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Abstract

Suppose that d > 1 and a € (0,2). In this paper, we establish by using probabilistic methods
sharp two-sided pointwise estimates for the Dirichlet heat kernels of {A + a*A%/2; a € (0,1]}
on half-space-like C*! domains for all time ¢ > 0. The large time estimates for half-space-
like domains are very different from those for bounded domains. Our estimates are uniform in
a € (0,1] in the sense that the constants in the estimates are independent of a € (0,1]. Thus
they yield the Dirichlet heat kernel estimates for Brownian motion in half-space-like domains
by taking a — 0. Integrating the heat kernel estimates with respect to the time variable ¢, we
obtain uniform sharp two-sided estimates for the Green functions of {A + a®A%/2; a € (0,1]}
in half-space-like C™!' domains in R?.
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1 Introduction and Setup

Throughout this paper, we assume that d > 1 is an integer and « € (0,2). Let A = Zzzl % be
k

the Laplacian on R? and A®/? := —(—A)®/2 the fractional Laplacian on R?. For u € C>°(R?), the
space of smooth functions with compact support, the fractional Laplacian can be written as
A(d, o)
Au(z) = lim (uy) — u()) gy, (1.1)
el0 J{yeRd: |y—z|>e} ‘l’ - y‘dJra

where A(d, o) := a2a_17r_d/2F(d+To‘)F(1 — 2)~!. Here I is the Gamma function defined by I'(A) :=
fooo t*le~tdt for every A > 0. For a > 0, define £* = A + a®A%/? on R The non-local
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operator £% is the infinitesimal generator of the Lévy process X¢ := X" 4+ aY on R? where
X0 = (X?,t > 0) is a Brownian motion in R? with generator A and Y = (¥;, ¢t > 0) is an
independent rotationally symmetric a-stable process in R? whose generator is A%2. We will call
the process X¢ the independent sum of the Brownian motion X° and the symmetric a-stable
process Y with weight a > 0. The process X is a prototype of Lévy processes that have both
diffusive and jumping components.

Due to their importance in theory and applications, fine potential theoretical properties of these
Lévy processes have been under intense study recently. For any domain D C R%, let ph(t,x,y) be
the Dirichlet heat kernel of £% in D. The function p},(t,z,y) is also the transition density with
respect to the Lebesgue measure on D of the subprocess X% of X¢ killed upon leaving D. In a
recent paper [5], we established sharp two-sided estimates of p% (¢, z,y) on any C'! open set D for
t € (0,7] in a uniform form in a € (0, 1] for every fixed T' > 0. If in addition D is bounded, sharp
two-sided estimates on p%,(t, z,y) for t > T is also obtained in [5]. However, when D is unbounded,
the large time behavior of p},(¢,x,y) should be very different from that for bounded open sets, as
one can see from the symmetric stable processes case treated in [11].

The main purpose of this paper is to derive a sharp two-sided estimate for p%,(¢,z,y) for a
large class of unbounded domains, namely, half-space-like C!"! domains, for all time. See below
for the definition of half-space-like C1'! open sets. Obtaining sharp two-sided Dirichlet heat kernel
estimates for any Markov process is typically a non-trivial and demanding task. This is especially
so for X* due to the different scalings in Brownian motion and symmetric stable processes and the
complications from the fact that X has both a continuous component and a pure jump component.
The analysis of precise boundary behavior of p%,(t,z,y) for large times turns out to be quite
challenging and delicate. In [5], the correct boundary decay rate for p%,(t,z,y) for small ¢ was
established by using some exit distribution estimates obtained in [7]. Unfortunately the estimates
obtained in [7] are not suitable to use in the present case. Thus in this paper we need first to drive
new exit distribution estimates that are suitable for large time heat kernel estimates. The first
step is, similar to that in [2, 7, 12], to compute L£'¢ for certain test functions. But unlike in [7], to
obtain the desired estimates, we do not use a combinations of test functions to construct suitable
subharmonic and superharmonic functions. Instead, we use a generalization of Dynkin’s formula
to derive directly the needed exit distribution estimates presented in Lemma 2.4 below. We believe
that our approach to obtain the correct boundary decay rate in this paper is quite general and may
be used for other types of jump processes.

In the remainder of this section, we will state the main result (Theorem 1.4) of this paper,
followed by some remarks, a conjecture (see Remark 1.5(i)) and 1.7). an application to Green
function estimates (Theorem 1.7). To do so, we need first to recall some known facts about X®.
Let p®(t,z,y) be the transition density of X with respect to the Lebesgue measure on R%. The
function p?(t,z,y) is smooth on (0,00) x R? x R%. For any A > 0, (AX{_5,,t > 0) has the same
distribution as (X;”‘(aiz)/a,t > 0) (see the second paragraph of [5, Section 2]), so we have

pa)‘(afwa (t,z,y) = AN 2, AT, A Ly) for t > 0 and z,y € R% (1.2)

For a > 0 and C > 0, define

¢
hac(t,.%',y) — (t_d/2 A (aoct)—d/a) A (t—d/26—0|x—y|2/t + <(ao¢t)—d/a A ’x_a’y’d—’—a>> . (13)
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Here and in the sequel, we use “:=" as a way of definition and, for a,b € R, a A b := min{a, b} and
aV b := max{a,b}. The following sharp two-sided estimates on p®(t, z, y) follow from (1.2) and the
main results in [10, 22] that give the sharp estimates on p'(t,z,v).

Theorem 1.1 There are constants ¢,C1 > 1 such that, for all a € [0,00) and (t,z,y) € (0,00) X
R? x R
¢, (tx,y) < Pt a,y) < ehf e (2, y).

We record a simple but useful observation. Its proof will be given at the end of this section.

Proposition 1.2 For every ¢ > 0 and ¢y > 0, there is a constant ca > 1 such that for any a > 0,

—1 apy—d/a L a ap\—d/a L
Cq <(a t) /\\x—yd“’) < hi(t,z,y) < co <(a t) /\\x—y\d+a
holds when either t > cia=20/=2) o |lr —y| > a—/(2—a)

Recall that a domain (an connected open set) D in R? (when d > 2) is said to be Cb! if
there exist a localization radius Ry > 0 and a constant Ag > 0 such that for every z € 9D, there
exist a C1! function ¢ = 1, : R4™! — R satisfying 1(0) = 0, V¢(0) = (0,...,0), [|[V¥|lee < Ao,
V() —Vip(w)| < Ag|lz—w|, and an orthonormal coordinate system CS,: y = (y1, "+ ,Yd—1,Yd) :=
(¥, ya) with origin at z such that B(z, Ry) N D = {y = (9,y4) € B(0,Ry) in CS, : yq > ¥(y)}. The
pair (Rg, Ag) will be called the C1! characteristics of the domain D. A C*! domain in R is simply
a possibly unbounded open interval.

For a domain D C R? and Ao > 1, we say the path distance in D is comparable to the Euclidean
distance with characteristic A\g if for every z,y € D, there is a rectifiable curve [ in D connecting
x to y so that the length of [ is no larger than Ag|z — y|. Clearly, such a property holds for all
bounded C1' domains, C™! domains with compact complements and domains above the graphs of
bounded C!! functions.

For any open subset D C R?, we use 7 to denote the first time the process X exits D. We
define the process X by Xf’D = X{ for t < 71f and Xf’D = 0 for t > 7f, where 0 is a cemetery
point. X%P is called the subprocess of X% in D. The generator of X% is £L|p. It follows from
[10] that X%P has a continuous transition density p% (¢, z,y) with respect to the Lebesgue measure.
One can easily see that, when D is bounded, the operator —L%|p has discrete spectrum. In this
case, we use )ff’D > 0 to denote the smallest eigenvalue of —L%|p.

For an open set D C R? and = € D, we will use dp(x) to denote the Euclidean distance between
x and D¢ The following is a particular case of a more general result proved in [5, Theorem 1.3]
(cf. Proposition 1.2 above).

Theorem 1.3 Suppose that D is a C*' domain in RY with characteristics (Ro, Ag) such that the
path distance in D is comparable to the Euclidean distance with characteristic Ag.

(i) For every M > 0 and T > 0, there are constants ¢; = c1(Ro, Ao, Ao, M,a,T) > 1 and Cy =
Ca(Ro, Ao, Moy, M, o, T') > 1 such that for all a € (0, M] and (t,z,y) € (0,T] x D x D,

ot <1/\513/(§)) <1/\513/($)> ACENY)

<t < en (10 20 ) (10 220 1 (1)




(ii) Suppose in addition that D is bounded. For every M > 0 and T > 0, there is a constant
co =co(D,M,a,T) > 1 so that for all a € (0, M] and (t,z,y) € [T,00) x D x D,

N a —t AP
cg e dp(x)dp(y) < ph(t,z,y) < c2e” ™ 6p(x)dp(y).

Note that Theorem 1.3 does not give large time estimates for p},(¢, z, y) when D is unbounded.
The goal of this paper is to establish large time two-sided estimates on pf}, (¢, z,y) for a large class
of unbounded C''' domains, namely half-space-like C''! domains. A domain D is said to be half-
space-like if, after isometry, there exist two real numbers b; < by such that Hy, C D C H,,. Here
and throughout this paper, Hj stands for the set {z = (x1,...,24) € R?: 24 > b}. We will denote
Hy by H.

We are now in a position to state the main result of this paper. For a > 0, define ¢,(r) :=
r A (r/a)/?.

Theorem 1.4 Suppose D is a half-space-like CY* domain with C*' characteristics (Ro, Ag) and
Hy, C D C H for some b > 0 such that the path distance in D is comparable to the Euclidean distance
with characteristic A\g. Then for any M > 0, there exist constants ¢; = ¢;(Ro, Ao, Ao, M, a,b) > 1,
i =1,2, such that for all a € (0, M] and (t,z,y) € (0,00) x D x D,

it (1 SO (o)

<pbta) < e (10 OO0 (1 2P ) b1, (1.4

Remark 1.5 (i) The Lévy process X is uniquely determined by its characteristic function
E, [eig'(Xg*XS)} = et +alel) for every z € R? and ¢ € R%.

Hence the Lévy exponent for X@ is ®,(|¢]) with ®,(r) := r? 4+ a®®. The function ¢,(r) is related
to @,4(r) as follows:

1 1 1 1

~

=72 A (r/a)* = ¢a(r)2.

