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POTENTIAL THEORY FOR ELLIPTIC SYSTEMS

By Z. Q. CHEN AND Z. ZHAO

Cornell University and University of Missouri

The existence and uniqueness theorem is proved for solutions of the
Dirichlet boundary value problems for weakly coupled elliptic systems on
bounded domains. The elliptic systems are only assumed to have measur-
able coef®cients and have singular coef®cients for the lower-order terms. A
probabilistic representation theorem for solutions of the Dirichlet bound-
ary value problems is obtained by using the switched diffusion process
associated with the system. A strong positivity result for solutions of the
Dirichlet boundary value problems is proved. Formulas expressing resol-
vents and kernel functions for the system by those of the component
elliptic operators are also obtained .

1. Introduction. Let D be a d-dimensional Euclidean domain and N a
positive integer . For

u;
us a RN,
Uy
consider the following weakly coupled elliptic operator:

L, 0 2?72 0
0 L, 2?2 0

1.1, Sus Qu.

0 0 277 L,
Here, for each k, L, s 3=7? ak=.q b*?=is a strictly elliptic operator with
measurable cod®cients, that is,

1 d - - / d -
1.2. Lys — — ak—[q bk —,
2 s1 "X - X is1 X
with ai"j S a}‘i, and there exists a constant /) 1 such that, for almost every x
in D,

1.3. V14 2F a; x.jj;F1¥%  jg RS
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and Qs (- is an N= N matrix-valued measurable function on D such
that

1.4, 0, G 0 a.e.on D for k/ |

and, for each ®xed Kk,

N

1.5. a,F 0 a.e.onD.
Is 1

The assumptions on the cod®cients b* and Q are quite general and can be
singular;

1.6. 1,949 K, and 15q,9 K,
for k,I's 1,2,..., N. Here a function f de®ned on R¢ is said to be in class
Ky if
It y.|
lim | su H ———dy|s 0 when dG 3,
axo xp <yyx'Fa‘§’y ngz y
lim [supH [f y.|In 5y x¥14dy}s 0 when ds 2
axo X Yy xF a
and
supH |[f y.|dy- ° when ds 1.
X Iy xF 1

In VX we showed by using Dirichlet space theory that there exists a strong
Markov processYs X,L.on D= 1,2,..., N4 which is called the switched
diffusion process, whose in@nitesimal generator is S with Dirichlet boundary
condition . This process Y is de®ned for all starting points in D= 1,2,..., N4
except possibly for a set of zero capacity. This exceptional set can be taken of
the form N= 1,2,..., N4 where N; D has zero logarithmic or Newtonian
capacity depending on whether ds 2 or d G 3 cf. vX. Recall that a set of
zero capacity will not be hit by the process Y with starting point in its
complement. In order to study the sample path behavior of Y by using the
nonsymmetric Dirichlet space theory especially its additive functional the-
ory., we assumed in V@Xthe following regularity condition on coe®cients ak,
b* and q,,:

akg w2 D.9 4 -pbfr-x,. is bounded
1.7. from below for each k, and . ,q is
bounded from above for each|.

The above condition amounts to saying that the dual operator of the a-
resolvent of Y is sub-Markovian when a is suf®ciently large see V2X.
Condition 1.7. is dropped in this paper. Therefore, the approach in V2Xis not
applicable in this paper and a new approach will be developed.

In this paper, we will use the switched diffusion process Y to study the
potential theory for the elliptic system S, including weak solutions for the
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Dirichlet boundary value problems for the system

Sus 0 in D,

18. us f on-D= 1,2,...,N4
and their probabilistic representations, where f is a continuous function
de®nedon -D= 1,2,...,N4

DeriNiTion 1.1, A function u de®ned on D= 1,2,..., N4such that, for
each k, u ? k. and its distributional derivatives -ur -x;- 2k.,1F iF d, are
locally square integrable on D is said to be a weak solution of Sus O if

1 d -u -f d -u
— Hal— 2 k. —dxy Hox— 2 k. f dx
2i,jsl D - X - X is1 D A
1.9. N
y qulu ?21.fdxs O
Is1 D

for fg C., D. and kg 1,2,...,N4 where C, D. is the space of smooth
functions with compact support in D.

