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Abstract

For d > 1 and « € (0,2), consider the family of pseudo differential operators {A+bA%/2;b €
[0,1]} on R? that evolves continuously from A to A 4 A®/2. In this paper, we establish a
uniform boundary Harnack principle (BHP) with explicit boundary decay rate for nonnegative
functions which are harmonic with respect to A +bA%/2 (or equivalently, the sum of a Brownian
motion and an independent symmetric a-stable process with constant multiple b'/*) in C*! open
sets. Here a “uniform” BHP means that the comparing constant in the BHP is independent
of b € [0,1]. Along the way, a uniform Carleson type estimate is established for nonnegative
functions which are harmonic with respect to A + bA®/2 in Lipschitz open sets. Our method
employs a combination of probabilistic and analytic techniques.
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1 Introduction

Discontinuous Markov processes have been receiving intensive study recently due to their impor-
tance both in theory and in applications. Many physical and economic systems could be and
in fact have been successfully modeled by discontinuous Markov processes (or jump diffusions as
some authors call them); see for example, [28, 33, 35] and the references therein. The infinites-
imal generator of a discontinuous Markov process in R? is no longer a differential operator but
rather a non-local (or integro-differential) operator. For instance, the infinitesimal generator of a
rotationally symmetric a-stable process in R? with o € (0,2) is a fractional Laplacian operator
cAY? = —c(=A)/2,

Discontinuous Markov processes include the very important Lévy processes as special cases
and they are of intrinsic importance in probability theory. Integro-differential operators are very
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important in the theory of partial differential equations. Most of the recent study concentrates
on discontinuous Markov processes, like the rotationally symmetric a-stable processes, that do not
have a diffusion component. For a summary of some of these recent results from the probability
literature, one can see [15, 10] and the references therein. We refer the readers to [12, 13, 14] for a
sample of recent progresses in the PDE literature.

However, in many situations, like in finance and control theory, one needs Markov processes
that have both a diffusion component and a jump component, see for instance, [27, 34, 35]. The fact
that such a process X has both diffusion and jump components is the source of many difficulties in
investigating the potential theory of the process X. The main difficulty in studying X stems from
the fact that it runs on two different scales: on the small scale the diffusion part dominates, while
on the large scale the jumps take over. Another difficulty is encountered when looking at the exit
of X from an open set: for diffusions, the exit is through the boundary, while for the pure jump
processes, typically the exit happens by jumping out from the open set. For the process X, both
cases will occur which makes the process X much more difficult to study.

Despite these difficulties, in the last few years significant progress has been made in understand-
ing the potential theory of such processes. Green function estimates (for the whole space) and the
Harnack inequality for a class of processes with both continuous and jump components were estab-
lished in [36] and [37]. The parabolic Harnack inequality and heat kernel estimates were studied
in [38] for Lévy processes on R? that are the independent sum of Brownian motion and symmetric
stable process, and in [20] for much more general symmetric diffusions with jumps. Moreover, a
priori Holder estimate is established in [20] for bounded parabolic functions. For earlier results on
second order integro-differential operators, one can see [24] and the references therein.

The boundary Harnack principle (BHP) is a result about the ratio of positive harmonic func-
tions. We say that the BHP holds for an open set D C R¢ if there exist positive constants Ry and
C depending on D with the property that for any @ € 9D, r € (0, Ry|, and any positive harmonic
functions u and v in D N B(Q,r) that vanish continuously on 9D N B(Q,r), we have

M v(z) or all x r
() < Cv(y) for all z,y € DN B(Q,r/2). (1.1)

The BHP for Brownian motion (or, equivalently, for the Laplacian) is a fundamental result

in analysis and PDE. It was independently established for Lipschitz domains in the late 1970’s by
Ancona, Dahlberg and Wu ([1, 22, 42]). Later, Bass and Burdzy developed a probabilistic method in
[5] to prove the boundary Harnack principle and extended the boundary Harnack principle to more
general domains (see also [4]). When D is a bounded C'*! domain, (1.1) can be strengthened to the
following version that gives the explicit boundary decay rate of non-negative harmonic functions
that vanish on the boundary:

u(@) _ op(x)
u(y) = Conly)

where dp(z) is the Euclidean distance between z and D¢. The BHP plays a vital role in the study

for all z,y € DN B(Q,r/2), (1.2)

of potential theory of Brownian motion and Dirichlet Laplacian in domains. For example, BHP
can be used to show that Martin boundary can be identified with the Euclidean boundary for a
large class of domains and to study the non-tangential limit of non-negative harmonic functions
near the boundary (see [2] for an analytic approach and [3] for a probabilistic approach). In fact,



BHP has also be established for a large class of diffusions (or, equivalently, for second order elliptic
equations), see [11, 23].

The study of BHP for discontinuous Markov processes and integro-differential operators is quite
recent. It was first established for bounded Lipschitz domains in [7] and then extended to more
general open sets in [40]. Subsequently Bogdan-Stos-Sztonyk [9] and Sztonyk [41] extended the
boundary Harnack principle to symmetric (but not necessarily rotationally invariant) stable pro-
cesses. Recently, the BHP has been extended in [31] to a large class of pure jump Lévy processes
that can be obtained from Brownian motion through subordination. Very recently, the boundary
Harnack principle for some one-dimensional Lévy processes with both continuous and jump com-
ponents was studied in [32]. However BHP for processes on R? in dimension two and higher that
have both diffusion and jump components have been completely open until now. Note that the fact
that a pure jump process may (and typically does) exit an open set by jumping out of it stipulates
that, in the boundary Harnack principle for such processes, the nonnegative harmonic functions
vanish continuously on DN B(Q, ).

The principal goal of this paper is to establish the boundary Harnack principle for nonnegative
functions which are harmonic with respect to the independent sum of a Brownian motion and a
symmetric stable process in Cb! open sets in R? for every d > 1. The process X studied in this
paper, although quite specific, serves as a test case for more general processes with both continuous
and jump parts. The study of this test case will hopefully shed new light on the understanding of
the boundary behavior of nonnegative harmonic functions of general Markov processes.

Intuitively, the independent sum X of a Brownian motion and a symmetric stable process can
be thought roughly as some sort of “perturbation” of Brownian motion. Thus some people might
expect the BHP for X could be established through some general perturbation technique. However,
this kind of approach may not always work. In [29, 30], the potential theory of truncated symmetric
stable processes including BHP was studied. One of the main results in [29] is that the BHP is valid
for the positive harmonic functions of this process in bounded convex domains. A very interesting
fact is, even though truncated symmetric stable processes can be considered as a perturbation of
rotationally symmetric stable processes (see [25, 30]), unlike symmetric stable processes, the BHP
for truncated symmetric stable processes fails in non-convex domains (see the last section of [29]
for a counterexample). This indicates that general perturbation method may not be suitable for
establishing the BHP.

Let us now describe the main result of this paper more precisely and at the same time fix the
notations. A (rotationally) symmetric a-stable process Y = (Y;,t > 0,P,, 2 € R?) in R? is a Lévy
process such that

E. [eig'(Yt_YO)} = ¢t for every 2 € R? and ¢ € R%.

The infinitesimal generator of a symmetric a-stable process Y in R? is the fractional Laplacian
A%2 which is a prototype of nonlocal operators. The fractional Laplacian can be written in the
form

A(d, )

AY?y(z) = lim (u(y) — u(a:))m

£10 J{yerd: [y—a|>e}
where A(d, ) := a2a_17r_d/2F(CI+Ta)F(1 —2)7!. Here I' is the Gamma function defined by I'(\) :=
Jo 7 trteTtdt for every A > 0.

(1.3)
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a-stable process in R%. Both X© and Y satisfy a self-similarity, which will be used several times in
this paper. That is, for every A > 0, {\"1/2(XY, — X9),t > 0} and {\"Y/*(Yy; — Yp), ¢ > 0} have the
same distributions as that of {X{ — XJ,¢ > 0} and {Y; — Yp,t > 0}, respectively. Assume that X°
and Y are independent. For any a > 0, we define X° by X2 := X + aY;. We will call the process

Suppose X is a Brownian motion in R? with generator A = > and Y is a symmetric

X the independent sum of the Brownian motion X° and the symmetric a-stable process Y with
weight @ > 0. The infinitesimal generator of X® is A +a®A®/2. For every open subset D C R%, we
denote by X®P the subprocess of X killed upon leaving D. The infinitesimal generator of X%
is (A +a*A%?)|p. Tt is known (see [38]) that X®P has a continuous transition density p% (¢, 2, y)
with respect to the Lebesgue measure. We will use p*(t,z,y) to denote the transition density of
X (or equivalently, the heat kernel of A 4 a®A®/?). The quadratic form (€, F) associated with
the generator A + a®A%/2 of X® is given by

0
F=WHRY = {u e L*(R%; dx) : 8—u e L}(R%; dzx) for every 1< i< d}

Zg

and for u,v € F,

Eun) = [ Vul@) Vo@dat g [ () —ul) @) o) T
In probability theory, the quadratic form (£, W12(R%)) is called the Dirichlet form of X A
statement is said to hold quasi-everywhere (q.e. in abbreviation) if there is a set N having zero
capacity with respect to (€1, W12(R?)) such that the statement holds everywhere outside N. Here
Er(u,u) = E(u,u) + [au(z)?dz. The function J%(z,y) = a®A(d,a)|z — y|~(4+) is the Lévy
intensity of X®. It determines the Lévy system for X, which describes the jumps of the process
X¢: for any non-negative measurable function f on Ry x R? x R?, z € R? and stopping time T
(with respect to the filtration of X¢),

e | S seoxe x| =u [ [ ([ sexiproeoa)e] 0

s<T

(see, for example, [18, Proof of Lemma 4.7] and [19, Appendix A].)

The purpose of this paper is to establish the scale invariant version of the boundary Harnack
principle in Theorem 1.4. To state this theorem, we first recall that an open set D in RY (when
d > 2) is said to be C'b! if there exist a localization radius R > 0 and a constant A > 0 such that
for every Q € dD, there exist a Cll-function ¢ = ¢g : RT! — R satisfying ¢(0) = V¢(0) = 0,
[Vdlloo < A, |Vo(z) — Vo(y)] < Alz — y|, and an orthonormal coordinate system CSg: y =
(Y1, yYd—1,Yd) =: (U, ya) with its origin at @ such that

B(Q,R)ND ={y = (y,ya) € B(0,R) in CSq : ya > ¢(y)}.

The pair (R, A) is called the characteristics of the C1'! open set D. By a Cb! open set in R we
mean an open set which can be written as the union of disjoint intervals so that the minimum of the
lengths of all these intervals is positive and the minimum of the distances between these intervals
is positive. Note that a C! open set can be unbounded and disconnected.