= = —A
O,(1/r) r24ar>  r=2° (a/r)*
Here for two non-negative functions f and g, the notation f < g means that there is a positive
constant ¢ > 1 so that g(z)/c < f(x) < cg(x) in the common domain of definition for f and g.
Hence in view of Theorem 1.1, the estimates (1.4) can be restated as follows. For every M > 0,
there are constants ci,co > 1 so that for every a € (0, M] and (¢, z,y) € (0,00) X D x D,

B 1 1/2 1 1/2 .
() wmaa) e

1/2 1/2
< phltay) <a (mW) (“W) pi(t zfes, yfes). (15)

We conjecture that the above Dirichlet heat kernel estimates hold for a large class of rotationally
symmetric Lévy processes in R%: see [6, Conjecture].



(ii) Note that ¢t < a?*/(®=2) if and only if (a®t)~¥* > t=%/2, If (6p(x)/a)*/? < ép(z), then dp(x) >
a

i)
a/(@=2) and so dp(z) A (6p(x)/a)*/? > a®/(®=2), Thus when t < a**/(*=2) and (6p(x)/a)*/? <

(0p(x)/a)>/? ac/(a=2)
D \/g >

dp(z), we have 4 =y = 1, and consequently

dp(a) A (ép(x)/a)*/* - . dp(z)
G =1=1A i

Hence in view of Theorem 1.1 and Proposition 1.2, the statement of Theorem 1.4 can be restated
as follows. For all a € (0, M] and (¢,z,y) € (0,a2*/(*=2)] x D x D,

1 2) (1 ) o ()

5D($)> < 5D(y)> (d/2 —Jr—y|? _ a®t

<pht,a,y) <er ([IA—] (1A ¢ p—y?/(eat) | y=d/2 o (07T L6
< ph( l‘y)_c1< NG NG e P (1.6)
and for all a € (0, M] and (t,,y) € [a**/(*7%),00) x D x D,

. ( " 5D(3:)/\(a\/;<5p(:n))a/2> (1 . 5D(y)/\(a\/;5D(y))a/2> <( )~/ p - _a;td+a>

1A

<pp(t,z,y) <

o (m‘sD@”““’”D@”“/Z) <1A5D<y>A<a-16D<y>>a/2) (@ n 02). )

Vi x —y|ite

In fact, Theorem 1.4 will be proved in this form. |

Remark 1.6 Unlike [6, 11], there are dramatic differences between the behaviors of the heat
kernel p},(z,y) on half-space-like C1! domains and disconnected half-space-like Cb! open sets
even if  and y are in the same connected component. For example, if D is HU B(xg,1) where
xzo = (0,...,0,—2) and z,y € B(xo,1), then, as a — 0, p},(x,y) converges to p%(xml)(:n,y), the
Dirichlet heat kernel for Brownian motion on B(xg,1). Thus, in this case, the heat kernel estimates
for p},(t, z,y) when ¢ is large cannot be of the form (1.4) even if  and y are in the same connected
component. Furthermore, as one can see from [5, Theorem 1.3], when D is a disconnected half-
space-like C1'! open set (containing bounded connected component), we can not expect that the
heat kernel estimates for p},(z,y) to be written in a simple form as the one in (1.4). To keep our
exposition as transparent as possible, we are content with establishing the heat kernel estimates
for half-space-like C*! domains. O

Integrating the heat kernel estimates in Theorem 1.4 with respect to ¢, we get sharp two-sided
estimates on the Green function G%,(z, y) fo p%(t, z,y)dt for X* in half-space-like C*! domains
D.

Define for d > 1 and a > 0,

. —af2 n 6ap@) (. —af2 n Sa(p®))
T ya ( A Ja—ylor? ) ( A yl“”) when d > a,
1/a
F(z.y) = { log ((1+a¢a<5D<Tg>_¢;|<5D<y”) / ) whend=1=0a, (L8)

2000000000 & (0= (903 (2))da (9())) @ V/*)  when d =1 < a
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For d > 2 and a > 0, define

1 6p(x)dp(y)
g (o) = =yl (1 A oy ? ) when d > 3,
D ? - af/(a—
log (1 Ll QTQEZJ‘DQ(I)(SD@))) when d = 2,

for d =1 and a > 0, define

(6p(2)8p(y))/? A 22EBDW A (g=a(5p(2)0p(y)) @ D/2)  when a € (1,2),

lz—y|
a " 1/a
9p(z,y) = %/\log (1+a((5D(x)(5D(y))1/2> when a =1,
(0p(x)6p(y) /2 A % A a®/(@=2) when a € (0,1).

Theorem 1.7 Suppose D is a half-space-like C*' domain with CY' characteristics (Rg, Ag) and
Hy C D C H for some b > 0 such that the path distance in D is comparable to the Euclidean distance
with characteristic N\g. Then for any M > 0, there exists a constant ¢ = ¢(M, Ry, Ao, Ao, b, ) > 1
such that for all a € (0, M] and (z,y) € D x D,

¢ lgb(,y) < Ghla.y) < cgble,y)  when |z —y| <a”/C7), (1.9)
B, y) < Gh(w,y) <cfple,y)  when |z —y| > a7 (1.10)

Remark 1.8 (i) Note that, when d > 3, ¢%,(x,y) is independent of a and is comparable to the
Green function of Brownian motion in a bounded C'*! domain or in a domain above the graph of a
bounded C!! function. On the other hand, when d = 1 or 2, 9% (x,y) depends on a, which is due
to recurrent nature of one- and two-dimensional Brownian motions.

(i) Observe that if (X} P+ > 0) is the subprocess in D of the independent sum of a Brownian
motion and a symmetric a-stable process in R¢ with weight a, then (/\Xg’_[; st > 0) is the subprocess
in AD of the independent sum of a Brownian motion and a symmetric a-stable process in R% with
weight aA(®=2)/e (see the second paragraph of [5, Section 2]). Consequently for any A > 0, we have

p‘}\’,\jmiwa (t,z,y) = )\_dp“D()\_2t, Az, Ay for t >0 and x,y € AD. (1.11)

When D is a half space, we see from (1.11) that Theorems 1.4 and 1.7 hold with M = oc.

(iii) The estimates in Theorems 1.4 and 1.7 are uniform in a € (0, M] in the sense that the constants
c1, c2 and c in the estimates are independent of a € (0, M]. Since X® converges weakly to X°, by
taking a — 0 these estimates yield the following estimates for the heat kernel p%, (¢, z,y) and Green
function G°(z,y) of Brownian motion in half-space-like domains D in which the path distance is
comparable to the Euclidean distance:

! (1 A 5’?}?) <1 A 513/(;;)) {4 2emealemylt

<ph(t,z,y) < (1 A 51:[(:)) (1 A (Slif(ty)) 4= 4/2 g~ lz—yl?/(cat) (1.12)

for every (t,z,y) € (0,00) x D x D, and

el gh(zy) < Gh(z,y) < cagh(z,y)  forz,y € D. (1.13)



The estimates (1.12) and (1.13) extend the main results in [20], where the corresponding estimates
were established for domains in R? with d > 3 that are above the graphs of bounded C'! functions.

(iv) By Theorem 1.4, the boundary decay rate of the Dirichlet heat kernel of £ is given by
1A Sp@ASp (@)% g indicates that the Dirichlet heat kernel estimates for LY = A+ A2 in

half-space-like C'! domains cannot be obtained by a “simple” perturbation argument from A nor
from A®/2,

Since the Lévy process X contains a discontinuous component aY, its Lévy system plays an
important role in our approach. As

“A(d,
i = [ (= coste )

X® has Lévy intensity function
F(ay) = (e — o) = a®A(d, )z — y| ),

The function J%(x,y) determines a Lévy system for X which describes the jumps of the process
X for any stopping time T (with respect to the filtration of X¢), any 2 € R? and any non-negative
measurable function f on Ry x R? x R? with f(s,y,y) = 0 for all y € R? and s > 0,

e | S s x| =5 [ ([ s6xtreeaw)a]

s<T

(see, for example, [8, Proof of Lemma 4.7] and [9, Appendix A]).

Throughout this paper, the constants C1, Co, C3, Ry, R1, Ro, R3 will be fixed. The lower case
constants ci1,co,... will denote generic constants whose exact values are not important and can
change from one appearance to another. The dependence of the lower case constants on the
dimension d will not be mentioned explicitly. We will use 0 to denote a cemetery point and for
every function f, we extend its definition to d by setting f(0) = 0. We will use dz or m(dz)
to denote the Lebesgue measure in R?. For a Borel set A C R? we also use |A| to denote its
d-dimensional Lebesgue measure. For every function f, let f* := f v 0. We now present the

Proof of Proposition 1.2. We first deal with the case a = 1. For t > ¢; and r > 0,

pmdf2pmer/t cymdf2 2 —ta/2 <ot
= (cr2/t)(dta)/2 = 3pdta = “dta-

Hence for t > ¢4,

—d/a —d/2 —cr?/t —d/a t - —d/a t
t /\(t e +t A|x_y|d+a>At A ey (1.15)

Thus hl(t,z,y) < t=¥> A #I”“ on [c1,00) x R? x R%. On the other hand, for r > 1,

—d/2_—cr?/t - ,—d/2 C5 _ cgt cet
tre <t (cr2/O)@D+1 — pdt2 = pdia’




So for t € (0,¢1] and r > 1,

—dj2_—er?/t —d/2 tN 2 t_ t L da t
t"e + <t A pdta ) t A rdta © pdfa t A pdta

Thus this and (1.15) prove the proposition for a = 1. For a > 0, with A = a®/(2=),
Retay) = AR, Az, Ay)

- A2t a®t
= M)A ) = (@)
<( ) )\d+a|x_y|d+a ( ) |x_y|d+a’

provided either A%t > ¢; or M|z — y| > 1. This completes the proof of the proposition. O

The rest of the paper is organized as follows. In Section 2, we derive some preliminary exit
probability estimates that will be used later to obtain large time two-sided estimates on py. These
estimates are derived through some detailed estimates of £'¢ for some testing functions ¢. The
upper bound estimate on py is established in Section 3, while the lower bound estimate is derived
in Section 4. The two-sided Dirichlet heat kernel estimates in half-space-like C1'! domains are then
established in Section 5 from that of pg by a “push in” method (see Lemma 3.7 below) that is
originally employed in [11]. Integrating the estimates for pp(¢,z,y) given by Theorem 1.4 yields
the uniform sharp estimates of the Green function G%(x,y) of L% in D. However it is far from
trivial and requires considerable amount of effort. This is done in Section 6.

2 Preliminary estimates

We will focus on the case D = H in Sections 2—4. In this section we will prove some preliminary
estimates that will be used to establish our heat kernel estimates in H. We start with some one-
dimensional results.