Protter and Weinberger Vi4X proved a maximum principle for solutions of
the Dirichlet boundary value problems for a class of weakly coupled elliptic
operator S whose L, in 1.1. is of the form 3 ak=.?=q b*?= and whose
coef®cients aX, b* and q,, are all assumed to be bounded. Therefore, the
solution of the Dirichlet boundary value problem for S of this type is unique.
Eizenberg and Freidlin VBXstudied the Dirichlet boundary value problems for
elliptic operators S with L, s 3 a¥=.?=q b*?= and with strict inequality
in 1.4. and equality in 1.5.. Under the smoothness assumption that D is a
bounded C* smooth domain, a¥g C2? D. and b¥, q,,g C! D., they proved a
probabilistic representation theorem for solutions of the Dirichlet problem as
well as an existence and uniqueness theorem in the Appendix of VBX

Let
1.10. ts inf t) 0:L,/ L,4

be the ®@rst switching time of Y. In this paper, we @rst identify the preswitch -
ing process Y,, 0F t- t4of Y and derive the switching distribution of Y at
its @rst switching time t. Clearly, for OF t- t, Y,s X, Lg-. Let X°s X,
for OF t- t and X?s - for tG t, where - is a cemetery point added to D
as a one-point compacti®cation. We show in Proposition 2.1 that there exists
a subset N of D having zero capacity such that for xg D _ N in the sequel
we abbreviate it as “for g.e. xg D," where g.e. stands for quasi-every. and
kg 1,2,...,N4 X° P XK. is astrong Markov processon D starting from
x whose in®nitesimal generator is L, g q,, with zero Dirichlet boundary
condition . Let F, denote the s-Reld of events of Y . strictly prior to the ®rst



296 Z. Q. CHEN AND Z. ZHAO

switching time t; that is, F, is the s-®eld generated by F, and the sets
Al w) txfor Ag F, and t) O, where F45, is the minimum completed
admissible s-®eld generated by Y. We show in Theorem 2.5 below that, for
ge xg D, kg 1,2,...,N4and Ig 1,2,...,N4_ k4

EXX[f X..,L;s 1<K, ]s EX“[f X,.,L;s I X, ]

Ok
s f Xy. Yy —/Xty.
Ok k

for any bounded continuous functions f on D. Therefore, we can identify the
switched diffusion process Ys X,L. with the following strong Markov
process obtained through a patching procedure of lkeda, Nagasawa
Watanabe V®X from diffusion processes associated with L, q 0, ks
1,2,..., N. Suppose that we start from the point x, k.. Let X* be the strong
Markov processin D which is continuous up to its lifetime h whose in@®nites-
imal generator is L, g q,, with zero Dirichlet boundary condition and denote
by -, the cemetery point for X* added to D as a one-point compacti®cation .
Let

1.11. Y,s X,L,.s XKk, fort- h.

If lim, , X¥s -,,setY,s Dfor tG h, where D is a cemetery point added to
D= 1,2,...,N4 as a one-point compacti®ation. If lim, , X*s XX g D,
while setting Y,s D for tG h with probability e 10kF Qi Xpy -» PUL
Xps Xp, Wwith probability 1y e 10T O Xp - and let L, jump to
lg 1,2,...,N4_ k4 with probability y qyr dyy- X, - Then iterating the
above procedure with the starting point X,,L,., we get a strong Markov
process Ys X,L.on D= 1,2,...,N4 cf. v@xand W3X. This process Y is
the switched diffusion process associated with the operator S in 1.1.. It
follows from this patching-together construction that the diffusion component
X of Ys X, L. has continuous sample path up to the lifetime z of Y. Since
the diffusion process X* of L, q q,, can be chosento start from any point in
D seeVBX, by the above patching-together construction, the switched diffu-
sion process Ys X,L. can be modi®ed to start from any point in D=
1,2,...,N4

Using the switched diffusion process Y described above, we will prove in
this paper the existence and uniqueness theorem for weak solutions of 1.8.
for the elliptic system S of 1.1. on a bounded domain D under our general
condition 1.6.. For the existence part, we show directly that the function u
given by

1.12. u x,k.s Ex'k'[f X, D_,LtD..]

is a weak solution for 1.8., where t D.s inft) O0: X,L, f D=
1,2,..., N4 Here, by extending a*s I, bXs 0 and q,,s 0 off D, we may
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assume the switched diffusion process Ys X,L.is on R%= 1,2,...,N4
Denote by u, 7 k. the unique weak solution of

Lyg Oy .Ug 2k.s O in D,
u, 2k.s f 2k. on-D.

1.13.

We show that the weak solution u of 1.8. satis®esthe equation

N
1.14. u x,k.s u, x,k.q G* g, u 21.. x.
Is 1
I/l k
for ks 1,2,..., N, where G is the Green operator of the operator L, q q,,

on D with zero Dirichlet boundary condition. A consequence of this is that
any locally bounded weak solution of Sus 0 has a continuous version. We
mention here that a probabilistic representation theorem for solutions not
their existence. of 1.8. was obtained in V2Xusing a Dirichlet space approach
under the extra condition 1.7..

