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Abstract

Suppose that d > 2 and o € (1,2). Let D be a bounded C! open set in R? and b an
R%valued function on R? whose components are in a certain Kato class of the rotationally
symmetric a-stable process. In this paper, we derive sharp two-sided heat kernel estimates for
LY = A2 4 b.V in D with zero exterior condition. We also obtain the boundary Harnack
principle for £ in D with explicit decay rate.
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1 Introduction

Throughout this paper we assume d > 2, a € (1,2) and that X is a (rotationally) symmetric
a-stable process on R?. The infinitesimal generator of X is A%/2 := —(—=A)*/2. We will use B(z,r)
to denote the open ball centered at = € R? with radius r > 0.

Definition 1.1 For a function f on R%, we define for r > 0,

MF(r) = sup /B _ ) dy.

rER4 (z,r) “T - y‘d—H_a
A function f on R? is said to belong to the Kato class Kyo—1 if lim,|o Mj‘i“(r) =0.

Since 1 < a < 2, using Holder’s inequality, it is easy to see that for every p > d/(a — 1),
L®(R%; dx) + LP(RY; dx) C Kg.a—1. Throughout this paper we will assume that b = (b, - ,bd)
is an R?-valued function on R? such that [b| € Kga—1. Define L£b = A%2 4. V. Intuitively, the
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fundamental solution p®(t, z,y) of £ and the fundamental solution p(t, x,y) of A®/2, which is also
the transition density of X, should be related by the following Duhamel’s formula:

t
pb<t7x7y) :p(t,$,y) +/ / pb<8,x,2’) b(Z) 'vzp(t_‘S?Zay)dZdS' (11)
0 JR4

Applying the above formula repeatedly, one expects that p(t, z, y) can be expressed as an infinite
series in terms of p and its derivatives. This motivates the following definition. Define pj(¢, z,y) =
p(t,z,y) and for k > 1,

t
p,bﬂ(t, x,y) = /0 /]Rd pz_l(s,x, 2)b(z) - V.p(t — s,2,y)dz. (1.2)

The following results are shown in [6, Theorem 1, Lemma 15, Lemma 23] and their proofs.
Here and in the sequel, we use := as a way of definition. For a,b € R, a A b := min{a, b} and
aVb:= max{a,b}.

Theorem 1.2 (i) There exist Ty > 0 and ¢; > 1 depending on b only through the rate at which
Mﬁ)“ (r) goes to zero such that Y, pz(t, x,y) converges locally uniformly on (0, Tp] x R% x R?
to a positive jointly continuous function p®(t,xz,y) and that on (0, Ty] x R? x R?,

t t
-1 ( ;—d/« b —d/a 0
o (t A’$_y|d+a> <p'(t,x,y) < (t /\|$_y|d+a>. (1.3)

Moreover, [gq pb(t,z,y)dy = 1 for every t € (0,Tp] and x € R?,

(ii) The function p°(t,x,y) defined in (i) can be extended uniquely to a positive jointly continuous
function on (0,00) xRExR? so that for all s,t € (0,00) and (z,y) € RExRY, Jga PPt xz,y)dy =

1 and
pb(s+t,x,y)—/ p(s,2,2)p" (¢, 2, y)dz. (1.4)
Rd
(iii) If we define
Prfa) = [ o eaaia, (1.5

then for any f,g € CX(RY), the space of smooth functions with compact supports,
i [ (P (@) ~ f@)g()dn = [ (L)) gla)da,
tl0 Jrd R4

Thus p°(t,x,y) is the fundamental solution of L in distributional sense.

Here and in the rest of this paper, the meaning of the phrase “depending on b only via the rate

at which M9

) (1) goes to zero” is that the statement is true for any R%-valued function b on R? with

Ml%\ (r) < My (r) forallr>0.

Note that the Green function G(z,y) of X is ¢/|x — y|%~® and so |V,G(z,y)| < ¢/|z — y|¢—o+L.
This indicates that Kg,—1 is the right class of functions for gradient perturbations of fractional
Laplacian. The same phenomenon happens for A + b -V, see [15].



It is easy to show (see Proposition 2.3 below) that the operators { P?;¢ > 0} defined by (1.5) form
a Feller semigroup and so there exists a conservative Feller process X = {X?,t > 0,P,,z € R4}
in R? such that PP f(z) = E.[f(X?)]. The process X is in general non-symmetric. We call X® an
a-stable process with drift b, since its infinitesimal generator is £°.

For any open subset D C R?, we define 7%, = inf{t > 0: X} ¢ D}. We will use X>” to denote
the subprocess of X® in D; that is, Xf’D(w) = X}(w) if t < 7% (w) and Xf’D(w) =0 if t > 72 (w),
where 0 is a cemetery state. The subprocess of X in D will be denoted by X”. Throughout this
paper, we use the convention that for every function f, we extend its definition to 0 by setting
f(9) = 0. The infinitesimal generator of X is £°|p, that is, £? on D with zero exterior condition.
The process X»P has a transition density pr (t,z,y) with respect to the Lebesgue measure. (See
(3.3) below.) The transition density pb,(¢,z,y) of X*»P is the fundamental solution of £°|p. The
transition density of X? is denoted by pp(t,z,y) and it is the fundamental solution of £|p.

The purpose of this paper is to establish the following sharp two-sided estimates on pr (t,z,y)
in Theorem 1.3. To state this theorem, we first recall that an open set D in R? is said to be a
CY1 open set if there exist a localization radius Ry > 0 and a constant Ag > 0 such that for every
z € 0D, there exist a Cl'-function ¢ = ¢, : R¥™! — R satisfying ¢(0) = 0, V¢(0) = (0,...,0),
Voo < Ao, |Vo(x) — Vi(2)| < Aglz — 2|, and an orthonormal coordinate system CS,: y =
(Y1, ,Yd—1,Yd) := (¥, yq) with its origin at z such that

B(z,Ry)ND ={y € B(0,Ry) in CS : yq > ¢(y)}.

The pair (Ro, Ag) is called the characteristics of the C! open set D. We remark that in some
literatures, the C1'! open set defined above is called a uniform C*! open set as (Rg, Ag) is universal
for every z € 9D. For x € D, let dp(x) denote the Euclidean distance between x and dD. Note
that a bounded C! open set may be disconnected.

Theorem 1.3 Let D be a bounded C1 open subset of RY with C1' characteristics (Ro, Ag). Define

o) = Op(x)*/? Sp(y)~/? —d/a t
fp(t, ,y)_<1A7\/E )<1A4\/E )(t /\|$_y|d+a).

For each T > 0, there are constants ¢; = c¢1(T, Ry, Ao, d, o, diam(D),b) > 1 and ca = co(T, d, o, D, b) >
1 with the dependence on b only through the rate at which Ml‘l’;' (r) goes to zero such that

(i) on (0,T) x D x D,
o fotz,y) < pht,z,y) < cfpt,z,y);

(i) on [T,00) x D x D,
b,D b,D
eyt e dp(2)* 2 ép(y)*? < pp(tia,y) < exe dp()2ap(y)*?,
where —AS’D :=sup Re(a (L% p)) < 0.

Here diam(D) denotes the diameter of D. At first glance, one might think that the estimates
in Theorem 1.3 can be obtained from the estimates for pp(t, z,y) by using a Duhamel’s formula
similar to (1.1) with p°, p and R? replaced by pl/’j, pp and D, respectively. Unfortunately such an



approach does not work for pll’) (t,z,y). This is because unlike the whole space case, we do not have
a good control on V,pp(s,z,y) when z is near the boundary of D. When D = R?, p(t, z,v) is the
transition density of the symmetric a-stable process and there is a nice bound for V. p(t, z,y). This
is the key reason why the result in Theorem 1.2(i) can be established by using Duhamel’s formula.
Instead, we establish Theorem 1.3 by using probabilistic means through the Feller process X°.
More specifically, we adapt the road map outlined in our paper [9] that establishes sharp two-sided
Dirichlet heat kernel estimates for symmetric a-stable processes in C! open sets. Clearly, many
new and major difficulties arise when adapting the strategy outlined in [9] to X?. Symmetric stable
processes are Lévy processes that are rotationally symmetric and self-similar. The Feller process
X" here is typically non-symmetric, which is the main difficulty that we have to overcome. In
addition, X? is neither self-similar nor rotationally symmetric. Specifically, our approach consists
of the following four ingredients:

(i) determine the Lévy system of X? that describes how the process jumps;

(ii) derive an approximate stable-scaling property of X® in bounded C'™! open sets, which will be
used to derive heat kernel estimates in bounded C'! open sets for small time ¢ € (0, T from
that at time ¢t = 1;

(iii) establish two-sided sharp estimates with explicit boundary decay rate on the Green functions
of X and its suitable dual process in C1'! open sets with sufficiently small diameter;

(iv) prove the intrinsic ultracontractivity of (the non-symmetric process) X° in bounded open sets,
which will give sharp two-sided Dirichlet heat kernel estimates for large time.

In step (ii), we choose a large ball E centered at the origin so that our bounded C'! open set
D is contained in %E. Then we derive heat kernel estimates in D at time ¢ = 1 carefully so that
the constants depend on the quantity M defined in (6.5), not on the diameter of D directly. Note
that the constant M has the correct scaling property, while the diameter of D does not. In fact,
the constant ¢; in Theorem 1.3 depends on the diameter of D only through M.

We also establish the boundary Harnack inequality for X® and its suitable dual process in C':!
open sets with explicit boundary decay rate (Theorem 6.2). However we like to point out that
Theorem 6.2 is not used in the proof of Theorem 1.3.

By integrating the two-sided heat kernel estimates in Theorem 1.3 with respect to ¢, one can

o0

easily get the following estimates on the Green function GY,(x,y) = 0 (¢, z,y)dt.

Corollary 1.4 Let D be a bounded CY' open set in R%. Then there is a constant ¢, = ¢, (D,d,a,b) >
1 with the dependence on b only through the rate at which Mﬁ;‘ (r) goes to zero such that on D x D,

) < Gh(zy) < — 2 (1 A 5D(x)a/25D(y)a/2> .

= o —ylde |z —yl|o

11 | 9p(2)* 20 (y)*2
c1 |z — yld= |z —y|

The above result was obtained independently as the main result in [7]. Clearly the heat kernel

p%(t,z,y) contains much more information than the Green function G%(z,y). The estimates on

b
D
b

Pp

(t,x,y) are not studied in [7].



The sharp two-sided estimates for pp(t, z,y), corresponding to the case b = 0 in Theorem 1.3,
were first established in [9]. Theorem 1.3 indicates that short time Dirichlet heat kernel estimates
for the fractional Laplacian in bounded CU! open sets are stable under gradient perturbations.
Such stability should hold for much more general open sets.

We say that an open set D is x-fat if there exists an R; > 0 such that for every z € D and
r € (0, R;], there is some y such that B(y,xr) C B(xz,r) N D. The pair (R, ) is called the
characteristics of the k-fat open set D.

Conjecture 1.5 Let T > 0 and D be a bounded k-fat open subset of R?. Then there is a constant
c1 > 1 depending only on T', D, a and b with the dependence on b only through the rate at which
M, (r) goes to zero such that

Cl_lpD(tvxay) S pb(tawvy) S ClpD(t7x7y) fOT te (OaT] and x,y € D

and
T Gp(z,y) < GYh(x,y) < a1Gplx,y) forz,y e D.

In the remainder of this paper, the constants C, Co, Cs3, Cy will be fixed throughout this paper.
The lower case constants cg, c1, co, ... can change from one appearance to another. The dependence
of the constants on the dimension d and the stability index o will not be always mentioned explicitly.
We will use dz to denote the Lebesgue measure in RY. For a Borel set A C R?, we also use |A|
to denote its Lebesgue measure. The space of continuous functions on R¢ will be denoted as
C(R%), while Cy(RY) and Cx(R?) denote the space of bounded continuous functions on R% and
the space of continuous functions on R that vanish at infinity, respectively. For two non-negative
functions f and g, the notation f =< g means that there are positive constants ¢; and cy so that
c19(x) < f(x) < cag(z) in the common domain of definition for f and g.

2 Feller property and Lévy system

Recall that d > 2 and o € (1,2). A (rotationally) symmetric a-stable process X = {X;,t >
0,P,,z € Rd} in R? is a Lévy process such that

E, [e’f'(xt_xo)} = ¢t for every 2 € R? and ¢ € R%.

The infinitesimal generator of this process X is the fractional Laplacian A®/2, which is a prototype
of nonlocal operators. The fractional Laplacian can be written in the form

A(d, —a)

Aa/zu(aﬁ) = lim (uly) — U(ﬂf))m

dy, (2.1)
el J{yeRra: [y—z|>e}

where A(d, —a) = a2a_17r_d/2F(ClJrTa)F(1 - 9L
We will use p(t,z,y) to denote the transition density of X (or equivalently the heat kernel of
the fractional Laplacian A%/2). Tt is well-known (see, e.g., [2, 12]) that

t

W on (O, OO) X Rd X Rd.

pt,z,y) < 79

The next two lemmas will be used later.



