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POTENTIAL THEORY FOR ELLIPTIC SYSTEMS

BY Z. Q. CHEN AND Z. ZHAO

Cornell University and University of Missouri

The existence and uniqueness theorem is proved for solutions of the
Dirichlet boundary value problems for weakly coupled elliptic systems on
bounded domains . The elliptic systems are only assumed to have measur -
able coef®cients and have singular coef®cients for the lower-order terms . A
probabilistic representation theorem for solutions of the Dirichlet bound-
ary value problems is obtained by using the switched di ffusion process
associated with the system. A strong positivity result for solutions of the
Dirichlet boundary value problems is proved. Formulas expressing resol-
vents and kernel functions for the system by those of the component
elliptic operators are also obtained .

1. Introduction. Let D be a d-dimensional Euclidean domain and N a
positive integer . For

u1
. N.u s : D ª R ,.� 0u N

consider the following weakly coupled elliptic operator:

L 0 ??? 01

0 L ??? 02
1.1 Su s u q Qu.� . . . . .. . . .. . . .� 0

0 0 ??? L N

1 k k� .Here, for each k, L s = ? a = q b ?= is a strictly elliptic operator withk 2

measurable coef®cients, that is,

d d1 ­ ­ ­
k k1.2 L s a q b ,� . � �k i j i� /2 ­ x ­ x ­ xi j ii , j s 1 i s 1

with ak s ak , and there exists a constant l ) 1 such that, for almost every xi j j i

in D,

d
2 2y 1 d< < < <1.3 l j F a x j j F l j , j g R ,� . � .� i j i j

i , j s 1
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� .and Q s q is an N = N matrix-valued measurable function on D suchk l

that

1.4 q G 0 a.e. on D for k / l� . k l

and, for each ®xed k,
N

1.5 q F 0 a.e. on D.� . � k l
l s 1

The assumptions on the coef®cients bk and Q are quite general and can be
singular:

< k <21.6 1 b g K and 1 q g K� . D d D k l d

for k, l s 1, 2, . . . , N. Here a function f de®ned on R d is said to be in class
K ifd

f y� .
lim sup dy s 0 when d G 3,H dy 2< <a x 0 < < y y xyy x F ax

y 1< <lim sup f y ln y y x dy s 0 when d s 2� . � 4H
a x 0 < <yy x F ax

and

sup f y dy - ` when d s 1.� .H
< <yy x F 1x

w xIn 2 , we showed by using Dirichlet space theory that there exists a strong
� . � 4Markov process Y s X, L on D = 1, 2, . . . , N , which is called the switched

di ffusion process, whose in ®nitesimal generator is S with Dirichlet boundary
� 4condition . This process Y is de®ned for all starting points in D = 1, 2, . . . , N

except possibly for a set of zero capacity . This exceptional set can be taken of
� 4the form NN= 1, 2, . . . , N , where NN; D has zero logarithmic or Newtonian

� w x.capacity depending on whether d s 2 or d G 3 cf. 2 . Recall that a set of
zero capacity will not be hit by the process Y with starting point in its
complement . In order to study the sample path behavior of Y by using the

�nonsymmetric Dirichlet space theory especially its additive functional the-
. w x kory , we assumed in 2 the following regularity condition on coef®cients a ,

bk and q :k l

k 1, 2 � . d d � k .a g W D , � ­ b r ­ x is boundedi s 1 i i
N1.7� . from below for each k, and � q isks 1 k l

bounded from above for each l .

The above condition amounts to saying that the dual operator of the a-
� w x.resolvent of Y is sub-Markovian when a is suf®ciently large see 2 .

� . w xCondition 1.7 is dropped in this paper. Therefore, the approach in 2 is not
applicable in this paper and a new approach will be developed.

In this paper, we will use the switched di ffusion process Y to study the
potential theory for the elliptic system S, including weak solutions for the
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Dirichlet boundary value problems for the system

Su s 0 in D ,

� 4u s f on ­ D = 1, 2, . . . , N
1.8� .

and their probabilistic representations, where f is a continuous function
� 4de®ned on ­ D = 1, 2, . . . , N .

� 4DEFINITION 1.1. A function u de®ned on D = 1, 2, . . . , N such that, for
� . � .� .each k, u ?, k and its distributional derivatives ­ ur ­ x ?, k , 1 F i F d, arei

locally square integrable on D is said to be a weak solution of Su s 0 if

d d1 ­ u ­ f ­ u
k ka ?, k dx y b ?, k f dx� . � .� �H Hi j i2 ­ x ­ x ­ xD Di j ii , j s 1 i s 1

N

y q u ?, l f dx s 0� .� H k l
Dls 1

1.9� .

` � . � 4 ` � .for f g C D and k g 1, 2, . . . , N , where C D is the space of smoothc c

functions with compact support in D.

w xProtter and Weinberger 14 proved a maximum principle for solutions of
the Dirichlet boundary value problems for a class of weakly coupled elliptic

1 k k� . � .operator S whose L in 1.1 is of the form a = ?= q b ?= and whosek 2

coef®cients ak , bk and q are all assumed to be bounded. Therefore, thek l

solution of the Dirichlet boundary value problem for S of this type is unique .
w xEizenberg and Freidlin 5 studied the Dirichlet boundary value problems for

1 k k� .elliptic operators S with L s a = ?= q b ?= and with strict inequalityk 2
� . � .in 1.4 and equality in 1.5 . Under the smoothness assumption that D is a

1 k 2 k 1� . � .bounded C smooth domain, a g C D and b , q g C D , they proved ak l

probabilistic representation theorem for solutions of the Dirichlet problem as
w xwell as an existence and uniqueness theorem in the Appendix of 5 .

Let

� 41.10 t s inf t ) 0: L / L� . t 0

be the ®rst switching time of Y. In this paper, we ®rst identify the preswitch -
� 4ing process Y , 0 F t - t of Y and derive the switching distribution of Y att

� . 0its ®rst switching time t . Clearly, for 0 F t - t , Y s X , L . Let X s Xt t 0 t t

for 0 F t - t and X 0 s ­ for t G t , where ­ is a cemetery point added to Dt

as a one-point compacti®cation . We show in Proposition 2.1 that there exists
�a subset NN of D having zero capacity such that for x g D _ NN in the sequel

.we abbreviate it as ` f̀or q.e. x g D,'' where q.e. stands for quasi-every and
� 4 � 0 � x, k . .k g 1, 2, . . . , N , X , P is a strong Markov process on D starting from

x whose in ®nitesimal generator is L q q with zero Dirichlet boundaryk k k
� .condition . Let FF denote the s-®eld of events of Y strictly prior to the ®rstt y
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switching time t ; that is, FF is the s-®eld generated by FF and the setst y 0
w x � 4A l t ) t for A g FF and t ) 0, where FF is the minimum completedt t t G 0

admissible s-®eld generated by Y. We show in Theorem 2.5 below that, for
� 4 � 4 � 4q.e. x g D, k g 1, 2, . . . , N and l g 1, 2, . . . , N _ k ,

� x , k . � x , k .< <E f X , L s l FF s E f X , L s l X� . � .t t t y t t t y

qk l
s f X y X� . � .t y t y� /qk k

for any bounded continuous functions f on D. Therefore, we can identify the
� .switched di ffusion process Y s X, L with the following strong Markov

process obtained through a patching procedure of Ikeda, Nagasawa
w xWatanabe 9 from di ffusion processes associated with L q q , k sk k k