Let S be the sum of a unit drift and an «/2-stable subordinator and let W be an independent
one-dimensional Brownian motion. Define a process Z by Z; = Wg,. The process Z is simply the
process X! in the case of dimension 1 defined in the previous section. We will use the fact that
S is a complete subordinator, that is, the Lévy measure of S has a completely monotone density
(for more details see [17] or [21]). Let Z; := sup{0V Zs : 0 < s < t} and let L; be a local time of
Z — Z at 0. L is also called a local time of the process Z reflected at the supremum. Then the
right continuous inverse L_1 of L is a subordinator and is called the ladder time process of Z. The
process Z Lt is also a subordinator and is called the ladder height process of Z. (For the basic
properties of the ladder time and ladder height processes, we refer our readers to [1, Chapter 6].)
Let V(dr) denote the potential measure of the ladder height process Z Lt of Z and v(r) its density,
which is a decreasing function on [0, 00). We know by [15, (5.1)] that

o(r) < TATY?7Y for r > 0. (2.1)

Let G(g,00) be the Green function of 7(0:20) " the subprocess of Z in (0,00). By using [1, Theorem
20, p. 176] which was originally proved in [18], the following formula for G g ) was shown in [14,
Proposition 2.8]:

Glo.00)(,4) = /0 @l + o — yl)de. (2.2)

8



For any r > 0, let G(g,) be the Green function of ZO1) | the subprocess of Z in (0, 7). Then we
have the following result.

Proposition 2.1 There exists ¢ = c¢(a) > 0 such that for every r € (0,00),
/ G o (@, y)dy < c(r A r/2) <(m Az A ((r—z) A (r — a:)a/z)) , x€(0,r).
0
Proof. For every r > 0 and every = € (0,7), we have by (2.2) and (2.1) that

/OG(o,r)(fU,y)dy < /GO,oo (z,y)dy

- // y+z—a:dzdy+// v(y + z — x)dzdy
— /0 (Z)/a:—z (y +z—x)dydz+/0 v(z)/ﬂc v(y + 2 — x)dydz

< 2V((0,7) V((0,2)) < e(r Ar®/?) (@ A 22/?).

This together with the property that G(g,(7,y) = G, (r — z,7 — y) establishes the proposition.
O

Now we return to the process X' in R?. Recall that C°(R?) is contained in the domain of the
Lo-generator £' of X' and

£19(e) = Ad(e) + [ (0o +1) = 6(0) = (Vola) 1) m0 )5 (ul)dy, V6 € CX(R)

(see [19, Section 4.1]). Using the argument in [13, page 152], one can easily see that the last formula
on [13, page 152] is valid for X! for all d > 1. Thus we have the the following generalization of
Dynkin’s formula: for every ¢ in C2°(R9) and = € U,

. [0 (x3)] - o) = [ Ghneots =, | " otxtyas (23

The following estimates on harmonic measures will play a crucial role in Section 3.

Theorem 2.2 For any R > 0, there exists a constant ¢ = c¢(a, R) > 0 such that for every r > R
and open set U C B(0,r),

P, (XTI}J € B(0, r)c> < cr_a/UG(l](x,y)dy, for every x € U N B(0,r/2).

Proof. Without loss of generality, we assume that R € (0,1). Take a sequence of radial functions
ér in C(RY) such that 0 < ¢y, < 1,

0, if |yl <1/2
de(y) =<4 1, if1<|y<k+1
0, if ly[>k+2,



and that E” |%;yj¢k\ is uniformly bounded. Define ¢y, (y) = ¢x(¥). Then we have 0 < ¢y, < 1,

0, if |yl <r/2 52
Orr(y) =19 1, ifr <y <r(k+1) and sup ‘quk,r(y)’ < cr 2.
0, if [yl > r(k+2), yeR? 55 | OYi%Y;

Using this inequality, we have for r > R

‘ﬁlﬁbk,r(z)’
<c r2 + sup sup / (¢k,r(z + y) - ¢k,r(z) - (V¢k,r(2) ’ y)lB(O,r) (y))]1(|y|)dy‘
k>1 zeRd |JR4
< 7,,—2 + ¢y SUp sup / d)k,r(z + y) - gbk,rgii)a_ (v¢k,r(z) ’ y) | dy +/ |y’—d—ady
k>1 serd \J{lyl<r} || {r<lyl}

1 2
<cr 4o 2/ |zil|+a dy + / y =y | < err T 4 ear™, (24)
% Jiyi<ry 191 {r<lyl}

When U C B(0,r) for some r > R, we get, by combining (2.3) and (2.4), that for any = €
UnNB(0,r/2),

P, (Xi(lj € B(O,T‘)C> < klin;o E. [(ﬁk,r (X‘Il-llj>:| < C5TO‘/UG%;(aj,y)dy.
O

In the remainder of this section we will establish a result (Lemma 2.4) that will be crucial for
our heat kernel estimates in Section 4.

Let
A(d, )

A®?y(z) = lim (u(y) — u(l’))m

e}0 {yeR4: |y—z|>¢e}

ecall that AY/2 = A%/2 on C° . For x € and p > 0, set wy,(x) := (z7)P. For0 < p < a < 2,
Recall that A%/2 = A%/2 on C2°(RY). F R?and p > 0 » ¥)P. For 0 2

let

A(d, —a) [t toPt — ! N

A= Aap) = 2G| ear [ i), (2.6)
a o (1-1) ly|=1.9a>0

(2.5)

with the convention that m(dy) is the Dirac measure when d = 1. Then it follows from [12, Lemma
6.1] that

AO‘/pr(x) =A(d, o, p)wp—q(x), xe€H. (2.7)
In particular, on H we have
ﬁaﬂwp <0, 0<p<a/2; ﬁa/pr =0, p=a/2; ﬁa/pr >0, a/2<p<a. (2.8)
Lemma 2.3 Suppose 0 <p < § and R> 8. Let Q(a,b) :={y € H: [y| <a,0 <yg < b} and

hp(y) == wp(y)1or,Rr)(¥), vy €H. (2.9)
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There exist constants c1,ca > 0 such that for every R > 8 and x € Q(2R/3,2R/3),

—cy(zg)P* < ﬁo‘/th(:E) < A(zg)P™@ when 0 < p < % (2.10)

and
—eR? < ﬁa/2ha/2(x) < —cyR™/? when p = %, (2.11)

where A = A(a, p) < 0 is the constant defined in (2.6).

Proof. Since hy(y) = wy(y) for y € Q(R, R), by (2.8), we have for any x € Q(2R/3,2R/3),
ARy (x) = A (hy = wp) (@) + A wy (w)

A(dv —Oé) NCTY
=— (y P2 dy + A 2w, ().
/Q(R,R)c 40 |z — y|dte P
Observe that for z € Q(2R/3,2R/3) and y € Q(R, R)®, |y—z| > |y|/3. Thus for z € Q(2R/3,2R/3),
by the change of variable z = R~ !y,

/ %dy < cl/ %dy < CQRPO‘/ % dz < cgRP™.
Q(R,R) |T — y|*Te {yeRd: [y|> R} Y|P (z€Rd: [2>1} |2|4T*7P

The conclusion of the lemma now follows from the above two displays and (2.7)—(2.8). O

Lemma 2.4 There ezist ¢ = c¢(a) > 0 and Ry = Ri(a) > 2 such that for every R > 8Ry and
x € Q(R/4,R/2)\ Q(R/4,2R;), we have

(5H(x)a/2

. (X}, QU R\ QR R2)) 2 T

where Vi := Q(R/2,R/2)\ Q(R/2, R1).

Proof. Recall that h, is defined in (2.9). We fix p := (a/4) V (o — 1). We choose R; > 2 large

such that
a, o

2 ( 2
where A is the constant defined in (2.6). Obviously, with the above value of p, A < 0. For R > 8R;
and y € Q(2R/3,2R/3)\ Q(2R/3, R1/2), by Lemma 2.3 and using the fact that 0V (3% —2) < p <
$ < 1, we obtain

)(R1/2)°72 < |A], (2.12)

(& +872) (hoaly) = B> Phy())

« (0% o — o/2— — o) L4— —
> 5= D) =R R p(p — D(ya)' ™ + AR (ya)?
—a o/2— a/2— a— a « 3a_o_ —a
= ()™ (AR 4+ p(1 = p) R PP ()2 = S = D)) T 7277) =l R
_ o o o o
> () (RS = S0 = 5)(R/2) 5 727) — el R

11



Now, using (2.12), we have, for y € Q(2R/3,2R/3) \ Q(2R/3, R1/2),
(& +B72) (haja(y) = B> hy(y)) = —e B2, (2.13)
Moreover, for y € Q(R, R1),
(hayo — RSP Phyp)(y) = 952 (1 = (R1/ya)*/>77) < 0. (2.14)

Let g be a nonnegative smooth radial function with compact support in R¢ such that g(z) = 0 for
g g
|z| > 1 and [, g(x)dz = 1. For k > 1, define gy (z) = 2kg(2*z). Define

wk(2) 1= gi# (hoyr = BT 7hy ) (2) 1= /R k(W) (hays = BV hy) (2 = y)dy € C°(RY).
Let Qry := {2z € H : dist(z, Q(R,R)) < 27*} and Ay = {x € H: 24 € (R1 — 2%, Ry]}. Note

that up = 0 on Q% and by (2.14), for k sufficiently large so that 27% < Ry/3, up(z) < 0 for
24 < R1 —27% and for z € Vg, by (2.13),

Llug(z) = (A + A uy(2) = gi # (A + A2 (hyjy — RYPPh)(2) > —e1 R/,
Therefore, using these observations, (2.3) and (2.14), we have that, for any = € Vg,

o1
/ VR Llu;C(th)dt + E; [uk (Xil )]
0 VR

< o RO E, [, | + Eq [uk (Xjé ) L XL € Qri\ QIR Rl)] +E, [uk (le ) XL e Ak]
R R

ug(z) = —E,

< clR_a/QEx[T‘I/R] + sup |ug(z)| Py (XTll € Ak>
2€EAL VR

+ sup up(2) | Py (Xil € QRrk \ Q(R, R1)>
2€QR,k\Q(R,R1) VR

IN

C1R*a/2Ex[Tx1/R] + sup |ug(2)| + ( sup ha/Q(z)> P, (XTll € Qrr \ QR, R1)>
2€Ay 2€QR K VR

< AR PE ]+ sup )]+ B2, (XY € Qra\ QR ).
R

2EAL T

Since hq/o(2) — Rf/Q_php(z) = 0 when zg = Ry, limp oo sup,ey, |up(z)] = 0. Observe that
Qr(R,R)\ Q(R, Ry)) decreases to Q(R, R) \ Q(R, R;) as k — co. We have

lim P, (XfléR € Qri\ Qu(R, Rl)) = P, (X%R € Q(R,R)\ Q(R, R1)>
- B (X, cQRR\QURRY).

where the last equality is due to an application of the Lévy system (1.14) and the fact that 0Q(R, R)
has zero Lebesgue measure. Therefore for z € Q(R/2, R/2) \ Q(R/2,2Ry), since x4 > 2R,

(1= 27 (@a)*? < (2a)*?(1 = (Ra/za)®?77) = lim ug(x)
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< o R™PE,[r,] + R*?P, (Xjé eQ(R,R)\Q(R,R1)>,
R

which implies

Rfa/2 Ra/2

(2a)*/? < o175 Balrly ) + T P (Xj‘l/R € Q(R,R)\ Q(R, R1)> . (2.15)

1—2p—a/2°7
Now take a non-negative function ¢ in C2°(R?) such that 0 < ¢ < 1,

0 iflyl<1/4 or |yq > 2,
ply)=4 1 if1/2<[g/ <2 and [y4f <1,
0 if|y] >3,

and that >, ]%{;wd is uniformly bounded. Define ¢r(y) = ¢(%). Then we have 0 < ¢p < 1,
0 if |y| < R/4 or |y4| > 2R,

or(y) =< 1 if R/2<|y| <2R and |yq| < R, and sup
0 if |g] > 3R, yerR? S,

qﬁR(y)’ < Co R_Z.