Lemma 2.1 If f is a function belonging to Kgn—_1, then for any compact subset K of RY,

sup/ Lyj_ady<oo.
K |z =yl

z€R4
Proof. This follows immediately from the fact that d — o < d 4+ 1 — a. We omit the details. O
Recall that we are assuming that b is an R%-valued function on R? such that |b| € Ka,a—1-

Lemma 2.2 If f is a function belonging to Kj—1, then

hm sup/ P?|f|(z)

=0 1R

Proof. By (1.3),

t
hm sup/ Pb]f| )ds < ¢1 hm sup/ s/ fly )d‘—i- dy—l—s_d/o‘/ |f(y)|dy | ds
—0 zecpd t=0 zerd Jo B(z,sl/@)e ]y—x! ¢ B(x,s1/*)

So it suffices to show that the right hand side is zero. Clearly, for any s < 1, we have

. )
fo o 0 < (5 N 22)

zcRd

Applying [35, Lemma 1.1], we get

|f (W)l 1/ayd+1—a( 1/ay—(d+a) 1/a—2
sup / 7ady < co(s s = (98 . 2.3
z€eR4 J B(z,s1/a)c |y7$|d+ ( ) ( ) ( )
Now the conclusion follows immediately from (2.2)—(2.3). O

By the semigroup property of p®(¢,z,y) and (1.3), there are constants c1,co > 1 such that on
(0,00) x RY x RY,

t t
—1_—cot [ 1—d/c b cot [ p—d/a
e te (t /\x_y’dm)gp(t,x,y)Scwz (t /\|x—y\d+a>' (2.4)

Proposition 2.3 The family of operators {P;t > 0} defined by (1.5) forms a Feller semigroup.
Moreover, it satisfies the strong Feller property; that is, for each t > 0, PYf maps bounded measur-
able functions to continuous functions.

Proof. Since p°(t,z,y) is continuous, by the bounded convergence theorem, Ptb enjoys the strong
Feller property. Moreover, for every f € Cuo(R%) and t > 0,

. . c —d/a t
tim [P < i ere [ (00 Il =0

and so P’ f € Cso(RY). By (2.4), we have

t
sup sup P, (|X? — X{§| > 6) < cre™ sup sup / <td/a A d+a> dy
t<to z€R? t<to z€R? J{yeR%:|z—y|>5} |z —yl

6



¢ a1 —d t o [0 a1 1

i c2lo — —a/o cato —

= c3e sup/ r <t A —> dr < cye / u (1 A —) du
t<to J§ rdte st M udte

for some ¢3 = c3(d) > 0 and ¢4 = c4(d) > 0. Thus

lim sup sup P, (| X2 — X4 > 6) = 0. (2.5)
1010 t<to zcRd

For every f € Cy(R?), 2 € R? and ¢ > 0, there is a § > 0 so that |f(y) — f(z)| < ¢ for every
y € B(z,0). Therefore we have by (2.5),

lim [P 7() = f@)] =lim | [ o (t.0)(70) = F@)iy

< lim Pt 2 y)lf (y) — f()ldy + lm 2| f oo Po(1X7 — 2] > 6)
10 {yeRe:|y—z|<d} t10

< €.

Therefore for every f € Cy(RY) and x € RY, limy|o PP f(x) = f(z). This completes the proof of the
proposition. O

We will need the next result, which is an extension of Theorem 1.2(iii).

Proposition 2.4 For any f € C2°(R%) and g € Coo(R?), we have

lim [ NP f(2) — f(@))g(x)de = / (£ ) ()9 x)d.
R4

t|0 R4

Proof. This proposition can be proved by following the proof of [6, Theorem 1], with some obvious
modifications. Indeed, one can follow the same argument of the proof of [6, Theorem 1] until the
second display on [6, p. 195] with f € C°(R?) and g € Coo(R?). Let £ > 0 and use the same
notations as in [6, p. 195] except that K := {z : dist(z,K;) < 1} and we ignore Ks. Since
h(z,y) = Vf(y)g(x) is still uniformly continuous, there exists a § > 0 such that for all z,y, z with
|x — 2| < ¢ and |y — z| < J, we have that |h(x,y) — h(z,2)| < e. Thus the third display on [6, p.
195] can be modified as

1= [ b VoGl

/Rd /Rd /Rd/ L) (S’Z’y)ds\b(z)ﬂh(x,y)—h(z,z)\dxdydz
§2Hh\|/C/K1 </ p(t—s,:v,z)dx) /Ot Mdsw(z)]dydz
+2||h||/ // By /p<t_S’x’:)p<s’Z’y)ds]b(zﬂdxdydz

+a/ // ZMBM/ (t_sxtz)p(s’Z’y)ds|b(z)]dxdydz.

The remainder of the proof is the same as that of the proof of [6, Theorem 1]. O




The Feller process X° possesses a Lévy system (see [33]), which describes how X° jumps.
Intuitively, since the infinitesimal generator of X? is £, X? should satisfy

dXP = dX; +b(XD)dt.

So X? should have the same Lévy system as that of X, as the drift does not contribute to the
jumps. This is indeed true and we are going to give a rigorous proof.
It is well known that the symmetric stable process X has Lévy intensity function

J(SE, y) = A(da —Oé)|ZL‘ - y|_(d+a)'

The Lévy intensity function gives rise to a Lévy system (N, H) for X, where N(x,dy) = J(z,y)dy
and H; = t, which describes the jumps of the process X: for any z € R? and any non-negative
measurable function f on Ry x R? x R? vanishing on {(s,z,y) € Ry x R* x R? : 2 = y} and
stopping time 7' (with respect to the filtration of X),

Eo | Y f(s, Xo, Xo)| =Ea [/OT ( y f(s,Xs,y)J(Xs,y)dy> ds} :

s<T

(See, for example, [12, Proof of Lemma 4.7] and [13, Appendix A].)
We first show that X? is a solution to the martingale problem of L.

Theorem 2.5 For every x € R? and every f € C2°(RY),

t
M/ = F(XY) — F(XE) - /0 COF(X?) ds

1$ a martingale under Py.

Proof. Define the adjoint operator Ptb’* of P} with respect to the Lebesgue measure by
b, *
PP @)= [ ) )y
R

It follows immediately from (1.3) and the continuity of p°(¢,z,y) that, for any g € Co(R?) and
s > 0, both P’g and Pf’*g are in Coo(R?). Thus, for any f,g € C®(R%) and s > 0, by applying
Proposition 2.4 with h = Psb’*g and (1.4), we get that

lim [ NP f(x) = PLf())g(a)de =lim | ¢ (P f(x) = f(a))P)*g(x)dx
tl0 Jpd tl0 JRrd

= /. Lbf(z)Po*g(x)da = /]Rd Ey [ﬁbf(Xg)} g(z)dz

which implies that

/R (PPf(@) = f(@))g(w)dz = /R E, [ /0 't f)(Xg)ds} g(x)d. (2.6)



Using the strong Feller property of P, Lemmas 2.1 and 2.2, we can easily see that the function

v P — i)~ B [ [ 2 sxtyas] = 2. ]

is continuous, and thus is identically zero on R? by (2.6). It follows that for any f € C2°(R?) and
z € R% M7 is a martingale with respect to P,. O

Theorem 2.5 in particular implies that X? = (Xf’l, e ,Xf’d) is a semi-martingale. By Ito’s
formula, we have that, for any f € C2°(R%),

FXY) = f(X0) Z/af (x%) X’”+Zn5 + At f), (2.7)
where )
ns(f) = F(X2) = F(X2) = D aif (X2 )(X0' = X1 (2.8)
=1
and
=3 [ty (x9y, 29)
1,j=1

Now suppose that A and B are two bounded closed sets having a positive distance from
each other. Let f € C®(R%) with f = 0 on A and f = 1 on B. Then we know that Ntf =
fg 1A(X§_)dMsf is a martingale. Combining Theorem 2.5 and (2.7)—(2.9) with (2.1), we get that

o b by ! b a/2 b s
N = SR — [ (a0 xed) d

s<t

- ZlA(XSb_)f(X) /1A (xb) / F) (XL, y)dyds.

s<t

By taking a sequence of functions f, € C°(R?) with f, =0 on A, f, =1 on B and f, | 1, we
get that, for any z € R?,

S 1a4(X)1(XY) - / Xt [ Ity

is a martingale with respect to P,. Thus,
Ee | Y 1a(X2)1p(XD)| =E, U / 14(X5)15( )J(Xg,y)dyds].
s<t R4
Using this and a routine measure theoretic arguments, we get
b b ! b b
> AXL XD | =E, [ / f(XS,y>J<XS,y>dyds]
s<t 0 JRre

for any non-negative measurable function f on R? x R? vanishing on {(z,y) € RY x R? : z = y}.
Finally following the same arguments as in [12, Lemma 4.7] and [13, Appendix A}, we get



Theorem 2.6 X’ has the same Lévy system (N, H) as X, that is, for any x € R? and any non-
negative measurable function f on Ry x R? x RY vanishing on {(s,z,y) € Ry x RT x R? : 2 = y}
and stopping time T (with respect to the filtration of X°),

S;f s, X! X[ =E, [/j( F(s, X0 )0 ( g,y>dy> ds]. (2.10)

For any open subset E of R?, let Ey = E U {0}, where 0 is the cemetery point. Define for
z,y €k,

NE(x,dy) = J(z,y)dy, NE(:C,(?) = /C J(x,y)dy

and HF :=t. Then it follows from the theorem above that (N¥, HF) is a Lévy system for X%¥
that is, for any x € FE, any non-negative measurable function f on R, x E X FEy vanishing on
{(s,2,9) ER; x E x E : x =y} and stopping time T (with respect to the filtration of XF),

5 7, XEE X0 |~ 5, | /OT< [ xEENECEE ) ) anE | 2

s<T

3 Subprocess of X°

In this section we study some basic properties of subprocesses of X? in open subsets. These
properties will be used in later sections.

Lemma 3.1 For any § > 0, we have

lim sup P, (7 <s) =0.
i sup P (Thas) < 5)

Proof. By the strong Markov property of X? (see, e.g., [3, pp. 43-44]), we have for every z € R?,

Po(Th(wg) < 5) < Pa (Tg(x,a) <s, XJ € B(fﬂﬁ/?)) + Py (Xf € B($,5/2)C)

< E, []P’X ) <|X§ R 5/2) 78 0) < s] + P, (|X§ = 5/2)
"B(x,5) B(z,6)
< 2supsup P, (|Xf - X} > 5/2) . (3.1)
i<s zeRd
Now the conclusion of the lemma follows from (2.5). O

A point z on the boundary O0G of a Borel set GG is said to be a regular boundary point with
respect to X° if P,(7% = 0) = 1. A Borel set G is said to be regular with respect to X? if every
point in G is a regular boundary point with respect to X°.

Proposition 3.2 Suppose that G is a Borel set of R and z € 0G. If there is a cone A with vertex
z such that int(A) N B(z,r) C G° for some r > 0, then z is a regular boundary point of G with
respect to XP.

10



Proof. This results follows from (1.3) and Blumenthal’s zero-one law by a routine argument. For
example, the reader can follow the argument in the proof of [25, Proposition 2.2]. Even though [25,
Proposition 2.2] is stated for open sets, the proof there works for Borel sets. We omit the details.
O

This result implies that all bounded Lipschitz open sets, and in particular, all bounded C'!
open sets, are regular with respect to X°. Repeating the argument in the second part of the proof
of [17, Theorem 1.23], we immediately get the following result.

Proposition 3.3 Suppose that D is an open set in R* and f is a bounded Borel function on 0D.
If z is a reqular boundary point of D with respect to X and f is continuous at z, then

_lim E, [f(XTb]bJ);T,% < oo] = f(2).

Dox—z
Let
kp(t,x,y) = By [pb(t — 7, X0 ) Th < t} and pi(t,z,y) = p’(t,2,y) — kb (t,2,y). (3.2)

Then p’]j(t, x,y) is the transition density of X®P. This is because by the strong Markov property
of X for every t > 0 and Borel set A C R?,

PAXYY € A) = [ pltiz)dn (3.3)

We will use {Ptb’D} to denote the semigroup of X and £°|p to denote the infinitesimal generator
of {Ptb’D}. Using some standard arguments (for example, [4, 17]), we can show the following.

Theorem 3.4 Let D be an open set in R®. The transition density pr(t,x, y) is jointly continuous
on (0,00) x D x D. For everyt >0 and s > 0,

plb(tJrs,x,y)—/p’b(t,x,Z)p’b(s,z,y)dz- (3.4)
D
If z is a regular boundary point of D with respect to X, then for any t > 0 and y € D,

1imD9£B—>Z pr (ta z, y) =0.

Proof. Note that by (2.4), there exist ¢, co > 0 such that for all ¢y > 0 and § > 0,

t t
sup sup p’(t,z,y) < cre®sup sup (t_d/a/\7> < cre@to 0

< oo (3.5)
t<to le—yl29 t<to [a—y| >0 |z — yldte gd+a

We first show that k% (t,z, -) is jointly continuous on (0,00) x D x D. For any § > 0, define
Ds ={x € D : dist(x, D) < 6}. For 0 < s < r and x,y € Dy, define

h(S,?",l‘,y) = E$ |:pb(T - T%7XbbD7y); s < Tg < T:| .

