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BOUNDARY HARNACK PRINCIPLE FOR A + A®/?

ZHEN-QING CHEN, PANKI KIM, RENMING SONG, AND ZORAN VONDRACEK

ABSTRACT. For d > 1 and « € (0, 2), consider the family of pseudo differential
operators {A 4+ bA%/2;b € [0,1]} on R? that evolves continuously from A to
A + A%/2_ In this paper, we establish a uniform boundary Harnack principle
(BHP) with explicit boundary decay rate for nonnegative functions which are
harmonic with respect to A + bA®/2 (or equivalently, the sum of a Brownian
motion and an independent symmetric a-stable process with constant multiple
bl/"‘) in CY! open sets. Here a “uniform” BHP means that the comparing
constant in the BHP is independent of b € [0,1]. Along the way, a uniform
Carleson type estimate is established for nonnegative functions which are har-
monic with respect to A+ bA%/2 in Lipschitz open sets. Our method employs
a combination of probabilistic and analytic techniques.

1. INTRODUCTION

Discontinuous Markov processes have been receiving intensive study recently
due to their importance both in theory and in applications. Many physical and
economic systems could be and in fact have been successfully modeled by discon-
tinuous Markov processes (or jump diffusions as some authors call them); see for
example, [29, 34, 36] and the references therein. The infinitesimal generator of a
discontinuous Markov process in R? is no longer a differential operator but rather a
non-local (or integro-differential) operator. For instance, the infinitesimal generator
of a rotationally symmetric a-stable process in R? with a € (0,2) is a fractional
Laplacian operator ¢ A®/2 := —c(—=A)/2,

Discontinuous Markov processes include the very important Lévy processes as
special cases and they are of intrinsic importance in probability theory. Integro-
differential operators are very important in the theory of partial differential equa-
tions. Most of the recent study concentrates on discontinuous Markov processes,
like the rotationally symmetric a-stable processes, that do not have a diffusion
component. For a summary of some of these recent results from the probability
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literature, one can see [10, 15] and the references therein. We refer the readers to
[12, 13, 14] for a sample of recent progresses in the PDE literature.

However, in many situations, like in finance and control theory, one needs Markov
processes that have both a diffusion component and a jump component, see for
instance, [28, 35, 36]. The fact that such a process X has both diffusion and jump
components is the source of many difficulties in investigating the potential theory
of the process X. The main difficulty in studying X stems from the fact that it runs
on two different scales: on the small scale the diffusion part dominates, while on
the large scale the jumps take over. Another difficulty is encountered when looking
at the exit of X from an open set: for diffusions, the exit is through the boundary,
while for the pure jump processes, typically the exit happens by jumping out from
the open set. For the process X, both cases will occur which makes the process X
much more difficult to study.

Despite these difficulties, in the last few years significant progress has been made
in understanding the potential theory of such processes. Green function estimates
(for the whole space) and the Harnack inequality for a class of processes with both
continuous and jump components were established in [37, 38]. The parabolic Har-
nack inequality and heat kernel estimates were studied in [39] for Lévy processes in
R? that are independent sums of Brownian motions and symmetric stable processes,
and in [21] for much more general symmetric diffusions with jumps. Moreover, a
priori Holder estimate is established in [21] for bounded parabolic functions. For
earlier results on second order integro-differential operators, one can see [25] and
the references therein.

The boundary Harnack principle (BHP) is a result about the ratio of positive
harmonic functions. We say that the BHP holds for an open set D C R? if there
exist positive constants Ry and C' depending on D with the property that for any
Q € 9D, r € (0, Ro|, and any positive harmonic functions v and v in D N B(Q, )
that vanish continuously on 0D N B(Q, r), we have

SC’M for all x,y € DN B(Q,r/2).

(1) o) = Coly)

The BHP for Brownian motion (or, equivalently, for the Laplacian) is a funda-
mental result in analysis and PDE. It was independently established for Lipschitz
domains in the late 1970’s by Ancona, Dahlberg and Wu ([1, 23, 43]). Later, Bass
and Burdzy developed a probabilistic method in [5] to prove the BHP and extended
the BHP to more general domains (see also [4]). When D is a Lipschitz domain and
xo € D fixed, the Green function Gp(z,xo) in D is harmonic in D \ {2} and van-
ishes continuously on 9D hence can be taken as v(z) in (1.1). When D is a bounded
C1! domain, it can be shown that G p(x,z0) is comparable on D \ B(x,¢) to the
Euclidean distance function dp(z) between = and D¢, where ¢ is sufficiently small
so that B(xg,2¢) C D. In this case, one can equivalently express the BHP by using
v(z) = dp(x) in (1.1) although this latter function is not harmonic. Therefore,
when D is a Cb! domain, the BHP (1.1) can be strengthened to the following ver-
sion that gives the explicit boundary decay rate of non-negative harmonic functions
u that vanish on the boundary:

<C u(y) for all z,y € DN B(Q,r/2).

(1.2) dp(y)
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Observe that (1.2) clearly implies (1.1) but with C? in place of the C there (see
Remark 1.5 below).

The BHP plays a vital role in the study of potential theory of Brownian motion
and Dirichlet Laplacian in domains. For example, the BHP can be used to show that
the Martin boundary can be identified with the Euclidean boundary for a large class
of domains and to study the non-tangential limit of non-negative harmonic functions
near the boundary (see [2] for an analytic approach and [3] for a probabilistic
approach). In fact, the BHP has also be established for a large class of diffusions
(or, equivalently, for second order elliptic equations), see [11, 24].

The study of the BHP for discontinuous Markov processes and integro-differential
operators is quite recent. It was first established for rotationally symmetric stable
processes in bounded Lipschitz domains in [7] and then extended to more general
open sets in [41]. Subsequently in [9, 42], the BHP is extended to symmetric (but
not necessarily rotationally invariant) stable processes. Recently, the BHP has been
extended in [32] to a large class of pure jump Lévy processes that can be obtained
from Brownian motion through subordination. Very recently, the BHP for some
one-dimensional Lévy processes with both continuous and jump components was
studied in [33]. However the BHP for processes on R? in dimension two and higher
that have both diffusion and jump components has been completely open until
now. Note that the fact that a pure jump process may (and typically does) exit an
open set by jumping out of it stipulates that, in the BHP for such processes, the
nonnegative harmonic functions vanish continuously on D¢ N B(Q,r).

The principal goal of this paper is to establish the BHP for nonnegative functions
which are harmonic with respect to the independent sum of a Brownian motion and
a symmetric stable process in C''! open sets in R for every d > 1. The process
X studied in this paper, although quite specific, serves as a test case for more
general processes with both continuous and jump parts. The study of this test case
will hopefully shed new light on the understanding of the boundary behavior of
nonnegative harmonic functions of general Markov processes.

Intuitively, the independent sum X of a Brownian motion and a symmetric stable
process can be thought roughly as some sort of “perturbation” of Brownian motion.
Thus some people might expect the BHP for X could be established through some
general perturbation technique. However, this kind of approach may not always
work. See Remark 1.6 below for details.

Let us now describe the main result of this paper more precisely and at the same
time fix the notations. A (rotationally) symmetric a-stable process ¥ = (Yi, ¢t >
0,P,,r € RY) in R? is a Lévy process such that

E, [eig'(yﬁy")} = ¢ thEl" for every z € R% and ¢ € R%.

The infinitesimal generator of a symmetric a-stable process Y in R? is the frac-
tional Laplacian A®/2, which is a prototype of nonlocal operators. The fractional
Laplacian can be written in the form

) A(d, @)
1.3 A*2y(z) = lim u(y) — u(z)) ————
(1.3) () lim {yeRd:\yﬂps}( (y) — u( ))|x—y|d+a

where A(d, o) 1= 20 1x~4/20 (L)1 (1 — ¢)~1. Here I' is the Gamma function
defined by T'(X) := [;° t*te"dt for every A > 0.
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Suppose X is a Brownian motion in R? with generator A = Z?zl %, and Y is
a symmetric a-stable process in R%. Both X and Y satisfy a self-similarity, which
will be used several times in this paper. That is, for every A > 0, {\"V/2(XY, —
X$),t > 0} and {\"Y*(Yy; — Yp),t > 0} have the same distributions as that
of {X? — X§,t > 0} and {Y; — Yy,t > 0}, respectively. Assume that X° and
Y are independent. For any a > 0, we define X¢ by X? := X + aY;. We
will call the process X¢ the independent sum of the Brownian motion X° and the
symmetric a-stable process Y with weight a > 0. The infinitesimal generator of X
is A+a®A%/2. For every open subset D C R%, we denote by X %P the subprocess of
X killed upon leaving D. The infinitesimal generator of X% is (A +a“A%/?)|p.
It is known (see [39]) that X*P has a continuous transition density p% (¢, z,y) with
respect to the Lebesgue measure. We will use p®(¢,z,y) to denote the transition
density of X (or equivalently, the heat kernel of A +a®A®/2). The quadratic form
(€, F) associated with the generator A 4+ a®A®/? of X is given by

0
F=WhH (R = {u € L*(R% dx) - a—u € L*(R% dz) for every 1< i< d}

T
and for u,v € F,
A(d, ) a®

7@ EEWEES dxdy.

e = [ Vulw) Vo) dots [ (ule)-ul) el -ow)
R4 Rd xRd

In probability theory, the quadratic form (£, W12(R%)) is called the Dirichlet form
of X A statement is said to hold quasi-everywhere (q.e. in abbreviation) if there is
a set NV having zero capacity with respect to (£, W12(R%)) such that the statement
holds everywhere outside N. Here & (u,u) := €(u,u) + [pq u(z)*dz. The function
J(x,y) == a® A(d, o) |z —y|~(+) is the Lévy intensity of X. It determines a Lévy
system for X ¢, which describes the jumps of the process X¢: for any non-negative
measurable function f on Ry x R? x R? with f(s,y,y) = 0 for all y € R?, any
stopping time 7" (with respect to the filtration of X?) and any = € R,

T
(L4)  Eo | f(s. X0 XD)| =E, [/ (Rdf(aX&y)J“(X&y)dy)ds

s<T

(See, for example, [19, Proof of Lemma 4.7] and [20, Appendix A].)

The purpose of this paper is to establish the scale invariant version of the BHP in
Theorem 1.4. To state this theorem, we first recall that an open set D in R? (when
d > 2) is said to be C! if there exist a localization radius R > 0 and a constant
A > 0 such that for every Q € 9D, there exist a Cl'l-function ¢ = ¢ : R"!1 - R
satisfying 6(0) = 0, V6(0) = (0,...,0), Voo < A, [Vo(x) — Vo(y)| < Alz — ],
and an orthonormal coordinate system C'Sg: y = (y1, - , Yd—1,Yd) =: (¥, ya) With
its origin at @ such that

B(Q,R)ND ={y = (y,ya) € B0, R) in CSq : ya > &(y)}-

The pair (R, A) is called the characteristics of the C1'! open set D. By a C1!
open set in R we mean an open set which can be written as the union of disjoint
intervals so that the minimum of the lengths of all these intervals is positive and
the minimum of the distances between these intervals is positive. Note that a C'!
open set can be unbounded and disconnected.
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For any = € D, let dp(x) denote the distance between x and 9D. Tt is well
known that any C1'! open set D satisfies the uniform interior ball condition: there
exists R < R such that for every z € D with dp(x) < R, there is Q, € D so that
|z — Q.| = 6p(z) and that B(Z, R) C D for ¥ = Q. + R(z — Q,)/|x — Q.|. Without
loss of generality, throughout this paper, we assume that the characteristics (R, A)
of a C! open set satisfies R = R <1landA>1.