82
r ' 0y;0y;

(2.16)
Using this inequality, by the argument leading to (2.4), we get sup,cpa |[L1or(2)| < c3 R™ for
every k > 1. Thus, by this and Lemma 2.3, for R > 8R; and y € Q(2R/3,2R/3), we obtain

2Ra/2

A/2 e
(A+R) (haoly) + 7573

o o L e - -«
Or()) < =50 = )W) 2+ caRPRT < R (2.17)

For any k > 1, define

2R*/2
vg(2) == gi * (ha/Z + mﬁb}%) (2) € Cfo(Rd)-

Put Qp := Q(R, R/2) \ (Q(R, R1) UQ(R/2,R/2)). By (2.17), we have L' (y) < c4R™/? for all
y € Vg. Thus, using this and (2.3), we have that for any £ > 1 and x € Q(R/4, R/2)\ Q(R/4,2R;),

1
Ve 4 1 1
/0 Llog(XDdt| + E, [vk (XTéR)]

> —C4R_°‘/2Ex[7"1/R] + E, [vk (Xi‘l/ ) XL e QR] .
R

TVR

v(z) = —-E,

Letting k — oo and using (2.16), we get that for any x € Q(R/4,R/2) \ Q(R/4,2R;) (where
¢r(z) = 0),

2R/
/2 _ N H
(za)™" = (ha/Q + 1 _ op—a/2 ¢R> (z) = kh_{glo vg(z)
2Ra/2
_ —a/2 1 et 1 vl
2 R B 4B | (e T mmtn) (X, ) Xy, € O
—a/2 1 2Ra/2 1 0
> —cyR Ea:[TVR] + mpw XT\l/R cllr ). (218)
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Combining (2.15) and (2.18), we get

—a/2 Ra/2
/2 L 1 o4 1
) T grarz el Vel Ty g (X@R € QR R)\ QR R/2>>
Ra/2 .
o gmant (X, € %)
ciR~/? . Ro/2 .
S ograntelmal T gt (X, € QUE R\ QR E/2)

1 —Q o
—|—§ <C4R /QEJ;[T%/R] + (zq) /2) )

Therefore, we conclude that

2c 2R/?
/2 1 —a/2 1 1
(@) < (s s ) B+ e (X, € QU QIR RY2)).
(2.19)
On the other hand, by the Lévy system of X1,
P, (X}, cQRR\QRR) 2P (X)) €QRI\QR3R/Y)
R R
Tl
=E, / ' / JNXL 2)dz | ds| > csR™® Ex[T‘I/R].
0 Q(R.R)\Q(R,3R/4)
This together with (2.19) establishes the lemma. O

3 Upper bound heat kernel estimates on half-space
In this section we will establish the desired large time upper bound for pllHl(t, x,y).

Lemma 3.1 For any ty > 0 and R > 0, there exists ¢ = c¢(a, tg, R) > 1 such that for t > ty and
x € H with ég(x) = x4 > R, we have

Px(fgpt)gc((W\/?/QAQ.

Proof. Clearly, we can assume R < t(l)/ ¢ and we only need to show the lemma for R < 0y (z) < 1/,

Let u(z) = (a::{)"‘/2 +1and U(r) :={z € H;zq4 < r}. By (2.8), for every x € H with dg(x) > R,
(A+£W%u@y:—%u—ngwﬂ4<o.

Using the same approximation argument as in the proof of Lemma 2.4 with ug(2) := (gr * u)(z)

where gj is the function defined in the proof of Lemma 2.4 and letting & — oo, we see that for

x € H with r > dg(z) = 24 > R,

(1+ R_O‘/z):):fl‘/2 > 1‘3/2 +1=u(x) >E, {u <X11 )] > ro/2p, (XTll

TUr) U(r)

GH\UQO.
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Applying this and Proposition 2.1, we get that for R < dy(z) < '/,

P (g >t) < Pu (Tllf(tl/“) > t) + P (XTll € H\U(tl/a))

U(tl/a)
1 —a 5H(x)a/2
Loija \ 1/2 /2 —a/2 O ()72 Om(z)*/?
< as(E/AET)(0r (@) A dr(z)) + (1+ BT 7i < NG

Lemma 3.2 For every ty and R > 0, there exists ¢ = c(a, to, R) > 1 such that for every (t,x,y) €
[to, 00) x H x H with ég(x) > R,

e 5]HI T a/2
ph(t,z,y) < et <(\/)73 A 1) .

Proof. Let C(t) := sup, ,cpd p'(t/3,z,w). By the semigroup property and symmetry,

ph(toy) = [ [ ph(t/3.0,200h(t/3, 2 0)ph(t/3,0,0)dedw < COBa(rh > /3By (1 > 1/3)
HJH
Now the lemma follows from Theorem 1.1 and Lemma 3.1. |
The next lemma and its proof are given in [5] (also see [3, Lemma 2] and [4, Lemma 2.2]).

Lemma 3.3 Suppose that Uy, Us, E are open subsets of R with Uy,Us C E and dist(Uy, Us) > 0.
Let Uy :== E\ (U1 UUs). If x € Uy and y € Us, then for all t > 0,

pe(t,z,y) <P, (X% € Ug) ( sup p%(s,z,y)) +E, [74,] ( sup Jl(u,z)> . (3.1)
1

s<t,z€Usy uelUy, z€Us

Lemma 3.4 Suppose that tg, R > 0. There exists ¢ = c¢(a, tg, R) > 0 such that for every (t,x,y) €
[to, 00) x H x H with ég(x) > R,

om ()22 _ t
pH(tax7y)—C< \/i N1 t A ‘x_y‘d-&-cx :

Proof. By Theorem 1.1, Proposition 1.2 and Lemma 3.2, without loss of generality we can assume
R = t(l)/a and it is enough to prove the lemma for t[l)/a < om(z) < (16)~ 't/ and |z —y| > t'/*. Let
xo = (Z,0), Uy := B(z0, 8 HY*)NH, Us :={z € H: |z — x| > |z — y|/2} and Uy := H\ (U; UU3).
Let X! = (Xb1,..., X14) and, for any open interval (3,~) in R, let T(8,y) = inf{t > 0: Xld ¢
(B,7)}. Note that, by Proposition 2.1 and the assumption that 16~/ > dy(z) = 24 > t(l)/a, we

have
Eolrdy] < BoylFo /) < a1 vVizy? = ¢ VEdu(z)/2. (3.2)
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Since

— 1
|z — x| > | 5 Yl > §t1/°‘ for z € Us,
Ui NUs =0 and, if u € Uy and z € Us, then
—1;1/« 1 1
lu—z| >z —x| —|zo— 2| — |zo —u| > |z — x| =47t zglz—mlzilx—y]. (3.3)
Thus,
sup  JH(u,2) < sup JHu, 2) < eglo —y|707e (3.4)
u€l, z€Us (u,2):lu—z|> % |z—y|
If z € U,
3 |z =y —1,1/a
=yl zle—yl+le—z 2]z -yl 2] -yl - |z -2 2 == 22777 (3.5)
By Theorem 1.1 and (3.5),
sup pl(s,z,y) <ca sup  (sJM(z,y)) + sup s 42
st EEl je—sl /312l le=yl/25 eyl SVESVE
+ ¢y sup S_d/26—05|2_y|2/5
s<
Ny
8a/2
< etz — y| " 4+ 2%y [ sup T | ta <sup a_d/ze_cw) sup |z —y| ¢
s<t |:E - y| az1 lz—y|/2<|z—y|<1
—d- |z —y|* —d-
<crtlr —y| T + g sup T iara S Cotlw —y[T (3.6)
jo—yl/2<]z—yl<1 |T = Y|

Applying Lemma 3.3, (3.2), (3.4) and (3.6), we obtain,
1 1 —d—a 1 —d—a
pu(t,z,y) < cioBe|my, ]z — | + c11lPy (XT;J € U2>t!w -y
1

< epVtou(z) |z — y| T 4+ e Py (Xrl}] € Ug)ﬂx —y| 74
1

Finally, applying Theorem 2.2 with U = U; and r = 811/ > 2¢51/® we have

Uy

1 1
P, <Xi1 S U2> <P, (X71-[1] € B(x078_1t1/a)c) < cuiy ; / G(1]1 (x,y)dy = C14 ;EI[Tllh]
1 Uy

Now applying (3.2), we have proved the lemma. O

Lemma 3.5 For every R > 0 and ty > 0, there exists a constant ¢ = ¢(R, a,ty) such that for all
(t,z,y) € [to,00) x H x H with du(x) A ou(y) > R.

Op () ou(y)*/? —d/a t
pult,z,y) < c(\ﬁm) <ﬁA1> <t AW>.
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Proof. By Lemma 3.4 and Theorem 1.1, we only need to prove the lemma for &g (z) V om(y) < t1/<.
Denote by q(t, z,y) the transition density of the a-stable process Y in R%. By Lemma 3.4 and the
lower bound estimate of ¢(t, z,y), there is a constant ¢; > 0 so that

T a/2 a/2
p(t/2,2,2) < ¢ <5H(\/)E A 1) q(t/2,2,2) and ph(t/2,z,y) < (M A 1) q(t/2,y,z).