T
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Note that

Ez[h(S,T‘, Xg7y)] = Ex[h(37T7 X§7y); s < 7—%] + Ex[h(37T7 Xs;:y); 5> T%]
= h(s,r + 31x7y) +Em[h(8,7”, ngy)a 5> 7‘]%]

and

k:bD(t,x,y) = h(0,t,z,y)
= h(s,t,z,y) +E; [pP(t —7h, X0 ,y); Th < 3]
D

T

= Eufh(s.t =5, X0.9)] — Eulh(s,t — 5, X3, y); 7h < 8] + Eo |p(t =7, XJp ) 7h < 5] .

For all t1,t, € (0,00), by (3.5), p°(r, z,y) is bounded on (0,%3] x D® x Ds by a constant cs.
Consequently, h(s,r, x,y) is bounded by cs3 for all z,y € Ds and s,r € (0,t2] with s < r A (t1/3).
Thus we have from the above display as well as (3.5) that for all ¢ € [¢1,t2], s < t1/2 and z,y € Ds,

kS (t, z, y) — Ep[h(s,t — 5, X2, 9)]| < 2e3P, (72 < 5) < 2¢3 supd PZ(T%(Z,(;) < s),
z€R

which by Lemma 3.1 goes to 0 as s — 0 (uniformly in (¢, z,y) € [t1,t2] x Ds x D). Since p°(t, z,y)
is jointly continuous, it follows from the bounded convergence theorem that E,[h(s,t — s, X°, y)] is
jointly continuous in (s,¢,y) € [0,¢1/3] X [t1,t2] X Ds. On the other hand, for (s,t,y) in any locally
compact subset of (0,t1/3) x [t1,t2] X Ds, Exlh(s,t — s, X5, y)] = [pap(s, 2, 2)h(s,t — s, 2,y)dy is
equi-continuous in x. Therefore E,[h(s,t — s, X?,y)] is jointly continuous in (s,t,z,y) € (0,%1/3) x
[t1,t2] x Ds x Ds. Consequently, k% (¢, z,v) is jointly continuous in (s,t,y) € [0,t1/3] x [t1,t2] X D
and hence on (0,00) x D x D. Since p’(t,z,y) is jointly continuous, we can now conclude that
P (t,,y) is jointly continuous on (0,00) x D x D.

By Proposition 3.3, the last assertion of the theorem can be proved using the argument in the
last paragraph of the proof of [17, Theorem 2.4]. We omit the details. O

The next result is a short time lower bound estimate for plj:)(t,:n,y) near the diagonal. The
technique used in its proof is well-known. We give the proof here to demonstrate that symmetry
of the process is not needed.

Proposition 3.5 For any a; € (0,1), aa > 0, a3 > 0 and R > 0, there is a constant ¢ =
c(d,a,a1,a9,as, R,b) > 0 with the dependence on b only via the rate at which M|(I);\ (r) goes to zero

such that such that for all xg € R% and r € (0, R],

plj’g(ww) (t,z,y) > ct™ for all x,y € B(xg,a17) and t € [azr®, azr?®]. (3.6)

Proof. Let xk := as/(2a3) and B, := B(xo,r). We first show that there is a constant ¢; € (0,1) so
that (3.6) holds for all r > 0, xz,y € B(xg,air) and t € [k 1%, c17%].

For r > 0, t € [keir®, ¢17?], and 2,y € B(xo,a17), since |z — y| < 2a1r < 2a1(key) Vot
and t < c1r® < R, we have by (2.4) and (3.2),

1+d/a,— _
P, (t,2,y) > cacy fop=dle _ o4, Loy < | (= 5,) YA

’ | Xb, —yldre || (3.7)
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where the positive constants ¢; = ¢;(d, o, a1,a2,as, R,b),i = 2,3, are independent of ¢; € (0, 1].
Observe that
|X£b -yl > 1 —=a)r for ¢ — Tgr <t<cr,
B

r

and so

b
t_TBT t_TBT

<
X5, — gyl = (@ —a)r)@e = 1 —a)ta
By

T

1+d
b C+/a

Note that if ¢; < ((1 —a1)/2)%, by (2.4), for t < ¢17,
P, (X0 ¢ Bla (1 - ar/2) = [ P (t,29)dy
B(z,(1—a1)r/2)°

< / b g <ol <
=~ C3 ——adz < Ccq— < 401
B(a,(1—ar)r/2)c [ — yldT e

where ¢4 is independent of ¢;. Now by the same argument as in the proof of Lemma 3.1, we have
Py (bea(x,(pal)r) < t) < 2¢401. (3.9)

Consequently, we have from (3.7)-(3.9),

1td Cl-l-d/a
Ph(Lay) = <0201+ e e (7h, < t)) /o

14+d/a C}er/a b —d/
= |ea e At (TB(:m(l—al)r)ﬁt) e

> ci+d/a <02 — 204037(1 — le)d+a) =4/,

Clearly we can choose ¢; < az A ((1 —aq)/2) small so that pljBT (t,z,y) > cst=%*. This establishes
(3.6) for any zg € R%, r > 0 and t € [k c1r®, c17°).

Now for r > 0 and ¢ € [aor®, agr®], define ky = [a3z/ci] + 1. Here for a > 1, [a] denotes
the largest integer that does not exceed a. Then, since ¢; < as, t/ky € [kc1r®, c1r®]. Using the
semigroup property (3.4) kg times, we conclude that for all z,y € B(xg,a1r) and t € [asr®, asr?®],

pbB(xOﬂ") (t7 x? y)

= / / p%(zom)(t/ko,x,wl)...p%(mo’r)(t/kg,wn_l,y)dw1...dwn_l
B(xo,r) B(xo,r)

Y

/ . / p%(ro,r) (t/ko,x,w1) .. .p%(mO’T) (t/ko, wp—1,y)dw; ...dw,_1
B(zo,a17) B(zg,a17)
ko—1
> cx(t/ko) Y <C5(t/k:0)_d/a B0, 1)y(a1r)d) > cgt=d/e.
The proof of (3.6) is now complete. O

Using the domain monotonicity of p%, the semigroup property (3.4) and the Lévy system of
X? the above proposition yields the following.

Corollary 3.6 For every open subset D C R?, plb(t,a:,y) is strictly positive.

13



Proof. For x € D, denote by D(x) the connected component of D that contains z. If y € D(z),
using a chaining argument and Proposition 3.5, we have

If y ¢ D(x), then by using the strong Markov property and the Lévy system (2.10) of X?,

Phtan) = B [pblt = rhy XYy )i they <]
> by b b ) b
= [pD(t TD(I)’XTJIS(M’y)’TD(’”) = t’Xva(z) © D(y)]
t
> / / p%(z)(s,x,z) / J(z,w)pr(y)(t — s,w,y)dw | dzds > 0.
0 JD(x) D(y)
The corollary is thus proved. O

In the remainder of this section we assume that D is a bounded open set in R?. The proof of
the next lemma is standard. For example, see [24, Lemma 6.1].

Lemma 3.7 There exist positive constants Cy and Co depending only on d, o, diam(D) and b with
the dependence on b only through the rate at which M‘%“ (r) goes to zero such that

Ptz y) < Cre” @2t (t,x,y) € (1,00) x D x D.
Proof. Put L := diam(D). By (1.3), for every x € D we have

Pa(rh <1 2Rt €BD) = | (L0

1 1
>c 1IN — dyzc/ <1/\—)d2>0.
1/Rd\D( |$—y|d+a> s |z|d+e

sup/ (1, z,9)dy = supP,() > 1) < 1.
z€D JD zeD

Thus

The Markov property of X? then implies that there exist positive constants ¢y and c3 such that
/ Pyt z,y)dy < ece=t for (t,x) € (0,00) x D.
D

It follows from (1.3) that there exists ¢4 > 0 such that p%(1,2,y) < p°(1,z,y) < ¢4 for every
(z,y) € D x D. Thus for any (¢,z,y) € (1,00) x D x D, we have

Pt z,y) = / Pt — 1,2, 2)p% (1, 2,9)dz < 04/ Pt — 1,2, 2)dz < cocqe” D,
D D
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Combining the result above with (1.3) we know that there exists a positive constant ¢; =
c1(d, o, diam(D), b) with the dependence on b only through the rate at which M, (r) goes to zero
such that for any (¢, z,y) € (0,00) x D x D,

_d t
Pht,z,y) < <t o A m) . (3.10)

Therefore the Green function GY,(x,y) = fooo P (t,z,y)dt is finite and continuous off the diagonal

of D x D and 1

b
Gp(z,y) < C2W

(3.11)

for some positive constant co = ca(d, o, diam(D), b) with the dependence on b only through the rate
at which My (r) goes to zero.

4 Uniform estimates on Green functions

Let

1 (1 . 5D<x>aD<y>>a/2_

9p(n:y) = e M Ty

The following lemma is needed in deriving sharp bounds on the Green function GbU when U is some
small O open set. It can be regarded as a new type of 3G estimates.

Lemma 4.1 There exists a positive constant Cs = Cs(d, «) such that for all z,y,z € D,

gp(z,y) 1 1
/< .
gD(fL', 2) ‘Z — y| A 6D(2) = C3QD(CI?,y) <$ — Z|d+1*a + |Z — y’d+la> (4 1)
and
gp(z, 2) gp(z,y) gp(z,y) 1 1
< . 4.2
|z — 2| Ndp(x) |z —y|Adp(2) — s |z —y[ Adp(z) \ |z — z[dF1-« * |z — y|dti=e (4.2)

Proof. Put r(x,y) = 0p(z) + dp(y) + |z — y|. Note that for a,b > 0,

ab
< < . .
arp SNt =2T (43)
Moreover for z,y € D, since
5p(x)* < 6p(2)(6p(y) + |z — y|) < 6p(2)dp(y) + 6p(x)?/2 + |z — y|*/2,
one has
0p(x)® < 26p(x)dp(y) + |z —y|*.

It follows from these observations that

5D(33)5D(§2/) < <1/\ 5D(x)5Dgy)> < 24 5D($)5D(f29)' (4.4)

(r(z,y)) lz -yl (r(z,y))
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Consequently, we have
1 Snlx a/25 /2
gp(z,y) < T o) D(g)
|z —y| (r(z,y))

Now
gD(Zvy)
|z —y| Adp(z)
|2 =yl +6p(2) dp(2)*r(z,y)° < |z —y| )*a
|z —yldp(z) r(z,2)*r(z,y)* \|z—2[ [z -y
r(y,2) dp(2)* " r(x,y)* < |z -y )d_a

<
< 9@y S S (e \e =2 2=y

ey @) <&ﬂ@T@w)yll<| z — | )d“. (46)

|z —ylr(x,2) \r(z,2)r(zy) z—z|-|z =yl

gp(x, 2)

= gp(x,y)

Since r(x,y) < r(z,z) + r(z,y),
dp(z)r(.y) _ dp(2) | 0p()
r(z,2)r(z,y) ~ r(z,z)  r(zy)
On the other hand, since dp(y) < dp(x) + |z — y],

IN

<2.

Mey) eyl @) e =2+ (2 =yl + p(e)
Foulrs) T T o) 2= ylr(z,2)
- 2 2 2 2

+ < + _
r(z,z)  lz—yl T ez |z -yl
Hence we deduce from (4.6) that

gp(2,9)
|z —y| Adp(z)

o < 1 1 > ( |z — y )da
< 2%p(z,y) +
lz—=2[  [z2—yl) \|z—2| [z -yl
< cwnle.y) ( 1 N 1 ) ( 1 N 1 )
- Nz =z |z —yl) |z -2 [z -yl

1 1
< cagp(7,y) |z — z‘d_i,-l—a + |z — y|dtl-a )’

gp(x, 2)

where ¢; and co are positive constants depending only on d and «. This proves (4.1).
Now we show that (4.2) holds. Note that by (4.5),

gp(z, 2) 9p(2,y)
|z — 2| Adp(x) |z —yl Adp(z)
Sp(x)*/25p (y)*/? lz— 2| |z — ¥ dp(2)®
|z — z|dH1=alz — y|dH=a (|z — 2| Adp())(|z — y| A dp(2)) (z, 2)2r(z,y)*
gp(z,y) |w — y|ttt
= . i 4.
Tyl A op() o altFials —garia .7
where
;. lr=ylAdp(z) |z — 2] - |z —y op(2)*r(x,y)”
|z — yl (Jz — 2| Adp(x))(|z =yl Adp(2)) r(z, 2)*r(z,y)*
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It follows from (4.3) and the fact that |z — z| + 0p(2) < r(x, z) that

I = [z = yldp(z) |z — 2] - |z = yl(lz = 2[ + dp(=)) (|2 = y[ + p(2)) Ip(2)"r(z,y)"

2 —yl (Jz —yl+dp(x)) (|2 —z[0p(z))(|z — y|dp(2)) r(z,2)*r(z,y)*
a—1 a—1
_ dp(2)*tr(z,y) < Sp(z)e ( 1 N 1 _1> “9

r(z,2) tr(z,y)emt r(z,2)0=t - r(y, 2)*

The inequality (4.2) now follows from (4.7). O

Recall that Gp is the Green function of X . It is known that

d
|VZGD(Z7 y) <

| < mcfb(z’y)- (4.8)

(See [8, Corollary 3.3].) Recall also that b is an R%-valued function on R such that [b| € Kgq—1.

