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Abstract

In this paper, sharp two-sided estimates for the transition densities of relativistic a-stable
processes with mass m € (0, 1] in C™! exterior open sets are established for all time ¢t > 0. These
transition densities are also the Dirichlet heat kernels of m — (m?/® — A)*/2 with m € (0,1]
in C1! exterior open sets. The estimates are uniform in m in the sense that the constants are
independent of m € (0,1]. As a corollary of our main result, we establish sharp two-sided Green
function estimates for relativistic a-stable processes with mass m € (0,1] in C1! exterior open
sets.
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1 Introduction

Let d > 1 and « € (0,2). For any m > 0, a relativistic a-stable process X" in R? with mass m is
a Lévy process with characteristic function given by

E [exp (i€ - (X" — X{"))] = exp (—t ((|5\2 + m2/a)“/2 - m)) ,  EeR% (1.1)

When m = 0, X™ is simply a (rotationally) symmetric a-stable process in R%. The infinitesimal
generator of X" is m — (—A + m?®)*/2, When a = 1, the infinitesimal generator reduces to the
free relativistic Hamiltonian m — v/ —A + m?2. There exists a huge literature on the properties of
relativistic Hamiltonians (for example, see [3, 17, 19, 23, 24]). Relativistic a-stable processes have
been studied recently in [14, 15, 18, 20, 21, 22, 26].
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Recall that an open set D in R? (when d > 2) is said to be a (global) C! open set if there
exist a localization radius rg > 0 and a constant Ay > 0 such that for every z € 0D, there
exist a Ch!-function ¢ = ¢, : RT™1 — R satisfying ¢(0) = 0, Vo(0) = (0,...,0), [|[Vo|e < Ao,
IVo(x)—Vo(2)| < Ao|z—z|, and an orthonormal coordinate system y = (y1,- -, Ya—1,Yd) := (Y, Yd)
such that B(z,r9) N D = B(z,ro) N{y : ya > ¢(y)}. We call the pair (19, Ag) the characteristics of
the C! open set D. By a C™! open set in R we mean an open set which can be expressed as the
union of disjoint intervals so that the minimum of the lengths of all these intervals is positive and
the minimum of the distances between these intervals is positive. Note that a C™! open set can be
unbounded and disconnected.

For an open set D C R%, let X™P be the subprocess of X™ killed upon exiting D. It is easy to
see (cf. [14]) that X™P has a jointly continuous transition density function p'3(t, x, y) with respect
to the Lebesgue measure on D. p'j is also called the Dirichlet heat kernel of m — (—A +m?/*)e/2|
with zero exterior condition.

A relativistic a-stable process is a discontinuous Markov process. Sharp estimates on the
transition density functions of discontinuous Markov processes are of current research interests (see
[1,4,5,6, 7,13, 14] and the reference therein). Dirichlet heat kernel estimates for symmetric stable
processes were first obtained in [8] on C''! open sets for ¢ < 1 and for all £ > 0 when the C*! open
set is bounded. In [2], Dirichlet heat kernel estimates for symmetric stable processes for a large
class of non-smooth open sets were obtained in terms of surviving probabilities. In [16], global
Dirichlet heat kernel estimates for symmetric stable processes are derived for C'b! exterior open
sets as well as for half-space-like open sets. The ideas of [8] have been adapted to establish sharp
two-sided estimates for the Dirichlet heat kernels of other discontinuous Markov processes in open
sets, see [9, 10, 12]. In particular, the following result is established in [10, Theorem 1.1]. In this
paper, for any a,b € R, we use the notations a A b := min{a, b} and a V b := max{a, b}.

Theorem 1.1 Suppose that o € (0,2) and D is a CY' open set in R? with C™! characteristics
(ro,No). Let 6p(x) be the Euclidean distance between xz and D°.

(i) For any M > 0 and T > 0, there exists ¢y = ci(d,c,r9, Ao, M, T) > 1 such that for any
m € (0, M] and (t,x,y) € (0,T] x D x D,

1 (1 5D(w)“/2> (1n 5D(y)a/2> (£ 1 tg(m'/*a — y\))

1 Vit ¢ |z — yldte
<pp(t z,y)

dp(z)*/? oW (—dja , tE(m'/ |z —yl|/(16))
Scl(l/\DT>(1/\DT>(t dfoc o i ) (1.2)

where ¢(r) =e (1 + T(d+0‘_1)/2).

(ii) Suppose in addition that D is bounded. For any M > 0 and T > 0, there ezists ca =
co(d, o, o, Ao, M, T, diam(D)) > 1 such that for any m € (0, M] and (t,x,y) € [T,00)xDx D,

G e N S (2) 2 (y)*? < Bt y) < e e N Sp ()2 op(y)°r?,

a/2

where /\‘f"m’D > 0 is the smallest eigenvalue of the restriction of (m2/a — A)*% —m in D with

zero exterior condition.



Note that, although the small time estimates on p7;(¢,z,y) in Theorem 1.1(i) are valid for all
C1! open sets, the large time estimates in Theorem 1.1(ii) are only for bounded C'*! open sets. As
one sees for the case of symmetric a-stable processes in [16], the large time heat kernel estimates for
unbounded open sets are typically very different from that in the bounded open sets and depend
on the geometry of the unbounded open sets. Sharp two-sided estimates on p7; (¢, z,y) valid for all
time ¢t > 0 have recently been established for half-space-like C*! open sets in [12] by using some
ideas from [16]. The goal of this paper is to establish sharp two-sided estimates on p’; (¢, z,y) for
exterior C! open sets that hold for all ¢ > 0.

Recall that an open set D in R? is called an exterior open set if D¢ is compact. For any
m,b,c > 0, we define a function W4 mpe(t z,y) on (0,00) x R? x R? by

g—dfo 5 el tml/la—y]) when ¢ € (0,b/m]

\I’d,a,m,b,c(taxay) = o |z— |2 | |
md/e=d/24=d/2 oy, (-cfl(ml/oﬂx —y| AmP/a-tiy )) when ¢ € (b/m, c0),

(1.3)

where ¢(r) =e™" (1 + r(d+°‘_1)/2). The following is the main result of this paper.

Theorem 1.2 Suppose that o € (0,2), d >3, M >0, b >0, R > 0 and D is an exterior C1!
open set in R with CY' characteristics (rg,Ag) and D¢ C B(0,R). Then there are constants
¢i = ¢i(dya, M,b,rg, Ao, R) > 1,4 = 1,2, such that for every m € (0, M], t >0 and (z,y) € D x D,

() )“/2 <1 \ o)

1At 1At/

/2
p’rg(t, x, y) <c <1 A > \de,a,m,b,cz (t, z, y)

and

o () )a/Q <1 L)

/2
1 /\tl/a 1 /\tl/a) \Pd,a,m,b,l/CQ (tvxay)'

Pt z,y) >’ (1 A
It is known (see Theorem 2.1 below) that there are constants ¢35 > 1 and ¢4 > 1 such that for
all m > 0 and (¢,z,y) € (0,00) x R? x RY,

&5 W amaijetzy) <pT(ta,y) < csVaamie (b, y). (1.4)

By integrating the sharp heat kernel estimates in Theorem 1.2 (with b = 1) over y € D and using
(1.4), one can easily conclude that there is a constant c¢5 = c5(d, o, M, ro, Ag, R) > 1 so that for
every m € (0, M], z € D and t > 0,

a/2 a/2
;! <1/\ op(z) > <P (1 >1) < c5 <1/\ op(z) ) :

1At/ 1A tl/e

where 77 = inf{t > 0: X;" ¢ D}. We emphasize that the sharp heat kernel estimates in Theorem
1.2 hold uniformly in m € (0, M]. Thus passing m | 0 recovers the sharp heat kernel estimates for
symmetric a-stable processes in exterior C'! open sets when dimension d > 3 that were previously
obtained in [16]. (The estimates in [16] hold for every d > 2.) The large time upper bound estimate
in Theorem 1.2 is quite easy to establish, which is given at the end of Section 2. The main task
of this paper is to establish the large time lower bound estimate for p’; (¢, z,y). Comparing with



the case of symmetric stable processes, due to the fact that the Lévy densities of relativistic stable
processes decay exponentially fast at infinity, the large time lower bound estimates for p7) is much
harder to establish. The reason that we assume d > 3 in Theorem 1.2 is that, due to Chung-Fuck’s
recurrence criterion for Lévy processes, relativistic stable processes are transient if and only if d > 3.

