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Abstract

We consider a family of pseudo differential operators {A + a®A®/?; a € (0,1]} on R? for
every d > 1 that evolves continuously from A to A + A®/2, where a € (0,2). It gives rise to
a family of Lévy processes {X% a € (0,1]} in RY, where X is the sum of a Brownian motion
and an independent symmetric a-stable process with weight a. We establish sharp two-sided
estimates for the heat kernel of A + a®A®/? with zero exterior condition in a family of open
subsets, including bounded C*! (possibly disconnected) open sets. This heat kernel is also the
transition density of the sum of a Brownian motion and an independent symmetric a-stable
process with weight a in such open sets.

Our result is the first sharp two-sided estimates for the transition density of a Markov process
with both diffusion and jump components in open sets. Moreover, our result is uniform in a in
the sense that the constants in the estimates are independent of a € (0, 1] so that it recovers
the Dirichlet heat kernel estimates for Brownian motion by taking a — 0. Integrating the heat
kernel estimates in time ¢, we recover the two-sided sharp uniform Green function estimates
of X in bounded C*! open sets in RY, which were recently established in [14] by using a
completely different approach.
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1 Introduction

Many physical and economic systems should be and in fact have been successfully modeled by dis-
continuous Markov processes; see for example, [27, 26, 28] and the references therein. Discontinuous
Markov processes are also very important from a theoretical point of view, since they contain stable
processes, relativistic stable processes and jump diffusions as special cases. Due to their importance
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both in theory and in applications, discontinuous Markov processes have been receiving intensive
study in recent years.

In general, Markov processes may have both diffusion and jump components. A Markov process
having continuous sample paths is called a diffusion. Diffusion processes in R% and second order
elliptic differential operators on R are closely related in the following sense. For a large class of
second order elliptic differential operators £ on R%, there is a diffusion process X in R associated
with it so that £ is the infinitesimal generator of X, and vice versa. The connection between £ and
X can also be seen as follows. The fundamental solution p(t,z,y) of dyu = Lu (also called the heat
kernel of £) is the transition density of X. Thus obtaining sharp two-sided estimates for p(t,x,y)
is a fundamental problem in both analysis and probability theory. In fact, two-sided heat kernel
estimates for diffusions in R¢ have a long history and many beautiful results have been established.
See [21, 23] and the references therein. But, due to the complication near the boundary, two-sided
estimates on the transition density of killed diffusions in a domain D (equivalently, the Dirichlet
heat kernel) have been established only recently. See [22, 23, 24| for upper bound estimates and
[31] for the lower bound estimate of the Dirichlet heat kernels in bounded C'! domains.

The infinitesimal generator of a discontinuous Markov process in R? is no longer a differential
operator but rather a non-local (or integro-differential) operator £. For instance, the infinitesimal
generator of a rotationally symmetric a-stable process in R? with o € (0,2) is the fractional Lapla-
cian AY/2 .= —(—A)O‘/ 2. Most of the recent studies concentrate on pure jump Markov processes,
like the rotationally symmetric a-stable processes, that do not have a diffusion component. For a
summary of some of these recent results from the probability literature, one can see [1, 7] and the
references therein. We refer the readers to [4, 5, 6] for a sample of recent progresses in the PDE
literature.

Recently in [9], we obtained sharp two-sided estimates for the heat kernel of the fractional
Laplacian A®/2 in D with zero exterior condition (or equivalently, the transition density function
of the symmetric a-stable process killed upon exiting D) for any C™! open set D C R? with d > 1.
As far as we know, this was the first time sharp two-sided estimates were established for Dirichlet
heat kernels of non-local operators. Since then, studies on this topic have been growing rapidly. In
[10, 11, 12], the ideas of [9] were adapted to establish two-sided heat kernel estimates of other pure
jump Markov processes in open subsets of RY. In [19], the large time behaviors of heat kernels for
symmetric a-stable processes and censored stable processes in unbounded open sets were studied.
Very recently in [2, 3], the heat kernel of the fractional Laplacian in non-smooth open set was
discussed. We refer the readers to [8] for a survey on the recent progresses in the heat kernel
estimates of jump Markov processes.

However until now, two-sided heat kernel estimates of Markov processes with both diffusion
and jump components in proper open subsets of R% have not been studied. The fact that such a
process X has both diffusion and jump components is the source of many difficulties. The main
difficulty stems from the fact that such a process X runs on two different scales: on the small scale
the diffusion part dominates, while on the large scale the jumps take over. Another difficulty is
encountered at the exit of X from an open set: for diffusions, the exit is through the boundary,
while for pure jump processes, typically the exit happens by jumping across the boundary. For a
process X that has both diffusion and jump components, both cases will occur, which makes the
process X much more difficult to study.



In this paper, we consider Lévy processes that are independent sums of Brownian motions and
(rotationally) symmetric stable processes in R? with d > 1. We establish two-sided heat kernel
estimates for such Lévy processes killed upon exiting a C'! open set. The processes studied in this
paper serve as a test case for more general processes with both diffusion and jump components, just
like Brownian motions do for more general diffusions. We hope that our study will help to shed new
light on the understanding of the heat kernel behavior of more general Markov processes. Although
two-sided heat kernel estimates for Markov processes with both diffusion and jump components
in R? have been studied recently in [17, 29], as far as we know, this is the first time that sharp
two-sided estimates on the Dirichlet heat kernels for Markov processes with both diffusion and
jump components in proper open subsets are established.

Let us now describe the main result of this paper and at the same time fix the notations.
Throughout this paper, we assume that d > 1 is an integer and « € (0,2). Let X% = (X}, t > 0)
be a Brownian motion in R? with generator A = 2?21 68—;. Let Y = (Y}, t > 0) be a (rotationally)

symmetric a-stable process in R?, that is, a Lévy process such that
E. [e%'(Yt_YO)] = et for every z € R? and ¢ € R%.

The infinitesimal generator of a symmetric a-stable process Y in R? is the fractional Laplacian
A2 which is a prototype of non-local operators. The fractional Laplacian can be written in the
form

A(d, @)

Aa/Qu(aj) = lim (u(y) — U(@)W

el0 J{yeRd: |y—z|>e}

where A(d, @) := a2~ tx =420 (422 (1 — 9)~L. Here T is the Gamma function defined by I'(\) :=
fooo t*le~tdt for every A > 0. Assume that X and Y are independent. For any a > 0, we define
X% by X2 := XD+ aY;. We will call the process X@ the independent sum of the Brownian motion

dy, (1.1)

X0 and the symmetric a-stable process Y with weight @ > 0. The infinitesimal generator of X¢ is
A+ a®A%? and

E. [eig-(ngxg)} = e tEP+a%igl*) for every z € R? and ¢ € R,

Since o A(d. o)
a «

ajelo 1— . = gy,

a®[¢] /Rd( cos(§ - y)) e Y

the density of the Lévy measure of X with respect to the Lebesgue measure on R? is
T @,y) = (e — y]) = a®A(d, a)|z — y| 7.

The function J%(x,y) determines a Lévy system for X which describes the jumps of the process
X for any non-negative measurable function f on Ry x R? x R? with f(s,y,) = 0 for all y € R,
any stopping time T (with respect to the filtration of X¢) and any x € R,

T
B | Y s x| <5 [ ([ o) ol (12)
s<T

(see, for example, [15, Proof of Lemma 4.7] and [16, Appendix A]). Let p®(¢, z,y) be the transition
density of the process X¢ with respect to the Lebesgue measure on R¢, which is known to exist



and is jointly continuous on (0,00) x R? x R%. For any A > 0, the process (AX{_»,,t > 0) has the

same distribution as (XfA(a_Z)/a,t > 0) (see the second paragraph of Section 2), so we have
pak(aiwa (t,z,y) = AN 2, AT, A Ly) for t > 0 and z,y € R%. (1.3)

The following sharp two-sided estimates on p®(¢,x,y) follows from (1.3) and the main results
in [17, 29] that give the sharp estimates on p!(t,z,y).