Proposition 4.2 If D is a bounded open set and 1pb has compact support in D, then Gl]’) satisfies

Gll))('r7y) = GD(xay) + /D GbD($,Z)b(Z) : VZGD(Zvy)dZ‘ (49)

Proof. Recall that by Theorem 2.5, for every f € C2°(R?), Mtf = (X)) - f(X}) - fot LOf(X?P)ds
is a martingale with respect to P,. Since 1pb has compact support in D, in view of (3.11), (4.8)
and the fact that [b] € Kgq—1, MthTD is a uniformly integrable martingale.

Define D; := {x € D : dist(x, D¢) > 1/j}. Let ¢ € C>°(RY) with ¢ > 1, supp[¢] C B(0,1) and
Jga #(x)dxz = 1. For any ¢ € Cc(D), define f = Gpy and f, := ¢, * f, where ¢, (x) 4 p(nx).
Clearly f, € C*(RY) and f, converges uniformly to f = Gpi. Fix j > 1. Since ]Ex[M({”] =
E. [Mfgj], and for every y € D; and sufficiently large n,

oux (BN = [ 0u(AGoUy - )i
(0,1/n)
we have, by Dynkin’s formula, that for sufficiently large n,

[ (x5,)] - ) = [ @l (M/?fn< )+ b() - Vhaln)) dy
- / G, (,9) (60 % (A1) () + b(y) - 00+ (V1)) dy
- /D | G’bjm,y) (~6n *6(9) + bly) - 60 * (V(Cp) () dy
Taking n — oo, we get, by (3.11), (4.8; and the fact that [b] € Kga_1,

E. [ (X,,)] - 70) = [ G, (@) (-00) + ) - VGor))dy. (410

Now using the fact that 1pb has compact support in D, taking j — oo, we have by (3.11), (4.8)
and the fact that [b] € Kgq-1,

= /D G4 (z,y) (= (y) + bly) - V(Gp)(y)) dy
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Hence we have

—Gpi(z) = —=Gh + G (b- VGpi).

This shows that for each x € D, (4.9) holds for a.e. y € D. Since Gl]’) is continuous off the diagonal
of D x D, we get that (4.9) holds for all z,y € D. O

We will derive two-sided estimates on Green function of X? on certain nice open sets when the
diameter of such open sets are less than or equal to some constant depending on b only through
the rate at which M (r) goes to zero.

Proposition 4.3 There exists a positive constant vy = 74(d, a,b) with the dependence on b only
via the rate at which M, (r) goes to zero such that for any ball B = B(xg,7) of radius v < r. and
anyn > 1,

271G p(z,y) < Gljg(:ﬁ,y) <2Gp(z,y), =x,y€ B,

where
bo(z) = b(z)1pe(z) + b(x)1k, (z), = eR? (4.11)

with K, being an increasing sequence of compact subsets of B such that U, K, = B.

Proof. It is well known that there exists a constant ¢; = ¢1(d, @) > 1 such that

a/2 a/2
Define E?(:r,y) recursively for n > 1, k > 0 and (z,y) € B x B by
Ij(z,y) = Gply),
B = [ T 2)b()- V-Goleun)de
Iterating (4.9) gives that for each m > 2,
Gl (2,y) = ifg(x,y) + /B G (2, 2)by (2) - V.1 (z,y)dz for (z,y) € B x B. (4.13)

k=0

Using induction, Lemma 4.1, (4.8) with D = B and (4.12), we see that there exists a positive
constant ¢z (in fact, one can take co = 2dC’30‘;’ where C3 is the constant in Lemma 4.1) depending
only on d and « such that for n,k > 1 and (z,y) € B x B,

~ k

I} (2, y)| < c2G(x,y) (CQM\%\(QT)) (4.14)
and Cs(e.0) .

™ B\T,Y o

There exists an 71 > 0 depending on b only via the rate at which M, ﬁ)“ (r) goes to zero such that

1

CQM‘%‘(T') < m

for every 0 < r <77. (4.16)
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(3.11) and (4.15)—(4.16) imply that if » <77/2, then for n > 1 and (z,y) € B x B,

/ G (2, 2)bu(2) - VTP (2, ) d=
<e (/ Gl (2, 2) b (2 N N5 G;(ig)( e > (CQMg‘(zr))m
<o ([ i o) (1735 )

< / 1 P N\
=\ Jp |z = 2@t e [z = yjdti-a 1+ 2co

_ (b1 b(z)| 0] (2)
<cs (1+2¢)"" [z — 5 \z — 2[dH1-a + ly — z[d+1-a z

<cg (1 + 269) (MY | — y|~(dH17)

which goes to zero as m — oo. In the second inequality, we have used the fact that b, is compactly
supported in B. Thus, by (4.13), GI]B" (x,y) =>4 It (x,y). Moreover, by (4.14),

[ee]
Z|Ik z,y)| < c2Gp(z,y) Z 14 2c)7F < Gp(x,y)/2.
k=1 k=1

It follows that for any zo € R% and B = B(xg,r) of radius r < 71/2,

Gp(r,y)/2 < G4 (z,y) < 3Gp(z,y)/2 foralln>1and z,y € B.

This proves the theorem. O

For any bounded C'! open set D with characteristic (Rg, Ag), it is well known (see, for instance
[36, Lemma 2.2]) that there exists L = L(Ry, Ag,d) > 0 such that for every z € 9D and r < Ry,
one can find a C open set U,y with characteristic (rRo/L, AoL/r) such that D N B(z,7/2) C
Uizpy € DN B(z,7). For the remainder of this paper, given a bounded CY! open set D, Utz
always refers to the C'! open set above.

For Uy ), we also have a result similar to Proposition 4.3.

Proposition 4.4 For every CY' open set D with the characteristic (Ro, o), there exists ro =
ro(d, a, Ry, Ao, b) € (0, (Ro A 1)/8] with the dependence on b only via the rate at which M|b|( r) goes
to zero such that for alln > 1, z € 0D and r < rg, we have

_ b
2 1GU(z,r) (.f, y) S GU<Z7T) (Cl',', Z/) S 2GU<Z’T) (Cl',', y)7 €T,y € U(Z,T‘)v (417)

where
bp(x) = b(x)lU(cz’r) (z) + b(x)1g, (z), z€R? (4.18)

with Ky, being an increasing sequence of compact subsets of U, .y such that U, Ky, = U, ;.

Proof. It is well known, (see [23], for instance) that, for any bounded C'*! open set U, there exists
c1 = c1(Ro, Ao, diam(U)) > 1 such that

1 1 ou(w)éu (y) . . 1 ou(w)éu (y)
“ |z — y|d—e <1 A = y\2_> < Gu(z,y) < 17\95 — | <1 A Te—yP ) . (4.19)
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It follows from this, the fact that 'FlU(z,T) is a Cb! open set with characteristic (Ry/L, AgL) and
scaling that, for any bounded C1! open set D with characteristics (Rg, Ag), there exists a constant
ca = c2(Ro, Ao, d) > 1 such that for all z € 9D, r < Ry and z,y € U,

1 ou. . (x)ou,, ., (y) 1 Su. ., ()ou,, ., (y)
—1 (z,r) (z,r) (z,7) (z,7)
cy 7’ — (1 A < GU<“> (z,y) < co PR 1A .

Now we can repeat the argument of Theorem 4.3 to complete the proof. O

Now we are going to extend Propositions 4.3-4.4 to GS’B and Gl[’]( o) For the remainder of this
section, we let U be either a ball B = B(zg,r) with r < r, where 7, is the constant in Proposition
4.3 or U(z,r) (for a CY! open set D with the characteristic (Rg, Ag)) with » < ro where 7q is the
constant in Proposition 4.4. We also let b, be defined by either (4.11) or (4.18) and we will take
care of the two cases simultaneously.

By [6, Lemma 13] and its proof, there exists a constant Cy > 0 such that

[, [ ot = 5.2 b9 pts, 2 ) < Cantes )Mt
R
and so .

L[ ptt = s a2 1Vp(s. 2 9)ldsd < Capt )Nt (4.20)

R JO
where

(= sup / / |b(2) — 27 A s*(dﬂ)/a) dsdz
weRd JRA

which is finite and goes to zero as t — 0 by [6, Corollary 12]. We remark that the constant Cy here
is independent of ¢ and is not the same constant Cy from [6, Lemma 13]. Moreover,

/Rd/ — 5,2, 2)|b(2) = b (2)[|V2p(s, 2, y)|dsdz

< Cup(t,z,y)Np_p, (t)

= Cyp(t,z,y) sup / /t |b(2)] (|w — 2|7 A s_(d+1)/a) dsdz. (4.21)
weRd JU\K,, J0
Now, by [6, (27)],
7t 2, y) |V [Py (2, y)| < (CaNo(8)*p(t, 2, y). (4.22)
Choose 17 > 0 small so that
CNy(1) < 3, t<Th (4.23)

We will fix this constant 77 until the end of this section.

Lemma 4.5 For all k> 1 and (t,x,y) € (0,T1] x R? x R?,

t
Py (t, 2, y) —ph(t. 2, y)| < kCs2~FVp(t, 2, y) sup /U\K / 1b(2)]| (Iw — 2|7 8“‘“1)/0‘) dsdz.

weRd

20



Proof. We prove the lemma by the induction. For k = 1, we have

t
i) =) < [ ] plew 2T = s ) b= b2z

Thus by (4.21), the lemma is true for k = 1.
Next we assume that the lemma holds for £ > 1. We will show that the lemma hods for k + 1.
Let

i) = [ [ ko 2 aplt = 2,001 1o~ bl (s
and . 0
II(n,t,x,y) = /0 /]Rd |p2"(s,m,z) —pi(s,x,z)| IV.p(t — s, 2,9)||bn(2)|dzds.
Then we have
P () = PR ()| < Tt ay) + TI(n,t ).
By (4.21)-(4.23),

I(n,t,z,y) < (C4Nu(t) / / —s,2,2)|b(z) — bp(2)||V2p(s, z,y)|dsdz
Rd

= C27%p(t,2,y) sup/ / |b(z) |w 2|74 A d+1)/a) dsdz. (4.24)
U\Kn

wERC

On the other hand, by the induction assumption, (4.20) and (4.23),

II(n,t,x,y)

< kCy2~ kD) sup/ /|b —2|_d_1/\s_(d+1)/0‘) dsdz
wER4 U\Kn

x/ /p(s,x,z)\vzp(t—s,z,y)an(z)dzds
Re J0

weR4

< kC2~*F D (C4N, (8)p(t, x,y) sup / / |b(z) |w — 7|74t /\s*(dﬂ)/a) dsdz.
U\Kn

< kCy27Fp(t, x,y) sup / / |b(2)] |w — 2|7 A s_(d+1)/°‘) dsdz. (4.25)
U\K, Jo

wERC

Combining (4.24) and (4.25), we see that the lemma holds for k£ + 1, and thus by induction, the
lemma holds for every k& > 1. O

Theorem 4.6 p’(t,z,y) converges uniformly to p°(t,z,y) on any [to, T] x R? x R?, where 0 <
to <T < oco. Moreover,
hm Gb nf=GYf  for every f € Cy(U). (4.26)

Proof. Without of loss of generality, we may assume that 0 < ty < T7/2, where T} is the constant
n (4.23). We first consider the case (t,z,y) € [to, T1] x R? x R?. By Theorem 1.2(i) and Lemma
4.5,

sup Ip°(t, z,y) — p* (t, ,7)|
(t,x,y)€to, T1]xRIXRE
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[e.9]

bn
< sup > oyt @ y) — Pt 2, y)]
(t,z,y)e[to,Tﬂ xRd x R4 k—1
oo
< (4 sup Zk27(k71) (t,x,y) sup / / |b(2) — 74t /\sf(dJrl)/a) dsdz
(t,zy)€Elto, T1]xRIxRI ;5 weRd JU\ Ky,
T
< cC'4t0 /e sup / / |w — 2|74 A s_(d'H)/a) dsdz,
weRd JU\ Ky,

which goes to zero as n — oo.
If (t,x,y) € (T1,3T1/2] x R? x RY, using the semigroup property (1.4) with t; = T3 /2,

sup (s 2, y) — " (8, 2,)
(t,z,y)e(Th,3T1 /2] x R4 x RE
< sup | pb(tl,,I,Z)pb(t—tl,Z,y)dZ—/ pb"(tl,l’vz)pbn(t—t17Z,y)dZ|
(t,x,y)E(T1,3T1 /2] xRIxRd  JRE R4
S sup / pb(tl,l‘,Z)‘pb(t—tl,Z,y) _pbn(t_tlazay)’dz
|xRixRd JR?