Thus, by semigroup property and the upper bound estimate of ¢(t, z,y),

zﬁwww%—/pwﬁ2wzpwﬁ2zm

T a/2 /2

\/)f /\1) ( H(Y 1 Al) /Hq(t/Q,x,z)q(t/Z,y,z)dz
<c <6H \x/);/Q A 1) ( ouly ):/2 A 1) q(t,z,y)

()~

Vit

m(y)*/? —d/a t
) () o r )

To get the sharp upper bound estimate on pp, we need two results that will be used several

a

times in this paper. Let e; denote the unit vector in the positive direction of the zg-axis in R

Lemma 3.6 Let D be an open set in R% so that Hy, € D C H for some b > 0. For any ty > b2

and M > 0, there exists a constant ¢ = c(a, M, tg,b) > 1 such that for any a € (0, M] and

(t,2) € [to,00) x D, with xq := x + 2t} *eq,

Om(20) A (a_15H($0))a/2> < Sp(z) A (a‘lép(m))a/2>
(LAdp(z)) <1/\ < ¢l1n |
vt Vi
ammmoﬁmm“ﬁmmwﬁ;szAM@wzme>

Proof. Note that 5D(£U)—|—t(1)/2 < O, (z9) < 5D(1:)+2t(1]/2 and 5D(."L‘)+2t(1)/2 < dm(xo) < dp(x )—|—3t1/2.
When dp(z) > t(l)/Q, we have 0p(x) < om, (z0) < dm(xo) < 40p(z). Thus in this case, the conclusion
of the lemma is trivial. When dp(z) < t(l)/2, using the fact ¢ > ¢y and a € (0, M], we have

(17 0p()) (1 A Om(zo) A (a_léH(azo))a/2> = (1A 6p(x)) (1 A 91, (o) A (a—lémb(mo))aﬂ)

Vi Vi
1 dp(x) 5p(x) A (a=op(x))*/?
=4 IN— ] <1A < 1A .
ple) (1 77) =102 Vi
The proof is now complete. |

The next result will allow us to “push” points in D a fixed distance away from D when doing
heat kernel estimates. Such a strategy has been previously used in [11], where global Dirichlet heat
kernel estimates are obtained for symmetric a-stable processes in half-space-like C'''-open sets as
well as in Cb! exterior open sets.
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Lemma 3.7 Suppose that D is a half-space-like C*' domain with CY' characteristics (Ro, Ag)
and Hy, C D C H for some b > 0 such that the path distance in D is comparable to the Euclidean
distance with characteristic \o. Fiz to > b% and define for x and y in D,

T =T+ 2t(1)/2ed and Yo =y + Qt[l)/Qed . (3.7)

Then there exists ¢ = c(b, tg, Ro, Ao, a, \o) > 1 such that for all z,z € D,

1
1 pD(th:EVZ)
(1A dp(z)) < pp(to, o, 2)

<c(1Adp(x)). (3.8)
Proof. First observe that
6p(z0) > dm(zo) > />, Op(yo) > dm(vo) >ty (3.9)

and |z —xzo| = |y —vo| = 2t(1)/2. Let Cy be the constant in Theorem 1.3 (i) with T = to. By Theorem
1.3(i) and (3.9), we see that

cl—l <1/\ 5D(1U)> (hhlcz(to,$,z) ) < plD(tO,l',Z) < e <1/\ 5D(l')> (thz(tO?x’Z)) . (310)

Vio ) \ WL, (t0.20.2) ) = ph(to,a0,2) Vio ) \ i, (to70.2)

For z € B(xy, 2_175(1)/2) we have

3.,1/2 1/2 _ 9.1/2
§t0/ §|x0—x|—|z—x0|S|x—z|§]z—x0]+|$o—x|:|z—:L“0|—|—2t0/ <§t0/.

Similarly, for z € B(x, 2_115(1)/2) we have %téﬂ <l — 20| < gté/2. Thus in these cases, (3.8) follows

from (3.10) and Proposition 1.2.

In the case z ¢ B(l’,2_1t(1)/2) UB(mO,Q_lt(l]ﬂ), we have |z — z| < |z — xg| + |xo — x| = |2 — x| +
2t(1]/2 < 5|z —xp| and |zg — 2| < |z — x| + |z — x| = |2z — | —|—2t(1)/2 < 5|z —x|. So 57 |zg — 2| <

|z — x| < 5]zg — z|. Therefore using this and Proposition 1.2, we have

thQ (t(],.%’, Z)

h%/Cz (t()v xz, Z)
hi/CQ(t()’ o, Z) B

<e¢y and
hé@ (th Zo, Z)

C3.

Theorem 3.8 Let ty be a positive constant. Then there exists a constant ¢ = c(a,ty) > 0 such
that for all t € [ty,00) and z,y € H,

S (@) A g () Fu(y) A du(y)™’ “d/a t
pllf““"”’”“( Vi “)( Vi “)(”AW)'

Proof. Let z¢ and yy be as in (3.7). By the semigroup property and (3.8), we have
Pi(t, ,y) = / / P (to, x, 2)piz(t — 2to, 2, w)pia(to, w, y)dzdw
H JH
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= (LA dg(x)) (1A du(y)) /H /Hp%m(to, xo, 2)pl(t — 2to, 2, w)pu(to, w, yo)dzdw
= (1A 0u()) (1A S(y)) pir(t, w0, yo)- (3.11)

By Lemma 3.5 and the fact |29 — yo| = |z — y|, we have

Ot (0) /> Se(yo) ™/ - ¢
L(t, 0, yo) < AN VARSI VA T [ 7V Ry . —
pu(t, zo,yo) < 1 NG NG z — gdra

This together with Lemma 3.6 (with a = 1 there) and (3.11) proves the theorem. |

4 Lower bound heat kernel estimates on half-space

In this section we establish the desired sharp large time lower bound on pﬁ(t,x,y). We will use
some ideas from [3, 5].

Lemma 4.1 For any positive constant to, there exists ¢ = c(tg,«) > 0 such that for any t >ty and
y € RY,
1
Py (TB(y,Sfltl/a) > t/3) > c.

Proof. By [10, Proposition 6.2], there exists ¢ = €(tp, &) > 0 such that for every ¢ > o,

1

. 1 -
ylen]lgd P, (TB(y,16_1t1/°‘) > 515) > 5"

Suppose € < %, then by the parabolic Harnack inequality in [10, 22],
“ pé(yvg’ltl/a)(gt’y’w) S p}B(y,sfltl/a)(t/?%y,w) for w € B(y, 16~ 1t1/%),

where the constant ¢; = ¢;(tg, a) > 0 is independent of y € R Thus
Py (Thiys ey > 1/3) = / L e (t/3,y,w)d
Y 7-B(y78 141/ > / B(y,8*1t1/0‘)p3(y’8 141/ )( / Yy w) w

C1
ch/ et e s
B(y,16~1¢1/a) B(y,8-1t1/ )( LY, W) .

O

The next result holds for any symmetric discontinuous Hunt process that possesses a transition
density and whose Lévy system admits a jumping density kernel. The proof is the same as that of
[6, Lemma 3.3] and so it is omitted here.

Lemma 4.2 Suppose that Uy, Us, U are open subsets of R with Uy, Uy C U and dist(Uy, Us) > 0.
If x € Uy and y € Us, then for allt > 0,

1 > 1 1 : 1 . _
py(t,z,y) > tP(17, > t) Py, > t) ueUllr}geUQ J (u, 2) (4.1)
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Lemma 4.3 Suppose that to > 0. There exists ¢ = c(tp,a) > 0 such that for all t > to and
u,v € R with |u —v| > t1/%/2,

—d—
p}B(u,tl/a)uB(u,tl/a)(t/gv“70) > ct|u—ov|77

Proof. Let U = B(u, t"/*)UB(v,t"/*), Uy = B(u, t'/%/8), Uy = B(v,t"/*/8) and K = inf,cr, et j'(jw—
z|). We have by Lemma 4.2 that

Kt
Ph(t/3,0,0) 2 S Pl > /3 Puld, > 1/3).

Moreover, |w — z| < |u—v| + |w—u| + |z —v| < |u—v| + /)4 < 3|u — v|. Thus by Lemma 4.1,

Kt 2 —d—a
= (Po(Thp1re sy > /3)) = extlu— o7,

The next result follows from [22, Proposition 3.4].
Lemma 4.4 There exist Ry = Ra(a) > 1 and ¢ = ¢(a) > 0 such that for all t > RS,

inf ! ()3, 2,y) > et~V
x,yeB(O,th/a)pB(Ovml/ )(/ v)
For the remainder of this section, we define R3 := Ry V Rg, where Ry > 2 is the constant in
Lemma 2.4. For any z € R? and a,b > 0, we define

Qz(a,b):={yeH: |y —Z| < a,yq < b}.

Lemma 4.5 There is a positive constant ¢ = c(a) such that for all (t,x) € ((4R1)“,00) x H with
2R < 5}]1(1,‘) < tl/a/Q,

5H(:p)a/2
Pw(’?’éx(%l/a’%ua) > t/3) > CT-

Proof. Without loss of generality we assume that Z = 0 and let Q(a,b) :== Qola,b). Let V(t) :=
Q(tY//2,tY/*/2)\ Q(t'/*/2, Ry). By Lemma 2.4, Lemma 4.1 and the strong Markov property,

IV
~
8

1
]P):E (TQ(Qtl/O‘,Qtl/O‘) > t/3)
(Toariro sy > /3, Xl € QU 8/ \ Qo 11/ /2)

= E; [PXil (Tclg(2t1/a,2t1/a) > t/3> (XL e Qe My \ (e, tl/a/Z)}

TV (1)

\Y
=
s
E

e
\\'

1 ( é(Xl1 J4-1/ay = t/3) : X‘Il-\l/(t) € Q(tl/cx’ tl/a) \ Q(tl/a,tl/a/Q)}
V() Vet

a/2
> P (XL € QU i\ Qe 27 ) > 025““3%-

This proves the Lemma. O
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Lemma 4.6 There is a positive constant ¢ = c¢(«) such that for all (t,x,y) € [(4R3)“, 00) x H x H
with 5]1-]1(.%') VAN (5H(y) > 2R3,

Op () Sm(y)/? —d/a t
pﬁ(“’”“(#“)(%“)(’f )

Proof. Fix z,y € H. Let 29 = (Z,0), yo = (7,0), & = x + (0,32t1/%) and &, := y + (0, 32t1/). If
2R3 < dm(z) < t'/*/2, by Lemmas 4.1, 4.2 and 4.5,

/ ph(t/3,,u)du
B(gﬂv2t1/a)

vEQg (2tL/ @ 2t/ )
weB(£q,4t1/ )

1 : 1 1
2t Py (TQZ(2t1/a,2t1/a) > t/?’) inf J (v, w) /B(E;c a1/ Py (73(51’4,51/&) > t/3> du

>c1tP, (T(gz(%l/a,%w) > t/3> t=d/a=1p, (T;(O’tl/a = t/3> |B(&,, 261/
5H(x)a/2
A

On the other hand, if dg(z) > t'/%/2 > 2R3, by Lemmas 4.1 and 4.2,

/ ph(t/3, 2, u)du
B(&,2t1/«)

ZCQPI (Tclgx(Qtl/a’Qtl/a) > t/3> Z C3

vEB(zg,2t1/ *)nH
wEB(Eqg,4t1/a)

>t Pm <7—é(z7871t1/o¢)mH > t/3) inf Jl ('U,'U}) /;({ 2t1/a) Pu <Té(§-z74t1/a) > t/?)) du

>cyt Py, <Tll3(z,8—1t1/a) > 75/3) t—d/a=1 P, (Té(o,tl/a/s) > t/3> |B(&,, 2t1/a)|

ZCS]P)IE (Té(ir,giltl/a) > t/?)) Z 06.