Theorem 1.1 There are constants C; > 1, i = 1,2, such that, for all a € [0,00) and (t,x,y) €
(0,00] x R? x R4

ot
Crt (72 A @ty A <t—d/26—02|l’—y'2/t )N _ay| . +a>

< p(t,z,y) < C) (t_d/2 A (aat)—d/a) A (t—d/26—|z—y|2/02t + (aat)—d/a A l%) .

Here for a,b € R, a A b := min{a,b} and a V b := max{a,b}. In particular, we have

Corollary 1.2 For any M >0 and T > 0, there is a constant C3 > 1 depending only on d, o, M
and T such that, for all a € (0, M] and (t,z,y) € (0,T] x R? x R?

1 —d/2 —Colo—y2/t | 4—d/2 at
C3 t e + t A W

a“t
< p(t.a,y) < Cs (t‘d”e‘m_ywcﬁ + A ’x_y|d+a> :

where Co > 1 is the constant in Theorem 1.1.

Recall that an open set D in R? (when d > 2) is said to be C1'! if there exist a localization radius
R > 0 and a constant A > 0 such that for every z € 9D, there is a C1!-function ¢ = ¢, : R~! - R
satisfying ¢(0) = 0, Vo(0) = (0,...,0), [[Vé|]lo < A, |[Vo(x) — Vo(2)| < Alz — 2|, and an
orthonormal coordinate system CS.: y = (y1, - ,Yd—1,Yd) := (¥, yq) with origin at z such that
B(z,R)ND = {y = (§,y4) € B(0,R) in CS, : yq > ¢(y)}. The pair (R, A) will be called the C1:!
characteristics of the open set D. By a C'! open set in R we mean an open set which can be
written as the union of disjoint intervals so that the minimum of the lengths of all these intervals
is positive and the minimum of the distances between these intervals is positive. Note that a C!
open set can be unbounded and disconnected, and that a bounded C! open set has only finitely
many connected components.

For an open set D C R? and = € D, we will use dp(x) to denote the Euclidean distance between
x and D For an open set D C R% and (rg,\g) € (0,00) x [1,00), we say the path distance
in each connected component of D is comparable to the Fuclidean distance with characteristics
(ro, Ao) if the following holds for any r € (0,rg): for every z,y in the same component of D with
dp(x) Ndp(y) > r, there is a rectifiable curve [ in D connecting x to y so that the length of [ is no
larger than Ag|z — y|. Clearly, such a property holds for all bounded C'! open sets, C! open sets
with compact complements and domains above graphs of C'»! functions.

For any open subset D C R?, we use 7fy to denote the first time the process X exits D. We
define the process X%P by Xf’D = X{ for t <7 and Xf’D = 0 for t > 77, where 0 is a cemetery
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point. X%P is called the subprocess of X¢ killed upon exiting D. The infinitesimal generator
of X®P is (A + a®A%/?)|p. Tt follows from [17] that X% has a continuous transition density
p}(t, z,y) with respect to the Lebesgue measure.

The goal of this paper is to get the following sharp two-sided estimates on p%,(¢,x,y) for any
CY! open set D in which the path distance in each connected component of D is comparable to
the Euclidean distance.

Let

(1 A Ljf)) (1 A L\}?) (t—d/ze—c\x—yﬁ/t 4 _ac /\t—d/Z))

o —y|dte

when z,y are in the same component of D,

R (t, . y) = (1 . L\/(;)) (1 A 5;\;/(;;)) <|x—aya\3+a /\t*d/2) (1.4)

when z,y are in different components of D.

One can easily show that, when D is bounded, the operator —(A + a®A%/2?)|p has discrete
spectrum (see, for instance, the first paragraph of the proof of Theorem 1.3 (ii) and (iii) in Section
4). In this case, we use Xf’D > 0 to denote the smallest eigenvalue of —(A +a*A%/?)|p. Denote by
(z)

D(z) the connected component of D that contains x and let Xf’D *)'> 0 be the smallest eigenvalue

of —(A + aaAa/2)|D(z)‘

Theorem 1.3 Let d > 1. Suppose that D is a CY open set in RY with characteristic (R, A) such
that the path distance in each connected component of D is comparable to the Euclidean distance
with characteristics (ro, A\o).

(i) For every M > 0 and T > 0, there are positive constants C; = Ci(R, A, 19, Ao, M, 0, T) > 1,
i =4,5, such that for all a € (0, M] and (t,z,y) € (0,T] x D x D,

Oyl b, (tx,y) < ph(ta,y) < Cahfo, (62, y).

(ii) Suppose in addition that D is bounded and connected. For every M >0 and T > 0, there is a
constant Cs = Cg(D, M,a,T) > 1 so that for all a € (0, M] and (t,x,y) € [T,00) x D x D,

a,D a,D
Colte ™ 6p(x)dp(y) < pht,a,y) < Coe ™" dp(x)dp(y).

(iii) Suppose that D is bounded but disconnected. Then for every M > 0 and T > 0, there are
constants C; = Cy(D,M,a,T) > 1. i = 7,8, such that for all a € (0, M], t € [T, ), the
following hold.

(a) If x,y are in the same component D(x) of D,

—1 —t)\T’D(x)(S 5 < Pl < —t)\(ll’D(x) e —tXll’D 5 5
Cile p(x)dp(y) < ph(t,2,y) < C7 (e + (1A (a%t))e p(x)dp(y).
(b) If x,y are in different components of D,

C5latet OV VAT 5L ) p(y) < ph(ta,y) < Cs (1A (@) e 6p(2) dp(y).



Remark 1.4 (i) Unlike the Brownian motion case, even though D may be disconnected, the
process X®P is always irreducible when a > 0 because X*P can jump from one component
of D to another. When a > 0 is smaller, the connection between different components of D
by X becomes weaker. The estimates given in Theorem 1.3 present a precise quantitative
description of such a phenomenon. Letting a — 0, Theorem 1.3 recovers the Dirichlet heat
kernel estimates for Brownian motion in D (even when D is disconnected); see [20, 31] and
the reference therein for the latter. In particular, for x and y in different components of D,
we have lim, 04 p})(t,z,y) = 0 for all z,y > 0, which is the case for Brownian motion.

(ii) In fact, the estimates in Theorem 1.3(i) will be established under a weaker assumption on
D: the lower bounded estimate is proved under the uniform interior ball condition and the
condition that the path distance in each connected component of D is comparable to the
Euclidean distance (see Theorem 2.4), while the upper bound estimate is proved under a
weaker version of the uniform exterior ball condition (see Theorem 3.9). Here an open set
D C R? is said to satisfy the uniform interior ball condition with radius Ry > 0 if for every
x € D with ép(x) < Ry, there is z;, € 0D so that |z — 2| = dp(x) and B(xo, R1) C D for
xo = 2z + Ri(x — 23)/|x — 2zz|. We say D satisfies a weaker version of the uniform exterior
ball condition with radius R; > 0 if for every z € 9D, there is a ball B? of radius Ry such
that B* C (D)¢ and 9B N 0D = {z}.