For any open set D C R, 78 :=inf{t > 0: X{ ¢ D} denotes the first exit time
from D by X*.

Definition 1.1. A real-valued function u defined on R? is said to be harmonic in
D c R with respect to X if for every open set B whose closure is a compact
subset of D,

(1L5) B, [Ju(Xsy)

} <oo and u(z)=E, [u(Xﬁg)} for q.e. z € B.
Note that by using the Lévy system of X%, we have
a a . a d\
E, [|u(XT§)|} > E, Uu(XT%)], X% €R \B]

B B " A(d, @) a® .
= B l/o </IRd\B [ulo)l | Xa —yl|dte dy) I ] '

Hence if u is a harmonic function in D with respect to X @, then u(y)(1 A |y|~(¢+)
is integrable on B¢ for any relatively compact open subset B with B C D. It follows
from Theorems 1.2 and 1.3 of [21] that all harmonic functions in D with respect
to X are continuous on D, since every harmonic function in D with respect to
X% can be approximated locally uniformly in D by functions that are bounded
on R? and harmonic with respect to X in relatively compact open subsets of D.
Therefore, for any harmonic function w in D, (1.5) holds for every point = € D. The
above also implies that any harmonic function v in D with respect to X® is locally
bounded in D with [p, [u(y)|(1 A [y|~(4+®))dy < co. A function u is said to be in
Wli)f(D) if for every relatively compact subset B with B C D, there is a function
f € WH2(R9) such that v = f a.e. on B. The following analytic characterization
of a function u being harmonic in D with respect to X follows immediately from
Example 2.14 in [16].

Proposition 1.2. Let D be an open subset of R%. Then the following are equivalent.
(i) u is harmonic in D with respect to X°;

(i) w is locally bounded in D, [g, |u(y)|(1A]y|~ () dy < oo, u € W.2(D) and

(A+a*A%?)u =0 in D in the distributional sense: for every ¢ € C°(D)

[ vutw) Vo + 3 [ @) - ut)o) - o5 0L
R R4 xR

|z —y|*te
The following uniform Harnack principle will be used to prove the main result
of this paper. Its proof will be given in Section 4 below.

dxdy = 0.

Proposition 1.3 (Harnack principle). Suppose that M > 0. There ezists a con-
stant Cy = Co(a, M) > 0 such that for any r € (0,1], a € [0, M], 2o € R? and any
function u which is nonnegative in R and harmonic in B(xo,r) with respect to X@
we have

u(z) < Couly) for all x,y € B(xo,7/2).
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Let Q € 0D. We will say that a function v : R — R vanishes continuously
on D°N B(Q,r) if u =0 on D°N B(Q,r) and w is continuous at every point of
0D N B(Q, ). The following is the main result of this paper.

Theorem 1.4. Suppose that M > 0. For any CY' open set D in R? with the
characteristics (R, A), there exists a positive constant C = C(a,d, A, R, M) such
that for a € [0,M], r € (0,R], Q € dD and any nonnegative function u in R?
that is harmonic in D N B(Q,r) with respect to X* and vanishes continuously on

DN B(Q,r), we have

(1.6) u(z) <C u(y) for every x,y € DN B(Q,r/2).

Remark 1.5. As we mentioned earlier, this is a strengthened version of the BHP.
Interchanging the role of x and y, we have from (1.6) that

Luly)  u(@) . u(y)
5w San@ =Yy

Hence for any two positive functions v and v that satisfy the condition of Theorem
1.4, by taking the quotient of the last display for v and v, we deduce that

for every x,y € DN B(Q,r/2).

puy) _ ux) 2 u(y)
1.7 c~2 < <C for every z,y € DN B(Q,r/2),
. o) = o = ) (@r/2)
which gives the usual form of the BHP. While (1.6) clearly no longer holds for
Lipschitz domains, we expect that (1.7) is true for Lipschitz domains. O

When a changes from 0 to M, A + a®A%/? changes continuously from A to
A 4+ M®A%/2. So Theorem 1.4 says that the BHP holds uniformly for the family
{A 4+ a*A/? a € [0, M]} of pseudo differential operators in the sense that the
constant C' in (1.6) can be chosen to be independent of a € [0, M]. Note that ¢ =0
corresponds to the classical case of the BHP for the Laplacian. We will therefore
in the rest of the paper assume that a € (0, M].

As far as we know, this is the first time that a BHP has been established for
non-local integro-differential operators that have second order differential operator
components in dimension two and higher. Unlike (1.1) and the paragraph following
it, in this paper we are concerned with the above BHP for C™! open sets only.
The main focus and goal of this paper is to get the explicit decay rate of harmonic
functions near the boundary of D as in (1.6) and to show that the BHP is uniform
in a € [0, M]. We emphasize that (1.6) is not true in Lipschitz domains even in
the classical case of the BHP for the Laplacian. However, a uniform Carleson type
estimate is shown to hold for Lipschitz open sets in Theorem 4.3. The BHP of above
type is very useful in studying other fine properties of the process. For example,
it has been used in [18] to derive derive sharp two-sided Green function estimates
of X in Cb! open sets. Very recently, it has been used in [17] to obtain sharp
two-sided heat kernel estimates for X* in C*! open sets.

For a > 0, X% and X := X! are in fact related by a scaling. More precisely,
for a € (0, M], X has the same distribution as AX, 2,, where A = a®/(®=2) >
Me/(@=2) " Consequently, if u is harmonic in an open set U with respect to X¢,
then v(z) := u(A\z) is harmonic in A™1U with respect to X. Hence the uniform
Harnack inequality of Proposition 1.3 follows from the Harnack inequality for X.
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The latter is known, see Theorem 6.7 of [21] or Theorem 4.5 of [39]. However the
uniform BHP of Theorem 1.4 can not be obtained by such a scaling argument from
the BHP of X. This is because for a C*! open set D with the characteristics
(R,A), \71D is, in general, a C'! open set with C1'! characteristics (R/\, AA),
which tends to (0,00) as A — co.

For each fixed ag € (0,2), when a changes from o to 2, the operator A+a®A%/?
evolves continuously from A 4a® A%/2 to (14a?)A. So in view of Theorem 1.4, it
is reasonable to expect that one can get the BHP for A+ a®A®/2 uniformly both in
a € (0, M] and in « € [ag, 2). We believe this is the case and that it can be achieved
by carefully keeping track of all the comparison constants in the arguments of this
paper. However in order to keep our exposition as transparent as possible, we are
content with establishing the result stated in Theorem 1.4 and leave the details of
the proof for the last claim to interested readers.

Our method of establishing the above BHP is different from those in [7, 41]
for symmetric stable processes and in [32] for more general subordinate Brownian
motions. The reason that the approaches in [7, 41, 32] do not work well in our
setting lies exactly in the fact that X° leaves open set D by jumping out across
the boundary 9D as well as by continuously exiting D through the boundary of
D. To circumvent this difficulty, in this paper we adopt the ideas from [8] for the
BHP of censored stable processes, which were further refined in [27]. That is, we
use suitably chosen subharmonic and superharmonic functions of the process X
(or equivalently, of A + a® A/ 2) to derive some exit distribution estimates that
are needed to establish the BHP. However, had we done it in this way directly,
we would only get the BHP for A 4 a®A%/? with o € (1,2). The reason is that,
when D = HY := {z = (z1, -+ ,24) € R : 21 > 0}, we need to consider testing
functions wy(x) = (21 V 0)? for p > 1. But for w, to be A*/2differentiable in
Hi, see (1.3), one requires p < «, which would be impossible when a € (0,1]. To
overcome this difficulty, for each A > 0, we consider the finite range (or truncated)
symmetric a-stable process Y obtained from Y by suppressing all its jumps of size
larger than . The infinitesimal generator of Y is

Na/2 T -A(d7 a)

49 Ad’)\ ue): lglﬁjl {yeRd:s<\y—m|<>\}(U(y) u()) |z — yldte

When A = 1, we will simply denote 337/12 by ﬁg/ ?. Then wp is ﬁg/ %_differentiable
in Hi for every p > 0. Observe that Xo:=X4aYVeisa Lévy process obtained
from X* = X% + aY by suppressing all its jumps of size larger than 1 and that
the infinitesimal generator of Xis A+ aaﬁg/ %, From this, we can obtain suitable
exit distribution estimates for the Lévy process X, The desired estimates for X®
can then be obtained from that for X¢ by adding back those jumps of X* of size
larger than 1. Such an idea has already been used in [22] to study Schramm-Léwner
evolutions driven by one-dimensional symmetric stable processes. We remark that
the BHP in Theorem 1.4 for the case of a = 1 has also been mentioned in Remark
5.2 of Guan [27]. However, no precise statement (such as the range of a) nor a
proof is given in that paper.

Remark 1.6. We point out here that even though the form of the BHP in Theorem
1.4 of this paper resembles the one for A, it is unlikely that it can be proved
through a general perturbation technique by viewing A + A®/2 as a perturbation
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of A. Indeed, if such a general perturbation technique worked, it is reasonable to
expect that it would have also worked for A + 32‘/ 2, which can be viewed as a
smaller perturbation of A. But, by modifying the counter-example in Section 6
of [30], one can show that there is a rich class of non-negative harmonic functions
of A + ﬁg/ % for which the conclusion of Theorem 1.4 does not hold for general
non-convex but smooth open set D.

The rest of the paper is organized as follows. In Section 2, we derive estimates
on 33/ 2wp. These estimates are then used in Section 3 to obtain exit distribution
(or harmonic measure) estimates for the finite range process X% and then for the
desired process X®. In Section 4, we first give the proof of Proposition 1.3, and then
establish a Carleson estimate for non-negative harmonic functions of A+a®A®/2 in
Lipschitz open sets. Then using these results, the proof of Theorem 1.4 is presented.

Throughout this paper, we use the capital letters C1, Cy, - - - to denote constants
in the statement of the results, and their labeling will be fixed. The lowercase
constants ¢y, ca,- -+ will denote generic constants used in the proofs, whose exact
values are not important and can change from one appearance to another. The
labeling of the constants cq,co,--- starts anew in every proof. The dependence
of the lower case constants on the dimension d > 1 and « € (0,2) may not be
mentioned explicitly. The constant M > 0 will be fixed throughout this paper.
We will use “:=” to denote a definition, which is read as “is defined to be”. For
a,b € R, a Ab := min{a,b} and a Vb := max{a,b}. For every function f, let
fT = fVv0. We will use d to denote a cemetery point and for every function f, we
extend its definition to d by setting f(9) = 0. We will use dz or mg(dx) to denote
the Lebesgue measure in R?. For a Borel set A C R?, we also use |A| to denote its
Lebesgue measure and diam(A) to denote the diameter of the set A.