� . k1, 2, . . . , N. Suppose that we start from the point x, k . Let X be the strong
Markov process in D which is continuous up to its lifetime h whose in ®nites -
imal generator is L q q with zero Dirichlet boundary condition and denotek k k

by ­ the cemetery point for X k added to D as a one-point compacti®cation .k

Let

1.11 Y s X , L s X k , k for t - h .� . � . � .t t t t

If lim X k s ­ , set Y s D for t G h, where D is a cemetery point added tot ­ h t k t
� 4 k kD = 1, 2, . . . , N as a one-point compacti®cation . If lim X s X g D,t ­ h t hy

� N .� .while setting Y s D for t G h with probability � q r q X , putt l s 1 k l k k hy
� � N ..� .X s X with probability 1 y � q r q X and let L jump toh hy l s 1 k l k k hy h

� 4 � 4 � .� .l g 1, 2, . . . , N _ k with probability y q r q X . Then iterating thek l k k hy
� .above procedure with the starting point X , L , we get a strong Markovt t

� . � 4 � w x w x.process Y s X, L on D = 1, 2, . . . , N cf. 9 and 13 . This process Y is
� .the switched di ffusion process associated with the operator S in 1.1 . It

follows from this patching-together construction that the di ffusion component
� .X of Y s X, L has continuous sample path up to the lifetime z of Y. Since

the di ffusion process X k of L q q can be chosen to start from any point ink k k
� w x.D see 3 , by the above patching-together construction, the switched di ffu-

� .sion process Y s X, L can be modi®ed to start from any point in D =
� 41, 2, . . . , N .

Using the switched di ffusion process Y described above, we will prove in
� .this paper the existence and uniqueness theorem for weak solutions of 1.8

� .for the elliptic system S of 1.1 on a bounded domain D under our general
� .condition 1.6 . For the existence part, we show directly that the function u

given by

� x , k .1.12 u x, k s E f X , L� . � . � .t � D . t � D .

� . � . � � .is a weak solution for 1.8 , where t D s inf t ) 0: X , L f D =t t
� 44 k k1, 2, . . . , N . Here, by extending a s I , b s 0 and q s 0 off D, we mayk l
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� . d � 4assume the switched di ffusion process Y s X, L is on R = 1, 2, . . . , N .
� .Denote by u ?, k the unique weak solution of0

L q q u ?, k s 0 in D ,� . � .k k k 0

u ?, k s f ?, k on ­ D.� . � .0

1.13� .

� .We show that the weak solution u of 1.8 satis®es the equation
N

k1.14 u x, k s u x, k q G q u ?, l x� . � . � . � . � .� .�0 k l
l s 1
l / k

for k s 1, 2, . . . , N, where Gk is the Green operator of the operator L q qk k k

on D with zero Dirichlet boundary condition . A consequence of this is that
any locally bounded weak solution of Su s 0 has a continuous version . We

�mention here that a probabilistic representation theorem for solutions not
. � . w xtheir existence of 1.8 was obtained in 2 using a Dirichlet space approach

� .under the extra condition 1.7 .
�Under the mild condition that the system S is irreducible see De®nition

. � .4.1 , we prove the following strong positivity result for solution u of 1.8 .
N � . � .Suppose that f G 0 and � f ?, k k 0 on ­ D. Then u ?, k ) 0 in D forks 1

k s 1, 2, . . . , N. We remark here that any weakly coupled elliptic system can
be decomposed into several independent irreducible elliptic subsystems. Let
G be the a-resolvent for S and Gk be the a-resolvent for L q q on D witha a k k k

zero Dirichlet boundary condition . We show that, for large a ) 0 and L2-inte -
� 4grable function f on D = 1, 2, . . . , N ,

N
k k1.15 G f ?, k s G f ?, k q G q G f ?, l .� . � . � . � .� . � .�a a a k l a

l s 1
l / k

Using this, we can show that G maps bounded Borel measurable functionsa
� 4into bounded continuous functions on D = 1, 2, . . . , N . Let

G1 0 ??? 0 0 q ??? qa 12 1 N
2 q 0 ??? q0 G ??? 0 21 2 Na0 0G s and Q s .. . . .. . . .a . . . .. . . . . . . .. . . . � 0� 0N q 0 ??? 0N 10 0 ??? Ga

� .Equation 1.15 can be rewritten as

1.16 G s G0 q G0 Q0G .� . � .a a a a

We prove that there exists a constant a ) 0 such that, for a ) a ,0 0

`
n0 0 01.17 G s G Q G ,� . � .�a a a

ns 0

1, 2 � . d � � . � ..where the series is convergent in W D . If we denote by p t , x, k , y, r0
wthe fundamental solution for S with zero Dirichlet boundary condition or,
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� .x � .equivalently, the transition density function of Y s X, L and by p t , x, yk

the fundamental solution for L q q on D with zero Dirichlet boundaryk k k

condition, then

p t , x , k , y, r� . � .� .
s d p t , x, y� .k r k

`

q ??? ??? p t , x, y q y� . � .H H� � H H k 1 1 k l 11
D Dns 1 1F l , l , . . . , l F N0- t - t - ???- t - t 1 2 n1 2 n

l / li i q 1
l s k , l s r0 n

1.18� .

= p t y t , y , y ???q y� . � .l 2 1 1 2 l r n1 ny 1

= p t y t , y , y dt dt ???dt dy dy ???dy .� .r n n 1 2 n 1 2 n

Here d is the Kronecker symbol in k, r , which equals 1 if k s r and is 0 ifk r

k / r .
w xAs we indicated above, this paper is quite independent of 2 , but it uses

w xseveral probabilistic potential theory results proved in 3 for operators
L q q , k s 1, 2, . . . , N.k k k

The rest of this paper is organized as follows . In Section 2, we study the
� .switching distribution of the switched di ffusion process Y s X, L associated

� .with S, and we derive the resolvent identity 1.15 . We also show that
� .Y s X, L can only switch ®nitely many times within a ®nite time interval .

In Section 3, existence, uniqueness and probabilistic representation theorems
� .for solutions of 1.8 are proved. The strong positivity result mentioned above

� .is proved in Section 4. Finally, resolvent and kernel identities 1.17 and
� .1.18 are established in Section 5.

2. Switched di ff usion processes and their resolvents. Let D be a
d-dimensional Euclidean domain, let dx be the Lebesgue measure in D and

1, 2 � . � .let W D be the Sobolev space on D of order 1, 2 with zero boundary0

condition; that is,

5?51, 2 ` 1, 22.1 W D s C D ,� . � . � .0 c

where

1r 2
2 25 5 < < < <2.2 f s = f dx q f dx .� . 1, 2 H H� /D D

� 4 � . � .Let W s D = 1, 2, . . . , N and dm x, k s dx dn k , where dn is the count-
� 4ing measure on 1, 2, . . . , N . A cemetery point D is added to W as a one-point

� 4compacti®cation, and a function f de®ned on W is extended to W s W j DD
� .by setting f D s 0 unless otherwise speci®ed. We associate the elliptic
� . � . 2 � .system S of 1.1 with a bilinear form FF, EE on L W, m , where

2.3 FF s u g L2 W, m : u ?, k g W 1, 2 D for k s 1, 2, . . . , N� . � . � . � .� 40
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and, for u, v g FF,
N d1 ­ u ­ v

kEE u , v s a x x, k x, k dx� . � . � . � .� �H i j2 ­ x ­ xD i jks 1 i , js 1

N d1 ­ u
ky b x x, k v x, k dx� . � . � .� �H i2 ­ xD iks 1 i s 1

2.4� .