Integrating the heat kernel estimates in Theorem 1.2 in ¢ € (0,00), one gets the following
sharp two-sided Green function estimates of X™ in exterior C1! open sets, which is uniform in
m € (0, M].

Theorem 1.3 Suppose thatd >3, M > 0, R > 0 and D is an exterior C*' open set in R® with C1!
characteristics (ro, Ao) and D¢ C B(0,R). Then there is a constant ¢ = c(d, o, M,rg, Ao, R) > 1
such that for every m € (0, M] and (xz,y) € D x D,

L oz — g2 (1/\ Sp(z) )aﬂ2<1/\5D(y)>a/z

|l — y|d— |z —yl A1 lz—y|A1

1+<m1/a|x—y|>2—a< 3p(z) )"/2< p(y) )“/2
<GM(z,y) <c 1IN ——2 1A ——2 )
< Gh@y) Ty T ylAl T—ylAl

Taking m | 0, the estimates in Theorem 1.3 recover the sharp Green function estimates for
symmetric a-stable processes in exterior C'! open sets when d > 3 that was previously established
in [16] for any dimension d > 2.

The rest of the paper is organized as follows. In Section 2, we summarize some basic properties
of relativistic stable processes and give the proof of the upper bound estimate in Theorem 1.2. In
Section 3, we present interior lower bound estimates for p7; in exterior open sets. Lower bound
estimates for p'f}(¢, x, y) up to the boundary are established in Section 4 for ¢ < 7T'/m and in Section
5 for t > T'/m. The proof of Theorem 1.3 is given in Section 6.

Throughout this paper, we assume that o € (0,2) and m > 0. The values of the constants
C1,Cy, Cs will remain the same throughout this paper, while ¢y, ca,--- stand for constants whose
values are unimportant and which may change from location to location. The labeling of the
constants ci, co, - -+ starts anew in the proof of each result. The dependence of the constant ¢ on

“

the dimension d will not be mentioned explicitly. We will use “:=” to denote a definition, which is
read as “is defined to be”. We will use 0 to denote a cemetery point and for every function f, we
extend its definition to 0 by setting f(9) = 0. We will use dz to denote the Lebesgue measure in
RY. For a Borel set A C R?, we also use |A| to denote its Lebesgue measure and a4 := {ay : y € A}
for a > 0. For two non-negative functions f and g, the notation f < g means that there are positive

constants c1, co so that c¢;g(z) < f(x) < cag(x) in the common domain of definitions for f and g.

2 Basic properties of relativistic stable processes

A symmetric a-stable process X = {X;,t > 0,P,,z € Rd} in RY, where d > 1, is a Lévy process
whose characteristic function is given by (1.1) with m = 0. The Lévy density of X is given by
J(x) = j(|z]) = A(d, —a)||~ ("), where

aF(”H—a)
A(d, —a) = ol—a 7rd/21'*2(1 —ay




Here I' is the Gamma function defined by I'(A) := [ t*te~"dt for every A > 0.
The Lévy measure of X™ has a density

T™Mw) = §"(|2]) = A(d, —a)la| =Y (m"|a]) = j(|z))(m"|a|) (2.1)
where .
d - o0 d+a s ’7‘2
Y(r) =27 < —ga) /0 s 2 leTiT s ds, (2.2)

which is decreasing and a smooth function of 72 satisfying 1/(0) = 1 and

e (1 4 rld+a=1)/2y on [0,00) (2.3)

=
O
)
-
O
i

(see [26, Lemma 2] and [15, pp. 276-277] for the details).

Put J"(z,y) := j™(]z — y|). The Lévy density gives rise to a Lévy system for X", which
describes the jumps of the process X™: for any = € R? stopping time T (with respect to the
filtration of X™) and non-negative Borel function f on R, x R? x R? with f(s,y,y) = 0 for all
y € RY,

e | soxe x| =x [ [0 [ s oo gm)al e

(See, for example, [14, Appendix A].)
We will use p™(t,z,y) = p"(t,x — y) to denote the transition density of X™. From (1.1), one
can easily see that X™ has the following approximate scaling property: for every b > 0

{b‘l/o‘ (X;?/b - Xén/b),t > 0} has the same distribution as that of {X;" — X{",t > 0}. (2.5)
In terms of transition densities, this scaling property can be written as
p"(t,x,y) = bd/o‘pm/b(bt, b/, bl/o‘y) for every t,b > 0,z,y € R%. (2.6)
For any m, ¢ > 0, we define a function \Tld@,m,c(t, z,y) on (0,00) x R? x R? by

t=de A tT™ (2, y), vt € (0,1/m];

v t,x,y) =
da,m,e(t; T, Y) md/o—d/24=d/2 oy (_cfl(ml/a’w —y| A m2/a71M)> Ve (1/m, o).

Using [7, Theorem 1.2], [10, Theorem 4.1] and (2.6) we get
Theorem 2.1 There exist c¢1,C1 > 1 such that for all m > 0 and (t,z,y) € (0,00) x R? x R?,
Cl_lifld,oz,m,l/c& (t7 €T, y) < pm (ta x, y) < qjd,ohchl (ta €, y)

For any open set D, we use 75 := inf{t > 0 : X/™ ¢ D} to denote the first exit time from D
by X™ and X™P to denote the subprocess of X™ killed upon exiting D (or, the killed relativistic
stable process in D with mass m). It is known (see [14]) that X™" has a continuous transition
density p';(t,z,y) with respect to the Lebesgue measure. p';(t,z,y) has the following scaling
property:

ph(t,z,y) = bd/o‘pzﬁD(bt, bl/ oy, bl/ay) for every t,b > 0,2,y € D. (2.7)



Thus the Green function G’ (z,y) := fooo PR (t, @, y)dt of X™P satisfies

Gh(x,y) = b(d_a)/aGb"f//ZD(bl/am, bt/ vy) for every b > 0,2,y € D. (2.8)
We now introduce the space-time process Z7" := (V;, X[*), where V; = Vj — s. The law

of the space-time process s — Z7 starting from (t,z) will be denoted as P(:*) and as usual,
E®&2)[.] = / PO (dw).

We say that a non-negative Borel function h(t, z) on [0, 00) x R? is parabolic with respect to the
process X™ in a relatively open subset E of [0, 00) x R? if for every relatively compact open subset
Ey of E, h(t,z) = Et:?) {h(Z%l)] for every (t,x) € Ey, where 7! = inf{s > 0: Z" ¢ E1}. Note
that p5(-, -, y) is parabolic with respect to the process X" in (0,00) x D.

The following uniform parabolic Harnack inequality is an extension of [10, Theorem 2.9] in that
it is stated for all » > 0 and m > 0 instead of only for » € (0, R] and m € (0, M]. Due to the
recent result in [7], the following uniform parabolic Harnack inequality is an easy consequence of
the approximate scaling property (2.5) and the parabolic Harnack inequality [7, Theorem 4.11].