2. TRUNCATED FRACTIONAL LAPLACIAN ESTIMATES FOR POWER FUNCTIONS

In this section, we give some estimates which will be used later. Recall that the
fractional Laplacian A®/2 and the truncated fractional Laplacian AZ‘/ 2= A:;/f are

defined in (1.3) and (1.8), respectively.

Lemma 2.1. For z € R? and p > 0, set w,(x) := (1)P. Then there are constants
R, €(0,1), C; > Cy > 0 depending only on p, d and a such that for every x € R?
with x1 € (0, Ry]

(2.1) |£3/2wp(x)\ <C forp > a,

(2.2) |£3/2wp(x)| < C |log a1 forp=a,

(2.3) Cozl ™ < ﬁg/zwp(x) < Cral™® fora/2 <p<a,
(2.4) —-C < ﬁz/zwp(x) < —Cy forp=a/2,

and

(2.5) —Cl™* < gj/zwp(x) < —Cor!™"  for0<p<a/2
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Proof. First note that using integration by parts and a change of variable, we get
that for p,xz >0 and € € (0,1/(z + 1)),

(2.6) /0 h (lipﬁlﬂdz :é/o 1)1 — o)

]' —« 1—e p e —1 —«
:a(zp—l)(lfz) . —E/O P71 = 2)"%dz
1—¢e)P — 1—¢ p—1
_( gf—-1 1 B/ z i
o a oy Q-2
and
z+1 41
B ] 1 =
2.7 / dz = / 2 —-1d(z—1)"¢
( ) 1+e (Z - 1)a+1 1+e ( ) ( )

1 z+1 z+
it (CEEVa R e RS
1

ag®

1 P—-1 1 1 G
_rerod + =2 — —(z + )Pz P + P / 227PH1 = 2)"dz.
o @ o
For p > 0 and « € (0,1), by a change of variable

1. o) LAe/2 -k wy(y) — wp(z) 1
-’4( 7a) 1 wp(x) alirg ]R ‘x — y|1+a {e<|y—z|<L1} dy

x+1 D _ P 0 d
. Yy z Y
= lim 1, dy — xp/ —
=10 J, |z — y[Ire {ly—z|>e} OY oy | — y[ire

x+1

— 2P lim [ -1 1 dz — P /0 (z —y) 1 dy
=10 J, |z — 1|1te {lz=1|>¢/x} 1

1—e p_ = p_
z 1 x z 1
= P i = d S ———dz | — a7 (aPT — 2P).
' fn(/ el e ) wr

So we have by (2.6)—(2.7) that for p > 0 and z € (0,1),

«

AL, @)

= 2P7%lim <1 +
el0

(2.8) AYPw, (@)

1—e)P+(14+e)P -2
60{

1)P — za_p_l_zp_ld = d
~rr e ([ e [

x+1

P ( )P P ' Za_p_l_zp_ld = d
=2z — (z + 1)P + paP™° / —z—/ ——dz | .
2 (I—2z) o (1—2)

x+1

1 Ja—p—1_ ,p—1 =Y
[
R v (-2

x+1

) -

Note that for p > «,

sup xP~¢
z€(0,1]
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So when p > «,

(2.9) sup |£?/2wp(x)\ < 0.
z€(0,1)

When p = a, there exists an 7, > 0 such that for 0 < z < r,

1 -1 _ ja—1 =5 a—1
/ ETE - / R a—

z+1

(2.10)

S /z mdz S (1 +7"*)a log((l +’I"*)/37)

T+1

It is easy to see that

1 -1 a—1 =T a—1
z7 —z a1 gz
(2.11) sup / S —/ S—
TE€[ry,1] z (1 _Z)a 0 (1 _Z)a

z+1

On the other hand, when p € (0, a),

1 a—p—1 _ _p—1 %Jrl p—1
/ i / A
. (1-2)° o (1-2)°

x+1

(2.12) sup
z€(0,1]

As

1 a—p—1 _ _p—1 =T p—1 if 2
lim / z z & _/ 1z & >0 1 p € (a/2,a)
w0+ \ J e (1—2) o (1—2)e <0 if p e (0,a/2),

1

while for p = /2,

1 a—p—1 _ p—1 1T p—1 T La/2—1
[y L R
o (1-2) 0 (1-2) 0 (1-2)

we conclude from (2.8)—(2.12) that there are constants 1 € (0,1) and ¢; > ¢co >0
depending on p and « so that when p = «,

(2.13) |3?/2wp(a:) < cp|logz| for z € (0,r1] and  sup |£’f‘/2wp(x)| < o0,

z€(ry,l)

when p = a/2,

(2.14) —c; < 3?/21111,(36) < —cg forz e (0,71] and  sup |3?/2wp(x)| < o0,
z€(r1,1)

when p € (a/2,a),

(2.15)

2P < A?/pr(x) <cpzP™® forx € (0,r1] and  sup |A(11/2wp(x)| < o0,
z€(r1,1)

and for p € (0,/2),

(2.16)

—cp P < A‘fﬂwp(x) < —cqaP™% for x € (0,71]) and  sup |A?/2wp(m)| < 00.

ze(ry,1)
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On the other hand, for = > 1,

No/2 ( )
APy (x) =A(1L, 0 hm/ |x_y|1+a Lo—y|>er dy

=A(L @) Tim | , Ty —1[iFe vt B

I=e gy — =g

L Y 1 @ y 1
—A(1, ) 2P~ lim / i S +/ i
(1,e) aJ,O( 1 (1—y)lte Yy e (y—1)ite Y

o YT A+ w4+ (1 —u)P —2
=A(1,a)2? / Jita du.

0

Note the above integrand

I+uw)P+(1—uP -2
u1+a

is of the order u!~* near zero. So for p > 0 and a € (0,2), there is a constant

c3 = c3(p, @) > 0 so that
(2.17) A2, (2)] < esaP™? for x> 1.

With r; € (0,1) as in (2.13)—(2.16), the above inequality in fact holds for = > ry.
The estimates (2.9)—(2.16) prove the lemma in dimension d = 1. Now we consider
the case d > 2. For each fixed x € Rd, we use the spherical coordinates

(Y1, ,Yd) == x+(rcosby,rsinby cosby,...,rsinby...cosfy_q1,rsinb; ...sinfy_1)
where r > 0,0<60y,...,05_o <mand 0 <f,;_1 < 2m. Let

(0) == p(01,...,04_2) :=sin?"20; sin? 30, .. .sinh;_s.
Then for z € R¢ with 21 > 0 we have

dy
lim ()P =) —m
10 {ZJERd 1>|y—z|>e} ! ! ‘37_ |d+a

2 +\p _ P
_hm d91 / dby_o b6 d9d 1/ ((rcosby +z1)™) xlrd_ldr

Td—l—a

27
Zhﬁ]l d91/ d02 / dﬁd 2/ gb dﬁd 1 00501)
T_A'_ p_ 1 \p
></ cos@l) ) (c0501)

7«1+a

dr

27
+11m d91/ d92 / d&d 2 ¢ d&d 1 —COSQl)

el0
— (= P
« / cos 91 ) ) ( cos 91 ) dr.

7~1+Ot
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By the change of variable r = t—x1/ cos 0 for 6 € [0,7/2) and r = —t—x1/ cosb; =

—t 4+ 21/ cos(m — 0) for 6 € (w/2, 7], we get

dy

lim (v )P — mzlj)m

el0 {yeR?: 1>|y—z|>e}

w/2 27
=lim d91/ d92 / de 2 (b d9d 1 00591)

el0
" 1+v0§61 (4%‘2191 )P i
3\ |t — :cl/ cos 0 |1t
et o0y

2
+11Hl d91/ d92 / d&d 2 gf) d&d 1 COS(T[' — 91))
EJ,O /2

/e+m(”1) (t+) — (eony)?
X

dt
[t — x1/ cos(m — 601)|Fe

coa('rr 61)

2w
=lim d@l/ d92 / dﬁd 2/ (b dﬁd 1 00891)

el0
+
x/ = (00"~ ()" dt
ey =1 [t—xy/cosb[tTe

cos 671

/2 i T 2m
+11m/ d91/ d92/ d@d,g (b( )d@d 1(COS6‘1)
el0 Jo 0 0
/_8+ cos 91 (t+)p - (00151\91 )p
X

|t — x1/ cos by |1+

dt

1+

cos 9

/2 T T 27
:/ d91 / deg e / ded,Q c/)(@)d&d,l(cos Hl)p
0 0 0 0

tT)P — (TP
X lim/ (#) (Coséll)Jra dt ).
&0 Jiter: 1> [t— 1>} [t — 21/ cos 0]

cos 9

Therefore we have

~a ./4 , 2
Ad“wp(r):AE “/ dol/ a6y - /ded o [ oB)doa

PAY2,,
X (cos 1) A wp (cos 01)

A(d, a) arccos(x1/7r1) /71' /71' /27r =R
_ oy | dby--- | b, 0)do,
A(L@)/o v dOaee | ez | $(0)db4—1

x (cos 91)”3‘11/211)1, ( 7 )

cos 01

.A(d, a) /T{'/2 / / 27
+ a9, | do 94 $(0)df,_
-’4(17 ) arccos(x1/r1) ' 0 & 2 !

x (cos Gl)pA‘f/pr ( 7 ) .

cos 01
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The conclusion (2.1)—(2.5) now follow immediately from the above equality and the
estimates (2.9)—(2.17), where we use (2.17) to bound the second integral above by
cax} /r} for some positive constant cy. a

Remark 2.2. A careful evaluation of (2.8) in fact shows that lim, ,q+ 3?/21%(:1:) =
¢ # 0 when p > «. At first glance, this may look surprising, as in the Brownian
motion case (which corresponds to o = 2), Az? = p(p — 1)zf~2. The bound in

(2.1) is due to the non-local nature of the operator 33/2 for a € (0,2). However a
more careful analysis of (2.8) reveals that for p > 0,

3?/2101,(:5) <@2-a)((p—a)™' =1)+p(p—1)2P for z € (0,71)

as a1 2. It is not difficult to see that as o 1 2, ﬁ?/QwP(x) converges to Awp(z). O

Recall that for A > 0, the operator ﬁg‘f is defined by (1.8). Note that

o~

(2.18) AfRu(z) = A (A5 Pu(n)(A La).
Thus, from Lemma 2.1 and (2.18), we get the following corollary.

Corollary 2.3. For z € R? and p > 0, set w,(z) := (27)?. Then there are
constants R, € (0,1/2), C; > Cy > 0 depending only on p, d and « such that for
every A > 0 and z € R? with x; € (0, AR.),

(2.19) |£3/>\2wp(x)| <IN for p > «,

(2.20) A 2w, (2)| < Cillog(zy/N)],  for p=a,
(2.21) Cox™* < 337/)\211110(3}) < Crxi™® for a/2 < p < a,
(2.22) —CNTY?2 < ﬁs/pr(m) < —CyA7/? for p = /2,
and

(2.23) —C)™ < 33/)\2711,,(3:) < —Coxl ™ for 0 < p < a/2.

3. ESTIMATES ON HARMONIC MEASURES

Recall that for any open set U C R, 78 = inf{t > 0: X2 ¢ U} is the first exit
time from U by X“.