For any « € D, let dp(x) denote the distance between = and 9D. It is well known that any
CU! open set D satisfies the uniform interior ball condition: there exists R < R such that for every
z € D with 6p(x) < R, there is Q, € 0D so that |z — Q| = dp(z) and that B(Z,R) C D for
T=0Q;+ E(az — Qz)/]x — Qz|. Without loss of generality, throughout this paper, we assume that
the characteristics (R, A) of a C! open set satisfies R= R < 1 and A > 1.

For any open set D C R%, 78 :=inf{t > 0: X2 ¢ D} denotes the first exit time from D by X¢.

Definition 1.1 A real-valued function v defined on R? is said to be harmonic in D C R¢ with
respect to X if for every open set B whose closure is a compact subset of D,

E, [Ju(x2y)

} <oo and u(x)=E, [u(Xa%)] for q.e. z € B. (1.5)

T

Note that by using the Lévy system of X?, we have

E, Uu(ng)” > E, Du(ng)

B A(d, o) a®
/0 </Rd\B u(y)| |Xg—y|d+ady> ds] .

Hence if u is a harmonic function in D with respect to X, then u(y)(1 A |y|~(@t®) is integrable

; X, € R\ B]

= K,

on B¢ for any relatively compact open subset B with B C D. It follows from Theorems 1.2
and 1.3 of [20] that all harmonic functions in D with respect to X® are continuous on D, since
every harmonic function in D with respect to X can be approximated locally uniformly in D by
functions that are bounded on R? and harmonic with respect to X in relatively compact open
subsets of D. Therefore, for any harmonic function w in D, (1.5) holds for every point € D. The
above also implies that any harmonic function v in D with respect to X is locally bounded in D
with [pa [u(y)|(1 A y|~(4+9))dy < co. A function u is said to be in VV&?(D) if for every relatively
compact subset B with B C D, there is a function f € W2(R?) such that v = f a.e. on B. The
following analytic characterization of a function u being harmonic in D with respect to X* follows

immediately from Example 2.14 in [16].

Proposition 1.2 Let D be an open subset of RE. Then the following are equivalent.
(i) w is harmonic in D with respect to X*;

(ii) u is locally bounded in D, [q [u(y)|(1Aly| =4 ))dy < 0o, w € WL2(D) and (A+a*A%?)u =0
in D in the distributional sense: for every ¢ € C°(D)

A(d, o) a®

1
[ Vula)-Vola) a5 [ (o) = ulw) (o) = o) 2 S dody = .

The following uniform Harnack principle will be used to prove the main result of this paper.

Proposition 1.3 (Harnack principle) Suppose that M > 0. There exists a constant Cy =
Cola, M) > 0 such that for any r € (0,1], a € [0,M], zog € R? and any function u which is
nonnegative in R* and harmonic in B(xq,r) with respect to X® we have

u(z) < Couly) for all x,y € B(xo,7/2).



Let Q € OD. We will say that a function u : RY — R vanishes continuously on DN B(Q,r) if
u =0 on DN B(Q,r) and w is continuous at every point of 9D N B(Q,r). The following is the
main result of this paper.

Theorem 1.4 Suppose that M > 0. For any C*' open set D in R? with the characteristics (R, A),
there exists a positive constant C = C(«,d, A, R, M) such that for a € [0, M], r € (0,R], Q € 0D
and any nonnegative function u in R? that is harmonic in D N B(Q,r) with respect to X® and
vanishes continuously on DN B(Q, ), we have

op(x)
u(y) =¢ dp(y)

When a changes from 0 to M, A + a®A®/? changes continuously from A to A + M* A%2. So
Theorem 1.4 says that the BHP holds uniformly for the family {A +a®A%/2, a € [0, M]} of pseudo
differential operators in the sense that the constant C' in (1.6) can be chosen to be independent of

for every x,y € DN B(Q,1/2). (1.6)

a € [0, M]. Note that a = 0 corresponds to the classical case of the boundary Harnack principle
for the Laplacian. We will therefore in the rest of the paper assume that a € (0, M].

As far as we know, this is the first time that a BHP has been established for non-local integro-
differential operators that have second order differential operator components in dimension two and
higher. Unlike (1.1) and the paragraph following it, in this paper we are concerned with the above
BHP for C'"! open sets only. The main focus and goal of this paper is to get the explicit decay rate
of harmonic functions near the boundary of D as in (1.6) and to show that the BHP is uniform in
a € [0, M]. We emphasize that (1.6) is not true in Lipschitz domains even in the classical case of
BHP for the Laplacian. However, a uniform Carleson type estimate is shown to hold for Lipschitz
open sets in Theorem 4.3. The BHP of above type is very useful in studying other fine properties
of the process. For example, we will use it to derive sharp Green function estimates of X¢ in C'h!
open sets in a forthcoming paper [17].

For a > 0, X% and X := X! are in fact related by a scaling. More precisely, for a € (0, M],
X% has the same distribution as AX,-2,, where A = a®/(®=2) > M/(@=2)  Consequently, if u is
harmonic in an open set U with respect to X?, then v(z) := w(Az) is harmonic in A™'U with
respect to X. Hence the uniform Harnack inequality of Proposition 1.3 follows from the Harnack
inequality for X. The latter is known, see Theorem 6.7 of [20] or Theorem 4.5 of [38]. However
the uniform BHP of Theorem 1.4 can not be obtained by such a scaling argument from the BHP
of X. This is because for a C1'! open set D with the characteristics (R, ), A™'D is, in general, a
C! open set with Cb! characteristics (R/, AA), which tends to (0, 00) as A — oo.

For each fixed ag € (0,2), when « changes from aq to 2, the operator A + a®A%/2 evolves
continuously from A 4 a®A%/2 to (14 a?)A. So in view of Theorem 1.4, it is reasonable to expect
that one can get the BHP for A + a®A%/? uniformly both in a € (0, M] and in a € [ag,2). We
believe this is the case and that it can be achieved by carefully keeping track of all the comparison
constants in the arguments of this paper. However in order to keep our exposition as transparent
as possible, we are content with establishing the results stated in Theorem 1.4 and leave the details
of the proof for the last claim to interested readers.

Our method of establishing the above BHP is different from those in [7, 40] for symmetric
stable processes and in [31] for more general subordinate Brownian motions. The reason that the
approaches in [7, 40, 31] do not work well in our setting lies exactly with the fact that X leaves



open set D by jumping out across the boundary 0D as well as by continuously exiting D through
the boundary of D. To circumvent this difficulty, in this paper we adopt the ideas from [8] for the
BHP of censored stable processes, which are further refined in [26]. That is, we use suitably chosen
subharmonic and superharmonic functions of the process X (or equivalently, of A + a®A*/ 3 to
derive some exit distribution estimates that are needed to establish the BHP. However, had we
done it in this way directly, we would only get the BHP for A + a®A%/? with o € (1,2). The
reason is that, when D = Hi ={z = (21, - ,2q) € R?: 21 > 0}, we need to consider testing
functions wy(z) = (z1 V 0)P for p > 1. But for w, to be A%2differentiable in H?, see (1.3), one
requires p < «, which would be impossible when a € (0,1]. To overcome this difficulty, for each
A > 0, we consider the finite range (or truncated) symmetric a-stable process YA obtained from Y
by suppressing all its jumps of size larger than \. The infinitesimal generator of VA is
Ea /2 .A(d, a)

u(x) := lim u(y) —u(z)) ———— dy. 1.7
4 ( ) el0 {yGRd:€<|yfz|<>\}( ( ) ( ))|x_y|d+a ( )

When A = 1, we will simply denote 337/12 by 33/ . Then wp is ﬁg/ ?_differentiable in Hff_ for
every p > 0. Observe that X = X0 4 qYVa ig Lévy process obtained from X¢ = X° + qY
by suppressing all its jumps of size larger than 1 and that the infinitesimal generator of X is
A+ao‘ﬁg/ ®. From this, we can obtain suitable exit distribution estimates for the Lévy process Xe,
The desired estimates for X can then be obtained from that for X¢ by adding back those jumps
of X® of size larger than 1. Such an idea has already been used in [21] to study Schramm-Léwner
evolutions driven by one-dimensional symmetric stable processes. We remark that the BHP in
Theorem 1.4 for the case of a = 1 has also been mentioned in Remark 5.2 of Guan [26]. However,
no precise statement (such as the range of ) nor a proof is given in that paper.

The rest of the paper is organized as follows. In Section 2, we derive estimates on ﬁg/ pr. These
estimates are then used in Section 3 to obtain exit distribution (or harmonic measure) estimates for
the finite range process X and then for the desired process X . In Section 4, we first give the proof
of Proposition 1.3, and then establish a Carleson estimate for non-negative harmonic functions of
A+a®A%? in Lipschitz open sets. Then using these results, the proof of Theorem 1.4 is presented.

Throughout this paper, we use the capital letters C1, Cs, - - - to denote constants in the statement
of the results, and their labeling will be fixed. The lowercase constants ci,cs,--- will denote
generic constants used in the proofs, whose exact values are not important and can change from
one appearance to another. The labeling of the constants ci,cs,- -+ starts anew in every proof.
The dependence of the constant ¢ on the dimension d > 1 and a € (0,2) may not be mentioned
explicitly. The constant M > 0 will be fixed throughout this paper. We will use “:=" to denote a
definition, which is read as “is defined to be”. For a,b € R, aAb := min{a, b} and aVb := max{a, b}.
For every function f, let f* := f Vv 0. We will use 0 to denote a cemetery point and for every
function f, we extend its definition to 0 by setting f(9) = 0. We will use dx or mg(dz) to denote
the Lebesgue measure in RY. For a Borel set A C R, we also use |A| to denote its Lebesgue
measure and diam(A) to denote the diameter of the set A.



2 Truncated fractional Laplacian estimates for power functions

In this section, we give some estimates which will be used later. Recall that the fractional Lapla-
cian A%/? and the truncated fractional Laplacian Ag/ 2= Ag/f are defined in (1.3) and (1.7),
respectively.

