; — Av+ bl + cv+ f. By a classical result for deterministic equations (see, for
instance, Theorem 5.1 in [9])

lallgyzy < Cllligy < € (Illyzgy + 1o -

Consequently, for each t < T, by (4.14) and (4.15)

lulligragy < C (Ialhgeag + Ivlhgragy)

IN

o (P R R /e
This together with the embedding inequality (see (4.13))
lull 110 < Bl o2 + C6.20) g
yields that
Il < € (Il + 1T + Tl + ol ).
As in the proof of Theorem 4.2, this easily leads to (4.6). The theorem is proved. ]
Finally we present our L,-theory for the following equation :
du = (aijuxix,j + biuxi + cu + f(u)) dt + (oikuxi + uku + gk(u)) de, u(0) = up, (4.16)
where f(u) = f(w,t,z,u) and ¢*(u) = ¢*(w,t,z,u).
Assumption 4.9 Fiz eg so thateg =0 if p=2, andeg € (1 —2/p,1) if p > 2.
(i) o* =0 if p > 2.
(ii) For any u = u(z) and v = v(z) in H}*?, and ¢ > 0, there exists a constant C. so that
1F () = £t )y + g (- w) = g(E - 0) rsaven < ellu—vl| g2 +Cellu—vl| . (4.17)
Here is our main result.

Theorem 4.10 Suppose that Assumption 4.1 and Assumption 4.9 hold. Assume also that for each
w,t,

|aij(tv ')’B|”f‘+ + ‘bi(ta ')|BW+ + le(t, ')|B|7‘+ + ’Ui(ta ')‘BW*HSOH + |, ')‘BW*HSOH <L

Then for any ug € UQH, the quasi-linear equation (4.16) has a unique solution u € HZH(T) and
for this solution we have

lullagzeecry < C (15 Oligiry + 9O lgyereo + o2 - (4.18)

22



Proof. For any u € H;+2(T), by using Theorem 4.2 and Theorem 4.4 we can define v € 7—[;+2(T)

as the unique solution of the equation
dv = (a5 4 bvgi + cv + f(u))dt + (0Fvy + pFo + ¢F(w)dZE,  u(0) = uo.

By denoting v = Ru we define an operator R : H) ™ *(T') — H)?(T). By Theorem 4.2, Theorem
4.4 and (4.17) for each t < T,

A

IRu =Rl s, < C<”f(“) @)l + o) 9(”)“Hz““°<wa>>

IA

t
C <€p||u - U||Z;+2(t) + C’Ep/o E|lu(s) — U(8)|I;I;d8> .

The proof of Theorem 6.4 in [9] shows that using this inequality one can find a positive integer m
depending only on d, p, d, K so that R™ is a contraction in ”H;H(T ) with contraction constant 1/2,
and this yields all the assertions of the theorem. The theorem is proved. O

Example 4.11 (SPDEs with non-local operators) Consider
Flu) = b(w, t,2) A" 2u+ fo,  gF(u) = ¥ (w,t,2) A% 2u + g,

where A2y := F~H(—|¢|°F(u)(€)). Assume B < 2, B2 +eo < 1, and fo € H}(T) and gy €
Hg“ﬁo (T, ¢3). Assume for each w,t,

‘B‘B\’YH + |E|B\’Y+1+Eo\+ <K.
Then by Lemma 4.6,

1) = £l + llg(w) = ()] v
O (AP 72 (u = )l g + 1A%/ = v)]| 41420

IN

< O (lu=vllyyem + u=vll gyorseess )

Since for any a < 2 and € > 0, [Jul| yy+a < ellul[gy+2 + C(e, @)||ul gy, one easily gets (4.17). Thus
P P
Theorem 4.10 holds with this choice of f(u) and g*(u).

Example 4.12 (SPDEs driven by Lévy space-time white noise) Let d = 1 and consider the equa-

tion
du = (a(t,z)u” (t,z) + b(t,2)u (t, 2) + f(t,z,u(t,z)))dt + h(t,z,u(t,z))dZ, (4.19)

where Z; is a cylindrical Lévy process on Lo(R), that is Z; has an expansion of the form
oo
Z = Z " (x) 2}
k=1
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where {n* : k = 1,2,-} is an orthonormal basis in Lo, ZF are identically distributed independent
one-dimensional Fi-adapted Lévy processes with Lévy measure v that has finite second moment.
Using the expansion we can rewrite (4.19) as follows :

du = (a(t,z)u” (t,z) + b(t, 2)u'(t,x) + f(t,z,u(t,z)))dt + Z 9" (u)dzk, (4.20)
k=1

where g¥(u) := h(t,x,u(t,))n*. An L,-theory of this equation is well studied in section 8.3 of
[9] when Z} are independent one-dimensional Wiener processes. By repeating the approach in [9]
almost word for word, one can easily establish the estimate (4.17). Consequently, one gets from
Theorem 4.10 a corresponding L,-theory when ZF are independent one-dimensional Lévy processes.
Below we only give an Lo-theory for the simplicity of the presentation. Assume

1/2
& = </ |z|2u(dz)> < o0, |a|g + |blg <K,
R

’f(ta$7u)_f(tu$av)| §K|U—U|, |h(t,x,u)—h(t,x,v)| gf(t,x)|u—v|, Sup|€| < 0.
Theorem 4.13 Let k € (0,1/2) and ug € U21/2_“. Assume

1/2

1= (& [ (150000 e+ 10, ) ds) <o

where

1/2 o0
h(t,z,0) := (/ R%*(z — y)h%(t, vy, O)dy) , R(z):= |x|(2“_1)/2/ ¢ (5-2m) /g —ta®~1/(48) gy
R 0

Then equation (4.19) with initial data ug has a unique solution u € 7—[;/2_”(T) and for this solution,

el /2y < € (1(T) + lloll /21 ) -

Proof. Let v = —k — 3/2. Then f(u) and g(u) satisfy condition (4.17). We refer to the proof of
Theorem 8.5 in [9] for the details. Then the claim follows from Theorem 4.10. o
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