Lemma 3.1. For every b € (0,00), there exist C3 = C3(M,b) > 0 and Cy =
C4(M,b) > 0 such that for every xo € R, a € (0, M] and r € (0,b],

(3.1) Csr? < R, [Tg(xojr)} < Cyr?.

Proof. See Lemmas 2.2 and 2.3 in [38] or Lemmas 2.3 and 2.4 in [21] for a proof.
O
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In the remainder of this section, we assume D is a C™! open set with charac-
teristics (R, A). Recall that we are always assuming that R < 1 and A > 1. For
notational convenience, throughout the rest of this section, we put

R Ry R
Ry = Ry(R,A) = ——— and ro=ro(R,A)= = .
0 0( ) ].+A2 0 0( ) 4m 4(1+A2)
Define

pa(2) := xa — $Q(7),
where (7, z4) are the coordinates of z in C'Sg. Note that for every Q € 9D and
x € B(Q,R) N D we have

(3.2) (1+A%)72po(x) < dp(2) < pol).
Recall that R, is the constant in Lemma 2.1.
Lemma 3.2. Fiz Q € 0D and the coordinate system CSq so that
B(Q,R)ND ={y = (y, ya) € B(0, R) in CSq :ya > $(y)}-
Forp> «a/2, let
hp(y) == (pQ(¥)" 1pnB(Q,Re) (¥)-

Then there exist C; = Ci(a,p, A,R) > 0, i = 5,6,7, independent of the choice of
the point Q € 0D such that

(i) in the case § < p < «, for all x € D such that pg(x) < ro A R, and

|z] < ro, we have
(3-3) Cs (po(@)P ™ < AFhy(w) < Cs (po (@)

(ii) in the case p > «, for all x € D such that pg(x) < 7o A Ry and |T| < 7o,
we have

(3.4) 1A%y (2)] < Cr;

(iii) in the case p = «, for all x € D such that pg(z) < ro A Ry and |Z| < 1o,
we have

(3.5) |AY %1y, (2)] < Cr|log (po(x)) |-

Proof. In this proof our coordinate system is always C'Sg. Fix z = (Z,z4) € D such
that po(z) < ro A R, and |Z| < 19, and choose a point z¢ € 0D satisfying T = .
Denote by 7 (zo) the inward unit normal vector at zo for D and set ®(y) =
(y — zp, ﬁ)(:ro)> for y € RY. Then II := {y : ®(y) = 0} is the hyperplane tangent to
0D at the point 2y. The function I'* : R4~! — R describing the plane II is given by
() = ¢ (o) + Vo(F0) (5 — o), and it holds that ( (,T*(§)) — o,  (z0)) = 0.
We also let

A = {y:F*@)<yd<¢>Q@) and |y — Z| <r0}
ULy T @) > va > ¢a(@ and [ — 7| < ro},
E = {yeD\A: |[§—2| <rgand po(y) <ro(2+A)}.

Note that, if |z —y| < r¢ and y € D,
PQY) < lya — xa| + |za — ¢Q(T)| + |0q(¥) — ¢ (F)| <ro(2+A).
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On the other hand if |y — Z| < 79 and pg(y) < ro(2 + A), then

4+ (2+ 3A)2

2 2
161+ A7) o < H.

yl? = 1717 + |yal* < (2r0)® + (ro(2+ A) + |90 (@)])* <

Consequently, we have
(3.6) DNB(x,m0) C DN{y: [§—7| <79 and pg(y) < ro(2+A)} € DNB(0, Ry).

Let h(y) := he(y) == (ya — I*(§)) T for y € R%. Since Ve (F) = VI*(z), by the
mean value theorem and the C''! condition on ¢g,

h(y) = pW)| = 6@ —T" ()]
(37 =10e®) — @) —Véo@) T -7)| < Aly—2°, yekE.

For y € RY, define 6, (y) := dist(y,II) and Dr» = {y € R : y > I'*(7)}. Let

1/2

by = (1+ Voo (2)|) and hep(y) :== (h(y))P  for p > /2.

Note that 1 < b, < V14 A% and h, ,(x) = hp(z).
Recall that R, and C; > Cy > 0 are the constants in Lemma 2.1. Since E(y) =
b0, (y) on Dr«, by Lemma 2.1, it holds that for y € Dpr« and ¢, (y) < R,

(3.8)  CabB(8,(1))"~ < A haypl(y) = BEAG? (6, (y))?
< C1 R (0,(y))P~ when /2 < p < «,

(3.9)
1A 2, (y)| = BRIAS2(5,(y))P| < CobE < Cy(1+A*P? when p > a,

(3.10) A hyp(y)| =02IAS? (6, (1))P] < C102|1og(6, (y))]
< C1(1 + A%)P/2|log (6, ()] when p = a.

Note that b,0, (z) = po(z). Applying (3.2) and (3.8) to the point = gives that, for
af2<p<a

(3.11) Capo(x)P~* < Cablpq ()P~ < A5 h, ,(x)
< i po()P* < Ch(1 4 A%)*2pg ()P~
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Note that by (3.6),
~a/2
(3.12) A5 (hy — o p)(2)]

h — Ry
20 Sz y—a)>ey |z =yl

h — Ry
/ (hp(y) ﬁa(y)) dy‘
{1>|y—z|>r0} |3§‘ - y‘

ho(y) — ho o
+A(d, @) lim w
W0 Sz ly—al>ey 1T =Yl

/ (hp(y) - hfjca(y)) dy‘
{1>]y—z|>ro} |z —yl

+A(d, a)/Ah”(y)JrhW(y) dy + A(d, a)/EhP(y)_hw(?m

|z — y|d+e |z — y|dta

= A(d,«a)

IA

A(d, )

IN

A(d, @)

= L+ 1L+
We claim that, if p > «/2, then
(3.13) L+1+13<c

for some constant ¢y = co(a, p, A, R). Together with (3.9)—(3.12) this will establish
the desired estimates (3.3)—(3.5) with constants depending on «, p, A and R.
Clearly I; is bounded by some positive constant.
For y € A, we have

(3.14) |hap (W) +[hpW)| < lya =T W) + lya — doW)I" < 2|0q(y) — T ()P
< 2/¢Q(y) — ¢(@) — Veo() - (§ —T)P < 2AP[y — 7.

Furthermore, since, on {|g — Z| =7 < ro}, |60 (@) — T*(@)| < Aly — 2> = Ar?,
ma—1 ({y: [§ -7 =7,T*(1) <ya < dQ(@) or T*(§) > ya > ¢o(@)}) < crr

for some constant ¢; > 0 if < rg. This together with (3.14) yields that

o< Ada) [ /~-~|: ML) 0 B

IN

‘g7%|d+a

< 62/ re ey ({y € A |y — 3| = rh)dr
0

IN

0
ClCQ/ Py < cg.
0

Note that, since E C DN B(0, Ry) by (3.6), we have h,(y) = (po(y))? for y € E.
Thus, we have that for y € E

(3.15)  |hap(y) — ho()| =I(R(®))” — (po(1))?| < ca(h(y)) PV~ [A(y) — po(y)l,

where (p — 1)_ := (p — 1) A0. In the last inequality above, we have used the
inequalities

P — aP| < bP b — af fora,b>0,0<p<1
and

[P —aP| < (p+1)|b— al for a,b € (0,1), p> 1.
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For y = (7, ya4) € R%, we use an affine coordinate system z = (Z, z4) to represent it
so that z4 = yo—I'*(y) and Z are the coordinates in an orthogonal coordinate system
centered at zg for the (d — 1)-dimensional hyperplane II for the point (y,*(y)).
Denote such an affine transformation y — 2z by z = ¥(y). It is clear that there is a
constant c5 = c5(A, R) > 1 so that for every y € R?,

s - < <esly -3 gty — ol <[U(y) - U(2)| < esly — g
and that
U(E) C{z=(Z,24) €R?: |Z] < esr0 and 0 < z4 < ¢570}.

Denote x4 — ['*(Z) by w; that is, ¥(z) = (0,w). Hence by (3.7) and (3.15) and ap-
plying the transform ¥, we have by using polar coordinates for z on the hyperplane

1I
()@= 17 — %2 (P—1)~ 132
I3 < 66/ ) (|12-J|-a 7l dy§07/ % dz
e ly—7 w(E) |z —(0,w)|*t

)

C5T0 (;D 1) c5To Td
< T dr ) d
= CS/O Zq (/0 (r+|zd—w|)d+a 7"> Zd
< cg /C5TO AP (/CSTO 1dr> dzg
B o ° o (r+lza—w)*

Cc5T0

(p—1)- 1 1

< ¢ z — dz
B 9/o ¢ (Zdwl“1 (057’0+|zdw|)0‘1> ¢

C5T0 1
< c10/ = dzqg < c11 < 00,

0 2y P |zg — w|ot

where all constants depend on «, p, A and R. The last inequality is due to the fact
that since p > 0,0 < a <2 and (1 —p)T +a—1=max{a —p,a— 1} < 1, by the

esro —(1—p)*
Zd

dominated convergence theorem, ¢(w) := [, |zq — w|}~%dzg is a strictly

positive continuous function in w € [0, ¢579] and hence is bounded. Thus we have
proved the claim (3.13), hence completing the proof of the lemma. m|

Since D is a C! open set with characteristics (R, A), for every A > 1, AD is
a C11 open set with uniform characteristics (R, A). Thus, by the previous lemma
and (2.18), we get the following as a corollary.

Corollary 3.3. Fix ) € 9D and the coordinate system CSg so that

B(Q,R)ND = {y = (¥, ya) € B(O,R) in CSq : yq > qﬁ@)}
Let

hp(y) == (P ()" 1DAB(Q.Ro) (¥)-

Then there exist C; = Ci(a,p,A,R) > 0, i = 5,6,7, independent of the choice of
the point @ € 9D and A > 1 such that

(i) inthe case § < p < a, for all z € D such that pg(z) < ro AR, and |Z| < r,
we have

(3.16) Co (po ()"~ < Agihy(x) < Cs5 (pq ()"
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(ii) in the case p > «, for all x € D such that pg(z) < ro A Ry and |Z| < ro, we

have
(3.17) AR hp(2)] < CoaP—e,
(ili) in the case p = a, for all x € D such that pg(x) < ro A Ry and |Z| < 7o, we
have
(3.18) B35 (@)] < O log (pa()/ )] -

The following scaling property of X¢ will be used below: If (Xta’D,t > 0) is the
subprocess in D of the independent sum of a Brownian motion and a symmetric

a-stable process on R? with weight a, then ()\Xf\l DQf,t > 0) is the subprocess in AD

of the independent sum of a Brownian motion and a symmetric a-stable process on
R? with weight a\(*=2)/®_ So for any A > 0, we have

(3.19) p “A( )/a(t,x, y) = AL (A2, A e, A ly) fort > 0 and z,y € AD.
By integrating the above equation with respect to ¢, we get
(3.20) G (@, y) = A2TIGL (AL, A y)  for 2,y € AD
where -
Ghla.n)i= [ pbtade
is the Green function of X¢ in D. It is well known that the Lévy measure of X!
has the intensity
T (a,y) = 3|z — yl) = Ald, @)e — y| =),

Thus by a scaling argument, we get that the Lévy intensity of X¢ is

T (w,y) = j*(Je — y|) = a®A(d, )& — y| =T,

which gives the Lévy system (1.4) of X®.