Thus
a/2
/ ph(t/3, z,u)du > cr [ 1A Sua(@)*” , (4.2)
B(gs.261/2) Vi
and similarly,
a/2
/ ph(t/3,y,u)du > c7 [ 1A Oualy)*” . (4.3)
B(&y,2t1/) Vi

Now we deal with the cases |z —y| > 5t/ and |z — y| < 5t/ separately.

Case 1: Suppose that |z —y| > 5t1/®. Note that by the semigroup property and Lemma 4.3,
1
Pr (t7 xz, y)

> / / pli(t/3, 2, wW)ph(t/3, w, 0)ply(t/3, v, y)dudv
B(&y,2t1/ @) J B(&g,2t1/ @)

21



Z/ / pl%ﬂ(t/syxau)plB(u tl/a)uB(,U tl/o‘)(t/37 'LL,’U)pI]HI(t/37 rU, y)dud'l)
B(gy’Ztl/a) B(ézvztl/a) ’ )

>cgt inf lu — v|74@ / / ph(t/3,x,u)ph(t/3,v,y)dudv.
(u,0)EB (€2, 2t/ *) X B(&y,2t1/ ) B(g,,2t1/@) J B(&,,2t1/)

It then follows from (4.2)-(4.3) that

: da ) [ Ou(@)? S ()
Lt z,y) > cot f —oe ) [ A1) [ R A1 (44
Pl e:0) 2 €9 () B(Ew 201/2) x B(gy 201/2) =+l Vi Vit (44

Using the assumption |z — y| > 5t1/% we get that, for u € B(&;,2tY/*) and v € B(§,,2tY?),
lu —v| < 4t'/* + |z — y| < 2|z — y|. Hence

(u0)EB(E 2t51°‘f)><B(§ 2t1/a)|u_v|_d_a = cwlr =y (4.5)
u,v T ys

By (4.4) and (4.5), we conclude that for |z — y| > 5t/

x a/ /2
p]%ﬂ(t’xﬂ/) > c1 (M\/)%z A 1) (&HI(\Z//)Z VAN 1) t’x _ y|*d*a'

Case 2: Suppose |z —y| < 5t/®. In this case, for every (u,v) € B(&,2t%) x B(§,,2tY®),
|u — v| < 9tY/*. Thus, using the fact that dg(&,) A dm(&,) > 32t1/2, there exists wy € H such that

B(&,, 2tY%) U B(&,, 2tY%) € B(wo, 6tY%) ¢ B(wp, 12t%) C H. (4.6)
Now, by the semigroup property and (4.6), we get

pir(t, z,y)

> / / Ph (/3,2 0)P 0 sy (83,1, 0)pis(£/3, 0, y) dudo
B(&y,2t1/ @) J B(&g,2t1/ @) ’

> inf p o (t/3,u,v )/ / pl(t/3, z,w)pi(t/3, v, y)dudv.
(u,veB(wo,th/a) B(wo,12t1/ )(/ ) B(e, 2oy J Bes 261/ H H

It then follows from (4.2)—(4.3) and Lemma 4.4 that

p(t,,y) > c12 (W A 1) (W A 1) /e,

Combining these two cases, we have proved the lemma. O

Theorem 4.7 There exists a positive constant ¢ = c(«) such that for all t € [(4R3)%,00) and
x,y € H,

ph(t,z,y) > c (1 A Om(z) A 5H($)a/2) (1 A () A 5H(y)°‘/2) (t—d/a At > .

Vi Vi |z — yl|tte
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Proof. Let tg = (4R3)? > (4R3)® and let 2o and yo be as in (3.7). By the semigroup property and
(3.8) we have

Pt 2,y) =/H/th(to,w,Z)p%u(t—2to,z,w)ph(to,w,y)dzdw

= (LA dm(x)) (1A du(y)) /H /th(to, 0, 2)piy(t — 2to, 2, w)ply(to, w, yo)dzdw
= (LA du(x)) (1A du(y)) pa(t, o, yo)- (4.7)

Since, om(zo) A om(yo) > t(l)/2 = 4R3, by Lemma 4.6 and the fact |z — yo| = |z — ¥,

Oea(0) /2 0w (y0)*/? - t
L(t, z0,y0) > ALV B Y - \CAAR T I 7 L S—
pa(t, To,y0) = 1 < N NG |z — y|at+e

The conclusion of the theorem now follows from the above inequality, Lemma 3.6 and (4.7). O

5 Heat kernel estimates on half-space-like domains

In this section, we will establish the main result of this paper. In the remainder of this paper we
will always assume that D is a half-space-like C'! domain with 1! characteristics (Rp, Ag) and
Hy, € D C H for some b > 0 such that the path distance in D is comparable to the Fuclidean
distance with characteristic Ag. Fix tg := 1V b and for z,y € D, let zo and yo be defined as in
(3.7). Using Theorem 1.3(i), the following result can be proved in a similar way as that for Lemma
3.7.

Lemma 5.1 For any M > 0, there exists ¢ = c(b, Ry, Ao, o, \g) > 1 such that for all a € (0, M]
and x,z € D,

¢t (LA dp(@)) (L Adp(2)) hscy (to. w0, 2)
< pp(to,z,2) < c(1 Adp(x)) (1 Adp(2)) hi /a5, (to, o, 2), (5.1)
where Cy is the constant in Theorem 1.3(i) with T = t.

Combining Theorem 1.3(i), Theorems 3.8 and 4.7, we get that for every T" > 0, there exist
constants ¢; = ¢;(a, T) > 1, i = 1,2, such that for all (¢,z,y) € (0,7] x H x H,

o 5 o 5 (e )

< pﬁ(t,x,y) < <1 A 5“&?) (1 A 51HI\/(£I9)> <t—d/26—x—y|2/(02t) n (\x_;dﬂc /\t_d/2>>

and for all t € [T, o0) and z,y in H,

! (1 A Or () A 5H(£v)a/2> (1 A om(y) A 5H(y)a/2> <t—d/a At )

Vi Vit |z —y|Pre

1 Or () A O () Su(y) A du(y)*/? —dfa t
ot (1 B (0807 1

Now using (1.11), we established Theorem 1.4 for D = H in the form of (1.6)-(1.7).

23



Theorem 5.2 For every T > 0, there exist ¢ = c(a,T) > 1 and C3 = C3(«,T) > 1 such that for
all a >0 and (t,z,y) € (0,a>*/(@=IT) x H x H,

() () (e ()

5H(33)> < 5H(y)> (d/Q —|z—y|? a®t _
< pi(t,z,y) < 1A 1A t z—y| /(CSt)+ N L

and for all t € [a**/ 2T, 00) and z,y in H,

z) A (a0 (x))/? a-! /2 "
- <1A5H< M(\/{m( ) )<1A5H<y>A<ﬁ5H<y>> ><(aat)_d/%w>

< pu(t,z,y)

. Sr () A (a™ " 6pa(w)) Su(y) A (a™ om(y))™/? P at
= (“ Vi ><“ Vi ><( 0 )

Now we are in a position to establish the main result of this paper.

Proof of Theorem 1.4. We first observe the following trivial inequalities
P, (b 2,y) < Pt z,y) < pla(toy), a> 0, (ta,y) € (0,00) x Hy x Hy, (5.2)

Recall that ¢y = 1V b%. It follows from Theorem 1.3 that we only need to prove the theorem for
t > 3tg. Now we suppose t > 3tyg. For any z,y € D, we define xy and gy as in (3.7). By the
semigroup property and Lemma 5.1, we have

phltr) = [ [ pbto., 2t~ 20, 2wl w.y)dad
pJp
<ec1(1AIp(x) (1 AOD(Y)) /D B 1 j2500) (o, T, 2)PD (E — 2to, 2, W)Y 956,) (Lo, w, y)dzdw.
X

It follows from Theorem 5.2 with 7" =1 and (5.2),

PhH(t — 2tp, z,w) < pg(t — 2tg, z,w)
o (2) O (w) —d/2 —|z—w|?/(C3(t—2t a®(t—2to) —d/2
(14 22l (18 2200 ) (¢ — 2t0) /26 lovl/(Coti—20) . (£230) 1 (1 — 20)~/2) )
for t € (2tp, 2to + a2°‘/(°‘*2)];

< ez Su(2)A(a™ 1oy (2))/2 Su(w)A(a™ 16 (w)) /2 o “dja . a®(i—2t0)
(1 A 2H \/t—2f[l) ) (1 A \/t—Qf(I) ) ((a (t — 2to)) Ja A |z—w\d+0a)’

for t > 2ty + a22/(@=2)

where C3 is the constant in Theorem 5.2 with 77 = 1. Put A = (C3 V (25C3)) where Cj is
the constant in Theorem 1.3 with T" = ¢3. Applying Theorem 5.2 with 7" = 1 again, we get
ph(t — 2to, 2z, w) < c3py(t — 2tg, A=22, A=2w) and so, by Theorem 1.3

Pp(t,z,y)

<es (1A 6p(x))(1 A dp(y)) / B 4a (b0, 20, 2)pS (¢ — 2t0, A2, A™w)he 1 (to, w, yo)dzduw
DxD
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_ a®t _
<es (LA Sp(z)) (1A 5D(y))/ <t0 d/2 —|oo—2[?/(Att0) | <’_0d+a At d/2>>
H_pjoxH_p/2 To — 2|

— “t —
x pl(t — 2y, A2z, A %w) (to 42 g ~lw—yol*/(At0) 4 <|a0|d+a At d/2>> dzdw.
w—=Yo

Thus, by a change of variable, and using (5.2) and Theorem 1.3, the above is less than or equal to
(LASp(x))(1Adp(y)) times

c6 /H (LABE 0o (DA NG, (A 220))

—b/(242)%H_p /(242

—d/2_—|zg—2?/(AM) , [ @%to -2\ . N
X (to e + g — 2|70 At pﬂib/@A%(t 2tg, z, w)

_ —d)2 —lw—wo|2 /(A4 a“toy —d/2
X (1 VAN 5H—b/(2A2)(A 2y0))(1 A(sH—b/(QA?)(w)) (tO / (& | vol*/(A%t0) + <|’U)—y0|d+a /\tO / )) dzdw

(t — 21, z, w)p]%l (toﬂ w, A_Qyo)dZdw

—b/(242) —b/(2A2)

<er / Py (to, A2, 2)pl
H

—b/(242)
—by2a2y¥XH_y 942y

_ -2 -2
_c7p%17b/(2A2)(t,A x0, A" %yo).