Integrating the heat kernel estimates in Theorem 1.3 over time ¢ yields the following two-sided
sharp estimates of the Green function of X® in bounded C! open sets, which were first obtained
in [14] by a different method. We will not give the details in this paper on how these estimates
can be obtained by integrating the estimates in Theorem 1.3. Interested readers are referred to the
proof of [9, Corollary 1.2], where the sharp estimates for the Green functions of symmetric stable
processes in bounded C1'! open sets are obtained from the sharp heat kernel estimates for the heat
kernels by integration over time t.

Define for d > 3 and a > 0,

L (1A op (xz(SDQ(y) when z,y are in the same component of D,
9% (z,y) == lz—yl lz—yl
‘xiﬁdﬁ 1A 5D|(;zil"2(y) when z,y are in different components of D;
ford =2 and a > 0,
() = log (1 + %) when z,y are in the same component of D,
’ a®log (1 + %) when z,y are in different components of D;
and for d =1 and a > 0,
3 () (6D(:c)5p(y))1/2 A %ﬁzﬁ(y) when z,y are in the same component of D,
gp\T,Y) ‘=
a®( (6p(2)dp(y) % A W) when z,y are in different components of D.

Corollary 1.5 Let M > 0. Suppose that D is a bounded C%' open set in R®. There exists
Cy = Cy(D,M,a) > 1 such that for all x,y € D and all a € (0, M]

Cy' gh(z,y) < Gh(z,y) < Cygh(z,y).



This paper is a natural continuation of [9], where sharp two-sided heat kernel estimates for
symmetric a-stable processes in C1'! open sets are first derived, as well as [13], where the boundary
Harnack principle for X is established. Some ideas of the approach in this paper can be traced back
to [9] but a number of new ideas are needed to handle the combined effects of Brownian motion and
discontinuous stable process. A comparison with subordination of killed Brownian motion is used
for the lower bound short time heat kernel estimates for X%»”. We would like to point out that,
unlike [9], the boundary Harnack principle for X is not used directly in this paper. Instead we use
one of the key lemmas established in [13] to obtain the upper bound of the heat kernel (see Lemma
3.1). Theorem 1.3(i) will be established through Theorem 2.4 and Theorem 3.9, which give the
lower bound and upper bound estimates, respectively. In contrast to that in [9, 10, 12], the proof
of large time heat kernel estimates in Theorem 1.3(ii)-(iii) does not use intrinsic ultracontractivity
of X%P_ The proof presented here is more direct, and uses only the continuity of Xf’D and its
corresponding first eigenfunction in a € (0, M], which is established in [18]. Lastly, we point out
that the approach of [3] relies critically on the fact the symmetric stable processes do not have
diffusion component and so it is not directly applicable to the processes considered in this paper.

We will use capital letters Cq, (5, ... to denote constants in the statements of results, and their
labeling will be fixed. The lower case constants ci,ca,... will denote generic constants used in
proofs, whose exact values are not important and can change from one appearance to another. The
labeling of the lower case constants starts anew in each proof. The dependence of the constant ¢

13

on the dimension d will not be mentioned explicitly. We will use “:=” to denote a definition, which
is read as “is defined to be”. We will use 0 to denote a cemetery point and for every function f,
we extend its definition to 0 by setting f(9) = 0. We will use dz to denote the Lebesgue measure

in R%. The Lebesgue measure of a Borel set A C R? will be denoted by |A].

2 Lower bound estimate

In this section, we assume that D is an open set in R? satisfying the uniform interior ball condition
with radius R; > 0 and that the path distance in each connected component of D is comparable to
the Euclidean distance with characteristics (rg, Ag). Observe that under the uniform interior ball
condition, the condition that the path distance in each connected component of D is comparable
to the Euclidean distance is equivalent to the following: there exist ro, A > 0 such that for all
r € (0,72] and all z,y in the same connected component of D with dp(x) A dp(y) > r, there
is a rectifiable curve [ in D connecting = to y so that the length of [ is no larger than Az — y|
and dp(z) > r for every z € [. The latter is also equivalent to the following, which is called the
connected ball condition in [20]: For all » € (0,7r2] and z,y in the same connected component of
D with dp(z) A dp(y) > r, there exist m and x, kK = 1,2,...,m such that xy = =, x,, = v,
Tp—1 € B(wy, 5) C B(wg,r) C D and r-m < Aglz — y.
Observe for all A\,a > 0 and &,z € RY,

E, [eiﬁ-@(X?/erél)) — PR, ei(axs»(Y;/AQ—Yo)] — P+ (axtemD /@) g

It follows that if { X}’ ’D, t > 0} is the subprocess in D of the independent sum of a Brownian motion

and a symmetric a-stable process on R¢ with weight a, then {)\X;’_D%,t > 0} is the subprocess in



AD of the independent sum of a Brownian motion and a symmetric a-stable process on R? with
weight aX(@=2)/®_ So for any A > 0, we have

p‘}é‘;aiwa (t,z,y) = AL N2, e, A y) for t > 0 and z,y € AD. (2.1)
The above scaling property of X® will be used throughout this paper. For ¢ > 0, we define
ay := at?=)/ (), (2.2)

This notation will be used in this paper when we scale an open D by s7Y2 4o 572D,

We first recall the definition of subordinate killed Brownian motion: Assume that U is an
open subset in R? and T} is an «/2-stable subordinator independent of the killed Brownian motion
XOU_ For each a > 0, let T® be the subordinator defined by T := t 4+ a?T;. Then the process
{Z} Ut > 0} defined by zZ U= X%GU is called a subordinate killed Brownian motion in U. Let
q;(t,x,y) be the transition density of Z%Y . Then it follows from [30, Proposition 3.1] that

pi(t,z,w) > qi5(t, z,w), (¢, z,w) € (0,00) x U x U. (2.3)
We will use this fact in the next result.

Lemma 2.1 Suppose that M and T are positive constants. Then there exist positive constants
C; = Ci(R1,710, Mo, 0, T, M), i = 10,11, such that for all a € (0, M], t € (0,T] and x,y in the same
connected component of D,

— J (x) 5D(y) — 2
@ (t, x, >C’td/2<1/\D><1/\ Cule—y[?/t
pph(t,z,y) > Cro i NG e

Proof. Suppose that z and y are in the same component, say U, of D. Let py(t,x,y) be the
transition density of the killed Brownian motion in U. It follows from [20, Theorem 3.3] (see also [31,
Theorem 1.2]) that there exist positive constants ¢; = ¢1(R1,70, Ao, a, T') and ca = ca2(R1, 70, Ao, @)
such that for any (s, z,y) € (0,27] x U x U,

) )
o)z e (10 200 (1 Q) arzemetear,
(Although not explicitly mentioned in [20], a careful examination of the proofs in [20] reveals
that the constants ¢; and ¢y in the above lower bound estimate can be chosen to depend only on
(R1,70, Ao, o, T') and (Ry, 70, Ao, @), respectively.) Since p,—1/2¢/(u, t_l/Qas, t_l/Qy) = td/QpU(ut, x,y),
we have for t < T and (u,z,y) € (0,2] x U x U,

_ - 5U(x) 5U(y) - —calz—y)?/(tu
pt—l/QU(U,t 1/2.’15,t 1/2y) > c1 <1 A m) <1 VAN ﬁ u d/26 2le—yl*/(t ) (24)

Let (% (u,s) be the density of a;2T,, where a; is defined in (2.2). Then it follows from the
definition of the subordinate killed Brownian motion (for example, see [1, page 149]) that for every
1/3<b<land0<t<T,

o
@ty (0t P, 7 2y) = /b P12y (st P, 7Py P(b + af Ty, € ds)