By a M-truncated symmetric a-stable process in R? we mean a pure jump sym-
metric Lévy process Y = {}/}tA,t > 0,P,, z € R4} in R? with Lévy density
A(d, a)|z| =42 1{j2)<r}- Note that the Lévy exponent P of }A’A, defined by

E, [eif'(?ﬁ_?ox)} — et () for every z € R? and ¢ € RY,
is given by
1—-cos(&-y
(3.21) PO = Ada) [ IEOEy,
fwi<ny 1l

Suppose that YMais a (\/a)-truncated symmetric a-stable process in R? which
is independent of the Brownian motion X°. For any a > 0, we define

Xer = X0 +aVMe, >0,
Note that from (3.21) we can easily check that for any b > 0,
(3.22) P (bE) = b2 (€) for every ¢ € RY.
Thus for any a > 0 and &, 2 € R?,
E, [eis-@?’*f}?&*)} = o PR, [ez'(a&)-(?ﬁ/%?o””)}

_ o tUEP N (08) _ —t(EP+a%  (€).
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Therefore X%* has the same distribution as the Lévy process obtained from X¢ by
removing jumps of size larger than A. The above observation also gives us that the

infinitesimal generator of Xoris A+ a‘xﬁg/f, and the Lévy intensity for XX is
TN a,y) = a® Ald, @)l — y| 7T Ly ony -

The Lévy intensity describes the jumps of the process XaA through a Lévy system:
for any non-negative measurable function f on Ry x R% x R? with f(s,y,y) = 0
for all y € R?, any stopping time 7' (with respect to the filtration of X @A) and any
z € RY,

(3.23)

By Z f(S,Xg’), ng’)\) =E,;

s<T

T
/0 ( g (87X;1’A7y)J“’A(Xﬁ’A,y)dy) dS] :

For our reader’s convenience, we summarize some notations below.

Process Generator Lévy (jumping) kernel

X0 A 0

Y Ae/? A(d, @) |2] 74

aY a®A*/? a®A(d, a) ||z| 74—«

~ ~a/2 —d—a

v Ag A(d, ) 2|7 Lpzpan
Xo:= X%+ aY A +a*A/? a®A(d, ) 2|4

Redim X0 4 aPMa A4 oA a® A(d, ) 21797 12
Xo = Xol A+a”A5"” a®A(d, ) |2~ 1gy<ay -

For any open set U C R%, let 7* = inf{t > 0 : X ¢ U} be the first exit time
from U by X%, and denote by X%*U the subprocess of X killed upon leaving
U. When A = 1, we simply write X for X! and 74 for ?51 The following scaling
property will be used in the next lemma: by (3.22), we see that for every A\, a,b > 0
and &,z € RY,

E, [ 025, ~X0) 2 —tlePg, euabs)-(?,j_/;,s?&/“)]

— o e g b PN M (abl) _ (€7 +ab PR (6))
Thus, if {X>, ¢ > 0} is the subprocess of {X**,¢ > 0} in D, then {b)?gf\z%D,t >
~ p(a—2)/a ~
0} is the subprocess of {X:* ’ A ¢ >0} in bD. In particular, if {X*7,t > 0}
is the subprocess of {X¢,¢ > 0} in D, then {A\X%% ¢ > 0} is the subprocess of

A—2¢
{)/(\'f)‘(a_wa’)‘,t >0} in AD. So for any A > 0, we have
(3.24)

aa(e—2)/a g _ _ _
pA'B‘ ’ ’)‘(t,x,y):)\ dp[';’l()\ 2T, Ty for t >0 and z,y € AD

where ﬁDa’)‘(t,x,y) is the transition density of XaAD, By integrating the above
equation with respect to t, we get

(3.25) @fg(a_Q)/a’A(x,y) = NG EI (A, A Yy) for x,y € AD
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where
A a,\ OoAa/\
GH M (z,y) :z/ Pyt x,y)dt
0

is the Green function of X% in D.

Recall that pg(x) := x4 — ¢ (T) for every Q € 0D and z € {y = (Y,y4) €
B(Q,R) : ya > ¢ (y)}. We define for 1,75 > 0
Dq(ri,r2) :={y € D:r1 > pg(y) >0, [y] <ra2}.
Lemma 3.4. There are positive constants o = 6o(R, M, A, ) € (0,7r9), Cg =

Cs(R, M, A, ) and Cyg = Co(R, M, A, &) such that for every a € (0,M], A > 1,
Q € 0D and x € Dgo(A 100, \"1rg) with & =0,

(3.26) P, ()/(:ga . . € DQ(Q)\_léo,)\_lr(J)) > C'g)\ép(&?)7
Do (A=180,2a~1rg)
(3.27) P, ()?ga € D> < CoAop ()
Do(A~1sp,x71rg)
and
(3.28) E, [Py 1s0n-tr)| < Cod18p(@).

Proof. To derive the estimates in the lemma, it will be convenient to consider the
scaled process )\)?j\l_2t7 which has the same distribution as )/(\'“’\(MQ)/Q’)‘. The latter
has infinitesimal generator A + ao‘)\"‘ﬁﬁi/f.

Without loss of generality, we assume @ = 0 and let ¢ : R~! — R be the C11-
function satisfying ¢(0) = V¢(0) = 0, [|[Vo|le < A, Vo) — Vé(2)| < Alg — 7|
and C'Sg be the corresponding coordinate system such that

B(Q,R)ND = {(7, ya) € B(0,R) in CSq : ya > 6(y) }-

Note that, since D is a C1'! open set with characteristics (R, A), for every A > 1,
AD is a Cb! open set with the same characteristics (R, A). Let ¢ (7) :== ¢(A717) :
R?~1 — R. Then ¢, satisfies ¢»(0) = V¢r(0) = 0, |[Vorlloo < A, [Vor(7) —
Vor(3)] < Alj— ] and

B(Q,R)NAD ={y € B(0,R) in CSq: ya > ¢x(y)} forall A>1.
We let p > 0 be such that p # @ and 1 < p < (2A (3 — «)), and define
pAy) = ya— oay),

ha(y) = pA(y)lB(O,Ro)ﬂAD(y)7
hap(y) = ha(y)? = (P/\(y))p 1B(O,R0)0AD(:U)7
D(\ri,m2) = {ye€AD: 0<pr(y) <riand |y] < ra}.

Since pa(y) < V1+ A% p(y) in view of (3.2), we have 0 < hy < R < 1. Tt is easy
to see that D(A,ry,r3) is contained in D N B(0, R/4) for every r1,r2 < ro. Note
that the (vector-valued) Lipschitz function V¢, is differentiable almost everywhere.
So for a.e. y € B(0,Ry) N AD,

(3.29) Ah(y) = Alya — oa(y)) = —Ax(Y)
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and

Ahxp(y) = Aya — oa(y))”
= p(p— DA+ [Ver@ P (oa))P % = p(oa(y))P~ " A (Y)
p(p— DA+ [Vor@I?) (ox@)? " = 2 (02 ()" | Ao

Thus, since p € (1,2), we can choose a positive constant d; = §1(R, M, A, a) €
(0,70), independent of A, so that there is ¢; > 0 such that

(3.30) Ahyp(y) > c1(pa(y))P~2 >0 for a.e. y € D(\, d1,70) -
We divide the rest of the proof into three steps.

v

Step 1: Constructing suitable superharmonic and subharmonic functions with re-
spect to A+a‘1)\a*2£37//\2. Let 9 be a smooth positive function on R¢ with bounded
first and second order partial derivatives such that 1 (y) = 2PT1|y|? /r for |y| < ro/4
and 2P+ < 4h(y) < 2PF2 for |y| > ro/2. Now we consider
ur A (y) == ha(y) + hap(y)
and
uz A (y) = ha(y) + ¢ (y) — hap(y).

Observe that since 0 < hy <1 and p > 1, both u; » and u2 » are non-negative. By
Taylor’s expansion with remainder of order 2,

(331) |(A+a"x DR w(y)| < [Aw(y)|+ M

Note that the constant co above is independent of A. Moreover, since A > 1,
p > af/2 and p # «, by (3.16) and (3.17) there exist ¢z = c3(R,A) > 0 and
02 = §2(R, A) € (0,61] independent of A such that

BGhayly) = s fory € D Bur).

Thus by using (3.30), the fact that p < 2 and the inequality above, and by choosing
6o smaller if necessary, we get

(332)  (A+a"NDRIE) hy(y) = capa(y)' 2 = MOcA P

33,/)\2 (y)‘ < ca(a, M) < 0.

_ o c _
> cipa(y)’ ™2 — M3 > glm(y)p 2

for a.e. y € D(A, 02, 70). Furthermore by (3.16)-(3.18) and (3.29), there exist ¢4 =
c4(M) > 0 and 63 € (0,d3) independent of A > 1 such that for a.e. y € D(), d3,79)

(125
Ca (1 F AAmTH@=2) () (1=)N0 Liay A7 log(px(y)//\)|>
< e (1 + )\(l—a)++(a—2)p)\(y)(l—a)/\O +ely Lia=1y |]ng/\(y)|) .

Thus by (3.31)-(3.33) and the fact that p < 2 A (3 — «), there exists §4 € (0,03)
independent of A > 1 such that

(3.34) (A + aaA(a*Z)ﬁjff) u2 5 (y)

(3.33)

IN

A

< et (2 + [log pa(y)| + px(y)“‘(’)“’) — P < -1

for a.e. y € D(X,04,70).
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On the other hand, we have from (3.17) and (3.18),
(A + aaW*?)Ag,f) ha(y)

~[Adalloo = e5MAITHET2 4 A og A 4 A7 [ log pa(y))
—[A¢rlloo — s M (1 + e + [ log pa(y)|)
for a.e. y € D(A,d4,70). Combining the inequality above with (3.32), by choosing

d4 smaller if necessary, we have for a.e. y € D(\, d4,70),
(3.35)

_N N a @ C _
(A +a N DAGR) wr () = — Ao —es M 2+ og pa(y) )+ pa(w)" 2 2 0.