Now using (1.11) and Theorem 5.2 with T' = A~4(1 A M?*/2=)ty. we get

a (a=2)/arg
Ph(t2,y) < es(1ASp(@) (LA S )P, (A%, 20, 90)

( Om_, o (x0) Om_y 5 (W)
o)) (25 1) (1 ndni) (224 a1)
X (t‘d/Qe_‘x_yP/(cmt) + <7|I7ay7fl+a A t_d/2)> for t € (3tg, toa—22/(2=)],
< cg 1 T a=1s z0))/2
(1A 6p(x)) ( oaya PN Py 1) (LA bp(y))
& a= 16 a/2 o
X ( E_y 5 (90)A( \/EH—W(Z’O)) A 1) ((aat)*d/a A |w_“y‘§+a) for t > tg/a?*/ (=)
Oom(z 1
(LA dp()) (252 A1) (1 Aap(y) (242 A1)
X (t*d/ze*mfy'z/(cmt) + (‘x_“a'(im A tfd/Q)) for t € (3to, toa=22/ (2=,
<cn )a/zy

(1A dp(a)) (PR 2ol A1) (1 dp(y)

o) a~14 /2 ap\—d/a a® a/(2—a
| X ( 1 (90)A( \/ZH(yO)) A 1) <(a )= A W) for t > to/a?*/ (2=,

In the case when t > M?2/(2-a) thQO‘/(a_Q), since M2e/(2-a) toaQO‘/(O‘_Q) > tg, the desired result
follows from (5.2), Lemma 3.6, Theorem 5.2 and Remark 1.5(ii). In the case when 3ty < ¢ <
M?e/2=) gq2e/(@=2) " the desired upper bound follows from (5.2), Theorem 5.2, Remark 1.5(ii)
and [11, Lemma 2.2] (with « there replaced by 2).

The lower bound can be proved similarly. We omit the details. O

6 Green function estimates

In this section, we give the full proof of Theorem 1.7. Recall that D is a fixed half-space-like C'+!
domain with C1! characteristics (Ro,Ap) and H, € D C H for some b > 0 such that the path

25



distance in D is comparable to the Euclidean distance with characteristic A\g. We first establish a
few lemmas.
Recall that ¢q(r) = rA(r/a)*/?. When a = 1, we simply denote ¢; by ¢; that is, ¢(rr) = rAre/2.

Lemma 6.1 For every r € (0,1] and every open subset U of RY,

! (1 A T2¢<5U<x>>¢<5u<y>>> . (1 \ rélou(x)) > (1 \ ¢<<SU<@/>>> o1 p U)o (1)

2 |z — y|o |z — y|o/2 |z — y|o/2 |z — y|o

2
(6.1)

Proof. The second inequality holds trivially. Without loss of generality, we assume dy(z) < oy (y).
If both 720u@) 5nq 7Ou®) a1 less than 1 or if both are large than one,

|lz—ylo/? lz—y|*/2
ro(0u(z)) ré@u)\ _ , r*¢u(z)e(0u(y))
O G R =

So we only need to consider the case when "20u@) < 1 o r¢0uW)  Note that o0 (y)) <

lz—y|o/2 = lz—y[o/?

¢(ou () + |z —yl). If oy(z) = |z — yl, then ¢(0u(y)) < ¢(20v(x)) < 2¢(0v(z)) and so

P2 (00 (2)) (60 (4) ré(6u () \? ré(60(2))
& ylo rx—yW) SQ(M rx—yraﬂ)‘

1A

Sl/\2<

When 6p(z) < |x — yl, then ¢(0y(y)) < ¢(2]z — y|) < 2|z — y|*/? and so

¢ (0 () p (v (v)) <1A 2r2¢(0y ())]x — y|*/? <9 (1 A T¢(5U(CU))>
|z — y|o |z —y|o |z — y|o/?

1A

where the assumption r < 1 is used in the last inequality. This establishes the first inequality of
(6.1). O

For every open subset U of R% and a > 0, let

Gt 2, y) = <1 A ‘W) (1 A QS({%‘””) ((aaw-d/a A bj_“%) L (62)

The following lemma is a direct consequence of (the proof of) Proposition 1.2, Theorem 1.4 and
Remark 1.5(ii).

Lemma 6.2 For every positive constants c1,ca, there exists c3 = c3(c1,c2) > 1 such that for every
a>0,t<ca 2 every open subset U of R and z,y € U with |z —y| > a=*/(2~),

3! <1 A (S[if(tx)> <1 A 5112”) he, (t,z,y) < qp(t,z,y) < c3 (1 A 5?}?) <1 A 6[1/($)> he, (t, :z(,é/é)

Under the assumption of Theorem 1.4, there is a constant ¢ = ¢(M, Ro, Ao, Ao, @, b) > 1 such that

—1 a

¢ qp(t,z,y) < pp(t,z,y) < cqp(t,z,y)

holds for every a € (0, M], t < oo x,y € D with |x —y| > a~*/(=),
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Observe that
ba(0p(Az)) = ()\5)\—1D(£L')) A ()\O‘/Qa_a/Q(S)\-lD(a:)a/Q) for every A > 0. (6.4)
Let 24 := a®/ =Yg, y, .= a®/ =Yy and D, := a*/?~*D. By (6.4),
$a(0p (7)) = $a(p(a™ P~ a,)) = a= "N g(5p, (x4)) (6.5)
and so, for every s > 0,
ah (a5 z,y) = g (a7 s, a7 Vg am BTy, ) = a0 (5,24, 9a)- (6.6)
We recall that ff,(x,y) is defined in (1.8).

Lemma 6.3 For everyd > 1 and z,y € D, fooo bt xz,y)dt < fi(z,y), where the implicit con-
stants are independent of D.

Proof. Let U be an arbitrary open subset of R%. We first consider the case a = 1 and prove the

lemma for U. By a change of variable u = @, we have

/0 ab(t, 2, y)dt

= T+1II. (6.7)

Note that

1 (M ¢<5U<x>>> <M¢<5v<y>>>

2w — y|d—o |z — yl|o/? |z — y|o/?

e () (2

=t (1 2D (1 ) o

(i) Assume d > . Observe that

I o< 1 <1A ¢>(5U(ﬂ?))> <1/\ P(0v () ) /01 W(@/00-2 4y,

|z —yli |z — y|o/2 |z — y|o/?
a 1 ¢(0u (7)) $(0u(y))
d— oz —yld—@ <1/\ m_y’a/2> (1/\|:U—y|°‘/2> ‘ (6.9)
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So by (6.7)-(6.9),

|z — y|o/? |z — yl|o/?

For the rest of the proof, we assume without loss of generality that oy (x) < dy(y) and define

¢(du (2))$(0u ()

|z — y|*

(ii) Now assume d = a = 1. We have by Lemma 6.1,

1 1
I = /O U L (1 gy du + /O U0l fu<i jugydu
= log(up V1) +up ((1/ug) A1) =log(ug V1) + (ug A 1). (6.11)

Now by Lemma 6.1, (6.7)-(6.8) and (6.11), we have

o
/ qir(t, z, y)dt < log(up V 1) + 1 A ug < log(1 + ug).
0

(iii) Lastly we consider the case d = 1 < o < 2. By Lemma 6.1,

1 L _ 1 .
I = I </ u(l/o‘) 21{u>1/u0}du+/ Uou(l/) 11{u<1/uO}du)
[z —yl 0 0

1

_ o 1—(1/a) —-1/a
= 1 —1)+ 1 .
PR <a—1 ((ug\/ ) ) aug(ug V1)

Hence by (6.7)-(6.8), Lemma 6.1 and the last display we have

/O qy (t, z, y)dt

i e (0 00 1) v )

1 < 1—(1/a)) _ ¢(0u (%)) (u(y))

= —F (ug Ay
|z —y|l—e 0 |z -y

A (¢ (2)) (S0 (y))) @17

Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we have by (6.5)
and (6.6) that

/ a(t, 2, y)dt = a2/ / g (a2 g s = a2/ / 4b, (5, e, ya)ds
0

0 0
|z —ylaId*D‘ (1 A f;c(&f;(Ts/)g) (1 A %) when d > «,

=42/ L 1og (1 4 H0malea)él0p, ) whend=1=a,

|Ia_ya|a

PaleE0aliell A (90D, (70))0(0p, (9)) /" when d =1 < a.

[Ta—Yal
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a—(d—a)a/(2=a) (1 a®/ (2= ¢4 (6p () ) (1 a®/ 2~ ¢4 (3p () ) when d > «,

|1;—y‘d_a aa2/2(27a)|$7y‘a/2 a&2/2(2704)|x7y|a/2
—q(d=2)/(2—a) log (1 + a2¢a(5Da(|9;)lzz|z(5D(y))> whend =1 = a,

a2/ 2= g, (6p(2))pa(3p(y)) A (aQa/(Q—a)¢a(5D(x))¢a(5D(y)))(afl)/oz when d = 1 < o

0o/ =) [g—y

=fp(,y).

Lemma 6.4 For every ¢ > 0, when |z — y| < a=%/(2=9),

—2a/(2—a)
“ 5D($)) ( 5D(?J)> [—d/Q —clz=ul? ( at —d/2>]
1A 1A t ¢ + | —— ANt dt
A < Vi Vi © |z — y|dte

lz —y|> <1 A %) when d > 3,
a2a/(a—2) T

= qlog(l+ \QEZ%( ¥l when d = 2,

a®/ =D A (3p()dp(y)'/* A B when d =1,

where the implicit constants depend only on ¢, and d.