N

y q x u x, k v x, l dx .� . � . � .� H k l
Dk , l s 1

� w x w x.It is known cf. 4 and 10 that if g g K , then for any « ) 0 there existsd
1, 2 � .a constant C ) 0 such that, for f g W D ,« 0

< < 2 < <2 < <22.5 g f dx F « =f dx q C f dx .� . H H H«
D D D

< k <2 � k .Since 1 b g K , 1 q g K and a is uniformly elliptic and bounded, itD d D k l d i j

is easy to see that there exist constants a ) 0 and A ) 1 such that0

N N
2 2y 12.6 A u ?, k F EE u , u F A u ?, k for u g FF� . � . � . � .� �1, 2 1, 2a 0

ks 1 ks 1

and

2.7 EE u , v F A EE u , u EE v, v for u , v g FF,� . � . � . � .' 'a a0 0

� . q
2where EE s EE q a , . For u g FF, u n 1 g FF anda 0 L �W, m .0

2.8 EE uq n 1, u y uq n 1 G 0� . � .
w w x � . � .x � .see 2 for detailed computations for 2.6 to 2.8 . Thus FF, EE is a nonsym-

2 � .metric regular Dirichlet space on L W, m . Therefore, by a fundamental
w x � . � 4theorem from 1 , there exists a Hunt process Y s X, L on D = 1, 2, . . . , N

� .associated with FF, EE such that the in ®nitesimal generator of Y is S whose
domain of de®nition is

2.9 DD S s u g FF: Su g L2 W, m .� 4� . � . � .
Here the derivatives are understood in the distributional sense. The state-

2 � . 2 � .ment Su g L W, m means that there exists f g L W, m such that, for
v g FF,
2.10 EE u , v s y f , v 2� . � . � . � .L W , m

and Su s f . The process Y is de®ned for all starting points in D =
� 41, 2, . . . , N except possibly for a set of zero capacity . Later in this section we
will show that this exceptional set can be dropped.

For a ) 0, let
`

� x , k . y a t2.11 G f x, k s E e f X , L dt� . � . � .Ha t t
0

� 4for a Borel measurable function f de®ned on D = 1, 2, . . . , N whenever the
� . � .right-hand side of 2.11 makes sense, with the convention that f D s 0. It is
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2 � .known that, for a ) a , G is a bounded operator in L W, m with0 a

1
5 52.12 G F ,� . 2a a y a 0

2 � .and, for f g L W, m , G f g FF witha

2.13 EE G f , u s f , u 2 , u g FF.� . � . � . � .L W , ma a

Let
� 42.14 t s inf t ) 0: L / L� . t 0

and
X , t - t ,t02.15 X s� . t � ­ , t G t ,

where ­ is a cemetery point added to D.

� 4 � 0 � x, k .4PROPOSITION 2.1. For q.e. x g D and k g 1, 2, . . . , N , X , P is a
realization of the strong Markov process that is continuous up to its lifetime
and has in ®nitesimal generator

1 k k2.16 L q q s = ? a = q b ?= q q ,� . � .k k k k k2

whose domain of de®nition is

2.17 DD s f g W 1, 2 D : L q q f g L2 D , dx .� . � . � . � .� 4k 0 k k k

PROOF. Let NN; D be the exceptional set having zero capacity such that
the switched di ffusion process Y is well de®ned for each starting point in
� . � 4 0 0D _ NN = 1, 2, . . . , N . Let Y s Y when 0 F t - t and Y s D when t G t ,t t t

� . 0where D is a cemetery point . That is, when starting from x, k , Y is the
� 4 w xpart process of Y on the open set D = k . By Corollary 2 on page 149 of 1 ,

� 0 � x, k .4 � 4Y , P for x g D _ NN is a strong Markov process on D = k whose
� .associated Dirichlet space is FF , EE , wherek

� 4FF s u g FF: u s 0 off D = k� 4k

s u: u ?, k g W 1, 2 D and u ?, l s 0 for l / k ,� . � . � .� 40

2.18� .

� . � .and where FF and EE are de®ned in 2.3 and 2.4 . Note that, for u, v g FF ,k

d d1 ­ u ?, k ­ v ?, k ­ u ?, k� . � . � .
k kEE u , v s a dx y b v ?, k dx� . � .� �H Hi j i2 ­ x ­ x ­ xD Di j ii , j s 1 i s 1

y q u ?, k v ?, k dx .� . � .H k k

� . � 1, 2 � . k .Therefore, FF , EE can be identi ®ed with the Dirichlet space W D , EE onk 0
2 � .L D, dx , where

d1 ­ f ­ g
k kEE f , g s a dx� . � H i j2 ­ x ­ xD i ji , j s 1

d ­ f
ky b g dx y q fg dx� H Hi k k­ xD ii s 1

2.19� .
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1, 2 � . � . 0 � 0 .for f , g g W D . Note that if we identify ­ , k with D, then Y s X , k .0
� 0 � x, k . 4Therefore, X , P , x g D _ NN is a realization of the Hunt process associ-

� 1, 2 � . k . 2 � .ated with the regular Dirichlet space W D , EE on L D, dx that is0
� 0 � x, k . 4continuous up to its lifetime t . Or, equivalently, X , P , x g D _ NN is the

Hunt process which is continuous up to its lifetime and has in ®nitesimal
generator L q q with domain of de®nition DD . Ik k k k

k � 0 � x, k .4Let G be the a-resolvent of X , P for q.e. x g D; that is,a

`
k � x , k . y a t 0G f x s E e f X dt� . � .Ha t

0

t
� x , k . y a ts E e f X dt .� .H t

0

2.20� .

� . � .By enlarging the constant a in 2.6 and 2.7 if necessary, we may assume0

that
y 1 5 52 k 5 52 1, 22.21 A f F EE f , f F A f , f g W D .� . � . � .1, 2 1, 2a 00

5 k 5 � . k 1, 2 � .Thus, for a ) a , we have G F 1r a y a and G f g W D for f g20 a 0 a 0
2 � .L D, dx .

PROPOSITION 2.2. Let f G 0 on D and a G 0. Then
� x , k . y at k2.22 E e f X s G y q f x .� . � . � . � .t y a k k

� x .PROOF. Let V , Z, z, Q , x g D be the strong Markov process having
in ®nitesimal generator L withk

2.23 DD L s f g W 1, 2 D : L f g L2 D , dx .� . � . � . � .� 4k 0 k

Let P x be the probability measure on V determined by

tx x2.24 E f Z s E exp q Z ds f Z ,� . � . � . � .Ht Q k k s t� /0

where E x denotes the integration with respect to the probability measure Q x.Q
� x .Then V , Z, z, P , x g D is a strong Markov process which is continuous up

to its lifetime and has in ®nitesimal generator L q q whose domain ofk k k
� . � w x.de®nition is DD in 2.17 cf. 3 . Thusk

� x , k . y at x y a zE e f X s E e f Z ,� . � .t y zy

w xw � t � . .which by page 286 in Sharpe 15 putting m s exp H q Z ds 1 theret 0 k k s wt - z x
x xand noting that Q -a.e. Z s ­zy

` tx y a ts E e f Z y q Z exp q Z ds dt� . � . � .� .H HQ t k k t k k s� /0 0

`
x y a ts E e y q f Z dt� . � .H k k t

0

s Gk y q f x . I� . � .a k k
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2 � .THEOREM 2.3. For a ) a and f g L W, m ,0

N
k k2.25 G f x, k s G f ?, k x q G q G f ?, l x .� . � . � . � . � . � .� . �a a a k l a� /l s 1

l / k

PROOF. For 1 F k F N and x g D, let
� x , k . y a tf x s E e G f X , L .� . � .k a t t