Theorem 2.2 For M > 0 and 6 € (0,1), there exists ¢ = c¢(d,a,d, M) > 0 such that for every
m >0, zg €RE, tg >0, r >0 and every non-negative function u on [0,00) X R? that is parabolic
with respect to the process X™ on (to, to + 46(r® vV m**~192)] x B(xo, 4r),

sup u(t17 3/1) <c inf U(tg, yg)’
(t1,y1)€Q— (t2,y2)€Q+

where Q_ = [to + 6(r® V. m? " 12) 1o 4 26(r® V m?/*~12)] x B(xo,r) and Q4 = [to + 36(r® V
mz/o‘_ITQ), to + 49(r* Vv m2/o‘_17“2)] X B(xg,r).

We now prove the upper bound estimate in Theorem 1.2.

Proof of the upper bound estimate in Theorem 1.2. Without loss of generality, we assume
M =1/3and T = 1. In view of Theorems 1.1(i), we only need to prove the upper bound in Theorem
1.2 for t > 3. By the semigroup property and Theorem 1.1(i), we have for ¢ > 3,0 < m < 1/3 and
r,y €D,

pptey) = [ [ ppe -2 5w gz
< et (LAGp(2)* 2 (LA Sp(y)** f(t 2, y), (2.9)
where
¢(m'/*|z — z|/(16)) $(m'/*w — y|/(16))

t = 1A Mt — 2 1A dzdw.
ftam) = [ < i) PR RNY i) de
By Theorem 2.1 and (2.3), there exists a constant A > 16 such that for every ¢t > 3

[tz y)
A-lml/al, — At/ —
<co / 1A HA~m Pe — ) Pt —2, A7 AT w) [ 1A HA~m P w — y)) dzdw
Ré xR |z — z|dte |w — yl|dte

6



<cs / P (1, A e, A7 )p™ (¢ — 2, A 2, A )™ (1, A w, Ay dzdw.
Rd xRd
Thus by the change of variables 2 = A~'z, @ = A~'w and the semigroup property, we have that
ftaoy) < e [P0 AT 2" (- 250" (L6, A7) dEdD
Rd xR
= cyp™(t, A, AT y). (2.10)

Now using (2.7) and Theorem 2.1 again, we conclude that for every m < 1/3

P (t, A e, AT ly) = AdpmA™ (A%, x,y)

t= 4Nt (cgla — y)), vt € [3,1/m];
S5\ dja—d/2p—d)2 1 2/a—1lz—y|?
md/o=d/24=d/2 exp (—cﬁ(m oz — y| Am3e- %)) ,  Vt>1/m.
This together with (2.9) and (2.10) establishes the upper bound estimate in Theorem 1.2. O

3 Interior lower bound estimates

Throughout this section, we assume the dimension d > 1. We discuss interior lower bound estimates
for the heat kernel p}j(t,z,y) all ¢ > 0. We first establish interior lower bound estimates for the
heat kernel p7j(t,z,y) of an arbitrary open set for all m > 0 and ¢t < T'/m.

Proposition 3.1 Suppose that D is an arbitrary open set in R and T > 0 is a constant. There
exists a constant ¢ = c(d,a,T) > 0 such that for all m > 0, (t,z,y) € (0,T/m] x D x D with
Sp(x) A dp(y) > 1%, we have pp(t,x,y) > ¢t At (2,y)).

Proof. By [10, Proposition 3.5], there is a constant ¢ = ¢(d, o, T") > 0 such that for m > 0 and
(t,z,y) € (0,T] x D x D with 6p(x) Adp(y) > 1/, we have ph(t,z,y) > c(t=¥* AtT (z,y)).
The conclusion of the proposition for general m > 0 follows immediately from this and the scaling
property (2.7). O

For notational convenience, we denote the ball B(0,r) by B,. In the rest of this section, we will
establish interior lower bound estimate on the heat kernel p%ﬁ}:? (t,z,y) form >0, R>0,t>T/m,
where T is a positive constant. To achieve this, we first establish some results for a large class of
open sets which might be of independent interest.

Lemma 3.2 For any positive constants T and a, there exists ¢ = c¢(d,a,a,T) > 0 such that for
anyt >1T,

inf P, (Té(y D) > t) > c.
Proof. This result is an easy consequence of [7, Theorem 4.8]. In fact, by [7, Theorem 4.8]

! — 1
[F’y <7—B(y,a\/i) > t) = /B(y’a\/z) pB(yﬂ\/E) (t,y,w)dw

7



> / pt (t,y,w)dw > c.
B(y,a\/E/Q) B(y»a\/g)

Lemma 3.3 Let a and T be positive constants. There ezist ¢; = ¢;i(d,a,T,a) > 0, i = 1,2, such
that for all (t,z,y) € [T,00) x D x D with dp(z) Adp(y) > av/t and |z —y| > 2711,
$l+d/2 o —cala—y|

Px (th’D € B(’y, (a/\ 1)2_1\/i)> Z C1 W

Proof. By Lemma 3.2, starting at z € B(y, (a A 1)v/t/4), with probability at least c¢; =
ci(d,o,T,a) > 0, the process X' does not move more than (a A 1)6~'v/¢ by time t. Thus, it
is sufficient to show that there exist constants co = ca(d, o, T,a) > 0, i = 2,3, such that for any
t > T and (z,y) € D x D with |z — y| > v/1/2,

tl+d/2 o—csla—y|

P, (XLD hits the ball B(y, (a A 1)v/t/4) by time t) > c | o
T —y

Let B := B(z, (aA1)671V/1), By := B(y, (aA1)671y/t) and 7} = T}Bx. It follows from Lemma
3.2 that there exists ¢4 = ¢4(d, @, a,T) > 0 such that

E, [tATy] > tPy(1p >t) > cat  fort > T, (3.1)
By the Lévy system in (2.4),

P, (XLD hits the ball B(y, (a A 1)v/#/4) by time t)

Y

P.(X} .1 € B(y, (an 1)ﬁ/4) and t A 7} is a jumping time )

t/\T%
/ / JYUXE u)duds| .
0 By

Since for any (z,u) € B, x By we have

v

Ey

e —ul < |z =zl +lz -yl + ]y —ul < (@ADVE3+ |z —y| < (1 +2(an1)/3)|z -y,

we get that
e—ce\x—y| .
for every s <t AT,.

JYXE w)du > 5| By | ————
[ 7Oz e Byl

Thus by (3.1),

—cg|z—y|

P, (XLD hits the ball B(y, (a A 1)vt/4) by time t) > 7By [t A1) | Byl ’ew
r—=y

t1+d/2 o —cslz—yl

=S Ty



For an open set D C RY and (A, X2) € (1,00) x (0,00), we say the path distance in D is
comparable to the Euclidean distance with characteristics (A1, A2) if the following holds for any
r > 0: for every z,y in the same component of D with dp(z) A dp(y) > r, there is a length
parameterized rectifiable curve [ in D connecting x to y so that the length of [ is no larger than
A|z —y| and dp(I(u)) > Aor,u € [0, ]1]].

Clearly, such a property holds for all Lipschitz domains with compact complements and domains
above graphs of Lipschitz functions.

Proposition 3.4 Suppose that D is a domain such that the path distance in D is comparable to
the Euclidean distance with characteristics (A1, \2). For any positive constants a and T, there
exists a positive constant ¢ = c(d,a, T, a, A1, A2) such that for all (t,x,y) € [T,00) x D x D with
5p(x) Adp(y) > avt and /t > 2|z — y|, we have ph(t,z,y) > ct=2.