AVANAY]

Step 2: Translating super-/sub-harmonic functions into super-/sub-martingale prop-

. Sara—2)/a . .
erties for X »A. For notational convenience, we let

~a ) ~axeTR/ ey

va . yax@2/ ey _
X=X and 7,7 =T

We claim that the estimates (3.34) and (3.35) imply that

(3.36) t— us ) ()N(“”lm ) is a bounded supermartingale,
’ INTS (N 64,m0)
470
~a,\
(337) E$ |:TD(/\,54,T0)} < P}\(l‘),
and
(3.38) t— Uy ()za”l‘“ ) is a bounded submartingale.
’ INTE (N 64,m0)
4-T0

Observe that if v is a bounded C2?-function on R? with bounded second order
partial derivatives, then by Ito’s formula and the Lévy system (3.23),

t
(839) My =v(X[) (X5 ~ / (& +a"AC=DAG) o(Xe)ds
0

is a martingale (see the proof of Proposition 4.1 in [6] for the derivation of a similar
assertion). If the functions us ) and uq » were C? with bounded second order partial
derivatives, then the claims (3.36), (3.37) and (3.38) would just follow from (3.39)
and the estimates (3.34) and (3.35). However they are not C? since D is C! and
they are truncated on the outside of B(0, Ry) N AD. So we will use a mollifier. Let
g be a non-negative smooth function with compact support in R¢ whose value only
depends on |z| such that g(z) = 0 for |z| > 1 and [, g(z)dz = 1. For k > 1, define
gr(x) = 2Fg(2kz). Set

W@ = () = [ oG -pdn =12
As
(A + ao‘)\(o‘ﬁ)ﬁs’/f) ugkg = g * (A + ao‘/\(ad)ﬁg’/f) Ui fori=1,2,
we have by (3.34) and (3.35) that
(A + aa)\(a’Q)ﬁ;l“g) ugk/)\ >0 and (A + ao‘)\(o"z)ﬁz/f) u;k/)\ <-1

on Dy(X,04,70) :=={y: 04 —27F > pr(y) > 27% and |y < ro — 27},
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Since ugk/\) ,i=1,2, are bounded smooth functions on R? with bounded first and

second order partial derivatives, it follows from (3.39) that

(k) ( vra,\ ~a,\ . sps s
b uy ) Xm;gA . +tA TDr(Aoarg) 15 @ positive supermartingale
k(X84,70)
and
t (k) ( 7a,A : :
oy 3 (X700 is a bounded submartingale.
’ t/\‘rD’
k(X:84,70)
. , . . k .
Since for ¢ = 1,2, u; » is bounded and continuous, ug /\) converges uniformly to u; .
Thus
v a,\ ~a,\ . cle .
(3.40) ¢ — ug (Xm?;;* ) +tA TDr(A64,r0) 15 @ positive supermartingale
k(X84,70)
and
t = ug (Xa’ia N ) is a bounded submartingale.
’ tAT (7\64,70)
k 194,570

Since Dy (A, d4,70) increases to D(A, dy, ro), we conclude that (3.36) and (3.38) hold.
Moreover, for each fixed £ > 1 and ¢ > 0, we have from (3.40) that

Sa ~a\
E, |:u2’,\(Xa N ) +t/\7—gk()\,64,r0):| < 'U/Q’)\(ZL').

t/\TDk(AJMﬂ‘o)

Since ug \ > 0, by first letting & — oo and then ¢ — oo, we get E, [7';’(’\/\ 50 TO)} <
ug,x (). Since T = 0, 1(z) = 0 and so ug x(x) < px(z). This proves (3.37).

Step 3: Deriving the desired exit distribution estimates by utilizing the super-/sub-
martingale property. Since v > 2P*1 on |y| > rg and 1 (z) = 0, we have by (3.36),

pa(x) > ug x ()

>E, |:U,2,)\ ()?f;?} ) ;)?f;f\ € (AD) \D()\,oo,ro)]

TD(x64.70) TD(X,64.70)

D(X,84,70)

> @ - R (X2 0D\ D).

We also have from (3.38)

TD(X,64.70)

pA(@) < pr(8) + pr(e)? = i a(2) < E, [uu (f(f;,& )}

< 2P, ()?;;ﬁ € )\D> .

D(X,84,7m0)

Combining the two displays above, we get

(3.41) P, (X’i’;,ﬁ € D(/\,oo,ro))

7
D(X\,84,70)

=P, ()?‘j;,ﬁ € AD) ~-P, (f(‘j;ﬁ € (AD)\ D(), 00, 7‘0))

TD(X,84.70) TD(X,84.70)
optl _ 3

Zmpx\(@-
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By (3.23),
(3.42)

P, (551;,& € D()\, 00,70) \D()\,254,r0)>

=
D(X,84,70)

~a,\
TD(X,64,m0) (a)\(a_g)/a)a.A(CL a)

=Ex/ / San dra LReoylondyds
0 D(A\o0,r0)\D(A284,m0) | X& — y|dte

~a,\
TD(x64,70) a2 A(d, a)

SEI / / ﬂdyds
0 D(\00,r0)\D(A,284,70) | X" — Y|

<cgA(d, a)a®\>2 ( / |y|dady> Eo (7500 s0m0))
D(X,00,79)\D(\,264,70)

<cr A(d, a)a®X*~2 ( / |y|dady> Ee (750 s0m0))
D()\,264,To)\D(A,354/2,7‘0)

~a,\

TD(X,64,70) N2 A(d,
/ 470 / a~a,\—(a)1{|)??“*—y\<x}dyd3
0 D(X\,264,70)\D(A\,381/2,70) | X&" — y|dte ‘

=cs P, ()Z'i;,ﬂ € D(X,264,70) \ D(X, 364/2, r0)> .

=
D(X\,84,70)

<cs E,

Thus from (3.41)-(3.42)
(3.43) P, (Xf;%} € D()\,264,r0)> > copa(T).
TD(X,84.70)

Recall that 0 < hy , < 1. If |y| > 70/2, then ¢(y) > 2PT! we have

uz A (y) = V(W) +ha(y) —hap(y) 2 ¥(y) —hap(y) 227 =1 for y € B(0,70/2)°.
Furthermore, for y € B(0, Ry) such that d4 < px(y) < Ry,

uz A (y) = V() + ha(y) — hap(y) = pa(y) — pay)? > cio,

where ¢19 € (0,1) depends on §, and R. By using the last two observations, it holds
that ug x > c190 > 0 on (AD) \ D(), d4,70). Therefore, by (3.36) we get

(3.44) pa(z) > uza(z) > E, {uu ()?f;ﬁ ﬂ > c1oP, <X"j;,§ € )\D> :
TD(X,84,70) TD(X,84,70)
Since the process {z\()?j,zt — X¢),t > 0} under P, has the same distribution

Sa)a—2)/a ~ y(a—2)/a
as { XM DA xo ’ At > 0} under Py,, we have from (3.43) that for

MRS DQ()\71(54, )\71?"0)

P, ( X €D
Do(AT18g,A71rg)

> Aaa -1 -1 -1 -1
> P, (XTDQ(/\—164A—1TO) S DQ(Q)\ (54,)\ To)\DQ()\ (54,)\ ’I”()))
= Py <Xi’l>\>\ S D()\, 2(5477’0) \D()\7 04, 7‘0))
TD(X,64,70)
> copa(Ax) > cn1dap(Ax) = c11Adp(x),
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and, from (3.44)

P, ( X2 €D
z( TDQ(A*154,>\*17-0)

Py, (X"j;,ﬁ € AD)

S
D(X,84,7m0)

cr2px(Az) < c130ap(Ax) = c13A0p ().

IN

Finally by (3.25) and (3.37),
~a _ ~a,l
e {TDQ(AAM’)\ATO)} B /DQ()\154,>\17‘0) GDQ(/\7154’)\*1T0)(x’y)dy

_ d—2 Aa)\(a—2>/a7/\
= A / _ B GD()\,54,TO) ()\.’L‘, )‘y)dy
Dgo(A=184,A71rg)

— Nax(@—2)/ ey

A 2/ GD(/\,54,m) (A\z, z)dz
D(X,04,70)
— ~a,\

= )\ Q]EAQ/- [TD/(A,64,TO):|

S )\_2/))\()\1‘) S 014)\_26)\0()\1}) = 014)\_1(5D(1‘).

This completes the proof by taking dy = d4, Cs = c11, and Cy = max{cy3,c14}. O

We now derive exit distribution estimates for the process X® from those for Xa
in Lemma 3.4. Recall that ro = Ro/(4(1 + A?%)).

Lemma 3.5. There are positive constants o = 6g(R, M, A, ) € (0,79), Cs =
Cs(R, M, A, ) and C19 = Cio(R, M, A, a) such that for every a € (0, M], A > 1,
Q € 0D and x € Dgo(A" 100, \"1rg) with & =0,

(3.45) P, (Xga € DQ(2A—1507A—17«0)> > CgA\dp(z),
DQ(x—lso,A—lT[])
(346) P, (X;_la S D) < 010>\5D (1‘)
Do(A150,271rg)
and
(3.47) Es [y 150a-trm)| < C10A"'0p(@),

Proof. Without loss of generality, we assume @ = 0 and let ¢ : R4 — R be the
CH!-function satisfying ¢(0) = V¢ (0) = 0, |Vl < A, [Vo(7)—Vo(2)] < Aly—Z]

and C'Sg be the corresponding coordinate system such that
B(Q,R)ND ={(y, ya) € B(0,R) in CSq : ya > ¢(y)}-

Let 69, Cs and Cy be the constants from the statement of Lemma 3.4. Since
diam(Dg (A ™16, A"1rg)) < 3, we have that
|x — y|7d7a fjzmy<1y = |2 — y|7d7‘“ for all z,y € DQ()\7150, A rg).
Let
j(@) = a®A(d, o)z~ sy
Note that [p,j(z)dr < co. Thus we can write X = X0 4+ Z& where Z2 is a

compound Poisson process with the Lévy density j(z), independent of )?f Since
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the jump size of Z® is greater than or equal to 1 and diam(Dg(A~18p, A~1rg)) < 1,
we see from (3.28) that

Es [T%Q(xlsg,klro)] < E, [?gg()\*l%,)ﬁlro)} < C9>\_15D(9C)~

Moreover we have from (3.26) that

Do(A~1s80,A1rg)

P, (Xfa € DQ(Q)\_léo,)\_lro)>

=P, ()?ggQ(“Ww € Do (2271, A_1r0)> > Cs\p ().
We recall the notations from the proof of the previous lemma:
pa(x) == ya — d(A'D),
D(A,r1,1m2) == {y € CSq 11 > paly) > 0, [y| < ra2},

oA = gareTd/a ~a X ad@TR ey

and =Ty
Let a()\) := aA(®=2)/@ wwhich is no larger than M. By (1.4),

(3.48) P, (X‘ZE?Q) € (\D) \D()\,250,2r0))

TD(X,80.70)

7o) a
k. /Dwo’ o>/ M@ds
0 (AD)\D(A,280,2r0) | X5\ — yldte
o —d—a a(A
e A(d, @) (a(V)) ( / jy dy) Ex |75 00d0.r0)
()\D)\D()\,250,2T0)

o —d—a a(A
e A(d, o) (a(N)) ( / lyl ™ dy) E [TD(Q),%,TO)}
D()\,?éo,T‘Q)\D(}\,350/2,’r’0)

a(X)

TD(X,80,70) a()\)o‘.A(d, a)
/ / aO) are tds
0 D(X,280,r0)\D(A,360/2,70) | X~ — y|dte

— 3P, (X“§?3> € D(X,280,70) \ D(X, 36 /2,7«0)) .