� .By the strong Markov property of Y s X, L ,

G f x, k� .a

t `
� x , k . y a t � x , k . y a ts E e f X , k dt q E e f X , L dt� . � .H Ht t t

0 t
2.26� .

s Gk f ?, k x q f x .� . � . � .� .a k

� . k � � .. 1, 2 � . � .Hence, f s G f ?, k y G f ?, k is in W D . Since a y S G f s f andk a a 0 a
� . k � � .. � .a y L y q G f ?, k s f ?, k ,k k k a

N

2.27 a y L y q f s q G f ?, l .� . � . � .�k k k k k l a
l s 1
l / k

Thus

N
k2.28 f s G q G f ?, l� . � .�k a k l a� /l s 1

l / k

by the following lemma . I

LEMMA 2.4. Suppose q is a function de®ned on D such that 1 q g K andD d
1, 2 � . � 4 k � . 1, 2 � .u g W D . Then, for k g 1, 2, . . . , N and a ) a , G qu g W D and0 0 a 0

k � . � .G qu is the unique weak solution of a y L y q f s qu.a k k k

PROOF. It suf®ces to prove the lemma for q G 0 and u G 0. Note that the
� 1, 2 k . � k 4 2 � .resolvent of the Dirichlet space W , EE is G . For f , g g L D, dx ,0 a aq b b ) 0

set

2.29 EE � b . f , g s b f y b Gk f , g .� . � . � .aq b

k � . 1, 2 � .Let q s q n n. Then f s G q u g W D . By the resolvent identity,n n a n 0

EE � b . f , f s b Gk q u , f� . � . 2� .n n aq b n n � .L D , d x

Ãks q u , b G f ,� /n aq b n

2.30� .

Ãk k 2 � . � .where G is the adjoint of G in L D, dx . Since 1 q g K , by 2.5 andaq b aq b D d
� .2.6 there exists a constant B which is independent of n such that

k k k k kÃ Ã'q u , b G f F B EE u , u EE b G f , b G f ,� . '� . � /n aq b n a a aq b n aq b n
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w xwhich, by Lemma 3.1 in 12 , is less than or equal to

k � b .' 'B EE u , u EE f , f .� . � .a n n

Thus

2.31 EE � b . f , f F B 2 EE k u , u .� . � . � .n n a

� .Let n ª ` . By the monotone convergence theorem and 2.31 ,

EE � b . Gk qu , Gk qu s b Gk qu , Gk qu� . � . � . � .� . 2� .a a aq b a � .L D , d x2.32� .
F B 2 EE k u , u .� .a

k � . k � . k � . 2 � . k � .Since G qu F G qu , G qu g L D, dx and therefore G qu saq b a aq b a
k � . k � k � .. 2 � . w xG qu y b G G qu is also in L D, dx . Thus, by Lemma 3.2 in 12 ,aq b a aq b
k � . 1, 2 � . 1, 2 � .G qu g W D . For f g W D ,a 0 0

EE k Gk qu , f s lim EE � b . Gk qu , f� . � .� . � .a a a
bª `

Ãks lim qu , b G f� /aq b
bª `

2.33� .

s qu , f ,� .
Ãk 1, 2 k� � . 5 5 . � .since b G f converges to f in W D , ? . Thus G qu is the unique1, 2aq b 0 a

� .weak solution of a y L y q f s qu. Ik k k

� 4Recall that FF is the minimum completed admissible s-®eld generatedt t G 0
� w x w x.by Y cf. 1 and 6 and t is the ®rst switching time for Y as de®ned in

� .2.14 . Also, FF is the s-®eld of events strictly prior to the stopping time t ;t y
w xthat is, FF is the s-®eld generated by FF and the sets A l t ) t for A g FFt y 0 t

� 4and t ) 0. Since Y s Y , t G 0 is left-continuous, it is a predictable processy ty
� 4 � . w xwith respect to the ®ltrations FF . Thus, by Corollary 3.23 2 of 8 ,t t G 0

� .Y 1 s X , L 1 is FF -measurable . The following theorem givest y wt - ` x t y 0 wt - ` x t y

the switching distribution of Y at its ®rst switching time t . In particular, it
implies that X is continuous up to the lifetime z of Y.

� 4 � 4 � 4THEOREM 2.5. For q.e. x g D, k g 1, 2, . . . , N and l g 1, 2, . . . , N _ k ,
we have

qk l� x , k . <2.34 E f X , L s l FF s f X y X� . � . � . � .t t t y t y t y� /qk k

for any bounded continuous function f on D.

� . � . � .PROOF. For such ®xed l , let f x, j s f x 1 j , which is a bounded� l 4
� 4 � .continuous function on D = 1, 2, . . . , N . We see from 2.29 that

N
� x , k . y at kE e G f X , L s G q G f ?, j x ,� . � . � .�a t t a k j a� 0js 1

j / k
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which, by Proposition 2.2,

N qk j� x , k . y at2.35 s E e G f X , j y X ,� . � . � .� a t y t y� /qk kjs 1
j / k

where the convention 0r 0 s 0 is used. By the resolvent identity G f s G f yb a
� . � . � .b y a G G f , it follows from 2.35 that, for b ) a ,a b

� x , k . y atE e b G f X , L� .b t t

N qk j� x , k . y ats E e b G f X , j y X .� . � .� b t y t y� /qk kjs 1
j / k

2.36� .

� 4Since b G f converges to f on D = 1, 2, . . . , N as b ª ` except possibly forb
a set of zero capacity, by the bounded convergence theorem it follows from
� .2.36 that

� x , k . y atE e f X , L s l� .t t

qk l� x , k . y a ts E e f X y X .� . � .t y t y� /qk k

2.37� .

� .For any t G 0 and A g FF , by the strong Markov property of Y and 2.37 , wet

have
� x , k . y atE 1 e f X , L s l� .A l wt ) t x t t

� x , k . y at � X , L . y att ts E e 1 E e f X , L s l� .A l wt ) t x t t

qk l� x , k . y at � X , L . y att ts E e 1 E e f X y X� . � .A l wt ) t x t y t y� /qk k

qk l� x , k . y ats E 1 e f X y X .� . � .A l wt ) t x t y t y� /qk k

Therefore, since t is FF -measurable,t y

qk ly a t � x , k . y at<2.38 e E f X , L s l FF s e f X y X .� . � . � . � .t t t y t y t y� /qk k

� .This proves 2.34 . I

By the strong Markov property of Y, process Y is uniquely determined by
� � . 4its preswitching part Y s X , L , 0 F t - t and its switching distributiont t 0

� . � .2.34 at the switching time t . Recall that for quasi-every starting point x, k
� 4 � 4in D = 1, 2, . . . , N , X , 0 F t - t is a Hunt process having in ®nitesimalt

� .generator L q q with domain of de®nition de®ned by 2.17 . Therefore, thek k k
� .switched di ffusion process Y s X, L can also be constructed via the patch-

ing procedure from di ffusion processes X k of L q q , k s 1, 2, . . . , N, ask k k
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described in the Introduction . Clearly, the di ffusion component X of Y s
� .X, L has a continuous sample path up to the lifetime z of Y. Since the
di ffusion process X k of L q q can be chosen to start from any point in Dk k k
� w x.see 3 , by the patching-together construction, the switched di ffusion process

� . � 4Y s X, L is re®ned to start from any point in D = 1, 2, . . . , N . From now
on, we always assume that Y takes this re®ned version .

Let
� 4t s inf t ) 0: L / L ,1 t 0

t s inf t ) t : L / L ,� 42 1 t t 1

...

t s inf t ) t : L / L ,� 4n ny 1 t t ny 1

...
with the convention that inf B s q ` ; that is, let t be the nth switchingn

� .time of the process Y s X, L .