Proof. Let t > T and z,y € D with ép(z) A dp(y) > av/t and t > 2|z — y|. The assumption
that D is a domain such that the path distance in D is comparable to the Euclidean distance
with characteristics (A1, A2) enables us to apply the parabolic Harnack inequality (Theorem 2.2)
N = N(a, A1, \2) times and to get that there exists ¢; = ¢1(d, a, T, a, A1, A2) > 0 such that

ph(t/2,z,w) < e1ph(t, z,y) for w € B(z,2(a A 1)V/3).

This together with Lemma 3.2 yields that

1
c1|B(x, (a A1)VE/2)| JB(a,(ann)vif2)
> et~ Y2p, (gw(am Vi > t/2) > cyt™Y2

pb(t,x,y) > plD(t/2’$aw)dw

where ¢; = ¢;(d, o, T, a,\1,\2) >0, i =2,3. O

Proposition 3.5 Suppose that D is a domain such that the path distance in D is comparable to
the Euclidean distance with characteristics (A1, A2). For any positive constants a and T, there exist
constants ¢; = ¢;i(d,a,a, Ty A1, Aa) > 0, i = 1,2, such that

. te—c2lz—yl
pp(t,x,y) > W (3.2)

for every (t,z,y) € [T,00) x D x D with dp(z) Adp(y) > av/t and |x — y|*> > t/8.

Proof. By the semigroup property, Proposition 3.4 and Lemma 3.3, there exist positive constants
¢i =ci(d,a,T,a), 1 =1,2,3, such that

pp(t,z,y) > / pp(t/2,2,2)pp(t/2, 2, y)dz
B(y, (an1)271(t/2)1/2)
_ B tefcs\m*?ﬂ
Z Clt d/Q]Pm (th/é) S B(y, ((Z N 1)2 1(t/2)1/2)> 2 Co W



Theorem 3.6 Suppose that D is a domain such that the path distance in D is comparable to the Eu-

clidean distance with characteristics (A1, A2). For any C*,a > 0, there exist ¢; = ¢;(d, a, a, C*, A\, A2) >

0, i = 1,2, such that for every t € (0,00) and x,y € D with 5p(x) A Sp(y) > av/'t,

62\1’ - y‘z

; > when C*|lz —y| <t < |z —y|*

ph(t,x,y) > et~ exp (—

Proof. Fix C* > 0. Suppose that z,y are in D with §p(x) A dp(y) > av/t and satisfy C*|z — y| <
t < |z — y|?. For simplicity, let R := |z — y|. Note that t > (C*)2.

By our assumption on D, there is a length parameterized curve [ C D connecting z and y such
that the total length |I| of [ is less than or equal to A\; R and 6p(I(u)) > Aean/t for every u € [0, |1]].
Let A3 > max{4/(A3a?), (12A1)?} and k the smallest integer satisfying k > A3R?/t. (The integer k
depends on t and R.) Then, since t € [C*R, R?],

t t {2 t
ty _ > (t/R)? . (© “)? (3.3)
k 1+)\3R2/t t+ A3 R? 14+ X3 — 1+)\3

Let x; = I(j|l|/k) and B; := B(zj,\/t/k/8), j = 0,1,...,k. Note that, since A\3a?/4 < A3 <
AsR%/t < k, we have dp(z;) > Aeav/t > 24/t/k for each j. So we have B; C D and for each

€ Bj, B(y, \/75/7) cD.

Observe that for (y;,y;+1) € Bj X Bjt1, since A3 > (12\1)?,

1
Wi — Yl <l — x| + ly; — 2] + [yj1 — z54] < + Vi t/k
J J J J J J J J ff

Al R\/
< NV t/k = A/ A3+ 1/4)\/t/k < \ﬁ/?, (3.4)

Now using (3.3), (3.4) and Proposition 3.4, we get

Ph(t/k,yjyi41) = ca(t/k) ™%, for every (y;,yj11) € Bj x Bjj1. (3.5)
Using (3.5) and the fact k > A\3R?/t, we have

ph(t,x,y) > /B /B po(t/kyz 1) .. pp (ke Y1, y)dyr - - . Ay
1 -1

k—1

Y

er(t/R) IS (87 B(0, 1) (1/k) 2 (t/R) ) = en(t/k) ™ (187 B(0, 1))

v

_ 2
CQ(t/k)—d/Q exp(—csk) > C4t_d/2 exp <_C5’xty’)

|

Combining Theorem 3.6 with Propositions 3.4 and 3.5, we have the following lower bound
estimates for p, (¢, z,v).

Theorem 3.7 Let a and T be positive constants. Suppose that D is a domain such that the path
distance in D is comparable to the Euclidean distance with characteristics (A1, \2). Then there exist

10



constants ¢; = ¢;(d, a,a, T, A1, A2) > 0, i = 1,2, such that for every (t,z,y) € [T,00) x D x D with
dp(x) Adply) > av't,

1 d/2 \»’U—y\Q
ph(t,y) = et™exp (—eo (o =yl A 20 ).

Observe that any exterior ball B° is a domain in which the path distance is comparable to
the Euclidean distance with characteristics (A1, A2) independent of the radius of the ball B. The
following follows immediately from Theorem 3.7 and the scaling property (2.7).

Theorem 3.8 Let a and T be positive constants. Then there exist constants ¢; = ¢;(d, o, a,T) > 0,
i = 1,2, such that for every R > 0, m > 0 and (t,z,y) € [T/m, 00)x Bxpx B with (55%(.@)/\53;(?;) >
aml/2=1/e\/f,

_ 2
P 000> e el e I,

4 Small time lower bound estimates

In the remainder of this paper we will always assume that the dimension d > 3. The goal of this
section is to establish the lower bound estimates in Theorem 1.2 for t < T'/m, where T is a positive
constant.

Let G™(x,y) be the Green function of X™. It follows from [25, Theorems 3.1 and 3.3] that
there exists ¢ = ¢(d, a) > 1 such that

Mz =yl e —yPY) < Glay) < e(lz—y[* T+ -y
Using this and (2.8) we get that for every m > 0 and z,y € R?,
Ml =y T+ mE e —y ) < G ay) < ele -yl HmPT O —y ). (40)

For a Borel set A, we use ¢’} to denote the first hitting time of A by X™. Recall that we denote
the ball B(0,7) by B,.

Lemma 4.1 There is a constant Cy = Cy(d, ) > 1 such that for all R,m >0,

1 R —d (2-a)/a|,.12—d
Oy ey (el m e
R? d | (2=a)/a|.2—d
< m oa— —a)/a —
< Pm(UBR < o0) < C2R0‘ W Cary Yy (|x! +m |z ) for |x| > 2R.

Proof. For |z| > 2R,

G (z,y)dy = /B (Jo = y|*= +mE= |z — y P~ dy < R (|Ja]* 4+ mP= V2?77, (4.2)
R

Br
On the other hand, for |z| < R,

. Gm(z,y)dy — / (‘Z . y’afd 4 m(QfOl)/Ol’Z _ y|2*d)dy = R% 4+ m(27a)/aR2'
R

Br

11



Thus, by the strong Markov property of X™, for |z| > 2R,

G"(z,y)dy = E; [/B Gm< %R,y) dy; J%R < oo} = (R* + m(Q_a)/aRZ)IP’m(U%”R < 00).(4.3)

ER R

Combining (4.2) and (4.3), we arrive at the conclusion of the lemma. O

The above lemma quantifies the transience of X" when dimension d > 3, which in particular
implies that for a compact set K and a point x far away from the origin, with large probability the
process started at x will never visit K.