(t,ac,y) € (Tl 73T1 /2

+ sup / |pbn(tl,xv'z) —pb(t1,$,z)|pbn(t—t1,27y)‘d2d8,
(t,m,y)E(Tl,3T1/2]><Rd><Rd R4

which is, by (1.3), less than or equal to ¢; t;d/a times

sup / 1p°(t — t1, 2,9) — PP (t — t1, 2, y)|dz + sup / |p% (t1, x, 2) — p°(t1, x, 2)|dzds.
(t,y)€(T1,3T1 /2] xRd JR? z€Rd JR4

Now, by the first case, we see that the above goes to zero as n — oco. Iterating the above argument
one can deduce that the theorem holds for L = [to, kTy/2] for any integer k > 2. This completes
the proof of the first claim of the theorem.

First observe that by (1.3), for each fixed z € R? and for every 0 < t; < to < --- < 1}, the
distributions of {(Xfln7 e ,le’]?)7 P,} form a tight sequence. Next, by the same argument as that
for (3.1),

P, (X' ¢ B(z,r)) <p foralln>1, 0<s<tandzecR

implies
P, <S;1i}t)|Xf" —XS”] > 2r> =P, (Tg’z o) < t) < 2p foralln>1zeR™%
Hence by (1.3) and the same argument leading to (2.5), we have for every r > 0,
lim sup P, <sup\Xf” - X8”| > 2r> =0.
t0 p>1,zeR s<t

Thus it follows from the Markov property and [22, Theorem 2] (see also [20, Corollary 3.7.4]
and [1, Theorem 3]) that, for each x € R? the laws of {X% P,} form a tight sequence in the
Skorohod space D([0,00), R%). Combining this and Theorem 4.6 with [20, Corollary 4.8.7] we get
that X% converges to X® weakly. It follows directly from the definition of Skorohod topology on
D(]0,00), R%) (see, e.g., [20, Section 3.5]) that {t < 7%} and {t > } are disjoint open subsets
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in D([0,00),R%). Thus the boundary of {t < 75} in D([0,00), R?) is contained in {75 <t < Tg}.
Note that, by the strong Markov property,

P, (rh < 7) =Pu (7 <l + 1 00, X, € 0U)
—P, (o <rholy X!, aU) —Pp, (beb (o < Tg) X!, € 6U> _
U

The last equality follows from the regularity of U; that is, ]P)Z(Tg =0) = 1 for every z € OU (see
Proposition 3.2). Therefore, using the Lévy system for X?,

PI(TgStST[%):Pm(Tg:t:Tg)

< Pz(XfeaU)—&—IP’m(t:T(I}andeU _/ P (t, 2, y)dy +0 =0,
oUu

U

which implies that the boundary of {t < 73} in D([0, 00), R?) is P,-null for every = € U. For every
f e G, f(X? )1{t<7_b} is a bounded function on D([0,c0), R?) with discontinuity contained in

the boundary of {t < 7}. Thus we have (cf. Theorem 2.9.1(vi) in [19])
i E, [F(XP)L,, bn}} [ (X, )1{t<7b}] (4.27)

Given f € Cy(U) and € > 0, choose T' > 1 large such that 2C,C5 || f[|leoe ™27 < € where Cy and
Cy are constants in Lemma 3.7 with D = U. By the bounded convergence theorem and Fubini’s
theorem, from (4.27) we have

T T T
lim E, [/0 f(Xf")1{t<T[z}n}dt] = Jim | E, [f(Xb) (e bn} dt = E, [/O FOXD) Lyt

On the other hand, by the choice of T" and the fact that C; and Cy depending only on d, o, diam(U)
and b with the dependence on b only through the rate at which Mﬁj‘ (r) goes to zero, we have by
Lemma 3.7

00 . - b
E, [ /T ee )1{t<Tgn}dt] +E, { /T f(Xt)l{Kle]}dt}
< HfHoo/T </D(p’3(t,x,y)+p’b(t,x,y))dy> dtg201\|flloo/T o—Cot gy < .
This completes the proof of (4.26). .

As immediate consequences of (4.26) and Propositions 4.3-4.4, we get the following

Theorem 4.7 There exists a constant . = r.(d,a,b) > 0 with the dependence on b only via the
rate at which Mlb\( ) goes to zero such that for any ball B = B(xg,r) of radius r < 7y,

27'Gp(x,y) < GY(x,y) < 2Gp(z,y), =,y € B.

Theorem 4.8 For every C1! open set D with the characteristic (Ro, Ao), there exists a constant
ro = 1o(d, v, Ro, Ao, b) € (0, (Ro A1)/8] with the dependence on b only via the rate at which M, (r)

goes to zero such that for any for any z € 0D and r < 1y, we have
2*1GU(”) (x,y) < GbU(”) (z,y) <2Gu,, ,,(z,y), =,y €Uy, (4.28)

We will need the above two results later on.
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5 Duality

In this section we assume that F is an arbitrary bounded open set in R%. We will discuss some
basic properties of X and its dual process under some reference measure. The results of this
section will be used later in this paper.

By Theorem 3.4 and Corollary 3.6, X*¥ has a jointly continuous and strictly positive transition
density p% (¢, z,y). Using the continuity of p,(¢, z,y) and the estimate

t
b b t(4=d/ L
pE(t7x7y) <p (tax7y) < ce? (t A |.CU _ y|d+a> ’

the proof of the next proposition is easy. We omit the details.

Proposition 5.1 X" is a Hunt process and it satisfies the strong Feller property, i.e, for every
f € L®(E), PEf(z) = E,[f(X")] is bounded and continuous in E.

Define
hg(x) = /EG%(y,:p)dy and ¢g(dr) = hg(x)dz.

The following result says that g is a reference measure for X%,

Proposition 5.2 £ is an excessive measure for X®F | i.e., for every Borel function f >0,

[ raestan) > [ B [50307)] o).

Moreover, hg is a strictly positive, bounded continuous function on E.

Proof. By the Markov property, we have for any Borel function f > 0 and =z € F,
/E E, [£(X}")] Ghola, )y = E. /0 TE e [10X07)] ds
- [ E [t as < [ )Gy

Integrating with respect to x, we get by Fubini’s theorem,
[ B [ hswiay < [ Sy
E E

The second claim follows from (3.11), the continuity of G% and the strict positivity of p% (Corollary
3.6). O

We define a transition density with respect to the reference measure g by

b
i pi(t,z,y)
Pr(t,x,y) = —=——.
i ) he(y)
Let ) ( )
G , = t,r,y)dt = —=——7~,
e(T,y) /0 PE(t,r,y) e W)

—b . . .
Then Gp(x,y) is the Green function of X®¥ with respect to the reference measure ¢ .
. . —b .
Before we discuss properties of Gy (z,y), let us first recall some definitions.
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Definition 5.3 Suppose that U is an open subset of E. A Borel function v on E is said to be

(i) harmonic in U with respect to X*F if

u(z) = E, [u(Xﬁ;,E)} , x € B, (5.1)

B

for every bounded open set B with B C U;

(ii) excessive with respective to X»F if u is non-negative and

u(z) > E, [u(XfE)] and u(z) = lggEx [u(thE)} , t>0,x€FE;

(iii) @ potential with respect to XVF if it is excessive with respect to X®F and for every sequence
{Up}n>1 of open sets with U, C U,11 and U, Uy, = E,

lim E, [u(Xb;E)} = 0; ¢p-a.e. x € F;
n—00 TUn

(iv) a pure potential with respect to X*F if it is a potential with respect to X*F and

lim E, [u(vaE)} — 0, (p-ae zEE;
t—oo

(v) regular harmonic with respect to X»¥ in U if u is harmonic with respect to X*¥ in U and
(5.1) is true for B="U.
We list some properties of the Green function @%(w, y) of X®F that we will need later.
(A1) @%(x,y) > 0 for all (x,y) € E x E; @%(w,y) = oo if and only if z =y € E;
(A2) For every z € E, @%(m, -) and al;;( -, x) are extended continuous in E;
(A3) For every compact subset K of E, [, @I;;(a:, Y)Eér(dy) < oo.

(A3) follows from (3.11) and Proposition 5.2. Both (A1) and (A2) follow from (3.11), Proposi-
tion 5.2, domain monotonicity of Green functions and the lower bound in (4.12).

From (A1)-(A3), we know that the process X*¥ satisfies the condition (R) on [18, p. 211] and
the conditions (a)-(b) of [18, Theorem 5.4]. It follows from [18, Theorem 5.4] that X satisfies
Hunt’s Hypothesis (B). Thus by [18, Theorem 13.24] X*¥ has a dual process XbE | which is a
standard process.

In addition, we have the following.

(A4) For each y, x +— @%(x,y) is excessive with respect to X»¥ and harmonic with respect to
X%F in B\ {y}. Moreover, for every open subset U of E, we have

E, [5?;()(?57?;)} — Gplz,y), (v,y) €ExXU (5.2)
U

where T}, = inf{t > 0 : Xf’E € U}. In particular, for every y € F and € > 0, @%(-,y) is
regular harmonic in £\ B(y, ) with respect to X*¥.
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Proof of (A4). It follows from [16, Proposition 3] and [29, Theorem 2 on p. 373] that, to prove
(A4), it suffices to show that, for any x € E \ U, the function

y— E, [GE( T ,y)}

is continuous on U. (See the proof of [31, Theorem 1].) Fix x € E\ U and y € U. Put r := dy(y).
Let y € B(y,r/4). It follows from (2.11) and (3.11) that, for any 6 € (0, §),

R A(d, —«) —b
E. |G XbE7 xtFep ,0 :/ G xwidw Ggp(z,9)dz
{ i Y 9); T (y )] swe) \ e E\U( )‘ @+ B(2,9)

/ 1 1 dz
yeB(y, r/4 ) /B B(y,6) E\U |z — |d @ w — |d+a |z — iﬂd_a-

~inf.

Thus, for any € > 0, there is a § € (0, §) such that

I [62 (X%f, y);XSJf € B(y,9)| < for every y € B(y,r/4). (5.3)

€
4
Now we fix this § and let {y,} be a sequence of points in B(y,r/4) converging to y. Since the
function (z,u) — é%(z, u) is bounded and continuous in (E \ B(y,d)) x B(y, %), we have by the
bound convergence theorem that there exists ng > 0 such that for all n > ny,

)

c rald )
[GE( X3P, y) X3P € B(y, o) } —E, [GE( X3P un); X7 € By, 0)° ] 5 (54)
Since € > 0 is arbitrary, combining (5.3) and(5.4), the proof of (A4) is now complete. O

Theorem 5.4 For eachy € E, © — 51;3(56, y) is a pure potential with respect to X®F. In fact, for
every sequence {Up }n>1 of open sets with U, C Upy1 and UpU, = E, lim, o E, [@%( bbE,y)] =0

: . —b
for every x £y in E. Moreover, for every x,y € E, we have limy_, Ew[GE(th’E, y)] = O.
Proof. For y € E, let X»F¥ denote the h-conditioned process obtained from X®F with h(-) =
5?5(-, y) and let EY denote the expectation for X*F¥ starting from = € E.

Let © # y € E. Using (A1)-(A2), (A4) and the strict positivity of @?E, and applying [30,
Theorem 2], we get that the lifetime ¢®¥ of X®FY is finite P%-a.s. and

tT%lbI% , Xb By — PY-a.s.. (5.5)

Let {Ey, k > 1} be an increasing sequence of relatively compact open subsets of E such that
Ey C Ex C E and U°  E = E. Then

[GE( - ,y)] GE(JU y)PY(rh, < (PEY).

By (5.5), we have limy_, P%(T%k < ¢Fv) = 0. Thus limy_ Ex[az(XbbE,y)] 0.
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The last claim of the theorem is easy. By (3.10) and (3.11), for every z,y € E, we have

bE
|:GE( 7y t hE /|Z—y‘d a’

which converges to zero as t goes to oo. O

We note that

/ GE x,y)Ep(dr) ‘ EHOO / GY(z,y)dz = ||hills < .

So we have
(A5) for every compact subset K of E, [, a%(x, Y)ép(dr) < co.

Using (A1)-(A5), (3.11) and Theorem 5.4 we get from [28, 29] that X®F has a Hunt process as a
dual.

Theorem 5.5 There exists a transient Hunt process X%E in E such that X*F is a strong dual of
XOE with respect to the measure £, that is, the density of the semigroup {PtE}tZO of X¥E is given
by ﬁl]’;(t, y,x) and thus

/ f(2) PPy (x)ép (dz) = / 9(2)BE f(2)ep(dr) for all f.g € L*(E, ).
B FE

Proof. The existence of a dual Hunt process XbF ig proved in [28, 29]. To show XbE g transient,
we need to show that for every compact subset K of E, [ @?E (z,y)ép(dx) is bounded. This is just
(A5) above. O

In Theorem 2.6, we have determined a Lévy system (N, H) for X? with respect to the Lebesgue
measure dz. To derive a Lévy system for X®¥, we need to consider a Lévy system for X®F with
respect to the reference measure {g(dz). One can easily check that, if

J(z,y)
he(y)

NE(LU, dy) = ¢p(dy) for (z,y) € E X E, NE(x,ﬁ) = /c J(x,y)dy

and Ff = t, then (WE,FE) is a Lévy system for X®F with respect to the reference measure
¢p(dx). Tt follows from [21] that a Lévy system (N¥, HF) for X*¥ satisfies HF =t and

NE(y, d)ép(dy) = N (z, dy)¢p(dz).