Lemma 2.1 For x € R? and p > 0, set wy(x) := (z])P. Then there are constants R. € (0,1),
C1 > Cy > 0 depending only on p, d and o such that for every x € RY with 1 € (0, R.]

|33/2wp(x)\ <C forp > «, (2.1)
]33/2wp(x)| < C1 |log 21 forp=q, (2.2)
Coal ™ < ﬁg/pr(a:) <C™* fora/2<p<a, (2.3)
—-C; < 33/2wp(x) < —Cy forp=a/2, (2.4)
and
—Chal ™ < A u(2) < —Coat™®  for 0 <p < af2. (2.5)

Proof. First note that using integration by parts and a change of variable, we get that for p,x > 0
and € € (0,1/(x + 1)),

1—¢ 1 1 l1—¢
/O mdz = a/o (Zp — 1)d(1 — Z)_a (26)
1 3 1—¢ P 1—¢ . B
— S(P-D-z P P=L(1 — 2)=od
e e Y (PR
l—e—1 1 p [l== 21
= +—-——= dz
B ae” a ally, ([(A—-z)¢
and
z+1 z+1
© 2P —1 1 © o
€ €
1 z+1 p ‘ch_l 1
=—P-D(z-1)"% " + / 27z —1)"%z
[0} 1+<€ (0] 1+€

1
1 P—1 1 1 1

= % + —2% — —(z+1)P2x* P + p/ ' 227PH1 — 2) 7z
g o (6 (67 zil

For p > 0 and = € (0,1), by a change of variable

3?/211)17(33) = A(L Oé) lim M

1 _ d
20 Jg v —y[tHe {e<|y—=z|<1} QY

A o) tim [ 2= dy — A A
= A1, ) li T 4 —AQL, N~
ol | e e = A0 [
Y | 0
—Al,a) 2P lim [ T T 1. dz — A(1, )zP — )l
(La)x i | e Mieusea) 42 (1, a)x /x_l@ Y) y

x+1

1-e D _ = D _
= A(1, @) 2P~ lim (/ (Zldz +/ Zldz> _ M(xp—a —aP).
0 1

€10 1 —z)lta 1o (z—1)lta a



So we have by (2.6)-(2.7) that for p > 0 and = € (0, 1),

3(11/2101,(:@ (2.8)
Y7 p_
AL g (4 AP QP ) A, Alha),
« el0 e Q o
1 a-p—1 _ _p—1 T p—1
AL ) (x+ 1) + A(l,a)pxp_a / z AP / oz dy
o' o' = (1—2z)> 0 (I—2)

B .A(l,Oz) . ) b /1 Jo—p—1 _ p-1 B /xil Lp—1
== <2x (x 4+ 1)P + px ( . Ta—a dz . —ae Z)adz) .

Note that for p > «,

sup P~ ¢
z€(0,1]

< Q.

1 a—p—1 _ _p—1 o p—1
/ Hdz—/ PR
L e o -2

x+1

So when p > a,

sup \ﬁ?mwp(x)] < 0. (2.9)
z€(0,1)

When p = «, there exists an r, > 0 such that for 0 < x < 7y

1 -1 _ La—-1 IL a—1
/ Hdz—/ T4
(e R S (=T

It is easy to see that

1 Z—l o
< / g S () los((1 4 ) /). (210)

x+1

sup
TE[rs,1]

< 0. (2.11)

1 -1 _ ja—1 e a—1
[ R
x (1 — Z) 0 (1 — Z)

x+1

On the other hand, when p € (0, @),

1 a—-p—1 _ _p—1 % p—1
/ S — - / ;S
e (1=-2)° o (I—2)

x+1

sup
z€(0,1]

< oo. (2.12)

€T

_ 1 La—p-1_ p-1 7 apl >0 if pe (a/2,a)
lim / — . dz —/ ——dz
xz—0+ z (1 - Z) 0 (1 - Z) <0 if p € (07 04/2)

x+1

while for p = a/2,

1 a—p—1 _ _p—1 - p—1 -1 Lo/2-1
[ [,
: (1-2) o (1-2) o (1-2)

x+1

we conclude from (2.8)-(2.12) that there are constants r; € (0,1) and C; > C2 > 0 depending on
p and « so that when p = «,

|A 2w, (z) < Cy|logz| for x € (0,11] and  sup |AY*wy(z)| < oo, (2.13)
z€(ry,1)



when p = a/2,

—-C; < A?pr(x) < —Cy for z € (0,71] and  sup \ﬁ?/pr(x)] < 00,
z€(ry,1)

when p € (a/2, a),

Coal™@ < A?/pr(x) < CyaP™® for z € (0,r1] and  sup \3?/2wp(:c)] < 00,
z€(ry,1)

and for p € (0,/2),

—Cr1aP* < 3(1)‘/2wp(x) < —C2P™ for z € (0,r1] and  sup ]3?/2wp(x)| < 0.

z€(ry,1)
On the other hand, for x > 1,
z+1
N , wp(y) — wp(x)
Al/ wp(r) =A(1, @) 15111([)1 - ﬁ 1 y>er dy
p—a ITH yp -1
=AML )2 i | e e @

1—¢ D _ L+1 P _
y 1 x y 1
—A(L ) 2P 1 vl g A
(L o) g </ e A M e y)

Ve (14 u)?P + (1 —u)P — 2

—Ata)are [ s du.

Note the above integrand
(I+uP+(1—uP -2
u1+a

is of the order u!=®

that
‘A?/pr(x)\ < coaP? for x > 1.

With r; € (0,1) as in (2.13)-(2.16), the above inequality in fact holds for x > r;.

(2.14)

(2.15)

(2.16)

near zero. So for p > 0 and « € (0,2), there is a constant ¢o = co(p, ) > 0 so

(2.17)

The estimates (2.9)-(2.16) prove the Lemma in dimension d = 1. Now we consider the case

d > 2. For each fixed z € R?, we use the spherical coordinates

(Y1,---,Yq) :=x + (rcosbq,rsinbfy cosbs, ..., rsinf;...cosy_q1,rsinf ...sinf; 1)

where r > 0,0 < 60,...,04_9 <mand 0 <60;_1 <2m. Let
¢((/9\) = @(01,...,042) := sin? 26, sin? 305 . . .sinf,_o.

Then for z € R? with z; > 0 we have

dy
lim (4" )P — 1)
el0 {yERd 1>|y— J:\>5} ! ! ’x_ ’d—i—a

2m 0 +\p _ P
EJ,O e r +a

el0

2m r4+ Y (T _\p
=lim d91/ dfs - - /d9d 2/ $(0)d04—1(cos 01)" / ( Cosolipza (Gost) dr

el0 rl—l—a

10

2 T H\p _ (_ p
+ lim d91 / dfsy - - / d0gs | $(0)d4_1(— cosby)? / ( costr) )"~ () dr.
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By the change of variable r = t — x1/cosf; for § € [0,7/2) and r = —t — x1/cosb; = —t +
x1/ cos(m — 61) for 0 € (7/2, 7], we get

dy
lim (g1 )P — =)
el0 J{yeRd: 1>|y—a|>e} ! ! |z — y|d+a

/2 ™ ™ 2 1+CO:27191 (t+)p — (ng)p
=1 N _ _ P Costh
81{51 ; do, /0 dos /0 dfg—2 ; $(0)dBg—1(cos b) / s |t — a1/ cosfy[Ite dt

ettty ()~ (o)

dt
[t — 21/ cos(m — 0|+«

21
+ lim d@l/ dfs - - / df —o (b d&d 1 COS(7T — 91)) /
el0 7r/2 1+

cos(7r 01)

2m waay (TP — (SE)P
—lim d91/ by - - /dedz $(0)dby_ 160501)/ )~ (Gl dt

el0 vy |t — a1/ cos O[T

cos 01

1

. e (P~ ()
+hm/ d@l/ dbs - / dbg_o o6 d9d 1(cos 01)P / T dt

|t — 21/ cos B[+

/7r df /W df /7r 60y | #(0)d0g_1(cos ) | 1i / = w)” |,
= 1 2 d— d—1(Ccos 01 1m i
0 0 0 2 Jo ' 10 J{ter: 15— -2 _|>ey [t — @1/ cos |1 He

cos 9

Therefore we have

za/Q

dwp

2
_ A( / o, / 0y - - / g | $(0)dfa_1(cos by )PAY > <00?91>
.A( arccos(z1/71) 2 , /2 71
= A
.A(l a) /0 d@l/o d92 / d@d 2 ¢ d@d 1(COS 91) Wp cos 91

+ do d@ d9_ 0)dBq—1(cos 601)PA] “w .
‘A(la O[) arccos(x1/71) ' 0 2 0 -2 0 ¢( ) ¢ 1( 1) 1 P\ cos 01

The conclusion (2.1)-(2.5) now follow immediately from the above equality and the estimates (2.9)-

(2.17), where we use (2.17) to bound the second integral above by c123 /73 for some positive constant
cy. O

Remark 2.2 A careful evaluation of (2.8) in fact shows that lim,_ g+ 3?/ pr(x) = ¢ # 0 when
p > «a. At the first glance, this may look surprising, as in the Brownian motion case (which
corresponds to a = 2), Az = p(p — 1):5117_2. The bound in (2.1) is due to the non-local nature of
the operator 33/ > for a € (0,2). However a more careful analysis of (2.8) reveals that for p > 0,

ﬁ?/zwp(a:) = (2—-a) ((p — a)_l — 1) +p(p—1)aP™@ for z € (0,71)

as o 1 2. It is not difficult to see that as a T 2, ﬁ(f/pr(:E) converges to Awy(x). O

Recall that for A > 0, the operator A / is defined by (1.7). Note that
a/2 —a/ANa/2 _
ASRu(z) = A= (A5 u(A) (A ). (2.18)

Thus, from Lemma 2.1 and (2.18), we get the following corollary.
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Corollary 2.3 Forx € R? and p > 0, set wy(z) := (x7)P. Then there are constants R, € (0,1/2),
Cy > Cy > 0 depending only on p, d and o such that for every A > 0 and x € R? with z1 € (0, AR,),

lﬁg’Qpr(a:ﬂ < GNP forp > «, (2.19)
A5 wy(2)] < Cillog(z1/A)],  forp=a, (2.20)
Coz ™" < 3374\2’[1)17(.%) < Gy fora/2 <p<a, (2.21)
—OA? < ARy (2) < ~CoA™2 forp = a2, (2.22)
and
—Cha ™" < ﬁgy/pr(x) < —Coz!™™  for0<p<aj2. (2.23)

3 Estimates on harmonic measures

Recall that for any open set U C RY, 78 = inf{t > 0: X2 ¢ U} is the first exit time from U by
X

Lemma 3.1 For every b € (0,00), there exist C3 = C3(M,b) > 0 and Cy = Cy(M,b) > 0 such
that for every xo € RY, a € (0, M] and r € (0,0],

Co1? < Bay [Th(aen| < Car™ (3.1)

Proof. See Lemmas 2.2 and 2.3 in [37] or Lemmas 2.3 and 2.4 in [20] for a proof. O

In the remainder of this section, we assume D is a C'! open set with characteristics (R, A).
Recall that we are always assuming that R < 1 and A > 1. For notational convenience, throughout

the rest of this section, we put
R

rg = ——o.
0 41 + A2
Define

pQ(r) = x4 — $Q(7),
where (z,z4) is the coordinates of z in C'Sg. Note that for every @ € 9D and x € B(Q,R) N D we
have

(1+A%)72pg() < dp(z) < pola). (3.2)

Recall that R, is the constant in Lemma 2.1.
Lemma 3.2 Fiz Q € 0D and the coordinate system CSq so that

B(Q,R)ND ={y = (¥, ya) € B(O,R) in CSq :yq > ¢(y)}.