Lemma 4.2 Suppose that a and T are positive constants. There exist constants e = e(d, a,a,T) >
0 and L1 = Li(d,a,a,T) > 10% such that the following holds: for all R >0, m >0, t € (0,T/m)],
|| > LiR and y € B(z,at'/*) N By,

P, (X" € By, (t/2)/)) 2 e.
Proof. Suppose that t € (0,7/m] and y € B(z,at'/*) N BY. It follows from Theorem 2.1 that
there exists ¢; = ¢1(7T") > 0 such that

B (X7 € Bl (/2)V) 2 inf Py (X7 € B0, (1/2)7)

> inf / (t_d/a A tJm(z,w)> dz.
weB(0,at?/*) JB(0,(t/2)1/*)

Since for w € B(0,at'/*) and z € B(0,tY/*), m"|z — w| < mY*((a + 1)t'/*) < (a + 1)TY*, we
have in view of (2.1) that

. _ ty((a+1)TY*)
P, (X™ € B(y, (t/2)Y/*)) > ¢ inf / A dz

1
Z Co inf / (1 VAN d+> dz
weB(0,a) J B(0,(1/2)1/) jw — z|dte

> e3(a+1)"YB(0, (1/2)Y*)] =: 2.

Thus for € R? and y € B(x, at'/®), we have
P, (X" ¢ Bly, (t/2)Y%) =1- P, (X" € By, (¢/2)7%)) < 1-2¢. (4.4)

Since d > 3, we may choose L > 10%% so that CQ(L%_d + L’f‘_d) < e. By Lemma 4.1, for all =
with |z| > L1 R we have

Rd
Re + m(2—a)/aR2
Re . R
m—(2—a)/aRa + R2

P, (g <1) <P, (o <o) <G (Jofo=d 4 m2-o)/e|g|2-a)

L§d> SO+ L2 <e. (4.5)

12



Hence, combining (4.4) and (4.5) gives
P, (X" € By, (t/2)%) 2 By (7 > t) = o (X777 ¢ Bly, (¢/2)/%); mit > 1)

B
> P, (7 > 1) =P (X0 & Bly. (t/2)))
>(1—-¢e)—(1—2¢)=¢e.

Lemma 4.3 Let T > 0 be a constant and Ly = L1(d, o, 3,T) be the constant in Lemma 4.2. There
exists constant ¢ = ¢(T,d,a) > 0 such that for all m > 0, R > 0, t € (0,T/m], x,y satisfying
|z| > LiR, |y| > L1 R with |z — y| < (t/6)Y*, we have pge (ta,y) = et~/

R

Proof. Assume without loss of generality that |y| > |z|. If ope, (y) > (2t)'/*, then

Ope (@) = 0ge (y) — |z —y| = (2% — 67yt > g1/,

and hence the lemma follows immediately from Proposition 3.1.
Now assume 55«;1 (y) < (2t)"/*. Since t — 4_15§% (y)* > 4_15§;3 (y)®, by the semigroup property
and Theorem 2.2 we have

P (1,2, y) 2/ m, (4—1&6 (y)a,x,z> i (t—4—15ﬂ (y)a,z,y) dz
Br B(y.8~/*3ge (y) Br P b P

om0y (46)

m, By —1/a m
> 01PJ: <X4—15};%(y)a € B(y78 1 53;(?/))) pﬁ%(t - ]

Observe that |z —y| < 2|y| = 2(6§§2 (y)+R) < 3ope, (y), where the last inequality follows because
ly| > L1 R > 3R implies ope, (y) > 2R. Thus, y € B(x, 3ope, (y)) N B and Lemma 4.2 gives
m,ECI -1/
o (X7 HE e € Bl Vo 1))

To bound the second term in (4.6), we let s :=¢ —3- 8_15§cR(y)a and note that s <t <T/m.
Thus, by the semigroup property, the Cauchy-Schwarz inequality and Lemma 4.2,

2
pﬂc $5Y,Y 2/ p@c S QaZ/,Z dz
GV N ACEYD)
> ! Il
By, (s/4)1/*)]

The proof is now complete. O

2
(Py(X:;"QD € By, (3/4)1/04))) > o5~ > o=/,

Proposition 4.4 Let T > 0 be a constant and L1 = Lyi(d,«,3,T) be the constant in Lemma 4.2.
There is a constant ¢ = c(d,«, T') > 0 such that for every m >0, R >0, t € (0,T7/m| and z,y with
|z| > L1R and |y| > L1 R,

P (t,2,) > ¢ (£ AL — y))

c
R
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Proof. Let |z| > L1 R, |y| > L1 R and t € (0,7'/m]. By Lemma 4.3, we only need to show that
P (t,2,9) > (t*d/a Ati™(2]z — y|)) when |z — y| > (t/6)1/°. (4.7)
If t < 60 -4°R®,
op () Adge (y) > (L — )R > (10Y% = 1)R > 60/ - 4R > ¢/

Thus, by Proposition 3.1, (4.7) is true in this case.

Now we assume that ¢ > 60 - 4*R®. Since one of |z| and |y| should be no less than |z — y|/2,
we assume without loss of generality that |y| > |z — y|/2. Let xq := z + (¢/60)"/*x/|z|. Note
that B(xo, (t/60)/%) C Bj. Since |z —y| > (t/6)Y/*, we get for every z € B(wxo, (t/60)"//4),
| —2| < fawo—2|+(t/60)/* < (t/12)V/* and |2 —y| < |o—y|+|z—2| < |x—y|+(t/12)V/* < 2[z—y|.
Moreover,

(t/6)" — i(t/ﬁo)l/“ > i(t/(i)l/a

DN |

— 1 1 1/a
Ogs,(y) = |yl = R = Sl —y| — 2 (¢/60)"/* >
while for z € B(x, i(t/GO)l/a), we have |z| > |z| > L1 R and

1
Ope,(2) = |2l = R > |wol — |wo — 2] = (t/60)"/

Y

o]+ (£/60)Y/ — L(£/60)!/ — 2(t/60)!/ > L (t/60)"/".

DN =

Let a = 47%(60)~!. By the semigroup property, Proposition 3.1 and Lemma 4.3, there exist positive
constants ¢; = ¢;(d, , T) for i = 2,3, such that

p%l‘]}(tvmay) = /;C p%‘]}((l - a)t7xv z)p%%(at,z,y)dz
R
> p@c ((1 - CL)t, €z, Z)pmc ((lt, 2 y)dZ
/Buo,i(t/ﬁowa) P Pr
> 62/ =/ (tid/a ANtJ™(z, y)) dz
B(zo,%(£/60)1/)
> e (£ At 2 - yl))
This proves (4.7). O

We recall the following lemma from [12].

Lemma 4.5 ([12, Lemma 2.2]) Let \,T, M be fized positive constants. Suppose x,xo € R? sat-
isfy |z — zo| = XTY®. Then for all a € (0, M] and z € R,

Tolals ~2) _ 1 —sja , Télalzo— )

T4 A —_—
|z — z|dta |z — z|dte

(4.8)

where the (implicit) comparison constants in (4.8) depend only on d, o, M, A and T.
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Theorem 4.6 Let T, M and R be positive constants. Suppose that D is an exterior C%' open
set in R? with CY! characteristics (ro, Ag) and D¢ C B(0,R). Then there is a positive constant
¢ =c(d,a,r9, Mo, R, M, T) so that for all0 <m < M and (t,x,y) € (0,T/m] x D x D,

m 5D(x) o/ dp (y) o/ —d/a . 1/a
pBita) = e (1A 20 (1A P20 ) (e atitamtele — ).