Therefore, using J(z,y) = J(y, x), we have for every stopping time 7" with respect to the filtration
of XbF ,

T b,E
S s XU RV | - E, /0 (Ef(s,ffs’”E y>@@(dy)> dﬁf“]

s<T hE( )

_ (s, bE (As’ Y)hEe(y) s
_ Ex/ (/f Xt o, dy)d]. (5.6)
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That is,

J/\\TE(x, dy) = he (@)

dy.

Let

PV f(x) = / Byt z.y) f(w)Ep(dy) and BYEf(z) = / Pt . 2) f ()€ (dy).
E FE

For any open subset U of E, we use XPEU to denote the subprocess of XbE in U, ie.,
XPEY () = XPEW) if t < ?[l}’E(w) and X0FY(w) = 9 if t > ?;}’E(w), where ?;}’E = inf{t >
0: X" ¢ U} and 9 is the cemetery state. Then by [34, Theorem 2] and Remark 2 following it,
XU and X®EU are dual processes with respect to 5. Now we let

pl()] <t7 Y, x)hE (Z/)
hg(x)

b, E
py(tx,y) =

(5.7)

By the joint continuity of pl[’](t, x,y) (Theorem 3.4) and the continuity and positivity of hg (Propo-
sition 5.2), we know that ﬁlz}E(L -, +) is jointly continuous on U x U. Thus we have the following.

Theorem 5.6 For every open subset UA, ﬁlﬁE(t, x,y) is strictly positive and jointly continuous on
U x U and is the transition density of X®FU with respect to the Lebesque measure. Moreover,

_ GY(y,2)he(y)

Gy (ovy) = = (5.8)

is the Green function of X0EU with respect to the Lebesgue measure so that for every nonnegative
Borel function f,

~b,E

frE) d’f] - | G @ rwa

6 Scaling property and uniform boundary Harnack principle

Ey

In this section, we first study the scaling property of X°, which will be used later in this paper.
For A > 0, let Ytb”\ := AX}_,,. For any function f on R?, we define f*(-) = f(A-). Then we
have

B[] = [ POtxTam) P .

It follows from Theorem 1.2(iii) that for any f,g € C°(R?),

lim [N Ef (V)] — f())g(w)de

tl0 Jrd
=t [ A0 (B PO - PO (0 e
Rd
= lim [ AT TP () — fA(2))9 N (2)dz
tl0 JRd

= e [ (AP ) TPE) s
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- Ada/ (—(—A)O‘/Qf)\(z) + A\b(z2) - Vf()\z)) g(A2)dz
R4
— /Rd (-(—A)O‘/Qf(w) + XA ) - Vf(a:)) g(x)dz.

Thus {)\Xi’_[it,t >0} is the subprocess of XN in AD. So for any A > 0, we have

pi;abo‘il‘)(t, z,y) = AN Ph (AT A e, AT Yy) for t >0 and z,y € AD, (6.1)
Gi;ab()‘_l')(:n,y) = XIGh (AL, AT y) for z,y € AD. (6.2)
Define
ba(z) := A1%(z /) for z € RY. (6.3)
Then we have
d .
- b'|(A"'y)dy
Mg (r) = A7 Sup/
i ;xER’i |lz—y|<r ‘l’ - y’d—i—l—a
d .
|b|()d= 1
= = M (\ .
; Sere /55—Z</\—1r @ — | dH e bAT)

Therefore for every A > 1 and r > 0,
M, () = Mg(A~r) < M (r). (6.4)

In the remainder of this paper, we fix a bounded C™! open set D in R? with C'! characteristics
(Ro,Ag) and a ball E C R? centered at the origin so that D C $E. Define

M := M(b,E):= sup hE(:U),
ryedE he(y)

(6.5)

which is a finite positive constant no less than 1. Note that, in view of the scaling property (6.2),
we have

M(b,E) = M(by, AE). (6.6)

Although F and D are fixed, the constants in all the results of this section will depend only on
d, o, Ry, Ao, b and M (not the diameter of D directly) with the dependence on b only via the rate
at which M (r) goes to zero. In view of (6.4) and (6.6), the results of this section in particular
hold for £ (equivalently, for X**) and the pair (AD, AE) for every A > 1.

In the remainder of this section, we will establish a uniform boundary Harnack principle on D
for certain harmonic functions for X*¥ and X*F. Since the arguments are mostly similar for X
and )/{\'b’E, we will only give the proof for X0E,

A real-valued function v on E is said to be harmonic in an open set U C E with respect to
XYE if for every relatively compact open subset B with B C U,

E, [|u()?7f_bE)|} < oo and wu(z)=E, [u()?ng)} for every x € B. (6.7)
B B

A real-valued function u on F is said to be regular harmonic in an open set U C E with respect to
XYE if (6.7) is true with B = U. Clearly, a regular harmonic function in U is harmonic in U.
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For any bounded open set U, define the Poisson kernel for X? of U as
K?](az,z) ::/ Gl(’](x,y)J(y,z)dy, (z,2) € U x (R4\ D).
U

When U C FE, we define the Poisson kernel for XY of U C E as

RbP(2,2) = ZE(Z) /UG”U<y, ) (z.y)dy, (x,2) €U x (E\T). (6:8)

B(2)
By (2.11) and (5.6), we have
Ex[f(X p)i XDy A XD | /Ksz 2)dz

and

7o F ’\b,E
E, [f()?ﬁ%);)?ﬁ% #XAI,E] _ E, / ( / f(o) s )hE(Z)dz> ds
T, 0 UC

. 7 hE( bE)

= /_c IA(ZI?E(x,z)f(z)dz.
U

Lemma 6.1 Suppose that U is a bounded C1' open set in R* with U C %E and diam(U) < 3r,
where 1, is the constant in Theorem 4.7. Then

P, (Xi’b €eol)=0 for every x € U (6.10)
U
and
P, (Xf;,% € 8U) =0 for every x € U. (6.11)

U

Proof. The proof is similar to that of [4, Lemma 6]. For our readers’ convenience, we are going to
spell out the details of the proof of (6.11). Let B, := B(z,dy(z)/3). By (5.6) we have for z € U,

shE 3 B G, (y,2)hE(y) Iy, 2)he(z)
P, (X?%f S (4E)\U> - /I hg(x) </(2E)\U he(y) d ) Y-

Since diam(U) < 3r, oy (z)/3 < ry, thus by Theorem 4.7, for z € U,

m(xﬁ&e( )\U) > Cl<weEhEz>/ Gp,(z,y) (/( )\UJ<y,z)dz>dy

aMB, <X ( )\U> (6.12)

v

where M is the constant defined in (6.5). By the scaling property of X,

3

1.3
B, (X e <ZE>\U) = Psy o)1z (XT(SU@% € 6y(a) 1<1E>\U)
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— GB(éU(m)*lx,l/Zi)(5U(.7})_1$,a) (/5 J(a,b)db) da. (6.13)

/B(5U(ac)1:c,1/3)

v(@)  (§E\U

Let z, € OU be such that 6y (z) = |z — z,|. Since U is CM1, 6p(2)"H((2E)\U) D du(z) H(2E\3E)
and Oy (z) < 3ry, there exists n > 0 such that, under an appropriate coordinate system, we have
2y + C C dy(z) H((3E) \ U) where

C:= {y:(yla"' ya) ERY:0 <y < (12r,) 7" and \/y%+---+y§71 <77yd}-

Thus there is a constant ¢ > 0 such that

inf / J(a,b)db > ca > 0 for every x € U.
a€B(6y (z)~1x,1/3) 5U(z)—1((%E)\U)

Combining this with (6.12)-(6.13),

> 3
in{]]P)x (Xf;f; €(-E)\ U) > crea M~ By [75(0,1/3)] = ¢3 > 0. (6.14)

FAS By 4

On the other hand, since by (5.6) P, ()??_b,E € 8U) = 0 for every x € U, we have

Bz

U U B x

P, <)?ibEE € aU) —E, []P)?b,bEE ()?ibEE cdU); X% eU

x

Thus inductively, ]P’x()A(E;){EE € 0U) = limy_.o pr(x), where
U

~

po(x) =P, (Xb;FE € 8U> and  pi(x) :=E, [pk_l ()?ib%), )?b;ﬁ € U] for k£ > 1.

?U Bz ?Bz
By (6.14),
sup pr1(z) < (1= cg)suppy(e) < (1= )™t — 0.
zelU zeU
Therefore P, ()?be:E € dU) = 0 for every z € U. _
Tu

Let z € dD. We will say that a function u : R? — R vanishes continuously on D¢ N B(z,r) if
u=0on D°N B(z,r) and u is continuous at every point of 0D N B(z,r).

Theorem 6.2 (Boundary Harnack principle) There ezist positive constants ¢; = c1(d, o, Rp, Ao, b)
and 1 = ri(d, o, Ry, Ao, b) with the dependence on b only via the rate at which M, (r) goes to zero
such that for all z € OD, r € (0,71] and all function v > 0 on RY that is positive harmonic with
respect to X (or XbE, respectively) in D N B(z,r) and vanishes continuously on DN B(z,r) (or
D¢, respectively) we have

z,y € DN B(z,r/4).
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Proof. We only give the proof for X%E_ Recall that r, and ro are the constants from Theorem 4.7
and Theorem 4.8 respectively. Let 1 = 7, Arg and fix r € (0, 1] throughout this proof. Recall that
there exists L = L(Rp, Ao, d) such that for every z € 9D and r < Ry/2, one can find a C%! open
set U = U, ) with C1! characteristic (rRo/L, AgL/r) such that DN B(z,r/2) C U C DN B(z,7).
Without loss of generality, we assume z = 0.

Note that, by the same proof as that of [11, Lemma 4.2], every nonnegative function u in R?
that is harmonic with respect to X% in DN B (0,7) and vanishes continuously on D¢ is regular
harmonic in D N B(0,7) with respect to X"

For all functions v > 0 on E that is positive regular harmonic for X in DN B (0,7) and
vanishing on D¢, by (5.6) and Lemma 6.1, we have

u(z) = E; [u()?ﬁ’bE);Xf’bE € D\U} = I?%E(x,w)u(w)dw
U U D\U
= by, x hp(w) w, y)u(w)dw
- [ ¢t >< [ e syt )dy. (6.15)

Define

hy(z) :=E; [u(X7,); Xr, € D\ U] = /UGU(y,x) ( J(w,y)u(w)dw) dy,

D\U
which is positive regular harmonic for X in DN B(0,r/2) and vanishing on D¢. Applying Theorem
4.8 to (6.15), we get

"M hy(z) < u(z) < eiMhy(z) for x € D. (6.16)

By the boundary Harnack principle for X in C*! open sets (see [14, 37]), there is a constant ¢y > 1
that depends only on Ry, Ag, d and « so that

h(2)
<c¢o forx,ye DN B(0,r/4).
hu(y) 07
Combining this with (6.16) and the two-sided estimates on Gy (z,y) we arrive at the conclusion of
the theorem. O

7 Small time heat kernel estimates

Our strategy is to first establish sharp two-sided estimates on pr(t, x,y) at time t = 1. We then
use a scaling argument to establish estimates for ¢t < T

We continue to fix a ball E centered at the origin and a C™! open set D C %E with character-
istics (Ro, Ao). Recall that M > 1 is the constant defined in (6.5).

The next result follows from Proposition 3.5, (5.7) and (6.5)

Proposition 7.1 Forallay € (0,1), az,as, R > 0, there is a constant ¢; = ¢1(d, v, a1, az, a3, R, M,b) >
0 with the dependence on b only via the rate at which Mﬁ)“ (r) goes to zero such that for all open ball
B(zg,r) C 2E withr < R,

~b,E —
pB’(;EO?T)(t, z,y) > et for all x,y € B(xg,a17) and t € [agr®, azr?®].
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Again, we emphasize that the constants in all the results of the remainder of this section
(except Theorem 7.8 where the constant also depends on T for an obvious reason) will depend only
on d,a, Ry, Ag, M (not the diameter of D directly) and b with the dependence on b only through
the rate at which M (r) goes to zero. In view of (6.3), (6.4) and (6.6), in particular all the results
of this section are applicable to £°* and the pair (AD, A\E) for every A > 1.

Recall that r, and ro are the constants from Theorem 4.7 and Theorem 4.8 respectively, which
depend only on d, «, Ry, Ag and b with the dependence on b only via the rate at which Mﬁ;' (r)
goes to zero.

Lemma 7.2 There is ¢; = ci(d, a, Ry, r, M, Ao, b) > 0 with the dependence on b only via the rate
at which M (r) goes to zero such that for all x € D

m@g>u®gc%1mb@wﬂ) (7.1)
and
P, (757 > 1/4) < ¢y (1 A 5D(:c)a/2> . (7.2)

Proof. We only give the proof of (7.2). The proof of (7.1) is similar. Recall that there exists
L = L(Rg,Ag,d) such that for every z € dD and r < Ry, one can find a C1! open set Uiz
with Cb! characteristic (rRo/L, AgL/r) such that DN B(z,r/2) C U,y € DN B(z,r). Clearly it
suffices to prove (7.2) for z € D with dp(x) < (ro Ar.)/8.