Forp> a2, let
hp(y) = (PQ(y))p 1DmB(Q,4m)(y)-

Then there exist C; = Ci(a, p, A, R) > 0, i = 5,6, 7, independent of the choice of the point QQ € 0D
such that

12



(i) in the case § < p < «, for all x € D such that pg(x) < ro A Ry and |T| < ro, we have

Co (po(a)P~* < Ay hy(x) < Cs (pg(2))P~"; (3.3)

(ii) in the case p > «, for all x € D such that pg(x) < 1o A Ry and |Z| < ro, we have

1A hy ()| < C; (3.4)

(iii) in the case p = a, for all x € D such that pg(x) < ro A Ry and |Z| < 1o, we have

RS2 h, ()| < Cr|log (po(@)) |- (3.5)

Proof. In this proof our coordinate system is always C'Sg. Fix « = (Z,z4) € D such that
po(x) < 1o N Ry and |Z] < rp, and choose a point zg € 0D satisfying Z = zy. Denote by
7 (x0) the inward unit normal vector at zo for D and set ®(y) = (y — o, 7 (z9)) for y € R
Then II := {y : ®(y) = 0} is the hyperplane tangent to 0D at the point xy. The function
I'* : R41 — R describing the plane II is given by I'*(§) = ég(Z0) + Vg (Z0)(§ — Fo), and it holds
that ( (7,I*(y)) — o, 7 (20)) = 0. We also let

A = {y I(Y) < ya < ¢g(y) and |y — z| < ro} U {y I(Y) > ya > ¢o(y) and |y — z| < 7“0},
E = {yeD\A: [y—Z| <rgand pg(y) <ro(2+A)}.

Note that, if |z —y| < r¢p and y € D,

PQ(Y) < |ya — x| +[xa — 6Q(D)| + |9 (¥) = ¢@(T)| < 710(2+ A).

On the other hand if |y — Z| < 9 and pg(y) < ro(2 + A), then

o = 57+ aal? < @ro) + o2+ 8) + oo @) < 2 23 R <
Consequently, we have
DN B(z,ro) CDN{y: [y—Z| <roand pg(y) <ro(2+A)} C DN B(0,R). (3.6)
Let h(y) == ha(y) := (va — I*(y))T for y € RY. Since Vg (7) = VI*(F), by the mean value
theorem and the C'! condition on ?Q,

Ih(y) — poW)| = loq(m) —T* (@) (3.7)
=oo(¥) — ¢o(@) — Voo (@) - 1 —Z)| < Aly—2|*, yekE.

For y € RY, define &, (y) := dist(y,II) and Dr- = {y € R : y; > T*(9)}. Let

1/2

by = (14 |V¢>Q(f)|2) and hep(y) = (h(y))P for p > a/2.

Note that 1 < b, < v1+ A? and hyp(z) = hy(z).

13



Recall that R, and C; > Cy > 0 are the constants in Lemma 2.1. Since h(y) = b6, (y) on Dr=,
by Lemma 2.1, it holds that for y € Dr+ and §,(y) < R,

Co bB (8, ()P~ < DYk p(y) = BEAY?(5, ()P < CLEE(5,(y))P~* when /2 <p < a, (3.8)

).

A5 2h, ,(y)] = WIAS2(6,(m))P) < C1R < C1(1+ A2 whenp>a,  (3.9)
AP hep(y)] = BIAY2(6,(1))7] < CrLbE|log(6,(y))] (3.10)
< C1(1+ A*)P?|log (6, (y))] when p = a.

Note that b0, (x) = pg(x). Applying (3.2) and (3.8) to the point x gives that, for a/2 <p < «
Capq ()P < Cablpo(x)P ™ < Ay 2hy p(x) < C1b%po(x)P ™ < C1(1+ A% po(x)P~. (3.11)
Note that by (3.6),

A5 (hy — hay) (@) (3.12)

i | )=yl )
€l0 {1>|y—=z|>c} |$—y‘ o

(hp(y) = hpa(y))
) Al>|y—x|>m} ‘.’L‘ - y‘d+a dy'

hp(y) = pa(y)|
|$ _ y|d+a

= A(d,«)

IN

A(d, o

+A(d, @) lim
el0 J{ro>|y—a|>e}

(hp(y) - hp,:c (y))
d+a dy
(1>ly—a>r0} 1T — Yl

hp(y) + hyp2(y) /lh (y)]
d P—7d

+A( ’O‘)/A |z — g|d+a + A(d |33_ |d+a
= L+ L+ 1.

IN

A(d, o)

We claim that, if p > a/2, then
L+ 1+ 13 <c¢ (313)

for some constant ¢y = co(a,p, A, R). Together with (3.9)—(3.12) this will establish the desired
estimates (3.3)—(3.5) with constants depending on «, p, A and R.

Clearly I is bounded by some positive constant.

For y € A, we have

lhep(¥)| + hp(y)] < lya =T @) + lya — s < 2léq(y) — T W) (3.14)
< 26Q(y) — ¢(@) — Voo() - (7 —T)IP < 2AP|5 — T

Furthermore, since, on {|[y — Z| = r < 1o}, |po([®) — I*(@)| < Aly — z|* = Ar?,

ma—1 ({y: [7- 7| =nT*Y) < ya < ¢o@) or T*(§) > ya > do@)}) < e1r?
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for some constant ¢; > 0 if r < rg. This together with (3.14) yields that

ro hy + |h
I < A(dﬂ)/ /N . 1A(3/)‘ ’p£y1‘~d‘+§(y>‘ mq-1(dy)dr
0 |ly—z|=r |y ‘T|
T0

< 02/ r*d+2p*amd,1({y €EA: |y—z|=r})dr
0
T
< 6102/ r2P%dr < c3.
0

Note that for y € E

() = hap )] =I(R(©)” = (pa))?] < ca(hly) P~V [hly) = pa(y)l. (3.15)

where (p — 1)_ := (p — 1) A 0. In the last inequality above, we have used the inequalities
|bP — aP| < BP7Lb — al fora,b>0, 0<p<1

and
|bP —aP| < (p+1)|b— qal for a,b € (0,1), p > 1.

For y = (7,y4) € R% we use an affine coordinate system z = (Z,zg) to represent it so that
24 = yq — I'*(y) and z are the coordinates in an orthogonal coordinate system centered at xq for
the (d—1)-dimensional hyperplane II for the point (y,I'*(y)). Denote such an affine transformation
y+— z by z = U(y). It is clear that there is a constant c5 = c5(A, R) > 1 so that for every y € R,

G-z <l <ealy-z  olly—al < [P(y) - V()| < csly — 2

and that
U(E)C{z=(Z,2q) € R?: |Z] < cs5ro and 0 < z4 < 570}

Denote 24 — I'*(Z) by w; that is, ¥(z) = (0,w). Hence by (3.7) and (3.15) and applying the
transform ¥, we have by using polar coordinates for z on the hyperplane II,

Ry P—D- |7 — 72 (p—1)— 1312
I3 < 06/ (v) |y — 7] dy§07/ Zd~—|z’ dz
E v |2 —(0,w)|dte

c5T0 (r—1) Cc5T0 74d72 p p
< ¢ z - r Z
B 8/0 d (/0 (r + |2q — w|)d+o=2 ) I
C5T0 - C5T0 1
< o[ (] )i
0 o (r+l]z—wl)~
C5T0 _ 1 1
< Cg/ zc(lp - ( — — _1) dzq
0 |zqg — w|® (esro + |24 — w|)®
es5T0 1
< C10/ — dzq < c11 < 00,

where all constants depend on «, p, A and R. The last inequality is due to the fact that since p > 0,

0<a<?2and (1-p)T +a—1=max{a —p,a—1} <1, by the dominated convergence theorem,
—(1—p)t+

o(w) = OC5TO 2 (1-p) |zg — w|'~*dz4 is a strictly positive continuous function in z4 € [0, 5] and
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hence is bounded. Thus we have proved the claim (3.13), hence completing the proof of the lemma.
g

Since D is a O open set with characteristics (R, A), for every A > 1, AD is a C! open set
with uniform characteristics (R, A). Thus, by the previous lemma and (2.18), we get the following
as a corollary.

Corollary 3.3 Fiz Q € 0D and the coordinate system CSg so that

B(Q,R) NnND= {y = (37, yd) S B(O,R) m CSQ P Yqd > qb@)}

Let
hp(y) := (pQ ()" LpAB(Q.4r0) (V)

Then there exist C; = Ci(a,p, A, R) > 0, i =5,6,7, independent of the choice of the point QQ € 0D
and X\ > 1 such that

(i) in the case § < p < «, for all x € D such that pg(r) < ro A R« and |T| < ro, we have
Co (po(@))"™" < AgRIhy () < Cs (pg ()P~ (3.16)
(ii) in the case p > «, for all x € D such that pg(x) < 1o A Ry and |Z| < ro, we have
AgRhp(@)| < CrN; (3.17)
(ili) in the case p = «, for all x € D such that pg(x) < ro A Ry and |z| < 19, we have

RS2 hy ()] < C [log (po(a) /)] - (3.18)

The following scaling property of X will be used below: If (X}' D> 0) is the subprocess in D
of the independent sum of a Brownian motion and a symmetric a-stable process on R? with weight

a, then (/\X; Qt, t > 0) is the subprocess in AD of the independent sum of a Brownian motion and

a symmetric a-stable process on R? with weight aA(*=2/2 So for any A > 0, we have
ax(@—2)/a d,.a 2
P5D (t,x,y) = X %b (A2, A e, A ly) for t > 0 and z,y € A\D. (3.19)
By integrating the above equation with respect to ¢, we get

G5 wy) = NIGHO e AT Yy) for 2,y € AD (3.20)

where

G () = /0 P (¢, 2, y)dt

is the Green function of X in D. It is well known that the Lévy measure of X! has the intensity

T a,y) = ' (|2 = yl) = A(d, a)|z — y| 7).
Thus by a scaling argument, we get that the Lévy intensity of X is

T4 (w,y) = j*(Jx — yl) = a®A(d, @)z — |7+,
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which gives the Lévy system (1.4) of X.