8



- / P (s, t 2, 72yt (b, s — b)ds
b

- / ptfl/QU(S + b7 til/Zl‘, til/Zy)/’Lat (b7 S)ClS.
0

Consequently, by (2.3) and (2.4), for every 1/3<b<land 0 <t <T,

p?il/QD(I% t71/23§'7 t71/2y)
p?ﬁl/QU(bu t_1/2$, t_1/2y)

Y

> qul/zU(bﬂf_l/zxﬂf_l/Qy)
1
> / Pro1oy (s + bt 2w 171 2y) o (b, 5)dss
0
c o () 0u(y)\ ,-3calo—yl /t/l
> — 77 2 Yy ag b d
> 2<1/\\/i)(1/\ O,u(,s)s
c1 ou() —3ezlz—y/t (g, 2
= (1A 2127y T, <1
(10 707) (1020 ) et <
C1 (5U($ 5U(y > —3ca| 2
> SLqA 1A cale=yP/tpir . < p2p—(2-a)/a
> 5 (1) (10 Pfiss )
ou(z) > ( éu(y) ) 3y
> 1A 1A C2 [T — y| /t
- C3< Vi NG
_ (1/\ 5D(CL' ) <1/\ 5D(y > —3ca|z—y|? /t (25)
Vi Vit
We now conclude from (2.1), (2.2) and (2.5) with b = 1 that

- - - p(z) DY)\ —seala—yl?
a d a d/2 D D 3ca|x
Pt a,y) =t 4Pp (L6 P 7 Py) > ept <1A i ><1A i) 2le=l'/t,

g
The inequality (2.5) above with b = 1/3 will be used later.

Lemma 2.2 For all M,r,b > 0, there exists C1o = C12(M, a,7,b) > 0 such that

Po(Tho, >0) > Cr2 >0  foralla € (0, M].

Proof. It follows from Lemma 2.1 that

inf Po(150,n >0) = inf/ PBo.m(0,0,9)d
b o(TB(0,n > b) actonn) Jiom PO y(6,0,y)dy

cbd/? <T A 1> / <|y‘ A 1> el /bgy,
Vb B0, \Vb

\Y]

Lemma 2.3 Suppose that M and r are positive constants. Then there is a constant Ci3 =
C13(M,a,d,r) € (0,1/3] such that for all a € (0, M] and u,v € R?,

paB(u,r)UB(v,r)(l/Bv u, ’U) > Cl3(<]a(u, U) A 1)



Proof. If |u — v| <r/2, by Lemma 2.1
PB(ur)uB(wr) (1/3,u,v) 2 |z|12f/2p%(0’r)(1/37 0,2) > ¢ (r A1)? e > g > c3(J4(u,v) A1).

Let £ = B(u,r) U B(v,r). If |u—wv| > r/2, with £y = B(u,r/8) and Ey = B(v,7/8), we have by
the strong Markov property and the Lévy system (1.2) of X that

PE(/3,u,0) = By [ph(1/3— 8, X% v) 178, < 1/3, X0 € B

1/3
= / (/ P, (8, u,w) </ J“(w,z)p%(l/B—s,z,v)dz) dw) ds
0 El E2
1/3
<w€EllI’1£€E2J (w,z)) /0 Py (78, > s) </EQ pE(1/3 3,z,v)dz> ds
1/3
utrt, > 19 (nt @) [ [ /- sistaas
0o JE

v

v

wek,z€E>

1/3
= Pyu(rg, > 1/3) < inf  j%(jw— z\)) /0 Py(1s, > 1/3 — s)ds

weFk,2€E>

1 . .
> gPu(T%l >1/3) (weE}BEEEzja“w — z|)> P, (g, > 1/3).

Thus by Lemma 2.2,

1 2 . .
p%(u,T)UB(U,T‘)(l/S’ u, U) 2 § (PO(TJ%(O,r/& > 1/3)> <w€E}11’71£€E2ja(w - Z’))
> cgj(Ju —v|) > eq(J4(u,v) A1)
O
Recall that the function hl(t,z,y) is defined in (1.4).
Theorem 2.4 Suppose that M and T are positive constants. There are positive constants C; =
Ci(M, Ry, 10, 0, N\, T, ), i = 14,15, such that for all a € (0, M] and (t,z,y) € (0,T] x D x D
p%(ta%y) > Cl4haC'15 (t,x,y). (26)

Proof. Since t~/2D satisfies the uniform interior ball condition with radius Ry (T)~ /2 for every
0 <t < T, there exist § = 6(Ry,T) € (0,Ry(T)""/?) and L = L(Ry,T) > 1 such that for all t €
(0,T] and 2,y € D, we can choose &, € (t~/2D)N B(t~1/2z, L8) and &, € (t~/2D)N B(t~1/%y, L)
with B(&,20) N B(&,,26) = 0 and B(&,,20) U B(£,,26) C t~Y/2D.

Let z; := t~'/2z and y; := t~/?y. Note that by (2.5) with b= 1/3,

op(z) el —ul?
pt 1/3,zs,u)du > c < /\1>/ 5. WA e colre—ul du
/B(fz,é) t 1/2D( /3, ¢, u) 1 i B(gz,é)( —1/2p () )
> <5lj§ ) A 1) e~ LHD* | B (e, 6)]
> 3 <5D\/(§) A 1> . (2.7)



Similarly

a 5D(y) )
C ()3, u)du > AT 2.8
L 1/ = s (2 3)

Now we deal with the cases |z — y¢| > /8 and |z; — y¢| < 0/8 separately. Recall the definition
of a; from (2.2).

Case 1: Suppose |x; —y¢| > §/8. Note that by the semigroup property and Lemma 2.3,

pt 1/2D 1 xt)yt)

/ / pt 2 p(1/3, @, )it s ) (1/3,u,0)pit o 5 (1/3, 0,y )dudv
B(&y,0) J B(&z,9)
/ / pt 1/2p 1/3#137&’U)p(g(uﬁ/g)uB(Ws/z)(1/3’uav)p?iuzp(l/?’avat)dUdU
B(EU 6) 5927
>c4/ / P p (13,2, w) (J* (u,v) AP )5 (1/3, 0,y )dudo
gy» B(ézzé)

>c inf J%(u,v) A1 / / p™ 1/3, x4, u)p™ 1/3,v,y)dudv.
L O SN G CROTE) Y I I T TN

It then follows from (2.7)-(2.8) that

a . 5D(l‘) ) <6D(y) >
t Lz, ye) > f J%(u,v) A1 Al AlJ. 2.9
Pirapll o) = ((u,weB@f}a)xB(sm( (t2) )> ( Vi Vi (29)

Using the fact that
T (0, ) = AT, )| — ) = 2 e ) (2.10)

and the assumption |z; — y¢| > /8 which implies that |u — v| < 2(1 + L)0 + |z — y| < (17 +
16L)|z: — y¢|, we have

inf T (u,v) A1) > er (% (e, ye) A1) = er (82T (@, y) A1), 2.11
(u,v)eB(sz,a)XB(gyyé)( (u,v) A1) > e7 (J* (2, y0) A1) = ez ( (z,9) A1) (2.11)

Thus combining (2.9) and (2.11) with (2.1), we conclude that for |z; — y¢| > §/8
ph(ta,y) = t2p0,, (1,67 20 7 2y)

s (&ﬁ) . 1> (5?/(5) N 1) (2795 ) A1)

= g (5’1[(:) A 1) <5D\/(§) A 1) (tJ(z,y) AtY?). (2.12)