Choose @, € dD such that dp(x) = [z — Q.| and choose a C! open set U := Uq, (rorr.)/2)
with C1! characteristic ((ro A7.)Ro/(2L),2A0L/(ro Ary)) such that DN B(Q., (ro A7s)/4) CU C
D0 B(@a, (0 AT2)/2).

Note that by (5.8), (6.8) and Lemma 6.1,

U

P, (?%E >1 /4) < P, (%}’}E > 1 /4) +P, <)?f;f; e D)

< a8, [7] + o (R0 € D)

U

_ he(y) hi(z)
= 4/UGI(’](y,x)hE(x)dy—I—/D\U/UGI{,(y,:L‘)h J(y, z)dydz.

Now using Theorem 4.8, we get

B (P> 1/4) < e [ Gutna)dy+ et . | Gt 2)dua:
= 401M/GU(a:,y)dy+clM]P’x (X, € D\U)
U
< by (z)®? = erbp(x)/2.

The last inequality is due to (4.19) and the boundary Harnack inequality for X in C'! open sets.
O
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Lemma 7.3 Suppose that Uy, Us, U are open subsets of R with Uy, Us C U C %E and dist(Uy,Us) >
0. Let Uy :=U\ (U1 UUs). If 2 € Uy and y € Us, then for all t > 0,

ot z,y) <P, (be € Us) - sup p(s, 2, y) + <t A Eﬁ[T[b]l]) - sup  J(u,z2), (7.3)
U1 s<t,zcUs uclUy, z€Us

P (t,y,x) < MPx(X vp €U2) - sup  p(s,y,2) + M (MEm[’Tf}’F]) - sup  J(u,2) (74)
U1 s<t,z€Usy uelUy, z€eUs

and

1
b b ~bE .
py(1/3,2,y) > SW]P’I (rg, > 1/3) P, (TU3 >1/3) 'ueUllI,lgeU3 J(u, z). (7.5)

Proof. The proof of (7.3) is similar to the proof of [5, Lemma 2], which is a variation of the proof
of [9, Lemma 2.2]. Hence we omit its proof. We will present a proof for (7.4)—(7.5). Using the
strong Markov property and (5.7), we have

b
pyt,y,z) = ’ t,x,
h
- E%x P R )i A <
he(y) U
hp(x) ~b,E GbE ~b,E
- E t—70F XWE <t, X% U
hoty) o [P0 (0T X 0): T < 8. X < U
hg(x
L@y [ﬁ?]’E(t A{}f,Xﬁﬂ,y);?f}’f<t,XfﬁEeUg] — 14T
hE(y) Tuy Tuy

Using (5.7) again,

h
I E(x)Px <7’:II}E <t X% bE € UQ) ( sup ﬁ?}E(S,z,y))

U1 S<t,Z€U2

h h
= Br P, <7/:(1}E <t, X bE € UQ) < sup pl[)](suya Z)hE(y))

Ul S<t,Z€U2

h
sup —E(a) P, (XAbE S Ug) sup pl{J(s,y, z)|.
a,be%E hE(b) Ty s<t,z€Us

On the other hand, by (5.6) and (5.7),

IT = hp (@) /Ot < " f)bUF(s x,u) ( . J(u, z) hE(Z)pl{](t —5,Y,2) Zig;dz> du) ds

IN

he(y) hi(u)
h t
< sup £(a) / ( %F(s x,u) < J(u, 2)pl (t — s,y,z)dz> du> ds
a,be%E hE(b) 0 Uy Us
t
< M sup  J(u,z) / Pm(?[l}lE > 3) (/ Pt — s,y,z)dz> ds
uelUy, z€U3 0 Us
< M/ TU > s)ds-  sup  J(u,z)
uelUy, zeUs

34



< MEAEJ[FT]) - sup  J(u,2).
ueUy, z€Us3

Now we consider the lower bound. By (2.11) and (5.7),

Py (1/3,2,y)

b b yb b b
2 ]Ex[pU(l/?)_TUl’XTgl’y)’TUl<1/37Xle]1 €U3:|
1/3
= / (/ pgvl (S,IE, U) (/ J(“? Z)pr(l/?) -5z, y)dZ) dU) ds
0 Ui Us
1/3 , \
> ueUE{lgeUg J(u, z)/o /Ug py(1/3 = s, 2,y)Px (7, > s)dzds
b e b
> Pu(rp, > 1/3) ueUilr}geUg J(u, z)/o /Ug P, (1/3 — 5, 2,y)dzds
= P.(r5, >1/3) inf  J(u,z) /1/3 prE/3—s z)hE(y)dzds
a . TUl uelUy, z€U3 ’ 0 Us pU3 Y hE(Z)
1/3
_ . bE
> M I]P’x(T(le >1/3) u€U111,1£€U3 J(u, z)/o Py(my, > 1/3 —s)ds
1
> - Pu(rh, > 1/3) inf  J(u,2)Py (7 > 1/3).

3M uelUy, zeUs

Lemma 7.4 There is a positive constant ¢ = c1(d, o, Ry, Ao, M, b) with the dependence on b only
via the rate at which Mﬁ)“ (r) goes to zero such that for all z,y € D,

Pp(1/2,2,y) <@ (1 A 5D(x)“/2> (1 A W) (7.6)
and
ph1/250) < e (1000)?) (1A ) )

Proof. We only give the proof of (7.7). Recall that there exists L = L(Rp, Ao, d) such that for every
z € 8D and r < Rg/2, one can find a C™! open set Uy, ) with C! characteristic (rRo/L, AoL/r)
such that DN B(z,7/2) C U,y C DN B(z,7).

It follows from (2.4) that

1
b b
pp(1/2,z,y) < p’(1/2,2,y) < a1 (1 N m>7

so it suffices to prove of (7.7) for y € D with dp(y) < ro/(32).
When |z — y| < rp, by the semigroup property (3.4), (1.3) and (5.7),

Ph(1/2,2,y) — /D P (14,2, ) (1/4, 2, y)d=

< [ PO/ R0y T Y.
D E
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1 b
S CQM/I; <1 A m) pD (1/4,y,2)d2

< MP,(THE > 1/4).

Applying (7.2), we get

IN

3 (1 A 5D(y)o‘/2>

3 (1 v 7“6”‘1) (1 A 5D(y)°‘/2> <1 A W) :

Finally we consider the case that |z — y| > ¢ (and dp(y) < ro/(32)). Fix y € D with dp(y) <
ro/(32) and let Q € AD be such that |y — Q| = dp(y). Choose a C1-' open set U, := U(q,,,/s) With
Ch! characteristic (roRo/(8L),8MoL/rg) such that D N B(Q,r0/(16)) C U, C D N B(Q,70/8).

Let D3 :={z€ D :|z—y| > |z —y|/2} and Dy := D\ (U, U D3). Note that |z —y| > r¢/2 for
z € D3. So, if u € Uy and z € D3, then

Pp(1/2,2,y)

IN

1 1
Iu—ZIZIz—yl—ly—UIZ!z—yl—m/42§lz—y|Zzlw—yl-
Thus

1
sup  J(u,z) < sup J(u,z) < ecq <1 A 7> . (7.8)
u€Uy, 2€D3 (u,2):[u—z|> % |z—y| |z — y|d+a

If z € Dy, then |z — x| > |z —y| — |y — 2| > |z — y|/2. Thus by (1.3),

1
b b
sup pD(vaaz) < sup p (8,%,2’) < cj5 sup <]_ A 7d+a>
5<1/2,2€D2 s$<1/2,2€ D32 $<1/2,z€Dy |x — z’

1

for some c5,c¢ > 0. Applying Lemmas 7.3 with (7.8) and (7.9), we obtain,

?
Uy

1 .
ph(1/2,2,y) < c7 (1/\ m) <Py(Xb’£5 c D) +Ey[’7\3ﬂ)~

On the other hand, by (5.8), (6.8), Lemma 6.1 and Theorem 4.8,

S hp(z)
E, |72F| + P <XE’E € D) = GY (z,y —dz—l—/ GY (w,y
Y [ Uy, ] v\ e v, U, ( )hE(y) v, Ju, v, (w,y)

IN

08M/ Gu,(z,y)dz + csM Gy, (w,y)J(w, z)dwdz
Uy D\Uy JUy

< cody, (y)** = codp(y)™/2.

Therefore 1
b 2
Ph(1/2,2,) < c100p(y)* <1 A m) :

(7.6) can be proved in a similar way. O
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Lemma 7.5 There is a positive constant ¢y = c1(d, a, Ry, Ao, M, b) with the dependence on b only

via the rate at which M‘%‘( r) goes to zero such that for all x,y € D,

ph(l,z,y) < (1 A 5D(x)a/2) (1 A 5D(y)a/2) <1 A 1> . (7.10)

‘:L' — y‘d—&-a
Proof. Using (7.6)-(7.7), the semigroup property (3.4) and the two-sided estimates of p(¢, x,y),

Ph(lz,y) = /delb(l/lx,Z)plb(l/?,z,y)dz

1
1 O‘/2 / IN—
A only Rd< |:c—zd+a> ( : |z—y\d+a> 4

(
(1/\(5D a/2 /p(l/Q:vz (1/2, z,y)dz
p
(

IA
o
—_
>
=2
b
Q
~
[\

IN

o
/\/\/.:\/—\

>

(=2

U

Q

I
N— N N~

IN
o
—_
>
=2}
U
Q
~
)

R4
(Lz,y)

1Adp(y 0‘/2 <1/\ |d+a>.

Lemma 7.6 If r > 0 then there is a constant ¢; = ci(d, o,r, M,b) > 0 with the dependence on b
only via the rate at which M (r) goes to zero such that for every B(u,r), B(v,r) C 2E,

1

b

pB(u,r)UB(v,r)<1/37u7v) > cl <1 A m) .
Proof. If ju —v| <r/2, by Proposition 3.5

. 1
pbB(u,'r’)UB(v,r)(l/?’vuav) > |u—g|1£r/2p%(“’r)(l/3’u’v) 212 C2 <1 A m) :

If |u—v| >r/2, with Uy = B(u,r/8) and Us = B(v,r/8), we have by (7.5)

1 _b,E )
P Blur)UB () (1/3,u,v) = ~Pu(r5, > 1/3) Py(7p, > 1/3) wel}ge% J(w, z)

1
Zc/ pb wr 13,u,zdz/ ﬁbE 13,U,2d2<1/\7)
Blus/i6) 20 o1/ ) B(v,r/16) B/ (1 ) lu — v|dte

1
> inf b 1/3 inf  p2F 1/3 IA—).
= cC <zEB%1I/,1,T/16)pB(u’T/8)( / ,U,Z)> (mB%ﬁr/m)pB(W‘/g)( /3,0, 2) ’u—v‘d"‘o‘

Now applying Propositions 3.5 and 7.1, we conclude that

w

1
b
PB(ur)UB(v,r) (1/3,u,v) >c<1/\7‘u_v|d+a>.
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Lemma 7.7 There is a positive constant ¢y = c1(d, a, Ry, Ao, M, b) with the dependence on b only
via the rate at which M, ‘%‘( r) goes to zero such that

P,z y) > ¢ (1 A 6D(x)°‘/2> <1 A 6D(y)a/2> (1 A m) )

Proof. Recall that 9 < Ry/8 is the constant from Theorem 4.8 which depends only on d, «, Ry, Ag
and b with the dependence on b only via the rate at which M‘b‘( r) goes to zero. Since D is C! with
C1! characteristics (Ro, Ag), there exist § = §(Ro, Ag) € (0,79/8) and L = L(Rp, Ag) > 1 so that
for all z,y € D, there are {; € D N B(z, Ld) and &, € D N B(y, LJ) with B(&;,26) N B(x,26) = 0,
B(&y,28) N B(y,20) = 0 and B(&;,80) U B(&,,80) C D.

Note that by the semigroup property (3.4) and Lemma 7.6,

Ph(L,z.y)
/ / b (1/3, 2, u)p% (1/3,u,v)p% (1/3, v, y)dudv
B(&y.0) J B(

Y

v

57"
/B(g / s b(1/3,z u)pB(u 5/2)UB(w,/2)(1/3;u )P (1/3, v, y)dudy
yy T

>cl/ / pD(l/S,:U,u)(J(u,v) A 1)pr(1/3,v,y)dudv
£y7 B(&l‘aa)

>c inf J(u,v) N1 / p(1/3, 2, u)du / P (1/3,0,y)dv | .
e e (00 >)(B(&75) b(1/3,2,u) )(BM (1/3,0,9)

(7.11)

Ifle—yl>d/8, |lu—v| <2(1+L)J+ |z —y| <(17+ 16L)|z — y| and we have

1
inf Ju,v)AN1) > [ 1IN ————— . 7.12
(um)EB(sz,é)xB(sy,&)( o) =z e ( \x—y\d+°‘> (712
If e —y| <6/8, |lu—v| <2(2+ L)J and
1

inf Ju,v) ANl) >ec3>cy [ 1A 7.13
I M A ( o — y\d+a> (719

We claim that

[ dbsmadez e (100@ ) [ sz e (14500)7),
(€x,9) B(&y,9)

which, combined with (7.11)—(7.13), proves the theorem.