Proof. Without loss of generality, we assume M = 1/3 and T'= 1. By Theorem 1.1, we only need
to show the theorem for ¢t > 3. For z and y in D, let v € R? be any unit vector satisfying - v > 0
and y-v > 0. Let L1 = Li(d,a, 3,1) be the constant given by Lemma 4.2 and define

ro:=x+L?Rv and yo:=y+ LiRv. (4.9)

Then |z9|? = |2|? + (L3R)? + 212 Rx - v > (L3R)?, and similarly, |yo|> > (L3R)?.
Using the semigroup property and Theorem 1.1(i), for every m € (0,1/3] and ¢ € [3,1/m] we
have

ﬁWw)Z//ﬁﬂwwwﬂmwﬂwwa
D JD

c1 (LA 6p()** (1A dp(y)*/2 fi(t,z,y), (4.10)

Y

/o).
W) PH(t —2,2,w)(1 A dp(w))*/?

Note that by Proposition 4.4, for z,w € B(0, L1 R)¢ and ¢ € [3,1/m)],
pTB(t - 2a Z’w) > p%e (t - 27 va) > C2 ((t - 2)_d/a N (t - Q)Jm(2|2 - ’U)|)> .
R
Since m < 3, the lower bound estimate in Theorem 1.1(i) and the above display together with

Lemma 4.5 imply that

fl(t,l’,y)
« ¢ ml/a —z m «
> chng<1A6Dca>/2<lf\ ﬂxo_€&+a')>pD<t—27azw<1AaD@u» &

1/a),,
.GAWm'w1W>Mm

|U1 _ y0|d+a

v

(1 /\(5D(Z))a/2(1 AéD(w))a/Z (1 A ¢(‘7nl/a|$od:az|)>
ro— =

@/
B(0,L1 R)¢x B(0,L1 R)*

. ((t — )Y p (= 2)5™(2)2 — w!)) (1 p Bl yoD) dzdw

|w _ y0|d+a
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o(2m!/ g — 2|) —d/ ,
> c/ 1A t—2 CAE—-2)"(2lz —w
i B(0,L1R)°x B(0,L1 R)° ( 2o — 2|t (( ) ( 7"l D)

. (1 A q§(2m1/°‘\w _ yo\)) dzdw.

‘w _ yo‘d—&—a

Thus by the change of variables z = 2z, w = 2w, and Theorem 2.1, we have that

1/a 2 2
fl(ta z, y) B / LA ¢(m | f:‘Od—‘y-oczD pm(t - 27 27 @)
B(0,2L1 R)*x B(0,2L1 R)° 1220 — 2|

1 a7
.<M¢<m @ 2y0>> .

|@_ 2y0|d+a

m = =

cr / P21 r) (1,220, 2)PE 0 21, p)e (t — 2,2, D)
B(0,2L1 R)¢x B(0,2L1 R)©

DB 0,20, r)e (1, W, 2y0)dzdw

= C7 pg(O,QLlR)c (t, 2:607 2y0)
We conclude from (2.7) and Proposition 4.4 that (recall that |zo|, |yo| > L1(L1R))
s 220, 2y0) = 2 pa 27 > cg (7Y At (4mH |z —
PB(0,22,R)e (B 220, 250) = 27 P(o,1, r)e (27"t 20, 50) = s (¢ Atj(Am™ |z —yl)) .

Combining the last two displays with (4.10) completes the proof. O

5 Large time lower bound estimates

The goal of this section is to establish the lower bound estimates in Theorem 1.2 for ¢ > T'/m,
where T is a positive constant. For any 3 € R%\ {0} and any r > 0, we define

H(y,r):={z € B(y,r) : z-y > 0}.

Lemma 5.1 Let T > 0. There exist constants ¢ = e(d,«a,T) > 0, Ly = Lo(d,, T) > 3 such that
the following holds: for allt > T, R > 0, x and y satisfying |v| > LoR, |y| > R and y € B(z,9V1),

P, (Xj’?% € H(y, \/£/2)) > e

Proof. It follows from Theorem 2.1 that there exist constants ¢; > 0 and ¢ > 1 such that

P, (X € Hy, vi/2)) > it Py (x! € Hy, Vi/2))
w y7

> ¢ inf / v —1(t,w, z)dz.
wEB(y,9vE) H(y,%\/i) d,a,1,c9

If T'<1andte[T,1], then clearly

inf / \Tlda L1 (tw, 2)dz
weB(y,9v1) H(y,%\/f) T2
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1
> inf IA—— ) dz > 107979 B(0,1/2)].
=% weBlno) /H(y,T) ( Iw—ZId““) e o2

2

If t > 1, then

inf / \Ilda Lot (tw, z)dz
weB(y V) JH(yiv) 7

2
> inf / /2 exp <—02’2w’> dz
weB(y,9VY) JH(y, 1 V%) ¢

>c5 inf exp (—ea|z — wl? dz>ce_0210230,12.
2es it [ e (el —uf) ds 2 e 1B0,1/2)

Hence there is € € (0,1/4) so that for any t > T, x € R? and y € B(z,9V1),
1
e <3P (th € H(y. x/%/2)) . (5.1)

Since d > 3, we may choose Ly > 3 so that Cg(Lgfd + Lg‘*d) < e. By Lemma 4.1, for all x with
|x| > L2 R, we have

R 2-d —d
m(\x’ + [2]*7%)

R 5y R* 4 2-d | ra—d
< Oy <RQ+RO‘L2 + WLZ < CQ(L2 + L2 ) <e. (5.2)

P, (T%; < t) <P, (Téw,R) < OO) =G

Combining (5.1) and (5.2) gives

P, (X,}Ei € H(y, \/%/2)) —P, (%% > t) _P, (XQE% ¢ H(y, Vi/2); mhe > t)
(

The > t) ~P, (th & H(y, \/75/2))
>(1—-¢)—(1—-2¢) =e.

This proves the lemma. o

Lemma 5.2 Let T > 0 and Ly = Lo(d,«,T/8) be the constant in Lemma 5.1. There exists a
constant ¢ = c¢(a,d,T) > 0 such that for allm >0, R >0, t > T/m and z,y satisfying |x| > LaR,
‘y’ > L2R7 ’f]? - y’ < ml/zil/a\/i/6; we have

pge (tz,y) > cm®/o=d/24=d/2
R

Proof. We first prove the lemma for m = 1. Assume without loss of generality that |y| > |z|. If
Ope, (y) > V/t/2, then 5§%(x) > ope, (y) — |z —y| > V/t/3, and hence the lemma follows immediately
from Theorem 3.8.

Now assume 5;;:% (y) < V/t/2. By the semigroup property and Theorem 2.2 we have

(t/2? Zz, Z) plﬁc (t/27 2y y) dz
H(y,(t/2)"/?) f

c
R
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> Py (X107 € Hiy, (4/2)%) ple ((4/2) = 05 w)P0w) . (5:3)

By Lemma 5.1 we have ]P’gg(th/’ZE2 € H(y, (t/2)/?)) > e.
Note that ¢t > s = (t/2) — Ez%(y)2 > t/4 > T/4. Hence by the semigroup property, the
Cauchy-Schwarz inequality and Lemma 5.1

1 1 2
Pie S, Y, Y Z / Pxe (S Q,y,z dz
(5 00) H(y,ﬁ/m( i (/2:2)
2

> ot (&

Thus by (5.3) we have ;UlEc (t,z,y) > cst~42.
R

Now we consider the general case m > 0, |z — y| < mY/2~Y\/t/6, and t > T/m. We apply
2.7) to the previous case and get
p g

e 2
:}fR € H(y,\/§/2)> > o5 U2 > cot~d2,

1/ d/afd/2tfd/2.

p%CR (t7 Z, y) = md/aplB(07m1/aR)c(mt7 ml/axa m y) 2 c3m

Proposition 5.3 Let T > 0 and Ly = Lo(d,a, T/(16)) be the constant in Lemma 5.1. There exist
constants ¢; = ci(a,d, T) > 0 and C3 = C3(a,d,T") > 0 such that for all R,m >0, t > T/m, and
x,y satisfying |x| > LaR, |y| > LoR,
m d/a—d/2,—d/2 1/a 2ja—1lz =y
pg%(t,x,y) > cm t exp <—C’3(m |z —y|Am t)> .
Proof. By Lemma 5.2, we only need to prove the proposition for |x — y| > %mlﬂ_l/o‘\/f, which
we will assume throughout the proof.