-
D(X.60.70)

IN

IN

IN

C3]Ex

Thus by the above inequality and (3.44), we have
(3.49)
P, (X‘{Ef)) € /\D)

TD(X,80.70)

- P, (X“(%)) € (AD)\ D(X, 26, 2r0)) +P, <)~(5‘f;§ € D(\, 260, 2r0))

=
TD(X,50,70) D(X,80,70)

IN

e3P, < X € D(\,280,70) \ D(X, 36, /2,r0)> +P, <5€‘1;§ € )\D>

D(X,80,70) TD(X.,80.7m0)

= 3P, ()?Lﬁ;ﬁ € D(X,280,70) \ D(X, 36, /2,7“0)) +P, ()?_‘1;,& € AD)

TD(X.60.70) TD(x.80.70)

IN

(c3+ 1)P, (f(f;ﬁ € /\D) < capa().

TD(X.80.70)
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Since (AX{_.,,
metric a-stable process on RY with weight a()\), we have from (3.49) that for

T e DQ(}\il(so, )\717"0)

P, (Xga € D) = Py, (X“ﬁ?ﬁ) € )\D>

Do(Ax~1é0, A" o) TD(X,80.,70)

t > 0) is the independent sum of a Brownian motion and a sym-

< eqpr(Ax) < es0ap(Az) = s p ().

The proof is finished by taking C19 = max{Cy, c5}. ]

4. BOUNDARY HARNACK PRINCIPLE

In this section, we give the proof of the BHP for the independent sum of a
Brownian motion and a symmetric stable process. We first prove the Carleson
estimate for the independent sum of a Brownian motion and a symmetric stable
process on Lipschitz open sets.

We recall that an open set D in R? (when d > 2) is said to be a Lipschitz open
set if there exist a localization radius Ry > 0 and a constant A; > 0 such that
for every @ € 0D, there exist a Lipschitz function ¢ = ¢g : R¥"! — R satisfying
#(0) =0, |¢(z) — o(y)| < Aq]z — y|, and an orthonormal coordinate system CSq:
y= (1, ,Yd-1,Ya) =: (¥, yqa) with its origin at @ such that

B(Q,R1) N D ={y = (y,ya) € B(0, Ry) in CSq : ya > &(y)}-

The pair (Ry,A1) is called the characteristics of the Lipschitz open set D. Note
that a Lipschitz open set can be unbounded and disconnected. For Lipschitz open
set D and every @Q € 9D and x € B(Q, R;) N D, we define

pQ(x) == xq — g (T),

where (Z, ) is the coordinates of x in C'Sg.

We recall that X2 = X? + aY; is a Lévy process with characteristic expo-
nent ®*(xr) = |z|*> + a®|z|*. This process may be obtained by subordinating
a d-dimensional Brownian motion W = (W;, ¢ > 0) by an independent subor-
dinator T2 := t + a®T; where T = (T3, t > 0) is an «/2-stable subordinator.
More precisely, the processes X;' and Wrs have the same distribution. Note that
the Laplace exponent corresponding to T is equal to ¢*(\) = A + a®“\/2. Let
M sa(t) =300 o (=1)"t"/2 )T (14 na/2). 1t follows by a straightforward integra-
tion that

o 1
efAtM Cu a2a/(27o¢)t df = —— ,
J el V=

which shows that the potential density u® of the subordinator T is given by
U (1) = Moo/ C-1).

Since, for any a > 0, ¢* is a complete Bernstein function, we know that u?(-) is a
completely monotone function. In particular, u®(-) is a decreasing function. Since
u®(t) = ut (a?*/=t), we know that a — u®(t) is a decreasing function. Therefore,
if 0 < a1 < ag, then u® () > u®2(t) for all ¢t > 0. We will need this fact in the
proof of next lemma.
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Lemma 4.1. Let D C R be a Lipschitz open set with the characteristics (Ry, Ay).

There exists a constant 6 = 6(Ry, A1, M) > 0 such that for all a € [0, M] and

Q €0D, x € D with pg(x) < R1/2,
]P)x(Xg(;z) S Dc) > 67

where T(T) 1= THo gy 00 (o)) = EH{E > 01 Xi & DN B(x,2pq(x))}

Proof. Clearly,

P, (X2, € D°)

Y]

P, (Xf(x) € D°N B(z, 2pQ(x))>
> P, (Xf(w) € 0D N B(x, 2pQ(x))) .

Let D, := DN B(z,2pg(z)) and WP= be the subprocess of Brownian motion W
killed upon leaving D,. The process Z% defined by Z@ := WP« (T#), where T¢ is
an independent subordinator described in the paragraph before the statement of
the lemma, is called a subordinate killed Brownian motion in D,. We will use ¢ to
denote the lifetime of Z®. It is known from [40] that
P, (Xf_‘(x) € 8D N B(x, QpQ(.Z‘))) > P, (22 € DN B(x,2po(x)))

= E, [ua(?Dx); Wz, €0D ﬂB(m,QpQ(:c))] .

Here and below, 7y :=inf{t > 0: Wy ¢ U} is the exit time of W from U. Denote
Cy :=0D N B(x,2pg(x)). Then
(41) Eﬂi [ua(?Dz); W:I:Dm € Ca:] Em [ua(?Dm); W:FDJ S 0175:Dw S t]
u (t)P, [Wsp, € Co,Tp, <1
u(l

(t) (Pm(W?Dm € Cw) - P"E(;D‘z > t)) )

(AVARAVARLY,

where t > 0 will be chosen later.
Since D is a Lipschitz open set with characteristics (R, A1), there exist n =
n(A, R1) > 0 and a cone

(4.2) C:= {y =Wty ya) ER 1yg <0, (Y34 +y2 )2 < 77|yd|}

such that for every z € 0D, there is a cone C, with vertex z, isometric to C,
satisfying C, N B(Q, R1) C D°. Then by the scaling property of W and symmetry
considerations, we have

P, (Wr,, € Cy) > P (W € 9B(2,2p0(2)) N C(z,44()))

TB(2,2pq ()
Po (W5 € 0B(0,2) N (C+(0,-1))),

TB(0,2)
which is strictly positive. Hence we can conclude that there exists ¢; = ¢;(D) > 0
such that

Y

Next,
Ez ~ ]Em = 2 2
(44)  Pu(p, >1) < [ZDI] < [TB(””f”Q(“”] <ol Q(tx)) <ol

for some constant c¢o > 0. By using (4.3) and (4.4) in (4.1), we obtain that

2
E. [u®(Tp,); Wap, € Cu] > us(t) (c1 - 02}?) '
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Now choose t = t(Ry, A1) > 0 large enough so that ¢; — caR2/t > ¢1/2. Then
Eo [u(Tp,); Wrp, € Ca] > cru®(t)/2 > cuM(t)/2 =: 4.

The lemma, is thus proved. O

Suppose that D is an open set and that U and V' are bounded open sets with
V cV cUand DNV # (. If u vanishes continuously on DN U, then by a finite
covering argument, it is easy to see that u is bounded in an open neighborhood of
oDnvV.

Lemma 4.2. Let D be an open set and U and V' be bounded open sets with V' C
V CcU and DNV # 0. Suppose u is a nonnegative function in R¢ that is harmonic
in DNU with respect to X and vanishes continuously on D°NU. Then u is reqular
harmonic in D NV with respect to X¢, 1i.e.,

(4.5) u(z) = E, {u(Xﬁgmv)} forallze DNV.

Proof. Forn >1,let B, ={y€ DNV : dp(y) > 1/n}. Then for large n, B, is an
non-empty open subset of D NV whose closure is contained in D N U. Since u is
harmonic in D N U with respect to X%, for z € DNV and n large enough so that
r € B,,, we have that

ulw) = By [u(X, )] =B [u(X2, )i 78, < mhoy ] +Ea [u(X2, )i 8, = o] -
Hence
(46)  fu(x) B [u(xgy )|

< B [u(X2, )5 78, <oy + B [u(X0 )i 7 < hov] -

Since limy, oo Tf3, = Ty almost surely under each P, the second term in (4.6)
converges to E, [u(X“ng); Al where A := N5 {7} < 7pqy}- Note that

T

Xaa S 8D nv on A.
DNV

T

Hence u(X;?BW) =0 on A, as u is assumed to vanish on DN U. Consequently

HILII;O E, [U(ng:‘mv); T8, <Tpav| =0.
For the first term in (4.6), note that 0p (X7, ) <1/non{rf < 7pny }. Therefore,
by the assumption that « vanishes continuously on D¢ N U, lim, . u(X?, ) = 0.
Moreover, since u vanishes continuously on (0D) N U, there is ng > 1 so that w is
bounded in D NV \ B,,. So by the bounded convergence theorem we have

nl;néo E, [u(Xf.‘Bn); T8, <Tpav| =0.

This proves the lemma. O

Proof of Proposition 1.3. We know from the parabolic Harnack inequality
from Theorem 6.7 of [21] that the Harnack inequality holds for the process X :=
X', That is, there exists a constant ¢; = c;(a, M) > 0 such that for any r €
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(0, M*/2=)] x5 € R? and any function v > 0 harmonic in B(zo,r) with respect
to X, we have

(4.7 v(x) < c1v(y) for all z,y € B(zo, g)

Now the proposition is an easy consequence of (4.7). In fact, note that for any a €
(0, M], X has the same distribution as AX 2, where A = a®/(®=2) > pre/(a=2),
Consequently, if w is harmonic in B(xg,r) with respect to X where r € (0,1],
then v(z) := u(\r) is harmonic in B(A™1zg, A\™1r) with respect to X and A\~ !r <
M*/(=2) S0 by (4.7)
u(Az) = v(z) < cv(y) = cru(Ay) for all z,y € B(A\™ 2, \"1r/2).
That is,
u(z) < cru(y) for all z,y € B(xo,r/2).
O

Theorem 4.3 (Carleson estimate). Let D C R? be a Lipschitz open set with the
characteristics (R1,A1). Then there exists a positive constant A = A(a, A1, Ry, M)
such that for a € (0, M], Q € 9D, 0 < r < R1/2, and any nonnegative function u
in R? that is harmonic in DN B(Q,r) with respect to X® and vanishes continuously
on DN B(Q,r), we have
(4.8) u(z) < Au(zo) forz e DN B(Q,r/2),
where xo € DN B(Q,r) with pg(zo) = r/2.
Proof. Fix a € (0, M]. Since D is Lipschitz and r < R;1/2, by the uniform Harnack
principle in Proposition 1.3 and a standard chain argument, it suffices to prove (4.8)
for x € DN B(Q,r/12) and Ty = Q. Without loss of generality, we may assume
that u(xzg) = 1. In this proof, the constants ¢, 8,1 and ¢;’s are always independent
of r and a.

Choose 0 < v < a/(d + ) and let

By = DN B(@,2po(@), B = B, Tpg(e)).

Further, set

By = B(wo,pq(%0)/3),  Bs = B(xo,2pq(%0)/3)
and
7o =1inf{t > 0: X{* ¢ By}, T, =inf{t > 0: X' ¢ By}.
By Lemma 4.1, there exists § = 6(Ry, A1, M) > 0 such that
(4.9) P, (X2 € D°)>4d, xeB(Q,r/4).