� x, k .w x � . � 4THEOREM 2.6. P lim t s ` s 1 for x, k g D = 1, 2, . . . , N .n ª ` n

� k x .PROOF. Let X , z , P , x g D be the di ffusion process of L q q on Dk k k k k

with zero Dirichlet boundary condition and let z be its lifetime . By Theoremk
w x5.12 of 3 there exists a constant a ) 0 such that

1x y a z kk2.39 sup E e 1 X F , k s 1, 2, . . . , N .� . � .k D z y 2k
xg D

� . � 4Thus, for x, k g D = 1, 2, . . . , N , by the strong Markov property of Y,
� x , k .E exp y at� .n

� x , k . � X , L .t t1 1s E E exp y a t y t ???� .� .2 1

� X , L .t tny 1 ny 1= E exp y a t y t ???� .� .n ny 1

2.40� . n
x kF sup sup E exp y az 1 X� . � .k k D z y� /k

1F kF N xg D

1
F .n2

Hence

� x , k . � x , k .2.41 E exp y a lim t s lim E exp y at s 0� . � .� /n n
nª ` nª `

and the theorem is proved. I

� .Theorem 2.6 tells us that the process Y s X, L can only have ®nitely
many switches during a ®nite time interval .

3. Dirichlet boundary value problems for elliptic systems. In this
section, we prove an existence and uniqueness theorem for the Dirichlet



Z. Q. CHEN AND Z. ZHAO306

boundary value problems as well as a probabilistic representation theorem
for the weakly coupled elliptic system S. Recall that we only assume that S
has measurable coef®cients which may be singular for lower-order terms .
Throughout this section, D is a bounded domain in R d such that its
Euclidean boundary ­ D has zero Lebesgue measure unless otherwise speci-
®ed. By extending ak s I , bk s 0 and q s 0 off D, there exists a switchedk l

� . d � 4di ffusion process Y s X, L on R = 1, 2, . . . , N associated with the ex-
tended system S on R d. Let

� 43.1 t D s inf t ) 0: Y f D = 1, 2, . . . , N .� 4� . � . t

� � . � x, k . � . � 4.Then Y , t - t D , P , x, k g D = 1, 2, . . . , N is the switched di ffu-t
� 4 � � ..sion process on D = 1, 2, . . . , N with in ®nitesimal generator S, DD S of

� .2.9 on D.
� 4For a bounded Borel measurable function f de®ned on ­ D = 1, 2, . . . , N ,

let
� x , k .3.2 u x, k s E f X , L ,� . � . � .t � D . t � D .

� x , k .3.3 u x, k s E f X , k 1 ,� . � . � .0 t � D . wt � D . - t x

� 4where t s inf t ) 0: L / L is the ®rst switching time for the process Y.t 0

� 4LEMMA 3.1. For k g 1, 2, . . . , N and x g D,

N
k3.4 u x, k s u x, k q G q u ?, l x ,� . � . � . � . � .� .�0 k l

l s 1
l / k

where Gk is the Green operator of L q q on D with zero Dirichlet boundaryk k k

condition .

PROOF.

� x , k .u x, k s E f X , k 1� . � .t � D . wt � D . - t x

� x , k .q E f X , L 1� .t � D . t � D . wt � D . ) t x
3.5� .

� x , k .q E f X , L 1� .t � D . t � D . wt � D .s t x

s u x, k q I q II .� .0

By the strong Markov property of Y,

� x , k .I s E 1 u X , L ,� .wt - t � D .x t t

� .which, by 2.34 , equals

N qk l� x , k .E 1 u X , l y X ,� . � .� wt - t � D .x t y t y� /qk kl s 1
l / k
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which, by Proposition 2.2, is equal to
N t

� x , k .E q X u X , l ds� . � .� H k l s s
0ls 1

l / k

N
ks G q u ?, l x .� . � .� .� k l

l s 1
l / k

Since ­ D has zero Lebesgue measure,
t

� x , k .E 1 X ds s 0� .H ­ D s
0

� w x.cf. 3 . Therefore,
� x , k .II F E 1 X f X , L ,� . � .­ D t t t

� .which, by 2.34 and Proposition 2.2, is equal to
N t

� x , k .E 1 X f X , l q X ds s 0. I� . � . � .� H ­ D s s k l s
0ls 1

l / k

THEOREM 3.2. Suppose f is a bounded Borel measurable function on
d � 4 � . 1, 2 � d .R = 1, 2, . . . , N such that f ?, k g W R for each k. Then

� x , k .3.6 u x, k s E f X , L� . � . � .t � D . t � D .

� 4 � .is the unique weak solution on D = 1, 2, . . . , N of Su s 0 such that u ?, k y
� . 1, 2 � .f ?, k g W D . Furthermore , u is continuous in D.0

PROOF. Without loss of generality, we may assume f G 0. Clearly, u is a
� 4 � 4bounded function on D = 1, 2, . . . , N and, by Lemma 3.1 for k g 1, 2, . . . , N ,

N
k3.7 u x, k s u x, k q G q u ?, l .� . � . � . � .� .�0 k l

l s 1
l / k

w xIt is known from Lemma 5.6 in 3 that, for each ®xed k,
� x , k .u x, k s E f X , k� . � .0 t

� . � .is the unique weak solution on D of L q q u s 0 such that u ?, k yk k k 0
� . 1, 2 � . kf ?, k g W D . Let G be the a-resolvent of the elliptic operator L q q0 a k k k

on D with Dirichlet boundary condition or, equivalently, Gk is the a-a
� 1, 2 � . k . � .resolvent of the regular Dirichlet space W D , EE given by 2.20 . Set0

k � � ..j s G q u ?, l . Since D is a bounded domain and j is bounded, we havel k l l
2 � .j g L D, dx andl

lim b j y b Gkj , j s lim b Gk q u ?, l , j� .� .2 2� . � .l b l l b k l l� . � .L D , d x L D , d xbª ` bª `

Ãks lim q u ?, l , b G j ,� . 2� /k l b l � .L D , d xbª `
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Ãk k 2 1 Ãk� . � .where G is the adjoint of G on L D, dx . Since q g L D, dx and b G jb b k l b l
2 � .converges to j in L D, dx as b ª ` , by the Lebesgue dominant conver-l

gence theorem

lim b j y b Gkj , j s q u ?, l , j� .� .2� .l b l l k l l� .L D , d xbª `3.8� .
- ` .

w x k � � .. 1, 2 � . ` � .Thus, by Lemma 3.2 in 12 , j s G q u ?, l g W D and, for c g C D ,l k l 0 c

EE k j , c s lim b j y b Gkj , c� . 2� .l l b l � .L D , d xbª `

Ãks lim q u ?, l , b G c� .� /k l b
bª `

3.9� .

s q u ?, l , f .� .� .k l

1, 2 � . � . � .Hence j is the weak solution in W D for L q q j s y q u ?, l .l 0 k k k l k l

Therefore,

N

u ?, k y f ?, k s u ?, k y f ?, k q j ?� . � . � . � . � .�0 l
l s 1
l / k

1, 2 � . � .is in W D and, by 3.7 ,0

N

3.10 L u ?, k q q u ?, l s 0.� . � . � .�k k l
l s 1

� . � .Hence u is the weak solution for Su s 0 in D with u ?, k y f ?, k g
1, 2 � .W D . The uniqueness follows from Lemma 3.3.0

w xNext we show u is continuous in D. It is known from Lemma 5.8 in 3
� . � k x .that u ?, k is continuous in D. Let X , P , x g D by the di ffusion of0 k

L q q with zero Dirichlet boundary condition on D. Thenk k k

j x s Gk q ? u ?, l x� . � . � . � .� .l k l

tx k k xs E q X u X , l ds q E j X .� .� . � .Hk k l s s k l t
0

3.11� .