Case 2: Suppose |z; — y;| < §/8. By the semigroup property,

Y

pt 1/2D 1 xtayt / 5 5)/ é‘ pt 1/2p 1/37$t7u)p?ﬁ1/2D(1/3,’U,7'U)p?£1/2D(1/3,'U,yt)dUdU'
Yy zv

(2.13)
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By (2.5) with b = 1/3, we have for every (u,v) € B(&,,0) x B(&;,0),

Do (1/3,10,0) > €9 (5,12 p(w) A 1) (§1/2p () A1) e > ey (S A 1)

Thus by (2.7)-(2.8) and (2.13),
ép(x) 6p(y)
< Vi “>< Vi “)

12 <5D\/(§c) A 1) <5D\/(§J) A 1) (#4219 (5 ) A1), (2.14)

Combining (2.1), (2.12) and (2.14) with Lemma 2.1, we have proved the theorem. O

Y

p?il/QD(]‘7 T, yt)

v

3 Upper bound estimate

In this section, we will establish upper bound estimate for X in any open set D (not necessarily
connected) satisfying a weaker version of the uniform exterior ball condition.

Suppose that U is a C1'! open set with C1'! characteristics (R, A). Without loss of generality, we
can always assume that R < 1 and A > 1. By definition, for every Q € 9U, there is a C!'-function
bo : RIT = R satisfying ¢o(0) = 0, Vog(0) = (0,....0), [Veglle < A, [Vég() - Véo(2)| <
Alz — 2|, and an orthonormal coordinate system CSg: y = (¥, yq) with origin at @ such that
B(Q,R)NU ={y= (9, ya) € B(0,R) in CSq : yq > ¢(y)}. Define

pQ(x) =4 — $Q(T),
where (z,x4) is the coordinates of  in C'Sg. Note that for every Q € OU and z € B(Q,R)NU,
we have (1 + A?)"1/2pg(x) < dy(z) < po(x). We define for 1,79 > 0
Ug(ri,m2) =={y € U :r1 > po(y) >0, |y| <r2}.
We recall the following key estimates from [13, Lemma 3.5].

Lemma 3.1 Suppose R € (0,1], M € (0,00) and A € [l,00) are constants, and let ro :=
R/(4v1+ A2). There are constants 8y = 6o(R, M, A,«) € (0,79) and C16 = Ci6(R, M, A, ) > 0
such that for all a € (0,M], X > 1, CY! open set U with characteristics (R,A), Q@ € oU and
x € Ug(A 160, \"1rg) with T = 0,

ra < ,
]P’w <XTUQ(/\—160,A—17~0) S U> < Clﬁ)\éU(a:) (3 1)
and
E, |:T8Q()\7160,)\717‘0):| < 016)\_15U($). (3‘2)
We note that
Po(rg > 1/4) < Py (T;}Q((;Ovm) > 1/4) +P, (X:;}QWO) € U and 75,5, ) < 1 /4)
<

4E, [T[(}Q(csoﬂ“o)} + Py <X7€}8Q(50’T0) < U> ‘

Thus, by (3.1)-(3.2) with A = 1 and a simple geometric consideration, we obtain the following
lemma.
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Lemma 3.2 Suppose that M > 0 and U is a CY' open set with the characteristics (R, ). There
exists C17 = C17(A, R, M, &) > 0 such that for all a € (0, M] and z € U,

P, (1 > 1/4) < Ci7ép ().
In particular, we have the following.

Corollary 3.3 Suppose that M and ry are positive constants and E := {x € R?: |z — zg| > r1}.
There exists C1g = C1(r1, M, ) > 0 independent of xo such that for all a € (0, M] and x € E,

Px(TE > 1/4) < Clg(sE(ﬂZ)

The proof of the next lemma is similar to that of [3, Lemma 2], which is a variation of the proof
of [9, Lemma 2.2]. We give the proof here for the sake of completeness.

Lemma 3.4 Suppose that Ey, E3, E are open subsets of R with Ey, E3 C E and dist(E1, E3) > 0.
For anyn > 1, let Eq;, i = 1,...,n, be disjoint Borel subsets with U} {E2; = E\ (E1 U E3). If
x € E1 and y € Es, then for alla > 0 and t > 0,

Pt z,y) <Y Po(X]y € Eay) ( sup p%(&&@/)) + (A Ee[7g,]) < sup  J%(u, Z)> :
=1

S<t,Z€E27i uek1,z€E3
(3.3)
Proof. Using the strong Markov property, we have
Py = B oyt -8, Xey y) 178, <1
n
= ZEx {paE(t - Tgl,ngl,y) TR, <t ngl € Egy,}
i=1
+E,; [p%(t—Tgl,Xf%l,y) (g, < t,Xf_l%l € Eg} =1+ 1II.
Clearly
n
I < P (Ta <t, X% € Ey ) sup  pyl(s, z,y
; x E1 TEl 52 s<t,z€E27,- E( )
n
< P (X“a € E27‘) sup  pE(s,z,y) |-
iz:; ’ TEl ' s<t, ZGEQ’Z' E )
On the other hand, by (1.2),
t
II = / (/ PE, (8,7, u) (/ J(u, 2)pg(t — s,z,y)dz> du> ds
0 By E3
t
< (s rwn) R o ([ s ) as
ueFE,z€F3 0 FEs
t
< / Py(rg, > s)ds  sup  Ju,z2) < (EAEy[rg,]) sup  J%u,z2).
0 uEEl,ZGEg uEEl,ZGEg
This completes the proof of the lemma. O
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Theorem 3.5 Suppose that M > 0 is a constant and that D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius Ry > 0. There exists a positive constant
Ci9 = C19(M, o, Ry) such that for all a € (0, M] and x,y € D,

P(1/2,2,y) < Cro (Op(w) A1) (777010 4 (jo(ja - y)) A 1)) (3.4)

Proof. First note that for every xp € RY, {z € R? : |z — x| > R1} is a C1! open set with
characteristics (R, A) depending only on R; and d. Let rg and &y be the positive constants in
Lemma 3.1 for U = {z € R?: |2 — 29| > Ry }.

It follows from Corollary 1.2 that

Ph(1/2,2,9) < p(1/2.2,y) < er (eI 4 (g (| —y]) 1))

so it suffices to prove the theorem for z € D with dp(x) < d0/(32).

Now fix x € D with dp(z) < 00/(32) and let @ € 9D be such that |z — Q| = dp(z). Let
Bg C D¢ be the ball with radius Ry so that dBg N 9D = {Q} and E := (Bg)°. Observe that
dp(z) =0p(z) = |z — Q.

When |z — y| < /dCs V ((6p + 10)/2), we have from Corollary 1.2 that

p*(1/2,2,y) > coe™ "V > 0 >0 and  sup p*(1/4,z,y) < cs.
z€R?

Thus, by the semigroup property and Corollary 3.3,

(12, 2,y) — /D P (14, 2, 2)p(1/4, 2, y)d=

sup pp(1/4, z,y)Px (7 > 1/4)
z€D

sup p*(1/4, z,y)P (15 > 1/4)
z€R4

cedp(x) = cedp(z) < 7 dp(z)p®(1/2,2,y) . (3.5)

Finally we consider the case that |x — y| > /dC2 V ((d9 + 7r0)/2) (and dp(z) < do/(32)).