By the uniform Harnack principle in Proposition 1.3 and a chain argument, there
exists B such that

(4.10) u(x) < (po(z)/r) Pu(zy), =€ DNB(Q,r/4).
In view of Lemma 4.2, u is regular harmonic in By with respect to X®. So
(4.11)

u(w) =By [u(X2); X2 € By| + By [u(X2); X2 & B for x € B(Q,r/4).
We first show that there exists > 0 such that
(412) E,[u(XZ); X% ¢ Bi] <u(zo) if x € DN B(Q,r/12) with pg(z) < nr.
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Let 19 := 272d+)/d_then for pg(x) < nor,

(@)D < 1/4  and  20(2) < ' pg(x)" — 2pq(a).

Thus if € D N B(Q,r/12) with pg(x) < nor, then |z — y| < 2|z — y| for z € By,
y ¢ By. Thus we have by (1.4) and Lemma 3.1
(4.13)

]Ez [U(Xgo);Xgo ¢ Bl]

—A(d,a) / G (2, 2) / 0z -y~ u(y) dy dz
Bo ly—z|>r1=Ypg (x)V

< Ada) [ G2 a®lz — g~ u(y) dy
Bo ly—z|>r1=7pg(z)7
<2 Al Qa7 3p00) | a®lz — 4|~ u(y) dy
ly—2|>r1=7pq (z)7
§2d+D‘A(d, a)cpo(x)2 (/ a®|x — y|_d_"u(y) dy
ly—z[>r1=7 pg (z)7,|ly—z0[>2pq (20)/3

+ / a®lz -y~ u(y) dy
ly—x0]|<2pq(x0)/3

ZZCQpQ(ZE)2(11 + 12) .

On the other hand, for z € By and y ¢ Bs, we have |z — y| < |z — zo| + |20 — y| <
po(z0)/3 + |zo — y| < 2|xo — y|. we have again by (1.4) and Lemma 3.1

(4.14) u(wg) > Egy [u(X2), X2 ¢ Bs]

> A(d,a) / G, (20, 2) / 0|z — 4~ u(y) dy dz
B ly—x0|>2pq (x0)/3

>0 0 Ad,a) [ G, (20, 2)dz / 0|0 — y| =4 uy) dy
B, ly—x0|>2pq (x0)/3
> 274 A(d, a)es (po (20)/3)? / a®|zo — |~ *u(y) dy
ly—z0|>2pq(x0)/3

— capo(z0)? / a®Jwo — g~ uly) dy.
|[y—z0|>2pq (z0)/3

Suppose now that |y — x| > 7177 pg(z)” and = € B(Q,r/4). Then

ly — ol <y —al+r<|y—a[+rpq(x) "y — x| < 2r7pq(x) "y — z.
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Therefore

(4.15) I; = / a®lz —y
ly—z|>r1=7pq(x)7,|ly—z0|>2pq (20)/3

< / (2 (pola)/r)) 4 a®ly — zo| " u(y) dy
ly—zo|>2pq(z0)/3

|~ u(y) dy

2T+ ey () fr) () / a®ly — w0l uly) dy
ly—z0|>2pq (x0)/3

2 (g () /1) e o 20)u(zo)

cs(po () /r) ™) pg(x0) Pu(xo)
where the last inequality is due to (4.14).

If [y — zo| < 2pq(w0)/3, then |y — x| > |z0 — Q| — |z — Q| — [y — zo| > po(w0)/6.
This together with the uniform Harnack principle in Proposition 1.3 implies that

(4.16)1, = / a®le -y~ uly) dy
ly—0]|<2pq(x0)/3

< e / 0l — |4
ly—z0|<2pq (x0)/3

u(zo) dy
ceu(xo) / a|lx — y|7d*°‘ dy = cra®pg(zo)” “ulxo) .
ly—z|>pq(x0)/6

IN

IA

Combining (4.13)-(4.16) we obtain
(417)  E,fu(X2); X2 ¢ Bl]

0

)-
);
2 (C —v(d+a) -2

IN

capg () po(zo) “u(xo) + C7aapQ(m0)7o‘u(mo))

IN

csu(zo) (po(x )/r) ") p (20) T2 + GO‘PQ(%)QPQ(QTO)_Q)

(
cou(wo) (pQ /r2 ”<d+a>+a po(@)r ™) .

where in the last inequality we used the fact that pg(z¢) = r/2. Choose now
n € (0,70) so that

IA

co (772"*(“‘” +n2M°‘) <1.
Then for z € DN B(Q,r/12) with pg(x) < nr, we have by (4.17)
E. [u(X5); X2 ¢ Bi] < cou(xo) (77277(“0‘) + UQTQ*O‘MO‘>

< ¢ (n2_7(d+a) + n2Ma) u(zo) < u(zo).

We now prove the Carleson estimate (4.8) for x € DNB(Q,r/12) by a method of
contradiction. Recall that u(xg) = 1. Suppose that there exists 1 € DN B(x,r/12)
such that u(z1) > K > 7%V (1+6~1), where K is a constant to be specified later.
By (4.10) and the assumption u(z1) > K > n~?, we have (pg(z1)/r)™# > u(x1) >
K >n~#, and hence pg(z1) < nr. Let By, By and 79 be now defined with respect
to the point x; instead of x. Then by (4.11), (4.12) and K > 1+ 61,

K <u(z1) <Eyy [w(X2); X2 € By +1,
and hence
Esp [W(X2); X2 € By| > u(zy) — 1>

1+5()
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In the last inequality of the display above we used the assumption that u(x;) >
K >1+61 If K > 2°/7 then D°NB; C D°NB(Q,r). By using the assumption
that « = 0 on D°N B(Q,r), we get from (4.9)
IEml [U(X‘go)’ Xg() € Bl] = Efl [U(ng)7 X‘I(}O € Bl N D]
< P.(X; € D)supu < (1—9)supu.
Bl Bl

Therefore, supg, u > u(z1)/((1 +6)(1 —0)), i.e., there exists a point x3 € D such
that

1

By induction, if zx € D N B(Q,r/12) with u(xy) > K/(1 — §2)*~! for k > 2, then
there exists xp4+1 € D such that
(4.18)

|2y, — zpia| < T 7po(ar)?  and  wu(wpgn) >

1
|z1 — 22| <7 7 7po(21)Y  and  u(wg) > ﬁu(

1 1
S - K
=gz W) > g

From (4.10) and (4.18) it follows that pg(zy)/r < (1 — §2)F=D/BK=1/8 for every
k > 1. Therefore,

k—1 oo
r 1
|l —Q < |T/1*Q|+Zl|xj+1*$j|§ﬁ+z7" K
j= -
< 7_,_7”1 VZ — 02 U=/B =By

- v g/B — §2)iv/B
12—1— r JZO

r 1
- K-8 -

TR 1—(1—42p/B
Choose

K=nV (1435 v128/7(1 - (1—62)/8)=h/,

Then K—7/# (1 — (1 —§2)7/#)=1 < 1/12, and hence x;, € D N B(Q,7/6) for every
k > 1. Since limg_, oo u(xr) = +00, this contradicts the fact that u is bounded on
B(Q,r/2). This contradiction shows that u(x) < K for every x € D N B(Q,r/12).
This completes the proof of the theorem. O

Proof of Theorem 1.4 . Since D is a C*! open set and r < R, by the uniform
Harnack principle in Proposition 1.3 and a standard chain argument, it suffices to
prove (1.6) for z,y € DN B(Q,rro/8). In this proof, the constants n and ¢;’s are
always independent of r and a.

We recall that rq = zl(TRAZ) and dg € (0,79) is the constant in the statement of
Lemma 3.5.

For any r € (0, R] and x € DNB(Q, rro/8), let Q. be the point @, € D so that
|2— Q2| = 6p(x) and let zp := Qu+ §(z — Qz)/|z — Qz|. We choose a C'!-function
¢ : RT! 5 R satislying ¢(0) = Vo(0) = 0, [Vélo < A, [Voly) — Vé(2)| <
Aly — z|, and an orthonormal coordinate system C'S with its origin at @), such that

B(Qz, R)ND ={y = (y,ya) € B0, R) in CS :ya > ¢(y)}.
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In the coordinate system C'S we have ¥ = 0 and z¢ = (0,7/8). For any by, by > 0,
we define

D(bl,bg) = {y = (g,yd) nmCS:0< Yd — (]5(@ < 617’50/8, |§| < bg?“?‘()/8} .
It is easy to see that D(2,2) C DN B(Q,r/2). In fact, since ro < gy and &y < gx,
for every z € D(2,2)

2= Q| < 1Q—z|+[r— Qs +|Qz — 2] < g+|zd— d(2)|+|0(2)| < (1+5o)<*

8 2

Thus if u is a nonnegative function on R? that is harmonic in D N B(Q,r) with
respect to X® and vanishes continuously in D¢N B(Q, r), then, by Lemma 4.2, u is
regular harmonic in DN B(Q,r/2) with respect to X%, hence also in D(2,2). Thus
by the uniform Harnack principle in Proposition 1.3, we have

(4.19)  wu(z)

ol )] 25 o, v, <D

TDb(1,1)

vV

cr1u(@o)Py (ijg(l’l) e D(2, 1)) > cyu(z0)dp (@) /r.

In the last inequality above we have used (3.45).

Let w = (0,7r9/16). Then it is easy to see that there exists a constant 7 =
(A, r0,90) € (0,1) such that B(w,nrre/16) € D(1,1). By (1.4) and Lemma 3.1,

¢ D(2, 2)]
u(y)

= A(d,«a aa/ G¢ (w,z)/ 7dydz
(d,a) D(1,1) b R\D(2,2) |2 = Y[

u(y)
> oz]E , a
c3a u [TB(w,nrm/(w))] /I;d\ 2.2) ‘w y\d““a

> c4a°‘r2/ 7u(y)d+ady.
R4\ D(2,2) lw — y|

u(w) = Eylu(Xs )iXs

dy

Hence by (3.47),

Ea |: (XaD( 1)) . X D(l 1) % D(2 2)}

u(y)
= A(d,« a”‘/ GY (z,z)/ 7dydz
() D(1,1) DL RA\D(2,2) |2 — yl¢T®
u(y)
< c5a“E, [T / — T dy
° Than)] RA\D(2,2) W — y|IT
u(y) c6 Op ()
< c¢ga%p(z r/ dy < u(w).
° (=) RA\D(2,2) [0 — Y|4t c4r

On the other hand, by the uniform Harnack principle (Proposition 1.3) and the
Carleson estimate (Theorem 4.3), we have

E, [ (X“D(l 1)>~X7‘_‘g(1Y1)eD(2,2)} < erulao)P, (Xﬁg(lyl)eD(2,2)>
< cgu(wo)dp(z)/r.
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In the last inequality above we have used (3.46). Combining the two inequalities
above, we get

(4.20) wz) = E, [u (Xfa

. va
D(l,l)) ! XTJ%(1,1) € D(2’2)}

+E, [u(xga );X“ ¢D(2,2)}

D(1,1) TH(1,1)

< 0785D(m)u(:c0)+%ljfn)u(w)
< 6795D(x)(U(xo)+U(w))
< D05 (@)ula).

r

In the last inequality above we have used the uniform Harnack principle (Proposi-
tion 1.3).

From (4.19)—(4.20), we have that for every x,y € DN B(Q, rro/8),

u(x) c10 0p(x)

u(y) = e op(y)’

which proves the theorem. O
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