By a A-truncated symmetric a-stable process in R? we mean a pure jump symmetric Lévy
process Y = (Y, t > 0,P,) in R? with Lévy density A(d, o)|z|~%~ 1{z|<x}- Note that the Lévy
exponent 9 of Y2 defined by

E, [eié(ﬁk*?@)} — e (O for every € R? and ¢ € R,

is given by . €-9)
—cos(& -y
|y|d+a

BNE) = Ad, o) /

{lyl<A}

Suppose that yMaisa (\/a)-truncated symmetric a-stable process in R? which is independent

dy. (3.21)

of the Brownian motion X°. For any a > 0, we define
XN = X0 oM >0
Note that from (3.21) we can easily check that for any b > 0,
YA (bE) = b2 (€) for every £ € R%, (3.22)
Thus for any a > 0 and &,z € R,

E, ez‘s()??’k—)?g**)] — PR, evz(a@-(ﬁ”a—?@/a)} — o tEP+N N (a8)) _ (P +a" e ()

Therefore X% has the same distribution as the Lévy process obtained from X¢ by removing jumps
of size larger than \. The above observation also gives us that the infinitesimal generator of X®*
is A+ ao‘Ag/)\z, and the Lévy intensity for X is

TN ,y) = a®A(d, @)l — y| " 1,0y

The Lévy intensity describes the jumps of the process XaX through the Lévy system: for any
non-negative measurable function f on Ry x R? x R¢, z € R? and stopping time T (with respect
to the filtration of X%),

T
E, |3 f(s, X2, %0 | = B, [ / (Rdf(s,XsA,y)JWXs*,y)dy) ds]. (3.23)
s<T

For any open set U C R, let ’T\g’)‘ =inf{t >0: 55;1)\ ¢ U} be the first exit time from U by X%,
and denote by X»MV the subprocess of X% killed upon leaving U. When A\ = 1, we simply write
X for X% and 7% for ?{}’1. The following scaling property will be used in the next lemma: by
(3.22), we see that for every A, a,b > 0 and &,z € R?,

E, ei&(b(}?:f‘%—)?g’)\))] = B_tszx [ei(abg)_(?bV;t_?ok/a)
ot b2 e (abe) _ —t((€[2Fat b2 (€)

Thus, if {X*VP t > 0} is the subprocess of {X** ¢ > 0} in D, then {bX*%" ¢ > 0} is the

b2t
Sabla—2)/a . . . S .
subprocess of {be ’b)‘,t > 0} in bD. In particular, if {Xf’D,t > 0} is the subprocess of
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{X2,t>0}in D, then {A)?;LDQt,t > 0} is the subprocess of {)/(\'f)‘(a_g)/a’A,t >0} in AD. So for any
A > 0, we have

f)\/\‘g‘<a72)/a’)‘(t, x,y) = Afdﬁg’l()fzt, Az, Ay for t > 0 and z,y € AD (3.24)

where ﬁg’)‘(t,az,y) is the transition density of XaAD, By integrating the above equation with
respect to ¢, we get

G\a)\(0"2>/"‘,)\

D (x,y) = )\27dég’1()\71$, A 1y) for z,y € AD (3.25)

where -
~PBY —a\
G5 (z,y) ::/ P (t, @, y)dt
0

is the Green function of X% in D.

For our reader’s convenience, we summarize some notations below.

Process Generator Lévy (jumping) kernel

XO A 0

; IR% A(d,0) 2|0

aY a®A\*/? a®A(d, o) HZ!’d’“

~ Na/2 —d—x

% A Ald, ) |27 1z
X% := X4+ aY A+ a®A%/? a®A(d, a) 2|~

XA = X0 4 ayMe A+ aASY a®A(d, a) |27 1y
Ra .= go A+ a@RS/ 0 A(d, ) |27 Lz <y -

Recall that pg(z) := z4—¢q(Z) for every Q € 0D and z € {y = (¥,ya) € B(Q,R) : ya > ¢0(¥)}-
We define for 1,79 > 0

Dg(ri,m2) :=={y € D :r1 > pg(y) >0, |y| <ra}.

Lemma 3.4 There are constants 6y = 0o(R, M, A, ) € (0,79), Cs = Cs(R,M,A,a) > 0 and
Co = Cy(R, M, A, ) > 0 such that for every a € (0, M], A >1, Q € dD and x € Dg(A\"1dp, \"1rp)
with x =0,

P, (X'ga € DQ(2)\160,/\17'0)> > COsA\dp(x), (3.26)

Do(A~18g, 27 1rg)

P, (;@ € D) < CoAop () (3.27)

Do (159,27 1rg)

and
E, [?%Q(wao,wmﬂ < Coxop (). (3.28)

Proof. To derive the estimates in the lemma, it will be convenient to consider the scaled process

~

AXY 5, which has the same distribution as XaX*"P/*X " The latter has infinitesimal generator
_oxNa/2
A+ a“\7*A -
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Without loss of generality, we assume @ = 0 and let ¢ : R¥~! — R be the C'"!-function satisfying
#(0) = Vo(0) = 0, Voo < A, |[Vo(y) — Vé(2)| < Aly — z] and CSg be the corresponding
coordinate system such that

B(Q,R)ND = {@, yq) € B(0,R) in CSq : yq > <Z>(37)}

Note that, since D is a C'! open set with characteristics (R, A), for every A > 1, AD is a Cb!
open set with the same characteristics (R, A). Let ¢ (7) := #(A™'7) : Rt — R. Then ¢, satisfies

$2(0) = Vpr(0) = 0, [[Vorllo < A, [VOr(T) — Vor(2)] < Al — 2] and
B(Q,R)NAD ={y € B(0,R)in CSq: ya>¢x(y)} forallA>1.

We let p > 0 be such that p # aand 1 <p < (2 (3 — «)), and define

oY) = ya— oY),
ha(y) == pA(¥)1B04r0)rrD ()
hap(y) = @) = (pA(¥)" 104r0)rp(¥),
D\, ri,m9) == {y€AD: 0<py(y) <riand |y| <ra}.

Since px(y) < V1+ A2 p(y) in view of (3.2), we have 0 < hy, < R < 1. It is easy to see that
D(\,r1,79) is contained in D N B(0,R/4) for every r1,ro < r9. Note that the (vector-valued)
Lipschitz function V¢, is differentiable almost everywhere. So for a.e. y € B(0,4r9) N AD,

Ahx(y) = Alya — ¢a(y)) = —Ada(y) (3.29)

and

Ahyp(y) = Alya— or(y))*
= plp— DA +|Ver@ ) (oa®)" % — p(pa(y))’ A ()
> plp— 1)1+ [Vor@ ) (o))" > = p (o))" | Ada o

Thus, since p € (1,2), we can choose a positive constant 6; = d1(R, M, A, ) € (0,r), independent
of A, so that there is ¢; > 0 such that

Ahyp(y) > c1(pa(y))P2 >0 for a.e. y € D(\,d1,70) . (3.30)

We divide the rest of the proof into three steps.

Step 1: Constructing suitable superharmonic and subharmonic functions with respect to A +
ao‘)\o‘_zﬁz/f. Let ¢ be a smooth positive function on R? with bounded first and second order
partial derivatives such that ¢ (y) = 2PF|y|?/rd for |y| < ro/4 and 2PT1 < o(y) < 2PF2 for
ly| > ro/2. Now we consider

ur A (y) == ha(y) + hap(y)

and
uz A (y) == ha(y) +9(y) — hap(y).
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Observe that since 0 < hy < 1 and p > 1, both u; ) and ug ) are non-negative. By Taylor’s

expansion with remainder of order 2,

(& + a2\ 2R3 v(y)| < 1Av(y)| + Mo

337/)\21,&(34)} <cla, M) < 0. (3.31)

Note that the constant cy above is independent of A. Moreover, since A > 1, p > «/2 and p # «,
by (3.16) and (3.17) there exist c3 = c3(R,A) > 0 and 2 = J2(R, A) € (0, 1] independent of A such
that

ASRhap(y) > —esAP™ for y € D(X, b2, 70).

Thus by using (3.30), the fact that p < 2 and the inequality above, and by choosing Jo smaller if
necessary, we get

(A n awa—?)zgff) hap(y) > c1pa(y)P2 — MOes\Po)+He=2) (3.32)
> ap) = Moes = oA
for a.e. y € D(\,d2,70). Furthermore by (3.16)-(3.18) and (3.29), there exist ¢4 = c4(M) > 0 and
d3 € (0, 62) independent of X\ > 1 such that for a.e. y € D(X,d3,70)
(& + aXCDRGE) ()|
< e (14 AT () 17N 1y AT Tog(pa()/ V) ) (3.33)

< o (1 F AT ) ()10 o=l gy | log PA(?D!) -

Thus by (3.31)-(3.33) and the fact that p < 2 A (3 — «), there exists d4 € (0,03) independent of
A > 1 such that

C1

Sy’ < —1 (3.34)

(A + aaA(a—2)837&2) ug A(y) < e+ ey (2 + |log pa(y)| + px(y)(l_o‘)m) )

for a.e. y € D(\,04,70).
On the other hand, we have from (3.17) and (3.18),

(A+a XA M) =~ 8¢l — s MO IHE 4 x T Hog d + 37 log pa(y)])
~[|AdAlloo — es M (1 + e + [log pa(y)])

v

for a.e. y € D(\,04,70). Combining the inequality above with (3.32), by choosing d4 smaller if
necessary, we have for a.e. y € D(X, d4,70),

_9N N« o Cc _
(A +a 2R wia(0) = —1A0]e — M2+ [logpa()]) + Dpr(u) 22 0. (3.35)

Step 2: Translating super-/sub-harmonic functions into super-/sub-martingale properties for XaremD/eN

For notational convenience, we let

XA . )?a)\<a*2)/o‘,)\ ~a,\ . ~aX@=2)/a )

and 7,77 =Ty
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We claim that the estimates (3.34) and (3.35) imply that

t— ug ) ()A{;a’);%A ) is a bounded supermartingale, (3.36)
AT (N, 64.70)
~a,\
Eq [TD(,\,&,TO)] < pa(w), (3.37)
and
t— up (Xat’imA ) is a bounded submartingale. (3.38)
t/\TD(A1647r0)

Observe that if v is a bounded C?-function on R? with bounded second order partial derivatives,
then by Ito’s formula and the Lévy system (3.23),

o~ o~ t o~ ~
M = o(X) — o(X0N) — /0 (& + N 2RZ) o(Xe)ds (3.39)

is a martingale (see the proof of Proposition 4.1 in [6] for the derivation of a similar assertion). If
the functions us ) and wu; ) were C? with bounded second order partial derivatives, then the claims
(3.36), (3.37) and (3.38) would just follow from (3.39) and the estimates (3.34) and (3.35). However
they are not C? since D is C1'! and they are truncated on the outside of B(0,47r9) N AD. So we
will use a mollifier. Let g be a non-negative smooth function with compact support in R¢ whose
value only depends on |z| such that g(x) = 0 for |z| > 1 and [p4g(x)dz = 1. For k > 1, define
gr(x) = 2Mg(2kx). Set

W) = s wa)) = [ alual -y, i=12

As
(A + a"‘)\("‘_2)£§/§> ugfc)\) = gp * (A + ao‘)\(ad)ﬁg’//f) U; ) fori=1,2,

we have by (3.34) and (3.35) that

(A + aaA(a*Q)ﬁg?//s) ugk;\ >0 and (A + aaA(a*Q)ﬁj,//%) uék; < -1
on Di(\, 04,70) := {y : 62 —27% > pr(y) > 27F and |y| <rg — 277},
(k)

Since u; y, i = 1,2, are bounded smooth functions on R? with bounded first and second order
partial derivatives, it follows from (3.39) that

(k) ( yra,\ ~a,\ . .. .
b uy ) Xt/\?‘f,’k(k - +tA TDr(\oarg) 15 @ positive supermartingale
k(2504570

and

t— ugk))\ (X a’ia N > is a bounded submartingale.
’ tAT S .
Dy, (X,84,70)

(%)

Since for ¢ = 1,2, u; » is bounded and continuous, u;y converges uniformly to u; ). Thus

tAT

v a,A ~a,\ . o .
t— ug ) (X %20 . m)) +tA TDr(M\darg) 1S @ Dositive supermartingale (3.40)

and

t— UL\ <}< ’i\a A ) is a bounded Submartingale.
’ tAT
Dy (X,64,m0)
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Since Dy (A, d4,70) increases to D(A, d4,70), we conclude that (3.36) and (3.38) hold. Moreover, for
each fixed £ > 1 and ¢ > 0, we have from (3.40) that

A ~a,\
E. [uzy,\ (Xta AN ) +tA Tgk(/\’&hm)] < ug ().