There is a CY!-function ¢ : R¥~1 — R satisfying ¢(0) = 0, V¢(0) = (0,...,0), [|[VA|s < A,
|[Vo(w) — V(z)| < Ajw — 2|, and an orthonormal coordinate system CS with its origin at @ such
that

IN A

IN

B(Q,R)NE={2=(2,29) € B(O,R) in CS: zg > ¢(2)}
and that 2 has coordinate (0,8p(x)) in this C'S. Let
Ei={2=(2,24) in CS:0< zqg— ¢(2) < 00/8, |Z| <ro/8},

Es:={z€ E:|z—z| > |r—y|/2} and Ey := E \ (E; U E3). Note that |z — x| > (d9 + 7¢)/4 for
z € F3. So, if u € F1 and z € E3, then

1 1
lu—z|>|z—z|—|z—u| > |z —x| — (0o +10)/8 > §|z—x\ > 1|x—y\. (3.6)
Thus
sup  JU(u,z) < sup J(u, z)
u€Ek), 2€L3 (u,2):lu—z|>%|z—y|
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< Jlz—yl/4) = (5°(z —yl/4) A M (o +10)/8)) - (3.7)

If z € Ey, then |z —y| > |z —y| — |x — 2| > | — y|/2. We also observe that for every § > d/4,
SUP,<1/2 §74/2¢=B/s = 24/2¢=28 By Corollary 1.2 and these observations,

sup  pP(s,z,y) < C3  sup <sid/267|zfy‘2/(c25) + (sid/2 A 3J“(z,y))>
$<1/2,z€E5 s<1/2,z€FE>

IN

Cy22e 1€ 4 S (1 g2
= Co22e VIO 4 O3 (0 — yl/2) A M (50 + o) /)
< e (T 4 (s — g A1) (3.8)
for some cg > 0. Applying Lemmas 3.1 and 3.4, we obtain,
PE(1/22,y) < e (TR 4 oz —y)) A1) (Po(XEy € B) +Ealrt,))
< edp(a) (eTTICD ¢ (% (a —yl) A1)
= ¢106p(2) (e—lx—y\z/(zcz) + (ja(‘x —y) A 1)) ‘
Therefore

Ph(1/2,2,y) < pp(1/2,2,y) < cwdple) (7% 1 (oo~ y) A1)).

Theorem 3.6 Assume that M > 0 is a constant and that D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius Ry > 0. For every T > 0, there exists a
positive constant Coy = Coo(T, Ry, , M) such that for all a € (0, M) and (t,z,y) € (0,T] x D x D,

ph(t, z,y) < Co <1 A 511}?) <1 A 513;?) (t*d/%*\x*yl”(@f) + (2 /\tJa(m,y))) . (3.9)

Proof. Fix T, M > 0 and recall that a; := at2=2)/2e) < p7(2-2)/2)  Note that t~1/2D is an
open set satisfying a weaker version of the uniform exterior ball condition with radius 7-/2R; > 0
for every t € (0,7]. Thus, by Theorem 3.5, there exists a positive constant ¢; = ¢1(T, Ry, a, M)
such that for all t € (0,7 and a € (0, M],

Pty p(1/2,2,y) < ea (e 4 (4 (|2 — ) A 1))6-12p (). (3.10)

Thus by (2.1), (2.10) and (3.10), for every t < T,

PHt/2,x,y) = U, (1/2,471 2171y
< t_d/2 (e—lx—y|2/(2(j’2t) + (jat(’.x _ y’/tl/Q) A 1)) 5t—1/2D(t_1/2x)
= (eI (2 e, y)) 2P0
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By symmetry, the above inequality holds with the roles of x and y interchanged. Using the semi-
group property and Corollary 1.2 (twice), for ¢t < T,

phitay) = [ it/ wlt/2 )
< csw /D P20, 7, 2)p™ (2021, 2, y)d>
< o3 Wl)“(‘lcgt,%y)
< e 5D($)t5D(y) (tfd/267|xfy|2/(40'§t) b /\Ua(x’y))).

This with Corollary 1.2 proves the upper bound (3.9) by noting that
(L Au)(1Av)=min{l,u,v,uv} for u,v > 0.
O

We point out that, in view of Theorem 2.4, the above upper bound estimate (3.9) is sharp when
x and y are in the same component of D. However it is not sharp when z and y are in different
components of D, since in this case when a — 0, it does not go to zero and thus does not give
the sharp upper bound for the Dirichlet heat kernel pOD (t,z,y) of Brownian motion in D. Next we
improve the above estimate to get the sharp estimate stated in Theorem 3.9 below.

For the remainder of this section, we continue to assume D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius Ry > 0. It is easy to see that the distance
between any two distinct connected components of D is at least R* for some R* > 0 that depends
only on R;. Without loss of generality, we assume that R* = R;. Observe that for ¢g > 0, r > ¢
and t > 0,

t
£ 20 () = oy < e (3.11)

where ¢; > 0 depends only on ¢g, g and and d. This implies that for z and y in different components
of D, the jumping kernel component t.J!(x,y) dominates the Gaussian component ¢=d/2¢=le—y[*/Cat
This fact will be used several times in the rest of this section.

By Theorem 3.6, we only need to consider the case when x and y are in different components
of D. Recall that , for any x € D, D(x) denotes the connected component of D that contains x.

First we give an interior upper bound of p%,(¢,z,y) when x and y are in different components
of D.

Lemma 3.7 Assume that M > 0 is a constant and that D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius Ry > 0. For every T > 0, there exists a
positive constant Ca1 = Ca1(T, Ry, a, M) such that for all a € (0, M], t € (0,T] and x,y in different
components of D,

ph(t,7,y) < Cora®t|z —y| =47

Proof. Using the strong Markov property and (1.2), we have for ¢t < T,
Pp(t,z,y)
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~ E, [p;g (t = Ty Ko U) i Thy <t Xl €D\ D(m)}

t
-/ ( | phitsa) ( / J%u,z)p%(t—s,z,y)dz) du) ds
0 D(z) D\D(z)
a t
< a - / / p(s,x,u) / (tid/Q/\(tJM(u,z)))pa(t—s,z,y)dz du | ds
tM* Jo \ JD(2) D\D(x)

aa

S /Ot (/de“(s,x,u) (/R (192 A (tJM(u,z)))p“(t—s,z,y)dz) du> ds.  (3.12)

In the second to the last inequality above, we have used the facts that JM (u, z) < jM(R;) and
t < T. By Corollary 1.2, p®(s,z,u) < cop™(C2s,z,u), p*(t — 5,2,y) < capM (C2(t — 5),2,7) and
t4/2 A (tJM(u, 2)) < cop™(t,u,z). Thus, using the semigroup property and Corollary 1.2, from
(3.12) we obtain that

IN

a

o t
phltay) < e [ ( [ s ( / pM<t,u,z>pM<c§<t—s>,z,y>dz) du> ds
tMe J, Rd R

[0}

a
tM«

t
— / PM((C2 + 1)t 2, y)ds
0

< egal [t U2e v /(Ca(CErYY | a2 f b
|z —y| T+
< csatlr —y|T4e
In the last inequality above, we have used the fact that |z — y| > Ry. O

Theorem 3.8 Assume that M > 0 is a constant and that D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius R1 > 0. There exists a positive constant
Cao = Co9(M, , Ry) such that for all a € (0, M] and z,y in different components of D.

Pp(l,2,y) < Coa (0p(x) A1)(0p(y) A1) (5%l —y[) A1) .