� w x.Since cf. Lemmas 5.7 and 5.8 in 3

tx k k3.12 lim sup E q X u X , l ds s 0� . � . � .Hk s s
t x 0 0xg D

xw � .xand x ¬ E j X is continuous in D, j is a continuous function on D.k l t l

Therefore, u is continuous on D. I

LEMMA 3.3. Let D be a domain in R d having ®nite Lebesgue measure.
� 4 � .Suppose u is a function de®ned on D = 1, 2, . . . , N such that u ?, k g

1, 2 � . � 4W D for each k and Su s 0 on D. Then u s 0 m-a.e. on D = 1, 2, . . . , N .0
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w xREMARK . Protter and Weinberger 14 proved a maximum principle for
� .solutions of Su G 0 for an elliptic system S whose L in 1.1 are of the formk

1 k k k k� .a = ?= q b ?= and all the coef®cients a , b and q are assumed to bek l2
1 k k k� .bounded. Since our system S has L s = ? a = q b = with measurable ak 2

and singular coef®cients bk and q , we cannot apply Protter andk l

Weinberger's method using the Hopf lemma . We prove this lemma by using a
w xtechnique from Trudinger 19 together with a probabilistic characterization

of S-harmonic functions .

� � � . � . 4.PROOF OF LEMMA 3.3. Suppose m x, k : u x, k / 0 ) 0. Without loss
of generality, we assume

3.13 u s esssup u ) 0.� .
� 4D= 1, 2, . . . , N

� . � .q � . 1, 2 � .Let b g 0, u and v s u y b . Then v ?, k is in W D for each k by0
w x � .Theorem 7.8 in 7 . Since Su s 0, EE u, v s 0, where EE is the Dirichlet form

� . � . � . k � . � . k � .on D given by 2.4 . For y s x, k , set a y s a x and b y s b x . From
� .EE u, v s 0, one has

d1 ­ v ­ v
a y y y m dy� . � . � . � .�H i j2 ­ x ­ xW i ji , j s 1

d ­ v
s b y y v y m dy� . � . � . � .� H i ­ xW ii s 1

3.14� .

N

q q x u a , k v a , l dx ,� . � . � .� H k l
Dk , l s 1

� 4 � .where W s D = 1, 2, . . . , N . By 2.5 ,

d ­ v
b y y v y m dy� . � . � . � .� H i ­ xW ii s 1

d
2 2 2< <F = v y m dy b y v y m dy� . � . � . � . � .�H H( i(

i s 1

« «d
2 2< < < <F = v y m dy q = v y m dy� . � . � . � .H H

2 2
3.15� .

d C 2« 2q v y m dy� . � .H
2 «

d q 1 « d C 2� . «2 2< <s = v y m dy q v y m dy .� . � . � . � .H H
2 2 «
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� . � .Note that q satis®es 1.4 and 1.5 :k l

N

q x u x, k v x, l dx� . � . � .� H k l
Dk , l s 1

N
q

s q x u x, k n b u x, l y b� . � . � .� . � .�H k l
k , l s 1

N

q q x v x, k v x, l dx� . � . � .� k l
k , l s 1

N

F q x v x, k v x, l dx� . � . � .�H k l
k , l s 1

N1
2 2F q x v x, k dx q q x v x, l dx ,� . � . � . � .� H Hk l k l2 D Dk , l s 1

� .which, by 2.5 ,

< <2 2F «N = v y m dy q NC v y m dy .� . � . � . � .H H«
� . � .Thus, by 3.14 and the ellipticity 1.3 ,

l y 1
2< <= v y m dy� . � .H

2
d q 1 d C 2«2 2< <F q N « = v y m dy q q NC v y m dy .� . � . � . � .H H«� / � /2 2 «

Hence, by selecting « suf®ciently small, we have

5 5 5 53.16 = v F g v� . 2 2

5 5 2 2 � .for some constant g ) 0, where ? is the L norm in L W, m . By Sobolev's2

� w x.inequality see, e.g., Theorem 7.10 in 7 for d G 3,

5 5 5 5v F C = v2 d r � dy 2. 2

1r n5 5 5 5F Cg v F Cg m supp v v ,� .� .2 2 d r � dy 2.

3.17� .

� .where C s C d ) 0, supp v is the smallest relatively closed subset in D =
� 41, 2, . . . , N outside of which v vanishes and the last inequality comes from
Holder's inequality . Therefore,È

y n
3.18 m supp v G Cg .� . � . � .

In the case of d s 2, the inequality of the same form with the constant C
depending on d and the volume of D also follows from the Sobolev inequality

� .by replacing 2 dr d y 2 by any number greater than 2. Since inequality
� . � .3.18 is independent of b g 0, u , u must attain its essential supremum u in

� 4D = 1, 2, . . . , N on a set of positive measure. Thus u is bounded from above
� .and therefore u is bounded since y u satis®es S y u s 0.
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� . � .Let G be the a-resolvent of the Dirichlet space FF, EE given by 2.3 anda
2 Ã� . � .2.4 on L W, m and let G be the adjoint of G . Then, for a ) a anda a 0

2 Ã� .f g L W, m , G f g FF and thereforea

Ã2u , f s EE u , G f� . � . � .L W , m a a

Ãs a u , G f 2� .a � .L W , m3.19� .

s a G u , f 2 .� . � .L W , ma

� 4Thus u s a G u for a ) a and therefore u s P u m-a.e. on D = 1, 2, . . . , Na 0 t
� .for t ) 0, where P is the semigroup of FF, EE . Since u attains its essentialt

� 4supremum a in D = 1, 2, . . . , N on a set of positive measure, there exists a
� . � 4point x, k g D = 1, 2, . . . , N such that

� x , k .3.20 E u X , L ; t D ) 1 s P u x, k s a.� . � . � . � .1 1 1

� � . � . 4 � .Let A s x, l u x, l s a . By 3.20 ,
� x , k .3.21 P X , L g A s 1.� . � .1 1

w xWe know from Remark 3 for Theorem 5.11 in 3 that the di ffusion process
X k on D of L q q with zero Dirichlet boundary condition has transitionk k k

k � .density function p t , x, ? which is strictly positive almost everywhere in D
� . qfor each ®xed t , x g R = D. Since

� x , k . kP X , L g dz , k ; 1 - t - t D s p 1, x, z dz ,� . � . � . � .1 1

� 4 � � 4 . � .where t s inf t ) 0: L / L , we have m D = k _ A s 0. Hence u ?, k st 0
� . 1, 2 � .a ) 0 a.e. on D, which contradicts the hypothesis that u ?, k g W D . I0

PROPOSITION 3.4. Any locally bounded weak solution of Su s 0 on D has a
continuous version.

PROOF. Suppose that u is a weak solution of Su s 0 in D which is locally
bounded. For an arbitrary point z g D, let r ) 0 such that B z, r ; D,� .

� . � d < < 4where B z, r s x g R : x y z - r . By Theorem 3.2,
� x , k .x, k ¬ E u X , L� . � .t � B � z, r .. t � B � z, r ..

� . � 4is a continuous version of u on B z, r = 1, 2, . . . , N , where

t B z, r s inf t ) 0: X f B z, r .� 4� . � .� . t

� 4Therefore, u has a continuous version on D = 1, 2, . . . , N by using the
partition of unity . I

w xBy a similar argument as that for Lemma 4.4 in 3 , we have the following
result .