=
Dy, (X,64,7m0)

Since ug )y > 0, by first letting & — oo and then t — oo, we get E, FICL)’(AA 5 To)] < ug (). Since

=0, ¢¥(x) =0 and so ug y() < px(x). This proves (3.37).
Step 3: Deriving the desired exit distribution estimates by utilizing the super-/sub-martingale prop-
erty. Since ¢ > 2Pt on |y] > ro and ¢ (z) = 0, we have by (3.36),

pa(x) > ug x()

> Ez |:U27)\ ()?g;f\/\ ) ;)?Zf\)\ € ()\D) \ D()\, OO,T‘()):|

TD(X\54,70) TD(X84,70)
> (2p+1 -1)P, <)~(f;/\A € (AD)\ D(A, oo,ro)) )
TD(X.84.70)

We also have from (3.38)

pa(2) < pA(@) + pa()? = w1 a(2) < B [um (fcf;i )] < 2P, (fcf;i e m) |

TD(X,64.70) TD(A,84,70)

Combining the two displays above, we get

P, (féf;ﬁ € D()\, o0, 7«0)> (3.41)
TD(Xd4,70)
=P, (f(ﬁ;ﬁ € >\D> ~-P, (f(f;,ﬁ € (AD)\ D(), o0, 7‘0)>
TD()‘154’7"0) TD(A7547TO)
ortl _ 3
> .
> @ = l)P,\(ﬂf)
By (3.23),
P, (f(‘j;,ﬁ e D(\, 00,79) \ D(), 254,r0)> (3.42)
TDO\,64,7'0)
E /%'g’()‘A’54’TO) / (aA(OKiQ)/a)aA(d, a) 1 d d
— — YA y S
’ 0 D(X,00,m70)\D(\,284,70) ’X;L)\ — y|d+a {1Xs vl<Ad

~a,\

"D(A,64,m0) aa)\a_Q.A(d, Oé)
/ / TR gara W08
0 D(\o00,70)\D(A,264,m0) | Xs™ — 9|

<cgA(d, a® 2 / y *d*ady E, 7~_a7>\
() ( D()\,oo,ro)\D()\,264,ro)‘ | [D(A,&;,m)}

<crA(d, @)a® A2 / |~y | B, |75 5
D(X,264,70)\D(\,384/2,70) [ D(A,04, o)}

~a,\

T oar oz)\oz—2 d
0 D(A264,70)\D(A\,384/2,m0) | X7 — y|dta s 7Y

—cs P, <f(f;§ € D(X,264,10) \ D(\,384/2, ro)) .

TD(X,64,70)

<E,

<c E,
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Thus from (3.41)-(3.42)

P, <X1‘A € D(\ 204, 7"0)> > copa(a). (3.43)

D()\ 34,70)

Recall that 0 < hy, < 1. If |y| > /2, then 9 (y) > 2PTL, we have

uz A(y) = ¥(y) + ha(y) — hap(y) > (y) —haply) 229 > 1 for y € B(0,79/2)°.

Furthermore, for y € B(0,4ry) such that 4 < py(y) < 4ro,

ug \(y) = V() + ha(y) — hap(y) = pa(y) — pa(y)? > cio,

where c19 € (0,1) depends on ¢4 and R. By using the last two observations, it holds that ug ) >
cio > 0 on (AD) \ D(A,d4,70). Therefore, by (3.36) we get

,0)\(.%') Z u27>\(ac) Z E |:u2)\ (XNGAA >:| > ClOPx ()?g;:; S /\D) . (3.44)
)

TD(X\64.70) D(X,84,r9

i X e T Saxe—2)/a
Since the process {A\(X{_,, — X{§),t > 0} under P, has the same distribution as {Xf’\ A _

)?g’\(%Q)/a’)‘,t > 0} under P, we have from (3.43) that for € Dg(A 164, A71rp)
P, <X“ S D)
DQ(A 154,07 1rg)
> X 1 -1 -1
> P, <X T LaaaLro) € D2\ 764, A" "19) \ Do(A™ 64, A T‘o))
= ( ~a,) S D()\, 204, 7'0) \D()\, 04, T()))
D()\ 84,70)
> cgpa(Ar) > cr1éap(Az) = c1iAdp(z),
and, from (3.44)
P, (X'ga € D) = Py, (X‘jjA € /\D>
Do (A~1ag,2"1rg) TD(A84,70)

< Clgp)\()\x) < 0135,\[)()\33) = 613)\5D(I).

Finally by (3.25) and (3.37),

L ~a,l
E; [TDQ(,\—154,A—1TO)} - /D (g At )GDQ( ‘164,A—1r0)($,y)dy
Q o0
- -2 a)\(o‘ 2)/04
= A ~/DQ(’\_164 Alrg )G A\, 54’7~0) ()\.T Ay)d

= )\2/ Ga/wY /e Az, z)dz
D(X\,04,70) D(rda, TO) ( )

-2 ~a,\
et )\ E}\CE |:TD()\ 64,T0)1|
< )\72p)\()\.%') < cpaN” (5)\[)()\.%') = 614)\715D(.%').

This completes the proof by taking dy = d4, Cs = c11, and Cy = max{cis, c14}. O

We now derive exit distribution estimates for the process X% from those for X in Lemma 3.4.

Recall that ro = R/(4V1 + A?).
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Lemma 3.5 There are constants g = 0o(R, M, A, «) € (0,79), Cs = Cs(R, M, A, ) > 0 and Cyg =
Cro(R, M, A, ) > 0 such that for every a € (0, M], A > 1, Q € D and x € Dg(A" 50, \"1rg) with
=0,

P, (Xfa € DQ(le(so,A—lm)) > Cg\op(x), (3.45)

Do(A~18g,x71rg)

P, <X$a S D) < Clo)\(SD(x) (346)

Do (A~159,x71rg)

and
]Ea: |:T?)Q(/\_1(50,)\_17‘0):| S Cl())\iléD(.T). (347)

Proof. Without loss of generality, we assume Q = 0 and let ¢ : R“"1 — R be the C!-function
satisfying $(0) = V¢ (0) = 0, |[Vo|leo < A, [V(7)—Vé(Z)| < Alj—2] and C'Sg be the corresponding
coordinate system such that

B(Q,R)ND ={(y, ya) € CSoNB(0,R) : yq > &(y)}

Let 0y, Cs and Cg be the constants from the statement of Lemma 3.4. Since diam(Dg(A"1dp, A71rp)) <
%, we have that

lx —y| 742 Ljo—y|<1} = |7 — y|= for all x,y € Do(A 89, A" 1ro).

Let
j(@) = a®A(d, o) |z~ L 51y

Note that [pqj(x)dz < co. Thus we can write X' = X0 + Z% where Z% is a compound Poisson
process with the Lévy density j(z), independent of X/. Since the jump size of Z% is greater than
or equal to 1 and diam(Dg (A~ 16, A" 1rg)) < 3, we see from (3.28) that

Es [T%Q()\7150’)\71T0):| < E, [%Q(Afléo,)ﬁl’l‘o)} < Cg)\_l(sD(w)'

Moreover we have from (3.26) that

P, <X$a € DQ(zAlao,A1r0)>

Do (A~159,271rg)

=P, <)?$a S DQ(2)\_150, )\_17’0)> > Cg)\(SD(w)

Do (A~159,271rg)

We recall the notations from the proof of the previous lemma:

pA(2) == ya — d(A 1),

D(\,r1,m2) == {y € CSg :r1 > paly) > 0, |y| < ra},

Xa,)\ _ )?zz)\(a_m/a,)\ ~a,\ . ~ax@—2)/a \

and T =Ty
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Let a()\) := aX®=2)/® which is no larger than M. By (1.4),

P, (X“EE& € (AD) \ D(, 26, 2r0)) (3.48)

TD(X\,80.70)

7_a(%) o7
_ ]Ex / D(A,éo,ro)/ Mdyds
0 (AD)\D(x280,2r0) | X§N — y|d+a
a1 A(d, o) (a(N))® / ly|~ " dy | B, [TZ(&)a r J
(ADY\D(A,260,2r0) oo

< e A(d, ) (a(N))” / y|~dy | B, i)
2 Ad,0)(0(Y) (DMOm\D(A’W’TO)\I 50

a(X)
"B 0s0.m0) a(N)*A(d, )
X0 _ gara VP
0 D(X,280,m0)\D(X,380/2,m0) | X' — yl|dte

— 3P, (X“ﬁﬁg) € D(\, 260, 70) \ D(A,360/2,r0)> .

TD(X,80,70)

IN

< gk,

Thus by the above inequality and (3.44), we have

A
P, <X“§(Q) € AD) (3.49)
"D(X.30.70)
=P, (Xalgﬁ% S ()\D) \ D()\, 260, 2?”0)) + P, <)va’(’:\>\ S D()\, 240, 27“0))
TD(X,80,70) "D(X\.60,70)
< c3P, (XQLS?\)?) € D(A, 200, 7"()) \ D(A, 3(50/2, 7“0)) + P, ()?g;’\)\ S )\D)
TD(X,50.70) TD(X.80.70)
= c3P, (}Zﬁ‘;,ﬁ € D(),280,70) \ D(), 380/2, 7’0)> +P, (m € AD)
TD(A,80,m0) TD(X,80,70)
< (e3+1)P, ()Z'f;:} € )\D) < capr(T).
TD(X50,m0)
Since (AX{_,,,t > 0) is the independent sum of a Brownian motion and a symmetric a-stable
process on R? with weight a(\), we have from (3.49) that for z € Dg(A 150, A\"1r)
P, (Xga c D) — Py, <X“§?3) c AD)
DQ(Aflao,Aflro) TD(X80,70)

< eqpr(Ax) < es0ap(Ax) = esAdp(z).