Proof. We first claim that
pH(1/2,z,y) < cia®(dp(x) A1) (]ac —y|T A 1) . (3.13)

Recall that for every xg € RY, {z € R? : |z — 20| > R1/4} is a C1! open set with characteristics
(R,A) depending only on R; and d. Let 9 and dyp be the positive constants in Lemma 3.1 for
U={zeR?: |z — x| > Ry/4}. It follows from Lemma 3.7 that

pPh(1/2,2,y) < c1 (*(Jlz —y[) A D).

So it suffices to prove (3.13) for z € D with dp(x) < do/(32).
Now fix z € D with dp(z) < dp/(32) and let QQ € 9D be such that v — Q| = dp(x). Let Bg be
the ball with radius R;/4 so that Bg C D¢ and 0Bg N 0D = {Q}.
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There is a Cl!-function ¢ : R4~ — R satisfying ¢(0) = 0, V(0) = (0,...,0), |[Vo|lec < A,
IVo(w) — V(z)| < Alw — z|, and an orthonormal coordinate system C'S with its origin at @) such
that

B(Q,R)N(Bg)°={z=(2,24) € B(0O,R) in CS : 24 > ¢(2)}

and that z has coordinate (0,8p(x)) in this C'S. Let
E:=DU(B(Q,R1/2) \FQ),

FE = {Z = (E,zd) inCS:0< zd—gb(E) < 50/8, |E’ < 7"0/8},

FE3 = {Z ek ‘Z—I” > |.’L'—y|/2}, E271 = (E\(E1UE3))QD(:I/) and EQ’Q = E\(El UFE;3 UD(y))
Observe that (5(372)0(30) =dp(x) =dp(x) = |z — Q| and |z —y| > Ry > R > ((dp + 10)/2). So, by
(3.6)7(3.7), diSt(El,Eg) 2 R1/4 and

sup  JUu,z) < e (j*(Jlz —y|) A1) (3.14)
uek,z€E3

If z€ Ey;,i=1,2, then |z —y| > |x —y| — |z — 2| > | —y|/2. Thus by the same argument as
the one in (3.8), if |z — y| > v/dCs, we have by (3.11)

sup p(s,z,y) < c3 (e"m_yP/CQ + (j“(|x —y) A 1)) < ey (jM(\x —y) A 1) . (3.15)
s<1/2,z€E2,1

If |z — y| < V/dCs, since Ry < |x — y|, we also have

sup  p(s,2,y) < C3  sup (s_d/26_|z_y|2/(025) + (s_d/2 A sJa(z,y))>

5<1/2,2€F2 1 §<1/2,2z€E2 1
< ¢5 sup (s*d/ze*R%/(ZlCQS) + (S*d/2 A Sja(Rl))>
s<1/2
< o < erM(le—yl). (3.16)

On the other hand, since D(y) C Ef 5, by Lemma 3.7,

sup  pi(s,%,y) <Cn sup  sj%(lz —yl) S es(§(lz —y) A L) (3.17)
$<1/2,2€E 2 $<1/2,2€E5 2

Furthermore, since dist(E1, D(y)) > R1/2, by the Lévy system (1.2),

P (XY €Fp) < Po(X% €D(y)

_ /Ow (/El p% (5,2, ) (/D(y) T (u, z)dz) du) ds
_ /OOO </151 P (5,2, ) (/D(y) Jl(u,z)dz> du> ds
¢ (/{Z|>R1/2}j1(|z])dz> /Ooo (/E p%l(s,x,u)du> ds

cgaE 15 ]. 3.18
Ey

IN

IA
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Applying Lemmas 3.1 and 3.4, and combining (3.14)—(3.18), we obtain,
PE(1/2,2,y)

Po(Xra € B2 ( sup p‘ff;(s,z,y)) + B (XT € Epp) ( sup p%(s,%y))

IN

$<1/2,z€E5 1 5<1/2,2z€E2 2

uek,z€E3

—I—Ex[7%1]< sup J“(u,z))

< @aaEz[T%l]( sup p“(s,z,y)>+Pz(X?g E(BQ)C)< sup p%(s,z,y)>
s<1/2,z€F5 1 1 §<1/2,2€F 2

—I—Ex[Tgl]( sup J“(u,z))

uEEl,Z€E3
< crpa®(dp(z) A1) (|x — oyl 1) .
Therefore we have proved the claim (3.13). In particular, we have
p5(1/2,2,y) < c10a®(0p(z) A1) <e—\w—y\2/<202> + (|x — g A 1)) . (3.19)

By symmetry, the above inequality holds with the roles of x and y interchanged. It follows from
the semigroup property that

pp(1,z,y)
- /D P (1/2,, 2)plb (1/2, 2, y)dz

_ / P (12,2, 2)p(1/2, 2, y)dz + / P (12, 2, 2)plh (12, 2, y)dz.
D(z) D\D(z)

By applying Theorem 3.5 and (3.19), and then applying Corollary 1.2 (twice), we have

PhlLny) £ ena(@n(e) A DG A [ 920,200 (203, 2 )iz
< enna®(0p(z) A1)(Oply) A1)p'(4C3, ,y)
< e1a®(@p(@) AD(Opy) A1) (7O 4 (o -yt )
< 13a®(0p(z) AL)(En(y) ALz — g4
< ena () A )(Bp() A1) (T ) A1)

Recall that h(t, x,y) is defined in (1.4).

Theorem 3.9 Assume that M > 0 is a constant and that D is an open set satisfying a weaker
version of the uniform exterior ball condition with radius Ry > 0. For every T > 0, there exists a
positive constant Cog = Cos(T, Ry, , M) such that for all a € (0, M] and (t,z,y) € (0,T] x D x D,

paD(t?xay) < C23 h((l4cg)*1 (t,l’,y)
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Proof. Fix T, M > 0 and recall that a; = at(2=)/(20) < p7(2-0)/(20) " Note that /2D is an
open set satisfying a weaker version of the uniform exterior ball condition with radius 7-/2R; > 0
for every t € (0,7]. Thus, by Theorem 3.8, there exists a positive constant ¢; = ¢1 (T, Ry, o, M)
such that for all ¢ € (0,7, a € (0, M] and z,y in different components of D,

Playep(Liasy) <e (G%(lz = y) A1) (6-12p(2) A1) (§-1/2p(y) A1) - (3.20)

Thus by (2.1), (2.10) and (3.20), for every t < T, a € (0, M] and z,y in different components of D,

pht,e,y) = t2p0 (1 et 2y)
< at™2 (j (e -yl 1) A1) ( —1/2p (7 122) A 1) (6-12p(t729) A1)
_ t_d/2 AtJe ’ ( ) ( )
Cl( (x y)) < i 7
Combining this result with Theorem 3.6, we have proved the theorem. O

4 Large time estimates

In this section we assume that D is a bounded C! open set in R? which may be disconnected,
and we give the proof of Theorem 1.3 (ii) and (iii).