LEMMA 3.5. For any weak solution u of Su s 0 on D, the following
inequality holds :

N N
2 2

3.22 =u ?, k dx F C u ?, k dx ,� . � . � .� �H H
� . � .B z, r B z, Rks 1 ks 1
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with 0 - r - R such that B z, R ; D, where C ) 0 is a constant which� .
� . � .depends only on the ellipticity constant l in 1.3 , the coef®cients in 2.5 for

< k <2 � .b and q and on the value of R y r . Here B z, r denotes the Euclideank l

ball in R d centered at z with radius r .

d � . � .THEOREM 3.6. Let D be a bounded domain in R and f ?, k g C ­ D for
k s 1, 2, . . . , N. Then

� x , k .u x, k s E f X , L� . � .t � D . t � D .

is the unique weak solution of Su s 0 on D such that

3.23 lim u x, k s f z, k� . � . � .
xª z
xg D

1� .for any boundary point z g ­ D which is regular for D, D . Moreover u is2
� 4continuous on D = 1, 2, . . . , N .

� . 2 � .PROOF. Let f be such that f ?, k g C ­ D and f converges to fn n n
� 4uniformly on ­ D = 1, 2, . . . , N . Let

n � x , k .3.24 u x, k s E f X , L� . � . � .n t � D . t � D .

and
n � x , k .3.25 u x, k s E f X , k 1 ,� . � . � .0 n t � D . wt � D . - t x

� 4 w x n � .where t s inf t ) 0: L / L . By Theorem 5.11 in 3 , u ?, k is the uniquet 0 0
� . n � .weak solution of L q q u ?, k s 0 such thatk k k 0

3.26 lim u n x, k s f z, k� . � . � .0 n
xª z
xg D

1� . � . � .for z g ­ D which is regular for D, D . It follows from 3.11 , 3.12 and2
w xLemma 5.7 of 3 that

3.27 lim Gk q u n ?, l x s 0� . � . � .� .k l
xª z
xg D

1� .for z g ­ D which is regular for D, D . Thus, by Lemma 3.1 and Theorem2
n � .3.2, u is the unique weak solution of Su s 0 satisfying 3.23 with f inn

n � 4place of f . Since u converges uniformly to u on D = 1, 2, . . . , N as n ª ` ,
it follows from Lemma 3.5 that u is the unique weak solution of Su s 0 such

� .that 3.23 holds. I

4. Strong positivity result for solutions of Dirichlet boundary value
problems. In this section, we prove that if the elliptic system S is irre -
ducible, a strong positivity result holds for solutions of the Dirichlet boundary
value problem for S.

� .Recall that Q s q is an N = N matrix-valued, measurable functionk l N = N
� . � . � .on D in 1.1 which satis®es conditions 1.4 and 1.5 .
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DEFINITION 4.1. The weakly coupled elliptic system S or the matrix Q is
� 4said to be irreducible on D if for any distinct k, l g 1, 2, . . . , N , there exist

� 4k , k , . . . , k in 1, 2, . . . , N with k / k , k s k and k s l such that0 1 r i i q 1 0 r
� � . 4x g D: q x / 0 has positive Lebesgue measure for i s 0, 1, . . . , r y 1.k ki i q 1

PROPOSITION 4.1. The matrix Q is irreducible on D if and only if Q is fully
w x � 4coupled on D in the senseof 18 ; that is, 1, 2, . . . , N cannot be split into two

disjoint nonempty sets G and S such that q s 0 a.e. on D for k g G andk l

l g S.

PROOF. If Q is irreducible on D, then Q is fully coupled on D since
� 4otherwise 1, 2, . . . , N can be split into two disjoint nonempty sets G and S

such that q s 0 a.e. on D for any k g G and l g S. Let k g G and l g S. Byk l
� 4r � 4the irreducibility of Q on D, there exists k ; 1, 2, . . . , N with k / k ,i i s 0 i i q 1

� � . 4k s k and k s l such that x: q x / 0 has positive Lebesgue mea-0 r k ki i q 1
� 4rsure. This implies that k ; G. In particular, l g G, a contradiction .i i s 0

Conversely, suppose that Q is fully coupled on D. For each ®xed k g
� 41, 2, . . . , N , let

� . � � 4r � 4G k s l : there exists k ; 1, 2, . . . , N with k / k , k s k,i i s 0 i i q 1 0
� � . 4k s l such that x: q x / 0 has positive Lebesguer k ki i q 1

4measure .

� . � .The set G k is not empty since Q is fully coupled on D. Indeed, G k s
� 4 � . � 4 � .1, 2, . . . , N , since otherwise S k s 1, 2, . . . , N _ G k is nonempty . Hence,

� . � . � � . 4there exist r g G k and l g S k such that x g D: q x / 0 has positiver l
� .Lebesgue measure. This implies that l g G k , a contradiction . I

� .It is clear that any weakly coupled elliptic system of 1.1 can be decom-
posed into several independent irreducible elliptic subsystems.

� . dTHEOREM 4.2 Strong positivity result . Let D be a bounded domain in R
and let u be the unique weak solution of

� 4Su s 0 in D = 1, 2, . . . , N ,
4.1� .

� 4u s f on ­ D = 1, 2, . . . , N

for a continuous function f . If the elliptic system is irreducible on D and
N � . � 4f G 0 is such that � f ?, k k 0 on ­ D, then u ) 0 in D = 1, 2, . . . , N .ks 1

� .PROOF. Let u ?, k be the unique solution of0

L q q u ?, k s 0 in D ,� . � .k k k 0

u ?, k s f ?, k on ­ D.� . � .0

� .Since f G 0, u ?, k G 0 for each k. Without loss of generality, we may0
� . w xassume that f ?, 1 k 0 on ­ D. Then, by Remark 2 for Theorem 5.11 in 3 ,

� . � . � 4u ?, 1 ) 0 and therefore u ?, 1 ) 0 in D. For any ®xed k g 2, 3, . . . , N , by0
� 4rthe irreducibility of the system S on D, there exists k with k / k ,i i s 0 i i q 1

� � . 4k s k and k s 1 such that x g D: q x / 0 has positive Lebesgue0 r k ki i q 1
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� .measure. It follows from 3.4 that

u x, k� .
N

ks u x, k q G q u ?, l� . � .� .�0 k l
l s 1
l / k

s u x, k� .0

r N
k l l1 i y 1q G q G q ???G q u ?, l ???� .� � � .� /� /k l l l l l 0 i� /1 1 2 i y 1 i

i s 1 l , . . . , l s 11 i
l / 1, l / l , . . . , l / l1 2 1 i i y 1

N
k l l1 r y 1q G q G q ???G q u ?, l ??? .� .� � .� /� /k l l l l l r� /1 1 2 r y 1 r

l , . . . , l s 11 r
l / 1, l / l , . . . , l / l1 2 1 r r y 1

Thus

u x, k G Gk q Gk 1 q ???Gk ry 1 q u ?, 1 ???� . � .� .� /� /k k k k k 1 0� /1 1 2 r y 1

) 0.

Here we use the fact that Gkc ) 0 in D whenever c G 0 in D such that
� � . 4 �x g D: c x ) 0 has positive Lebesgue measure see Remark 3 for Theorem

w x.5.11 in 3 . I

w xREMARK . Under the irreducibility condition, Sweers 18 proved a strong
positivity result for solutions of

Su s y f in D ,
4.2� .

u s 0 on ­ D ,

using an analytic method . It can also be proved by using the following
identity:

N
k kGf x, k s G f ?, k x q G q Gf ?, l x ,� . � . � . � . � .� k l� /l s 1

l / k

� .which follows from 2.34 and the strong Markov property of the switched
� .di ffusion process Y s X, L on D.