We first prove the lemma for m = 1. If ¢t < (60R)?, then ope, (z) > (Ly—1)R > 2R > (30)~'t1/2,
Thus, in this case, the lemma follows immediately from Theorem 3.8.

Suppose t > T'V (60R)? and |z —y| < £+/t. As one of || and |y| must be no less than |z —y[/2,
we assume without loss of generality that |y| > |z — y|/2. Let ¢ := 2 + 20~ 'v/tz/|z| and observe
that B(z,207't) C Bj, C Bjy.

Since |z — y| > /¢, we get for every z € B(zg, 207 1V/1).

1 1 1
— < — —VE< —VE< =\/t/2
@ =2l < Jwo — 2| + GV pVES GV

and 1
\z—yléIw—y|+|x—2\S!w—yHE\/fS?Ix—yl.

Moreover, since R < % t,

1 1 1 1 1
() =y —R> -yl — V> V- i= i
O, 0) = Iyl = R 2 gle =l = Vi 2 Vi - Vi = 55V
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and, for z € B(x, 6—1()ﬁ),

1 1 1 1 1
05e (2) = |2| = R > |zo| — |wo — 2| — —V/1 > —VE— —VE— —VE> VA
BR(Z) |z > |xo| — |zo — 2| 60\[_‘33“_20\[ 60\/ 60\[_60\[

Thus by the semigroup property, Theorem 3.8 and Lemma 5.2, there exist positive constants
¢i =¢i(d,a,T), i =1,...3, such that

1 _ 1 1
pg;(t,:c,y) = /B%pg;(t/lm,z)pg%(t/Z,z,y)dz

> / Pl (t/2,2, 2)pke (82, 2, y)d=
B(ro, i) DR Br

v

2
Cl/ (t/2) Y2 (t/2)~ %2 exp (—Cz(lz —y| A ot | )) dz
B(z0,55 V1) t/2

2
cst™ 2 exp (—402(!3: —y| A |xty|)> .

v

Now we consider the general case m > 0 and ¢ > T'/m. We apply (2.7) to the previous case and
get,

p%lcR (t7 xz, y) - md/aplB(07m1/aR)c (mta ml/awv ml/ay)

22
> C3md/a_d/2t_d/2 exp (_03(m1/a|x —y| A m2/a—1 @ p yl )> .

Theorem 5.4 Suppose that M,T, R are positive constant, and that D is an exterior C%' open
set in R? with CY' characteristics (rg, Ag) and D¢ C B(0,R). There exist positive constants
¢i = ci(d,a,ro,No, R, M,T), i = 1,2, such that for all0 < m < M and (t,z,y) € [T/m,o00)x Dx D,

pp(t,z,y)

ép(z) o/2 dp(y) o/ d/a—d/2,—d/2 1/ 2/a—1 E y|2
>
1 <1/\1/\t1/0‘) 1/\1/\151/0‘ m t exp deo(m 'z —y| Am 7 ) |-

Proof. Without loss of generality, we assume M = T = 1. By Theorem 4.6, we may assume
t > 3/m. For x and y in D, let v € R? be any unit vector satisfying - v > 0 and 3 - v > 0. Recall
that C is the constant in Theorem 2.1 and that C5 = C3(«,d, 1) is the constant in Proposition
5.3. Let A :=4V (C103) and L3 := La(d,, (16)71) V Lo(d, o, (16) "L A~%), where Lg is given by
Proposition 5.3. Define

To =T + mfl/aLng and yo:=y+ m*I/QLéRv.
Then

20|? = |z|> + m™Y*(L2R)? + 2m™ Y LiRx - v > (m™V*L2R)? > (LR)?,
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and similarly, |yo|* > (L3R)?. By the semigroup property and Theorem 4.6, for every t € (3/m, 00),

pB(tey) = /D /D P,z 2P (E — 2/m, 2, W) (L fm, w, y)dzdw
> ey (1A 8p(@)*2(1 A ()2 f1(t, 2, 1), (5.4)

where

L p(dmM |z — 2 m
filt,x,y) = / (LAGp ()2 [ m¥™ Am 190 — |d+a D pp(t—2,2z,w)
DxD |z — 2|

1/a,,
(1A 8p(w))2/? (md/a Am ¢(4m7 o y|)> dzdw.

By Proposition 5.3, for z,w € B(0, LsR)¢ and t € (3/m, c0) (note that t —2 > 1/m),

|2
> cum® o2t — 2/m)” Y% exp <C'3 (ml/o‘|z —w| A mZ/O‘_lltZ_ 27;)) . (5.5)

Moreover, since

l/a 1/«
d/a -1 ¢(4m T) _ nd/a ¢(4m T)
mYYAm —dta m 1/\7(ml/ar)d+oé )

we have by Lemma 4.5,

/o) 4ml/e _
m* Am 7 2o >c3 | mY* Am g = 2]i0 (5.6)
and )
1/ay,, _ AmY/ ® —
dfa o —1¢Em 7w — yl) dfo 19w — yol)
m Am o = e >c3 | mYYAm = yolio . (5.7)

Since m < 1, the upper bound estimate in Theorem 1.1(i) and (5.5)—(5.7) imply that

fl (t,:c,y)
1/«
> / (1 /\(5D(Z>)a/2 md/a Am L ¢(4m / |.CU - Z|) md/afd/Z
N B(0,L3R)*x B(0,LsR)° |z — z]d+e
2
At —2/m)~ " exp (—@(m”a\z s i )) (1A 0 (w))*/
t—2/m
1/e),,
X md/a A m—l ¢(4m ‘w y|) dZdw
|w _ y|d+a
> e / /o A 1 P(4m!/|zg — 2|) md/a—d/2
N B(0,L3R)¢x B(0,L3R)¢ |z0 — Z\‘”a
12
(t —2/m)” Y% exp <C’3(m1/o‘\z —w| A m2/a_1|tz—2777|n))
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1/

"LU yo‘d—&-a

Recall A =4V (C1C3). By the change of variables z = Az, W = Aw, and Theorem 2.1, we have
that

fl(t,l’,y)

v

o / /o A -1 ¢(4A71m1/°‘\:‘1$0 — 2\ | dja—as2
B(0,AL3 R)°x B(0,AL3 R)° | Ay — Z]dte

o —d/2 P Y O VS k1
(t—2/m) exp | —C7 ' (mY*Z = @] Am )

t—2/m
L 1/a A
e AT Y — Ao
(m % — Ayo[Fo dzdw

cs / /e -t 8 AT = Z) ey
B(0,AL3 R)°x B(0,AL3R)* | Az — Z|dte
_ )2
(t— Q/m)*d/Q exp <_Cl_1 (ml/arz\_ @| A m2/a1|zw|)>

t—2/m
Valpg— A
dja @MW — Ayol) |
(m Am % = Agg[dFo dzdw

v

Y

6 / p"(1/m, Axo, 2)p" (t — 2/m,z, w)p" (1/m,w, Ayp)dzdw
B(0,AL3R)cx B(0,AL3R)°

Y

€6 / pg(O,ALgR)C(l/mv A, g)pgb(o’ALsR)c(t - 2/m, z, ’(/U\)
B(0,AL3R)*x B(0,AL3R)c

"PB0,ALsR)- (1/M, W, Ayo)dzdw
= C6Dp(0,aLsR)- (1> ATo, Ayo).