The proof is finished by taking Cjo = max{Cy, c5}. O

4 Boundary Harnack principle

In this section, we give the proof of the boundary Harnack principle for the independent sum of
a Brownian motion and a symmetric stable process. We first prove the Carleson estimate for the
independent sum of a Brownian motion and a symmetric stable process on Lipschitz open sets.
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We recall that an open set D in R? (when d > 2) is said to be a Lipschitz open set if there
exist a localization radius Ry > 0 and a constant A; > 0 such that for every Q € 0D, there exist
a Lipschitz function ¢ = ¢¢ : R¥™1 — R satisfying ¢(0) = 0, |¢(z) — ¢é(y)| < Ai|z — y|, and an
orthonormal coordinate system CSg: y = (y1,...,%d—1,Ya) =: (¥, ya) with its origin at @ such
that

B(Q,Ri)ND ={y=(y,ya) € B(0O,Ry) in CSq : ya > ¢(y)}.

The pair (R1, A1) is called the characteristics of the Lipschitz open set D. Note that a Lipschitz
open set can be unbounded and disconnected. For Lipschitz open set D and every QQ € 9D and
x € B(Q,R1) N D, we define

pQ(x) i= x4 — $Q(T),
where (Z,z4) is the coordinates of z in C'Sg.

We recall that X¢ = X? + aY; is a Lévy process with characteristic exponent ®%(z) = |x|? +
a®|z|“. This process may be obtained by subordinating a d-dimensional Brownian motion W =
(W, t > 0) by an independent subordinator T := t + a®T; where T = (T3, t > 0) is an a/2-
stable subordinator. More precisely, the processes X" and Wrge have the same distribution. Note
that the Laplace exponent corresponding to T is equal to ¢*(\) = A + a®X*/2. Let M o(t) =

S0 o (=1)"t"/2 T (1 + na/2). Tt follows by a straightforward integration that
1

Ry a2y g = L
A V= )

which shows that the potential density u® of the subordinator T is given by
ut(t) = My_qa(a®/C1).

Since, for any a > 0, ¢* is a complete Bernstein function, we know that u*(-) is a completely
monotone function. In particular, u®(-) is a decreasing function. Since u®(t) = u!(a?*/?=®t), we
know that a — u®(t) is a decreasing function. Therefore, if 0 < a; < ag, then u® (t) > u®(t) for
all t > 0. We will need this fact in the proof of next lemma.

Lemma 4.1 Let D C R? be a Lipschitz open set with the characteristics (Ry,A1). There exists a
constant § = 6(Ry, A1, M) > 0 such that for all a € [0, M] and Q € 0D, x € D with pg(x) < R1/2,

Po(X7() €D°) 20,

where T(z) 1= ThAB( )= inf{t >0: X{ ¢ DN B(z,2pq(x))}.

m,ZpQ(x)
Proof. Clearly,
P, (Xﬁ(x) € DC> > P, (Xﬁ(x) € D°N B(x, 2pQ(x))) > P, (Xg(x) € DN Bz, QpQ(:U))> :

Let D, := DN B(z,2pg(x)) and WP= be the subprocess of Brownian motion W killed upon leaving
D,. The process Z° defined by Z := WP+ (T), where T is an independent subordinator described
in the paragraph before the statement of the lemma, is called a subordinate killed Brownian motion
in D,. We will use ¢ to denote the lifetime of Z¢. It is known from [39] that
P, (Xg@) € 9D N B(x, 2pQ(x))) > P, (2 €0Dn B, 2pq(x)))
= E, [u"(7p,); Wi, € 0D N B(x,2pq(x))] .

TDg
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Here and below, 77 := inf{t > 0 : W; ¢ U} is the exit time of W from U. Denote C, :=
0D N B(xz,2pg(x)). Then

E, [ua(7~'Dx); W;Dm S C;B] > E, [ua(?pﬁ); W;Dz € Cy,Tp, < L‘] (4.1)
> u(t)Py [Wr, € Cq Tp, <t
> ua(t) (Px(W;Dx € Cx) — Px(?pf > t)) R

where t > 0 will be chosen later.
Since D is a Lipschitz open set with characteristics (Ry, A1), there exist n = n(A, Ry) > 0 and
a cone

C:= {y = (b)) ER i yg <0, (Y +- 493 )V < n\yd\} (4.2)

such that for every z € 9D, there is a cone C, with vertex z, isometric to C, satisfying C.NB(Q, Ry) C
D¢. Then by the scaling property of W and symmetry considerations, we have

Px(W?DI € Cﬂﬁ) > Px(W?B@,szm) < 83(33, 2,0Q(3:)) mc(%’d)‘?(i)))
> Po(Wiy, € 0B(0,2)N(C+(0,-1))),

which is strictly positive. Hence we can conclude that there exists ¢; = ¢1(D) > 0 such that

Px(W;Dr S Cg;) >c1. (43)
Next,
E,[7 Ex[TB (2,200 (x 2 2
B, > 1) < Sl < Ll 2l W o, 2 A" o, 10 (4.4)
for some constant co > 0. By using (4.3) and (4.4) in (4.1), we obtain that
R2
E, [ua(ﬁ)z); W;Dz S Cx} > u®(t) <01 — Cz;) .
Now choose t = (R, A1) > 0 large enough so that ¢; — coR2/t > ¢1/2. Then
Ex [u(?pz), W?'Dg; € Cx] > clu“(t)/Q > Cl’U,M(t)/Q =: 0.
The lemma is thus proved. O

Suppose that D is an open set and that U and V are bounded open sets with V C V C U and
DNV # (. If u vanishes continuously on D¢ N U, then by a finite covering argument, it is easy to
see that u is bounded in an open neighborhood of 9D NV

Lemma 4.2 Let D be an open set and U and V be bounded open sets with V. C V. C U and
DNV #0. Suppose u is a nonnegative function in R? that is harmonic in D N U with respect to
X% and vanishes continuously on D°NU. Then w is regular harmonic in DNV with respect to X,
1.€.,

u(z) =E, |:U(Xaa )} forallz e DNV. (4.5)

™Dnv
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Proof. Forn > 1,1let B, ={y € DNV : 6p(y) > 1/n}. Then for large n, B, is an non-empty
open subset of D NV whose closure is contained in D N U. Since u is harmonic in D N U with
respect to X¢, for x € DNV and n large enough so that = € B,,, we have that

u(@) = B [u(X%, )| = Ex |[u(X%, )i 76, < 7hav| +Be [u(XE )5 78, = mhov]

T
BTL

Hence
‘u(x) —E, {u( %W)} ‘ (4.6)

< E, {u(Xan); g, < TBQV} +E, [U(Xf%mv); 15, < T,%m/} .
Since limy 0o T = THy Pa-a.s., the second term in (4.6) converges to E, [u(Xﬁng); A] where
A= {78, < ThHny}- Note that

X‘lgmv eoDnV on A.

T

Hence (X ta

o V) =0 on A, as u is assumed to vanish on D° N U. Consequently
n

nlgrolo E, [u(XfBW); T8, < Tpav| =0.
For the first term in (4.6), note that 6p(X7, ) < 1/n on {rj < 7f}. Therefore, by the
assumption that v vanishes continuously on D°NU, one has lim,,_, u(Xf_”Bn) = 0. Moreover, since
u vanishes continuously on (0D) N U, there is ng > 1 so that u is bounded in DNV '\ B,,. So by
the bounded convergence theorem we have

lim E, {u(Xj_‘ n); 7B, < Tﬁmv} =0.

n—oo B

This proves the lemma. u

Proof of Proposition 1.3. We know from the parabolic Harnack inequality from Theorem 6.7
of [20] that Harnack inequality holds for the process X := X!. That is, there exists a constant
¢1 = c1(o, M) > 0 such that for any r € (0, M*/?=9)], 25 € R? and any function v > 0 harmonic
in B(xg,r) with respect to X, we have

v(z) < cpu(y) for all z,y € B(xo, g) (4.7)

Now the proposition is an easy consequence of (4.7). In fact, note that for any a € (0, M|, X* has
the same distribution as AX,-2,, where A = a®/(@=2) > M@/(@=2) " Consequently, if u is harmonic
in B(xg,r) with respect to X where r € (0,1], then v(z) := u(A\z) is harmonic in B(A™ 1z, A\~1r)
with respect to X and A=l < M/~ So by (4.7)

u(Ax) = v(x) < cpo(y) = cru(Ay) for all z,y € B()\_lxo, )\_17“/2).

That is,
u(z) < cru(y) for all x,y € B(xg,r/2).

28



Theorem 4.3 (Carleson estimate) Let D C R? be a Lipschitz open set with the characteristics
(R1,A1). Then there exists a positive constant A = A(a, A1, R1, M) such that for a € (0, M],
Q € 0D, 0 < r < Ry/2, and any nonnegative function u in R that is harmonic in D N B(Q,r)
with respect to X and vanishes continuously on DN B(Q,r), we have

u(z) < Au(xp) forz € DN B(Q,r/2). (4.8)

where xg € D N B(Q,r) with pg(xo) = r/2.

Proof. Fix a € (0, M]. Since D is Lipschitz and r < R;/2, by the uniform Harnack principle in
Proposition 1.3 and a standard chain argument, it suffices to prove (4.8) for z € D N B(Q,r/12)
and Tg = @ Without loss of generality, we may assume that u(zg) = 1. In this proof, constants
d,8,m and ¢;’s are always independent of r and a.

Choose 0 < v < a/(d + «) and let

By = DN B(x,2p(x)),  Bi=B(z,r"pg(z)7).

Further, set
By = B(2o,pq(0)/3),  Bs = B(zo,2pq(z0)/3)

and
70 =1inf{t > 0: X ¢ By}, T =inf{t > 0: X' ¢ By}

By Lemma 4.1, there exists § = §(R1, A1, M) > 0 such that
P (X2 € D) >6, xeB(Q,r/4). (4.9)
By the uniform Harnack principle in Proposition 1.3 and a chain argument, there exists 3 such that
u(z) < (po(x)/r) Pulzy), z€DNBQ,r/4). (4.10)
In view of Lemma 4.2, u is regular harmonic in By with respect to X*. So
u(z) =Ey[u(X2); X% € By] + Ep[u(X%); X2 ¢ Bi]  for x € B(Q,r/4). (4.11)
We first show that there exists n > 0 such that
Ep[u(X2); X2 ¢ Bi| <u(wo) if 2 € DN B(Q,r/12) with po(z) < nr. (4.12)
Let 1o := 2724/ then for pg(z) < nor,
(@)D < 1/4 and  2pq(x) < 'V pg(x) — 2p0(x).