5. Resolvent and kernel identities. Let D be a Euclidean domain in
d � 4 � .R , W s D = 1, 2, . . . , N and let S be a weakly coupled elliptic system 1.1

on D. In this section, we derive formulas which express the resolvent and
� .transition density kernels of S in terms of those for the component elliptic
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operators L q q , k s 1, 2, . . . , N. First, we present a continuity result fork k k

the a-resolvent G of the system.a

THEOREM 5.1. Let a ) 0 and let f be a bounded Borel measurable function
� 4 � 4on D = 1, 2, . . . , N . Then G f is continuous in D = 1, 2, . . . , N anda

5.1 lim G f x, k s 0� . � .a
xª z
xg D

1� .for z g ­ D which is regular for D, D .2

PROOF. By the strong Markov property of the switched di ffusion process
� . � .Y s X, L associated with S on D and 2.34 ,

N
k k5.2 G f x, k s G f ?, k x q G q G f ?, l x ,� . � . � . � . � . � .� .�a a a k l a

l s 1
l / k

where Gk is the a-resolvent of L q q on D with Dirichlet boundarya k k k
w x kcondition . By Lemma 5.7 in 3 , G f is continuous in D anda

5.3 lim Gk f ?, k x s 0� . � . � .a
xª z
xg D

1 k x� . � .for z g ­ D which is regular for D, D . Let X , P , x g D be the di ffusionk2

process of L q q on D with Dirichlet boundary condition and set g sk k k l
k � � ..G q G f ?, l . Thena k l a

tx y a s k k y a t x k5.4 g x s E e q X G f X , l ds q e E g X .� . � . � . � . � .Hl k k l s a s k l t
0

Since

tx y a s k k5.5 lim sup E e q X G f X , l ds s 0� . � . � .Hk k l s a s
t x 0 0xg D

� w x. xw � k .xsee the proof of Lemma 5.8 in 3 and x ª E g X is continuous in Dk l t

such that

x k5.6 lim E g X s 0� . � .k l t
xª z
xg D

1� .for z g ­ D which is regular for D, D , g is continuous in D with the samel2
xw � .xlimit behavior at the boundary as the function x ¬ E g X has. Thus, byk l t

� . � . � .5.2 , G f ?, k is continuous in D and 5.1 holds for each k. Ia
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Let

G1 0 ??? 0 q 0 ??? 0a 11
2 0 q ??? 00 G ??? 0 22a0 0G s and Q s Q y .. . . .. . . .a . . . .. . . . . . . .. . . . � 0� 0N 0 0 ??? qN N0 0 ??? Ga

THEOREM 5.2. There exists a constant a ) 0 such that , for a ) a and1 1
2 � .f g L W, m ,

`
n0 0 0 05.7 G f s G f q G Q G f .� . � .�a a a a

ns 1

� 1, 2 � . d 5 5 .This vector-valued series is convergent in W D , ? .1, 20

� 1, 2 � . k .PROOF. Without loss of generality, we assume f G 0. Let W D , EE be0
� . < k <2as in 2.20 . Since 1 b g K and 1 q g K , there exists a constantD d D k k d

� .a ) a a is the constant in Section 2 such that, for a ) a , k s 1, 2, . . . , N2 0 0 2
1, 2 � .and f g W D ,0

1 a
2 2 2 2k< < < < < < < <=f dx q f dx F EE f , f F l =f dx q 2a f dx ,� .H H H Ha4l 2D D D

� .where l ) 1 is the ellipticity constant in 1.3 . If we let

1r 2
def 2 2A A < < < <5.8 f s =f dx q 2a l f dx ,� . a H H� /D D

then
1

2 2kA A A A5.9 f F EE f , f F l f� . � .a aa4l
1, 2 � . � . � 4for f g W D and k s 1, 2, . . . , N. By 2.26 , for any ®xed k g 1, 2, . . . , N ,0

N
k kG f x, k s G f ?, k x q G q G f ?, l x� . � . � . � . � .�a a a k l a� /l s 1

l / k

N
k k ls G f ?, k x q G q G f ?, l x� . � . � . � .�a a k l a� /l s 1

l / k5.10� .
N N

k lq G q G q G f ?, l� .� �a k l a l l a 11� /� 0l s 1 l s 1
l / k l / k

n
k ks f x q R x ,� . � .� i n

i s 0
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where

f k s Gk f ?, k� .0 a

N N
k k l k l5.11 f s G q G f ?, l s G q f� . � .� �1 a k l a a k l 0� / � /l s 1 l s 1

l / k l / k
...

N
k k l5.12 f s G q f� . �i a k l i y 1� /l s 1

l / k
...

� 4 � .Since 1 q g K for k, l g 1, 2, . . . , N , by 2.5 there exists a constantD k l d
� 4 1, 2 � .a ) a such that, for a ) a , k, l g 1, 2, . . . , N and f , c g W D ,1 2 1 0

k k< < ' '5.13 q f c dx F d EE f , f EE c , c ,� . � . � .H k l a a
D

� .where d s 1r 4l N . By the same idea employed in the proof of Lemma 2.4, it
k 1, 2 � .can be shown that f g W D and, for a ) a ,i 0 1

N
k k k l kEE f , f s q f , f� . �a 1 1 k l 0 1� /l s 1

l / k

N
k l l k k kF d EE f , f EE f , f .' '� . � .� a 0 0 a 1 1� /l s 1

l / k

Thus
N

k k k 2 k l l5.14 EE f , f F d EE f , f .� . � . � .�a 1 1 a 0 0
l s 1
l / k

� .Hence, by 5.9 ,

N
k lA A A Af F 2 l d f .�a a1 0

l s 1
l / k

Therefore,

N N
k kA A A Af F 2 l d N y 1 f� .� �a a1 0

ks 1 ks 1

N1
kA AF f .� a02 ks 1

5.15� .
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A similar argument yields that
N N1

k kA A A Af F f� �a ai i y 12ks 1 ks 1

N1
kA AF f� a0i2 ks 1

5.16� .

and
N N1

k5.17 R x F G f ?, k .� . � . � .� �n aa an2ks 1 ks 1

� . � . ` k � 1, 2 � .Therefore, by 5.10 , G f ?, k s � f , which is convergent in W D ,a is 0 i 0
5 5 .? . The theorem is thus proved. I1, 2

� .Let p t , x, y be the transition density function for the di ffusion process ofk
�L q q on D with zero Dirichlet boundary condition see Remark 5 fork k k

w x .Theorem 5.11 in 3 for its existence .

� 4THEOREM 5.3. For x, y g D and k, l g 1, 2, . . . , N ,

p t , x , k , y, l� . � .� .
s d p t , x , y� .k l k

`

q ??? ??? p t , x, y q y� . � .H H� � H H k 1 1 k l 11
D Dns 1 1F l , l , . . . , l - N 0- t - t - ???- t - t1 2 n 1 2 n

l / k , l / l , l / l1 n i i q 1

5.18� .

= p t y t , y , y ???q y� . � .l 2 1 1 2 l l n1 n

= p t y t , y , y dt dt ???dt dy dy ???dy� .l n n 1 2 n 1 2 n

� .converges and is the transition density function for Y s X, L on D =
� 41, 2, . . . , N .

2 � .PROOF. This follows from Theorem 5.2 and the fact that, for f g L W, m ,q

`
y a tG f x, k s e p t , x , k , y, l f y, l dm y, l� . � . � . � . � .� .Ha

0

for a ) a . I0
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