Proof. We first consider the case a = 1 and assume U is an arbitrary open set and z,y € U with
2
|x — y| < 1. Using the change of variables u = %, we have

[/ ) o ()

=1+ 1.

_y2—a _|2—
Note that since |z — y[?~* < 1, for u > 2, % Aud/? = % Thus for any d > 1,

o] 2—«
L, = |x—y\2d/ (ul/z/\ 5U($)> <u1/2/\ 5U(y)> [ud/2eclu+ | — y| ] d7u
2 |z — | |z —y| u u
< lz—y 1A % (2) 1A %u(y) / (ud/g_le_clu + u_2> du
|z —yl lz—yl/) Ja

< colw—yPe (1 A |iU_(xy)|> (1 : Ii‘U—(y33|>

and
S 12—«
12 > |£_y|2—d/ <1/\ 5U($)> (1/\ 5U(y)> |:ud/2€—clu+ ‘:E y’ :| dfz;
2 lz —yl |z —y| u u
> |z —y[2d <1/\ 5U(x)> (1/\ du(y) )/ u2-2—c1u gy,
|z -y lz—yl) Ja
s et (1 B ()
[z —y| lz -y

29



One the other hand, since |z — y|?>~% < 1, if u < 2, then
2|, d/2 [ =y d/2—2
Tl Yt L (. 4 YL = u¥?2,
u

Using this and the fact that for every r € (0, 2],

(1/\ T<5U($)> (1/\ 7"5U(y)> < 1/\M <4 (1/\ 7“5U($)> (1/\ 7“5U(y)>’ (6.12)

lz -y lz -y |z — y? lz -y |z — 1y

we have

2
L= |z — g2 / <1 A U5U($)5U2(?J)> W22 gy,
|z—y|2 |l’ - y|

Let Uy = 7(5[]‘(;1(;72(?;) .

(i) When d > 3, it is easy to see that I; < |z — y|?>~¢ (1 Awug).
(ii) Assume d = 2. We deal with three cases separately.

(a) ug < 1: In this case, since |z —y| < 1, we have dy(z)dy(y) < 1 and [} < f|iuy\2 wodu < ug <
In(1 4 up).

(b) up > 1 and |z — y|?> < 1/ug: In this case we have d7(x)dy(y) < 1 and

Uy 2
L X/ uodu —i—/ u”tdu = up(uyt — |z — y[*) +1In2 + Inug
| u

z—yl? o

=(1 —up|z — y[*) + In2 + Inwug = In(1 + up).

(¢) up > 1 and |z — y|? > 1/up: In this case we have dy(z)dy(y) > 1 and

2 1
L X/ wldu=m2+In|z -y 2 =<In(1+|z—y/?)=In <1+ /\(|5U($)<|S;J(y))> .
|2yl =y

(iii) Now we consider the case d = 1. We again deal with three cases separately.
(a) up < 1. In this case we have
2
I < |z -y -y wou”V2du < |z — yluo(V2 — |z — y|) = |z — yluo.
z—y

(b) up > 1 and |z — y|?> < 1/ug. In this case we have

ual
I x|z —y
|z —y|?

2
w2 du + |z — y| / w32 du
ugl
—1/2 1/2 _ 1/2
<ugla — yl(ug* = |z = y)) + |z — yl(ud/? = 272) < |z — ylug.

(c) up > 1 and |z — y|?> > 1/up. In this case we have

2
I < |z — vy wBlPdu<lz—y|(jz—y| P -2 V) <1 - 272z —y| < 1.

lz—y|?
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So we have

|z —y|>~¢ (1 A 7%‘(5’2(;72@)) when d > 3,
L+ Ir = S log(1+ W) when d = 2, (6.13)
LA (du(@)dy (y)/? A 22280 when d = 1.

Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we have by
(6.5), (6.6) and (6.13),

a—20/(2—a) oyl o
[ () (10000 [t ()
0 Ty
! dp(x) p(y)
—gq20/(2—0a) _ 9D\t _ 9p\Yy)
- | (rmotang) (4 o)

r—yl2 o, —2a/(2—a

! dp, (Ta) 0D, (Ya) |za—yal? s
a(d2)/(2a)/ <1/\ D, (Za > <1A Dy (Ya > [ —d/2,—cy Za= ( A d/2>] d
=a S e -+ —_— S S
0 Vs Vs |Ta — ya’dJrO‘

|Ta — yal*? (1 A W) when d > 3,
xaoz(d—?)/(Q—Ot) 10g(1 + IA(SD‘;ixj;ilan(ya))) when d — 2,
LA (8D, (24)0D, (ya))/? A 22efzeliDeliel - when d =1
|z —y[*¢ (1/\%) when d > 3,
a2a/(a72) $
= log(1 + |;\£21|?2( Jn(y))y when d = 2,

a®/@=D A (3p(2)op(y)"/? A LB when d =1.

Lemma 6.5 For every d > 2, there exists ¢ = c(a,d) > 1 such that, for every a > 0, when
‘x — y‘ S a_a/(z_a)7

a—20/(2—a) T - |z — y‘g

Proof. We first consider the case a = 1 and assume U is an arbitrary open set and z,y € U with
|z —y| < 1. Let J := [[° ¢} (t,x,y) dt. By a change of variables u = M,

J =l — g0 /O'm—y'“ <1  Vulou (@) A 5U<x>a/2>> (1 by () A5U<y>a/2>> (w5 p ) du

|z — y|o/? |z — ylo/? u?

(6.14)

Since |z —y| < 1, for u € [0, |z — y|?], u¥* Au~! = u¥/*. Hence

a/2 a/2 |z —y|*
J o< o glot <M6U<x>my<x> ><M5U<y>A5U<y> ) [ e,
0

o=yl PRTE
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= ¢ (1 A (@) A 5U($)a/2) (1 A Suly) A 5U(Z/)°‘/2> :

|z — yl|o/? |z — yl|o/?

: 0 0 /2 0
Since |z — y| < |z —y|*/? < 1, we have that m < lz—iy‘ and so 1 A % <1A ‘;J_(Z)‘ .
Consequently, it follows from Lemma 6.1 by taking a = 1 and o = 2 there that

4] J, 0 0
J<en (14288 (10 200 ) o0 (10 0@ (6.15)
|z =y |z =y [z —y?

Thus we have proved the lemma for any open set U and a = 1. For general a > 0, by (6.5), (6.6)
and (6.15), we have for every a > 0,

/ qp(t,x,y)dt = aa(d—2)/(2—a)/ qlDa(S,ﬂUa,ya)ds
a72a/(27oz) 1
< 2claa(d—2)/(2—a) (1 A 5Da| (l'a)(SDaéya)) .

La — Ya

Lemma 6.6 For every ¢ > 0, when d =1 and |z — y| < o=/~

—2a/(2—a)
“ 5D($)> ( 5D(y)> <—d/2 _cla=ul? ( a®t —d/2>)
1A 1A t 4 ——— At dt
A ( Vi Vi ‘ @ — y|Fe

o0
+/ ¢t y)dt = g% (@, y)
a

—2a/(2—a)

where the implicit constants depend only on ¢ and .

Proof. We first consider the case a = 1 and assume U is an arbitrary open set and x,y € U with
o0

|z —y| < 1. Let J := [] qi;(t, z,y) dt and

105 () 2 ()

By Lemma 6.4, I < 1A (6D(:1:)5D(y))1/2 A %. Using Lemma 6.1 and (6.14), we get that

/OO g (t, 2, y) dt =< |z — y|*? /“Aa (1 A ud)(éU(x))(b(éU(y))) w2 gy,
1 0

|z — y|«

_ (0 (2)9(0u ()

lz—yl>

|z—y|* Aug * l—yl|*
J = |z—ylot uo/ ut/et du—l—/ w2 du |
0 lz—yloAug !

Without loss of generality, we assume 0y (x) < dy(y). Note that, since |[x —y| < 1, if oy (z) < 1
then 0y (y) < 2, and if dy(x) > 1 then 1 < §y(z) < Sy (y) < 26u(z) and 6y (x)dy(y) > |x — y|2.
Now we look at three separate cases.

Put ug : . Then we have
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(i) w € (1,2): In this case we have

_ -1 (0% —_1\(1— (07 _
J = ’x_y‘a 1<QUQ (m_y‘/\uo /a)_"_ﬁ(’l__y’a/\uol)( a)/a_ ‘x_y‘l a)

a—1
= o(6u())o0u(y)) A (G0 (x))d(u(y))) D/,

Thus
(6u(2)0u(y)?  when dy(z) < 1,60 (2)du(y) > |z —yf?,
I+J =< % when 6y (z) < 1,0p(2)dp (y) < |z — y|?,

(S (2)60 () /2 when 6p(z) > 1

= (Gu(@du )M A Gu(@)su(y) e o L)

|z — y|

(ii) @ = 1: In this case we have

- x —y|*
J = ugl|r — AU ! +1O ‘)
< o(lz =yl Aug ™) +log =gl Auc

= ¢(6u(x))9(du(y)) AL +1log (1V ¢(0u())d(du(y))) = log (1 + ¢(du(2))o(0u (y))) -

Thus
(Gu(@)due)'* when dy(x) < 1,00(@)ov() > |o — yl*,
I+J = {oueul) when 8y (x) < 1,60(2)du (y) < o — yl?,
log (14 dy(x)dy(y)) when dy(x) > 1
ou(x)o
= W) 1o (14 (o )0 w) 7).
|z =yl
(iii) @ € (0,1): In this case (note that 1 — 1/« is negative) we have
- _ o la—1 _ —1/a e . lea @ T -1\(1-a)/«
7= fo =y (el =gl Ao ) 12l = o - e = gl A

= ¢(6u())d(u(y)) AL

Thus
(du(@)3u(y))/? when 6y () < 1,00()du(y) > | -y,
I+J = {ouul) when &y (z) < 1,80 (2)0u (y) < |z — y|%,
1 when oy (z) > 1
= (@) A W)

|z —y

Therefore we have proved the lemma for any arbitrary open set U and a = 1. The general case
a > 0 now follows from the same scaling arguments as in the proofs for Lemmas 6.3 and 6.4. O
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Proof of Theorem 1.7. Without loss of generality, we assume M = b = 1. Estimates (1.9) follow
from Theorem 1.4, Remark 1.5(ii) and Lemmas 6.4-6.6. Estimates (1.10) follow from Theorem 1.4
and Lemmas 6.2 and 6.3. O

Acknowledgment: While working on the paper [16], Z. Vondracek obtained the Green function

estimates of p]ﬁ in the case d > 3 using Theorem 1.4 above. Some of his calculations are incorporated

in the proofs of Lemmas 6.4—6.5.
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