Thus if x € DN B(Q,r/12) with pg(x) < nor, then |z —y| < 2|z —y| for z € By, y ¢ B1. Thus we
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have by (1.4) and Lemma 3.1

Ep[u(X%); X2 ¢ B
= A(d,« / G, (7,2 / a®|z — y|" " u(y) dy d=
ly—z|>rt=7pg (x)Y
< 2eada) [ Gy o~y uly) dy
Bo ly—2|>rt=7pq (z)”
< 27U, Oé)Ex[TB(x,sz(x))]/ a®lz —y|~ " u(y) dy
ly—z[>r!=7pq (z)7
< 2T A(d, a)erpo(x)? ( / a®|z =y~ uly) dy
ly—z|>r1=7pq (2)7,ly—z0|>2pq (%0)/3

+ / a®|z — y| " u(y) dy
ly—z0|<2pq (z0)/3

= capg(2)*(I1 + I2) .

(4.13)

On the other hand, for z € By and y ¢ Bs, we have |z—y| < |z—zo|+|z0—y| < po(xo)/3+|z0—y| <

2|zp — y|. we have again by (1.4) and Lemma 3.1

u(zo)

v

EQ?O [U(Xg2)7X7(}2 ¢ BS]

A(d, o) / G, (0, 2) / 0z — 4|~ u(y) dy d
Bo ly—z0|>2pq (x0)/3

Y

v

Bs ly—z0|>2pq(z0)/3

> 27472 A(d, a)C3(PQ($0)/3)2/ a®zo — y|~ " uly) dy

ly—z0[>2pq (z0)/3

= capolao)? / alao —y
ly—x0[>2pq (x0)/3

Suppose now that |y — z| > r!™7pg(x)? and x € B(Q,r/4). Then

|~ u(y) dy.

[y — ol <y —z[+r <y —a|+r7pqx) "y — = < 2/ po(z) |y — x|

Therefore

a®|z —y| 7

I = / u(y) dy
ly—z|>r1 =7 pg (2)7,|ly—r0|>2pq (0)/3

(27 (po(2)/r)") " a®y — 2o~ uly) dy

VAN

/|115’30|>2:0Q (z0)/3

2T+ ey (1)) () / a®ly — o~ u(y) dy
ly—x0|>2pq(x0)/3

< 2% (pg () /r) N e pg (o) ~Pu(zo)
= cs(pq(x)/r)~" d+a)PQ(!E0)_2U($0),

where the last inequality is due to (4.14).
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21 A(d,a) [ G, (w0, 2)dz / 0|0 — ¥~ u(y) dy

(4.14)

(4.15)



If |y — x| < 2pg(z0)/3, then |y — x| > |9 — Q| — |z — Q| — |y — xo| > pg(x0)/6. This together
with the uniform Harnack principle in Proposition 1.3 implies that

b_i/ a®lz -y~ u(y) dy (4.16)
ly—0|<2pq (x0)/3

< ¢ / a
ly—20[<2pq (x0)/3

ceu(zo) / a®|x — y|7d*a dy = cra®pg (o) “u(xo) .
ly—z|>pq(z0)/6

Yo~y

u(zo) dy

IN

Combining (4.13)-(4.16) we obtain

E.[u(X5,); X5 ¢ Bi (4.17)
< eapq)” (eslpla) fr) ) pQ<mo>—2u<mo> + era® pg(w0) u(xo))

< csu(ao) (pol@)(pa(e) /1) ™) po o) 2 + a® po()?pq(x0) )

<

cou(zo) (<pQ<x>/r>2—v<d+a> . aapmx)?r‘a) 7
where in the last inequality we used the fact that pg(xz¢) = /2. Choose now 7 € (0,19) so that
co (,r]2—'y(d+a) _1_772Ma) < 1.
Then for x € DN B(Q,r/12) with pg(x) < nr, we have by (4.17)
E, [u(X7): X5y ¢ Bi] < cou(o) (772_7(“0‘ +n?r?” O‘Ma)
< ¢ (772 v(d+a) +772M°‘) u(zo) < u(xo).

We now prove the Carleson estimate (4.8) for x € DN B(Q,r/12) by a method of contradiction.
Recall that u(zp) = 1. Suppose that there exists x; € D N B(z,r/12) such that u(x;) > K >
NP Vv (1 +671), where K is a constant to be specified later. By (4.10) and the assumption
u(z1) > K > 77", we have (pg(z1)/r)™? > u(z1) > K > P, and hence pg(r1) < nr. Let By,
Bj; and 19 be now defined with respect to the point z; instead of x. Then by (4.11), (4.12) and
K>1+61,

K <u(z1) < By [u(X2): X3 € Bi] +1

and hence

1
By [u(X%); X& € B] > u(zy) s u(zy) .

In the last inequality of the display above we used the assumption that u(zy) > K > 1+ 61 If
K > 2°/7 then D°N B; € D°N B(Q,r). By using the assumption that u = 0 on D°N B(Q, ), we
get from (4.9)

Eg [u(X7), X € Bi] = Eq, [u(X7), X5 € B1N D] < Pu(X7, € D) supu < (1 —0) supu.
Bl Bl

Therefore, supg, u > u(x1)/((1 +6)(1 — 9)), i.e., there exists a point x5 € D such that

|21 — 22| <7 7 po(x1)?  and  w(za) > K.

#( )>#
1—g2 "W =753
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By induction, if 2 € D N B(Q,r/12) with u(zy) > K/(1 — §2)*=! for k > 2, then there exists
ZTrp+1 € D such that

1 1
1—
|£13k — $k+1| <r ,‘/pQ(ZL'k)’y and U($k+1) > 1_752 U(.’Ek) > m K. (418)

From (4.10) and (4.18) it follows that pg(zy)/r < (1—6%)F=D/BK=1/5 for every k > 1. Therefore,

1—
- Q < o - @|+Z;m+1 xj|_ﬁ+2r Tpql)”
J

IN

+ ri= Z — 62T/ =/ By

— 1- /B /B
= 5 + Pl YK Z 2y
7=0
— L + TK_"//B ;
12 1—(1—02)v/8

Choose K = nV (146"1)v12%/7(1 — (1 —6%)7/8)=F/7. Then K~7/8 (1 —(1—62)7/8)~1 < 1/12, and
hence x, € DNB(Q,r/6) for every k > 1. Since limy_, o u(xg) = +00, this contradicts the fact that
u is bounded on B(Q,r/2). This contradiction shows that u(x) < K for every x € DN B(Q,r/12).
This completes the proof of the theorem. O

Proof of Theorem 1.4 . Since D is a C"! open set and r < R, by the uniform Harnack principle in
Proposition 1.3 and a standard chain argument, it suffices to prove (1.6) for x,y € DNB(Q, rro/8).
In this proof, constants 1 and ¢;’s are always independent of r and a.

We recall that rg = 4\/% and dp € (0,7g) is the constant in the statement of Lemma 3.5.

For any r € (0, R] and © € DNB(Q,1710/8), let Q4 be the point Q, € ID so that |[z—Q4| = dp(z)
and let xg := Qx sl — Qz)/lr — Qg|. We choose a CYfunction ¢ : R¥! — R satisfying
»(0) = Vo¢(0) = 0, HV@Z)HOO < A, [Vo(y) — Vo(z)] < Aly — z|, and an orthonormal coordinate
system C'S with its origin at @), such that

B(Qz,R)ND ={y=(y,y4) € B(O,R) in CS : yq > ¢(y)}.
In the coordinate system C'S we have & = 0 and z¢ = (0,7/8). For any by, by > 0, we define
D(b1,b2) :={y = (¥,9a) in CS: 0 <yq— $(y) <birdo/8, [y| < barro/8}.

It is easy to see that D(2,2) € DN B(Q,r/2). In fact, since rg < ﬁ and §p < i, for every
z € D(2,2)

2= QI<1Q —al +12— Qul +1Qs — 2 < L+ £+ |2 — 6(3)| + 16()| < S(1+40) < L.

Thus if u is a nonnegative function on R? that is harmonic in DN B (Q,r) with respect to X* and
vanishes continuously in D°N B(Q, ), then, by Lemma 4.2, u is regular harmonic in DN B(Q,r/2)
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with respect to X%, hence also in D(2,2). Thus by the uniform Harnack principle in Proposition
1.3, we have

a

)| 2 E. [u(x:

D11

D(2, 1)) > cou(o)dp () /-

a

) X7

D11

a

E, |u(X:

D11

u(z) e D(2, 1)} (4.19)

cru(zo)Py (Xf

D(1,1)

v

In the last inequality above we have used (3.45).
Let w = (0,770/16). Then it is easy to see that there exists a constant 7 = n(A, g, d) €
such that B(w,nrro/16) € D(1,1). By (1.4) and Lemma 3.1,

(0,1)

ww) > E, { (X )X ¢D(2,2)}
= A(d, a)a“/ G 1)(w,z)/ Lzlerydz
D(1,1) ’ RA\D(2,2) |2 — y|*T*
u(y)
> 30" Ew | T mrr / I——
3 ["Bwarro/i6)] R\ D(2.2) [W — y[+F
Z c aOéTQ/ L‘y)dy
! RA\D(2,2) |w — ylTTe
Hence by (3.47),
B [u( TB(M)) KXo (1) D2, 2)}
= A(d, a)aa/ Gha 1)(x,z)/ L)dedz
D(1,1) ’ RA\D(2,2) |2 — y|TTe
u(y)
< c5a°Eg[mh / ———dy
’ ha) Ri\D(2,2) [w — ylHTe
< 06aa5D(m)7“/ %dy < Mu(w).
R4\ D(2,2) lw —y| C4r

On the other hand, by the uniform Harnack principle (Proposition 1.3) and the Carleson esti-
mate (Theorem 4.3), we have

a

Xt 1)) | X% €D(22)

D(1,1)

e o (

In the last inequality above we have us

< cru(zo)Py <X$

€ D(2,2)) < cgu(xo)op(x)/r.

a
D(1,1)

ed (3.46). Combining the two inequalities above, we get

u(w) = B lu(Xy, )i X%, €DE2) (4.20)
B, [u(Xe )i XS € DE2)]
< %5D(x)u(a: )+ & iff”u(w)
< T op(a)(ulz) + u(w))
< %051:)(!1?)“(900)

In the last inequality above we have used the uniform Ha
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From (4.19)-(4.20), we have that for every z,y € D N B(Q,rro/8),

which proves the theorem. O
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