We only give the proof of the second inequality in (7.14). If 6p(y) > d, since dist(B(&y, 9), B(y, d)) >

0, by (7.5),

/ Py (1/3,0, y)dv
B(&y,0)

1 b,E .
> — P, (7 >1/3)dv | P >1/3 inf J(w, 7.15
= 3M (/3(5@,,5) (Ti(e,0) > 1/3) ) b0 > 13 e, Bl 08 (19
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which is greater than or equal to some positive constant depending only on d, o, Ry, Ag, M and b
with the dependence on b only via the rate at which M, ﬁ)" (r) goes to zero by Propositions 3.5 and
7.1.

If 6p(y) < 6, choose a Q € OD be such that |y — Q| = dp(y) and choose a CH! open set
Uy := Ugs) with C! characteristic (40Ro/L, AgL/(46)) such that

DN B(Q,28) C U, C DN B(Q,45) C DN B(Q,68) =: V.

Then, since dist(B(&y, ), Vy) > 0, by (7.5),

/ P (1/3,0,3)dv
B(&y,9)

! ~b,E .
7 P, (¢ >1/3)dv | P T >1/3 f J(w, 716
sM </B(§y75) <TB(£y75) / ) v) Y <Tvy / )weB(flyI}(S%zEVy (w y) ( )

which is greater than or equal to cg IP’y(?“};E > 1/3) for some positive constant c¢g depending only
on d,a, Ry, Ag, M and b with the dependence on b only via the rate at which Mﬁ)" (r) goes to zero
by Propositions 3.5 and 7.1.

Let B(yo,2c79) be a ball in DN (B(Q,60) \ B(Q,46)) where ¢7 = ¢7(Ao,d) > 0. By the strong
Markov property,

. ~b,E vo.E
<w€B(mf P (Fhersy > 1/3)) P, (X e € B(y0,075/2)>

Y0,¢70/2
b, E  GbE
< By |Pes, (TB 08 ens) L /3),X?Zf € B(yo, ¢76/2)
L Uy Uy
< Ey P)?b,E <’/7'\‘I?E > 1/3) ,)?E}EE S B(yo,C7(5/2)
i ?[b]’yE ! Uy
<

P, </TJ&;E >1/3, X050 € B(y0,075/2)> <P, (?gf > 1/3) .
Uy
Using Propositions 7.1, we get
P, (ﬁf > 1 /3) > cgP, <)A(i£5 € B(y0,675/2)> . (7.17)
Uy

Now applying (5.8), (6.8) and Theorem 4.8,

GY (w,y
/13(y0,C75/2) U, 0 >hE(y)

> 69M_1/ Gy, (w,y)J(w, z)dwdz
B(yo,c70/2) JUy

P, (X’ibEE € B(y0,075/2)> = J(w, z)dwdz

Uy

> ci00, ()% = c100p(y)*/>. (7.18)

Combining (7.15)—(7.18), we have proved (7.14). O

39



Theorem 7.8 There exists ¢ = c¢(d, a, Ry, Ao, T, M,b) > 0 with the dependence on b only via the
rate at which Mfg‘(r) goes to zero such that for 0 <t < T, x,y € D,

T /2 /2
Pt x,y) <c (1 A %) <1 A %) <t—d/a A m> (7.19)

¢! (1 A M) (1 A M) (t_d/o‘ A W) < ph(t, x, y). (7.20)

and
Vit Vit

Proof. Let D; := t~/*D and E; := t~'/*E. By the scaling property in (6.1), (7.19)(7.20) is
equivalent to

(a=1)/ap(¢l/a. @ “ 1
o e (10ne”) (1000 (1

and

_ N N 1 (a=1)/ap(gl/o.
C ! (1 AN 6Dt(.'13) /2> (1 AN 5Dt(y) /2> (1 VAN |$y|d+a> S ptDz bt )(].,l',y)

The above holds in view of (6.3), (6.4), (6.6) and the fact that for ¢ < T, the D;’s are C1'!' open
sets in R? with the same C! characteristics (Ro(T) "/, Ag(T)~ /). The theorem is thus proved.
O

8 Large time heat kernel estimates

Recall that we have fixed a ball E centered at the origin and M > 1 is the constant in (6.5). Let
U be an arbitrary open set U C iE and we let

_bE Pt x,y)

by (tw,y) = “hp(y)
which is strictly positive, bounded and continuous on (¢, z,y) € (0,00) x U x U because p¥ (¢, z,y) is
strictly positive, bounded and continuous on (¢, z,y) € (0,00) x U x U and hg(y) is strictly positive
and continuous on E. For each z € U, (t,y) — ﬁ?jE(t,x,y) is the transition density of (X®U P,)
with respect to the reference measure g and, for each y € U, (¢,z) — f)b’E(t, x,y) is the transition
density of ()A( b’E’U,IP’y), the dual process of X®V with respect to the reference measure £5.

Let
PPV () = / P2 (e y) f()ep(dy) and BBV f(z) = / P (1,9, 2) f (9)En(dy).
U U

Let E?J’E and EZI’]E be the infinitesimal generators of the semigroups {Ptb’E’U} and {ptb,E,U} on
L*(U, &g), respectively.

Note that, since for each t > 0, ﬁ?}E(t,x,y) is bounded in U x U, it follows from Jentzsch’s
Theorem ([32, Theorem V.6.6 on page 337]) that the common value —)\S’E’U = sup Re(a(EIZ}E)) =
sup Re(U(EZE)) is an eigenvalue of multiplicity 1 for both Eg}E and EA%E, and that an eigenfunction
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qbl;jE of E?J’E associated with /\g’E’U can be chosen to be strictly positive with H¢?}E”L2(U,§E(dx)) =1

bEU
Ao

and an eigenfunction ¢[b]’E of EAI;]E associated with can be chosen to be strictly positive with

bE
IV |22 e p(da)) = 1-
It is clear from the definition that, for any Borel function f,
Ptb’E’Uf(aj) = Ptb’Uf(w) for every x € U and t > 0.
Thus the operators Eb]U and E?J’E have the same eigenvalues. In particular, the eigenvalue )\Z’E’U
does not depend on E and so from from now on we will denote it by )\S’U.

Definition 8.1 The semigroups {Ptb’E’U} and {ﬁtb’E’U} are said to be intrinsically ultracontractive
if, for any t > 0, there exists a constant ¢; > 0 such that

ol (2, ) < it @i (y)  forzy e U

It follows from [26, Theorem 2.5] that if {Ptb’E’U} and {ﬁtb’E’U} are intrinsically ultracontractive
then for any ¢ > 0 there exists a positive constant ¢; > 1 such that

il (txy) > et on (@l (y)  for z,y € UL (8.1)

Theorem 8.2 For every B(xo,2r) C U there exists a constant ¢ = ¢(d, o, r,diam(U), M) > 0 such
that for every x € D,

b

U
e | [ Latanr (52

> cE, |:’7'(I}:| (8.2)

and
b, E
U

B | [ St (R )

> B, |7 (8.3)

Proof. The method of the proof to be given below is now well-known. (See [10, 27]). For the
reader’s convenience, we present the details here. We give the proof of (8.3) only. The proof for
(8.2) is similar. Fix a ball B(x,2r) C U and put

By := B(xg,7/4), Kj:= B(xg,7/2) and Bjy:= B(xg,r).

Let {6;,t > 0} be the shift operators of XYE and we define stopping times .S,, and T,, recursively
by

Sl (w) = Oa
To(w) = Sp(w)+ iy, ©0s,(w) for Su(w) < 73"
and Spt1(w) = Th(w)+ ?]I;QE ofr, (w) for T, (w) < ?gE

Clearly S, <707, Let S :=limy o Sy, < 73" On {S < 77"}, we must have S, < Tp, < Sp41 for
every n > 0. Using the fact that P, (?(I}E < o0) =1 for every x € U and the quasi-left continuity of
XbEU e have P, (S < ?(l}E) = 0. Therefore, for every z € U,

P, ( lim S, = lim T, = #}E) -1 (8.4)

n—oo n—oo
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For any z € K1, by Proposition (7.1) we have

2re
E. [Ag = co/ pB (t z,y)dtdy > ¢ for every x € K.
B(zo,r/2)

Now it follows from the strong Markov property that
Eo[Suri = Tul = Eo [Egueo 73] Tn <7

> P, (ngf’U € BO> = o E, [Pf(gw (Xbb’ﬂ;U €B )]

U\Kl

n

Note that for any « € U \ Ba, by (6.9), we have

(i em) = [ S (M)

Gb (y,CC) dZ
1 —a U\K1
M7 Al >/U\Kl (@) /Bo<<diam<U>>d+a)§E(dy)
= ok, [

Vv

oK)

for some constant co = co(a, r,diam(U), M) > 0. It follows then
Ey [Snit — Th] > c1eE, [Egg,f,,] [ﬁ}\EKIH — 162, [Ty — Sy (8.5)

Since )?f’E’U € By for T,, <t < S,+1, we have by (8.4)

7o B [ oo T, S
E, [/U 1B2(XbEU)dt] = E, Z(/ 15,(X bEU)dt—ir/ +1132(XbEU)dt>]
0 ln=1 Sn Th
S
> E, Z(/ lBQ(XbEU)dt>]
Ln=1 n
= E:c Z(Sn-i—l_Tn)
Ln=1

Using (8.4) and (8.5) and noting that XY ¢ U\ By for t € [T}, Spi1), we get

~b,E [ oo
Em / U 132 (Xb E, U)dt] Z ClCQEx Z(Tn - Sn)]
0 Ln=1
& In HEU Snt1 b, EU
> ClcgEx Z g 1U\32 ( )dt + 1U\Bg (X )dt
- ;{;E ! !
= 01C2Ex / ]_U\B2 (XbEU)dt]
0
Thus

E
v T 1l4cico

~b,E
/U 1BQ(XbEU)dt] >_a% g {#}E}
0
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Theorem 8.3 {Ptb’E’U} and {Jgtb’E’U} are intrinsically ultracontractive.

~

b’U . . . . . .
Proof. Since w(l}E = e Plb ’E’Uzb[b]’E, it follows that w[b]’E is strictly positive, bounded and contin-
uous in U. Theorem 8.2 implies that

b, E 5 b,E - .
E.[7;"] < e / Gu ) ybp ez < / G 209 18 e () = B (). (6)

B, he(y) v he(y) Ay
Similarly,
b C2 b E
E.[m] < )\b,Ud’U’ (@). (8.7)
0

By the semigroup property and (1.3),

—bE

Pt zy) = / PoE(t/3, 2, 2) / B (t/3, 2, w)PE (/3 w, y)€p(dw) s (dz)

est 4/ /U B (t)3, 3, 2)Ep(dz) / B (t/3,w,)p(dw)

= ot YR (" > t/3) Py (7H" > t/3)
< (9es/t2) YR, [7H] B, [75F].

IN

This together with (8.6)—(8.7) establishes the intrinsic ultracontractivity of {Ptb’E’U} and {I%b’E’U}.
g

Applying [26, Theorem 2.7], we obtain

Theorem 8.4 There exist positive constants ¢ and v such that
MbE t)\o pU (tvxay)
b,E bE
¢U (z )¢U (v)

where Mg’E = [y ¢?}E(y>¢%E(y)§E(dy) <1

— 1| <ece™, (t,z,y) € (l,00) x U x U (8.8)

Now we can present the

Proof of Theorem 1.3(ii). Assume that the ball E is large enough so that D C iE. Since
qb%E = e)‘SYDPf’DgZ)IBE and w%E = e’\g’Dﬁlb’E’D¢%E, we have from Theorem 1.3(i) that on D,

0@ = (10007 [ (1nop)?) (10 s ) S350y = Spl) (59)
and

@ = (10an@)) [ (18600072) (10 = s ) P W)y = a(or
(8.10)

Theorem 8.3 and (8.9)—(8.10) imply that

e Yop(2)26p ()2 < B (t, 2, y) < erdp(x)*/25p(y)*/?  for (t,x,y) € (0,00) x D x D,
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and so
i tertop(2)25p(y)? < ph(t,x,y) < c1edp(2)*/?5p(y)*/?  for (t,z,y) € (0,00) x D x D.

Furthermore, by Theorem 8.4 and (8.9), there exist ¢ > 1 and 77 > 0 such that for all
(t,x,y) € [T1,00) x D x D,

¢ e (@) p(y)* < P (tay) < caem op (@) ap(y)*”,
which implies that
e e op (@) 2 () < phlt,ay) < ese”™ op(@) 2 op(y)°r?,
If T < Ty, by Theorem 1.3(i), there is a constant ¢o > 1 such that
02_1 5D(:B)°‘/2 5D(y)°‘/2 < p%(t,x,y) < ¢ 5D(:L‘)°‘/2 (Sp(y)o‘/2 fort € [T,T1) and z,y € D.

This establishes Theorem 1.3(ii). O

Remark 8.5 (i) Using Corollary 1.4 and the argument of the proof of Lemma 6.1, (6.10) is, in
fact, true for all bounded open set U with exterior cone condition.

(ii) In view of Corollary 1.4, the estimate (4.8) and Lemma 4.1, we can deduce from (4.10) by
the dominated convergence theorem that Proposition 4.2 holds for general b with [b] € Kgq—1. O
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