Proof of Theorem 1.3 (ii) and (iii). Let D be a bounded C'!' open set in R? with d > 1. For
each a > 0, the semigroup of X% is Hilbert-Schmidt as, by Theorem 1.1

/ ph(t, x,y) dudy = / P2tz 2)dw < C1 ((26)7% A (a26)~) | D] < o0,
DxD D

and hence is compact. For a > 0, let {)\Z’D :k=1,2...} be the eigenvalues of —(A + a®A%/?)|p,
arranged in increasing order and repeated according to multiplicity, and {qbZ’D ck=1,2,...} be
the corresponding eigenfunctions normalized to have unit L?-norm on D. Note that {d)a’D k=
1,2,...} forms an orthonormal basis of L?(D;dx). It is well known that when a > 0, XllD i

strictly positive and simple, and that (b‘ll’D can be chosen to be strictly positive on D. It follows
from [18, Theorem 1.1(ii)] that the function a — A" is continuous on (0, M], and lim, o4 A9"" =
A?’D = minj<j<k )\(1]’ 7, where Dy, --- , Dy, are the connected components of D and )\2’ 7 is the first
Dirichlet eigenvalue of —A|p,. Hence there is a constant ¢; = ¢1(D, , M) > 1 so that

e < XPP < ¢ for every a € (0, M]. (4.1)

Using Sobolev embedding (see [18, Example 5.1]), it can be shown that {gb‘f’D, a € (0,M]} is
relatively compact in L2(D;dz). Hence by [18, Theorem 1.1(ii)] and the fact that each A" is
simple for a > 0, a — gb‘f’D is continuous in L?(D;dz) in a € (0, M]. Furthermore, as a — 0+,
any weak limit ¢ of qﬁ‘f’D is a unit non-negative eigenfunction of —A|p with eigenvalue A?’D. Note
that such ¢ may not be strictly positive everywhere on D when D is disconnected; it is strictly
= \0P

positive on least one component D; of D where A(l]’DJ . It follows that there is a constant

ca = c2(D,a, M) > 0 so that

sup /5D <b‘11D( Ydx < co. (4.2)
a€(0,M]
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Recall that p%,(t, z,y) admits the following eigenfunction expansion
° ,D
bt z,y) = Ze 0P ()00 () for t >0 and z,y € D.
k=1

This implies that

00 2
a,D a
[ oot o) dady = 3 ( / 5D<x>¢k’D<x>daz) | (43)
DxD =1 D
Consequently, we have
| @bt o) dedy <7 [ sp@)tis (4.4)
DxD D

for all @ > 0 and ¢ > 0. On the other hand, since
a a,D a a,
0P =7 [ pb(1a)ot )i

by the upper bound estimate in Theorem 1.3(i) and (4.1)-(4.2) that there is a constant cz =
c3(D,a, M) > 0 so that for every a € (0, M] and = € D,

69 () < esdp(z) / 50(y) 6P (y)dy < cacs 6 (x).
D

It now follows from (4.3) that for every that for every a € (0, M] and ¢t > 0
2

a —tA®P a,D

[ sombtr o) dedy > 8 ( [ sp(wot? @)as

DxD D
2

2 e (/ <cch>—1¢‘f’D<x>2dx> = (cacs) 2e N (4.5)

D
It suffices to prove (ii)-(iii) of Theorem 1.3 for "> 3. For t > T and z,y € D, observe that

P (t, 2, y) = / P (L, 2l (¢ — 2, 2, (L w, y)dzduw. (4.6)
DxD

Since D is bounded, we have by the upper bound estimate in Theorem 1.3(i) and (4.4) that there
are constants ¢; = ¢;(D,a, M) > 0, i = 4,5 so that for every a € (0, M], ¢ > T and z,y € D,

a,D
pp(t,z,y) < 045D(x)5p(y)/ 5p(2)ph(t — 2, 2,w)5p(w)dzdw < ¢55p(x)Sp(y)e M. (4.7)
DxD

(ii) Assume first that D is connected. Since D is bounded and connected, we have by the lower
bound estimate in Theorem 1.3(i) and (4.5) that there are constants ¢; = ¢;(D,a, M) > 0,1 = 6,7,
so that for every a € (0, M], t > T and z,y € D,

a,D
phH(t,x,y) > cs 6D(x)5p(y)/ 5p(2)p%(t — 2, z,w)dp(w)dzdw > ¢7 dp(x)dp(y)e ™. (4.8)
DxD

This combined with (4.7) proves Theorem 1.3(ii).
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(iii) Now let consider the case that D is disconnected. Note that it follows from (ii) that for
every t > 1, x € D and y € D(x),

a,D(z)

paD (t7 x, y) Z p%(gg) (t) x, y) 2 68671‘)\1 5D (I)(SD (y) (49)

Moreover, the above inequality, (4.7) and the two-sided estimate in Theorem 1.3(i) yield that there
are a constant cg := co(D,a, M) > 1 such that for every a € (0,M], t > 0 and = € D,

a,D(x) a,D(x)

cgte™™ op(x) <Py <TB(I) > t) <cge ™M op(x) (4.10)

and .
Pu (78 > t) < coe M 6p(x). (4.11)

Fort>T,x € D and y € D\ D(x), we have by the boundedness of D, (4.10) and the lower bound
estimate in Theorem 1.3(i) that

. _a
D(z),y)’ TD(I) < t:|

t
= / (/ P (5@, 2) (/ J(z,w)pH(t — s,w,y)dw> dz) ds (4.12)
0 D(z) D\D(z)

Ph(te.y) = Eu |ph(t— ey Xiy

> crpa® /t (/ p%(w)(s,x,z)dz> </ paD(y)(t - s,w,y)dw> ds
0 D(x) D(y)
= c¢jpa” /Ot P, (Tg(x) > s) P, (T%(y) >t — S) ds
> ey’ a /0 =M () Y 5 ) d (4.13)
> ciocy”a’t e OTTIT) 5 ()5 (y). (4.14)

On the other hand, using (4.10)-(4.11), we have from (4.12) that for t > T', z € D and y € D\ D(z),

t
p(lD(tv$7y) < cnn aa/ </ p%(z)(87$7z)dz) (/ p%(t - S,w,y)dﬂ)) ds
0 D(z) D\D(x)

t
c1 aa/ Po(Th(z) > 8) Pyt >t — s)ds
0

IN

IN

t a,D(x) a,D
011C§aa/ e M dp(x) e TIN5 (y)ds
0

t
SVl A CHe

e ds (4.15)

0
p(2)dp(y). (4.16)

Finally, by (4.7) and the same argument that leads to (4.15), we have that for t > T, z,y € D(x),

= cncg a®dp(z)dp(y)
D
1)

a,
< cncg a®t e ™

pp(t,z,y)
= paD(x) (tv z, y) + Er {paD (t - 7—%(1) ) Xﬁg(z) ) y); 7_%(9;) < t]
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a,D(x) s )\a,D(z)_

a, t _ a,D
< eutp@ipe 7 enatsp@pe 47 [T 0w
0

a,D(x)

< c1dp(@)0n(y)eM T 4 e a® top(x)dp(y)e M. (4.18)

Combining this with (4.7)—(4.9), (4.14) and (4.16) completes the proof of Theorem 1.3(iii). O

Remark 4.1 In general, when passing from (4.13) to (4.14), from (4.15) to (4.16) and from (4.17)
to (4.18), a factor ¢ is needed in order to have the lower estimate and the upper estimate that is
uniform in a € (0, M]. Note that for D having at least two connected components, )\‘f’D(x) > Xf’D
for every a > 0. Since D is a bounded C1'! open set, it has only finite many connected components
Dy, ,Dg. According to [18, Theorem 1.1], as a — 0, )\‘f’D converges to minj<;<g A?’Dj, where
A?’Dj is the first Dirichlet eigenvalue of —Al|p, on domain D;. Let jo be such that A(l)’DjO =

. 0,D; . a,D(z) DY _ - a,D(x) D _
minj<j<i Ay ’. Then for every x € Dj,, we have ael(%,fM] ()\1 —A] ) = agrg+ Al -7 =0.

Moreover, if D has two connected components Dy and D» that are isometric to each other, then
by [18, Theorem 1.1], for z € Dy and y € Da,

. D . D
lim )\6117 (z) — )\%Dl — )\(1)7[)2 — lim )\‘117 (y)
a—0+ a—0+
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