Now using (2.7) and Proposition 5.3 again (recall that |zo|, |yo| > L3(L3R)), we conclude that
pg(O,ALgR)C(tv Az, AyO) = A" pB(() LsR)c (Aiat, X0, yo)

_ 2
> C7md/oc7d/2t*d/2 exp <_08 (Aml/oz‘x —y| A A2m2/0—1 M))

> C7md/a—d/2t—d/2exp (_Cg(ml/a|x_y|/\ 2/a— 12— ; \ ))

Combining the last two displays with (4.10) completes the proof. O

Proof of the lower bound estimate in Theorem 1.2. The lower bound estimate in Theorem
1.2 now follows from Theorems 1.1(i), 4.6 and 5.4. This completes the proof of Theorem 1.2. O

6 Green function estimate

In this section, we present a proof of Theorem 1.3.
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Proof of Theorem 1.3. In view of the scaling property (2.8) of G';, we may and do assume
that M = 1/2. Throughout this proof, m € (0,1/2]. It follows from Theorem 1.2 that there exists
¢; > 1,i=1,2, such that for every m € (0,1/2], ¢t > 0 and (z,y) € D x D,

" dp(z) \*? dply) \**
pD(t,fU,y) < (1 A 1 /\il/a> IA 1 /\tl/a \I’d,a,m,l,cg(ta$ay)

and

B 6 T a/2 5 04/2
p%‘(t,:z:,y) > Cq 1 (1 AN D( ) > (1 A 1 fi?/)a> \Ild,a,m,l,l/cz(taxvy)'

For any ¢ > 0, define

00 /2 /2
J. = / <1 A 5D($) > <1 A 5D(y) ) \Ild,a,m,l,c(ta xz, y)dt
0

1At/ 1At/

Then it suffices to show that

1o, 2—a /2 /2
I = L+ (m I:L“diyl) <1 A dp() ) <1 A dp(y) )
|z —y|de |z —y| A1 lv —y| A1

Without loss of generality, we will assume ¢ = 1 and denote J; simply by J.
Using a change of variable, we see that

J = I+ (LA Gp(@)* (1A 8p ()" (Bl = yl) + m? o Ey(m /2 — y)) )

| o/2 o/2 Vol
- dp () 5p(y) —dja , tO(MY Oz —y|)
h:= /0 <1 N 1/a > (1 N i/a EEA |z — y[dte dt,

1/m 1/ 0o
IQ(T) ::/1 t*d/a A Wdt and 13(7,) ::/1 tfd/2efr/\(r2/t)dt.

where

Note that for every a € [0, 00)

2

/oo =2t gy — p2d /T . w22 .

a 0

Thus for r € (0,1]

while for r > 1,

1 oo
rz_d/ u? e dy < / =42ty < I5(r)
0

r

r 00 r
:/ t_d/Qe_TdIH—/ /2t gy < c3 e_r—i—TQ_d/ w2 2euqy < ey r? 1,
1 T 0

Thus we have
Iy(r) <1 Ar27 e, (6.1)
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Noting that m € (0,1/2], so when mYr <1,

1/m 4/ t VL 1/m 4/
I = tmYYN —— | dt = ——dt =Y dt
R A e Ly A

_ 1 ((Ta V 1)2 _ 1) + y i‘ - <(Ta V; 1)1—d/a _ md/a—l)

ord+a
= 1Ard (6.2)

1/m t —ml/oy
Iy(r) = /1 (td/a 4 €7~d+a> dt

and a change of variable s = tm gives

1 Se—ml/ar 1 Se—ml/o‘r
L(r) = m¥et PRy e — Y PSR —ds
2( ) m (ml/ar)d—i-a m (ml/ocr)d-i-oc
—ml/ep —ml/ep

- dja—1_ € _ e
-~ m (ml/apydta — (mql/ap)2pd—a’ (6.3)

If mY%r > 1, then

(i) Suppose m!'/®|z — y| < 1. Since ¢p(m |z — y|) =< 1, it follows from [8, (4.3), (4.4) and (4.6)]

that /2 /2
1 [0 [0
I = _ (M 5D(:v)> (M 5D(y)) _
|z — y|d—e |z —yl |z —y

Thus, we have by (6.1) and (6.2) that

1 /2 /2
J _ <1A 6D(w)> (1/\ 5D(y)>
|z —yld=e |z — y| |z — |

1
+ (LA 8p(@))*" (1A 8p(y)™/* (1 A g —grma T )
1 dp(x) \** o(y) \*"*
1 1IN ———— . A4
e (i) (e o4

We have arrived the last display above by considering the cases |z —y| > 1 and |z —y| < 1 separately.

(ii) Suppose m/*|z —y| > 1. For 0 <t < 1, we have 0 < mt < 1/2 and so

(t—d/oc A t¢(m1/a‘x - y‘)) — m/a ((mt)—d/a A (mt)(b(ml/a’w — y’)) _ t¢(m1/a’$ _ y’)

‘x_y‘d-&-a (ml/a|x_y|)d+a ’x_y’d—i-a
Thus by the change of variable u = ‘x;y‘a, we have
_ s —yl) 1 [, 0@\ (] o)\
/o). 00 /2 a/2
_ om Pz = yl) / el PR ALLIC) el W B PNATLI-1C) e P
2 —yl?m S ypa |z — y|/2 |z — y|o/2
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Note that since |z — y| > m~ 1> > 21/,
[e'e) a/2 a/2
/ w 1A Vudp( a/2 1 /\ a/2 du
|z—y|e |.27 - | |l‘ - |
0 a/2
= / w2 (V2N ISPy w2 A Op(y) a2 du
jo—ylo @—yl |z —y|
0 ) a/2 a/2
u “du | 1A 1A
/Im—ya |$_y|a/2 |a7_y|a/2
= ey (1/\ WC)) <1A >>
El |z —yl

Thus it follows from (6.5) that

L < (1) (1 A 6p(z) >a/2 <1 A dp(y) )a/Q

IN

|z — y|d |z —y |z — y
2/«
s (LA ab() ™ (LA B, (6.6)

where in the last inequality, we used the assumption m!'/®|z — y| > 1. Recalling m € (0,1/2], we
thus have by (6.1), (6.3) and (6.6) that

/2 /2 e/l 2t
J =< (AANSp@)*(1AS @ +
( D( )) ( D(y)) (ml/a]a;—y|)2|:c—y|d_o‘ ‘x_y‘d—Z
_ml/a|z_y\ (ml/o‘|x— |)2—a
= (1A ()2 (1 Adp(y))™ ‘ - 4
( ( )) < ( )) (ml/a]x—y])2|:c—y|d_°‘ |£C—y|d_0‘
1/af,. _ 2—a
= (1A 5D(113))a/2 (IA 5D(Z/))a/2 (m |z ’_xy,dy_’l
gl (o) VO o)\
|z —y|de [z —ylAl lz—y[AL)

This combing with (6.4) completes the proof of the theorem O
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