Under the mild condition that the system S is irreducible see De@nition
4.1., we prove the following strong positivity result for solution u of 1.8..
Suppose that f G0 and [ ,f 2k.k Oon -D. Then u?2k.) 0in D for
ks 1,2,..., N. We remark here that any weakly coupled elliptic system can
be decomposedinto several independent irreducible elliptic subsystems. Let
G, be the a-resolvent for S and G¥ be the a-resolvent for L, q g, on D with
zero Dirichlet boundary condition . We show that, for large a) 0 and L%inte -
grable function f on D= 1,2,...,N4

N
1.15, G,f 2k.s G¥ f 2k..q GX q,,G,f 21...
7 k
Using this, we can show that G, maps bounded Borel measurable functions
into bounded continuous functions on D= 1,2,..., N4 Let

G 0 1?72?20 0 q, ?2?? Oy

a
0 G2 2?22 r 0 2?7 Oy

Gls

nd Q°s
0 0 2 G;,N C|r;11 0 222 0

Equation 1.15. can be rewritten as

1.16. G,s GJlq G? Q°G,..

We prove that there exists a constant a,) O such that, for a) a,,

n

1.17. G,s Go Q°G?.",

ns 0

where the series is convergent in W2 D.%. If we denote by p t, x,k., y,r..
the fundamental solution for S with zero Dirichlet boundary condition Vér,
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equivalently, the transition density function of Ys X, L.Xand by p, t, X, y-
the fundamental solution for L,q q,, on D with zero Dirichlet boundary
condition, then

pt, x,k., y,r..

S dkr Pk t, X, y.
q H-H H??Hpk t Xy Y1 Qiy, Y-
1.18. ns 10- t;- ty- 72 t- t1F Iy, 1p, ..., I.,FN D D

il lig 1
los kK, Iys 1

=P, Ly t, Y Ye. ???qlnyﬂ Yn-
= pr ty tn' yn’ y dtl dtZ ’?’)’zjtn dyl dyZ ’)’)’dyn

Here d,, is the Kronecker symbol in k, r, which equals 1if ks r and is O if
kil r.

As we indicated above, this paper is quite independent of VX but it uses
several probabilistic potential theory results proved in V8X for operators
Lyd Qe ks 1,2,...,N.

The rest of this paper is organized as follows. In Section 2, we study the
switching distribution of the switched diffusion processY s X, L . associated
with S, and we derive the resolvent identity 1.15.. We also show that
Ys X,L.can only switch ®nitely many times within a @®nite time interval .
In Section 3, existence, uniqueness and probabilistic representation theorems
for solutions of 1.8. are proved. The strong positivity result mentioned above
is proved in Section 4. Finally, resolvent and kernel identities 1.17. and
1.18. are established in Section 5.

2. Switched diffusion processes and their resolvents. Let D be a
d-dimensional Euclidean domain, let dx be the Lebesgue measure in D and
let W2 D. be the Sobolev space on D of order 1,2. with zero boundary
condition; that is,

2.1, W2 D.s C, D. ™z,
where
r2
2.2. 55 ,s H<fZdxq Hf%dxf .
D D

Let Ws D= 1,2,...,N4and dm x,k.s dxdn k., where dn is the count-
ing measure on 1,2,..., N4 A cemetery point D is added to W as a one-point
compacti®cation, and a function f de®ned on W is extended to W,s W D4
by setting f D.s 0 unless otherwise speci®d. We associate the elliptic

system S of 1.1. with a bilinear form F, E. on L? W, m., where

23. Fs ug L>2W,m.:u ?2k.g W}2 D. forks 1,2,...,N4
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and, for u,vg F,

1 N d -u -V
E u,v.s — H aff x.— x, k.— x, k. dx
ks 1 Di,js 1 A - X
1N d -u
2.4, y — H bk x.— x,k.v x, k. dx

2 s 1 Dis1 - X
N

y qu| x.u x,k.v x, . dx.
k,Is1 D

It is known cf. dXxand VLOX that if gg Ky, then for any «) O there exists
a constant C_.) O such that, for fg Wg? D.,

25. Hwg$2dxF «H<f 2 dxq c H¢t <€ dx.
D D D

Since 1,9%4g Ky, 1509 Ky and af. is uniformly elliptic and bounded, it
is easy to seethat there exist constants a,) 0and A) 1 such that

N N

26. ' Ju2k.|;,FE uuFA Ju2k.|;, forugF
ks 1 ks 1

and

2.7. |[E u,v.|F A' E,, U, u. ' E, v,v. foru,vg F,

where E, s Eq a, , ;2w m-FOrug F,u%n 1g F and
2.8. E u'n 1,uy un 1.G O

Wee VX for detailed computations for 2.6. to 2.8.X Thus F, E. is a nonsym-
metric regular Dirichlet space on L? W, m.. Therefore, by a fundamental

theorem from VIX there exists a Hunt processYs X,L.on D= 1,2,...,N4
associated with F, E. such that the in@®nitesimal generator of Y is S whose
domain of de@nition is

2.9. DS.s ug F:Sug L2 W, m.4

Here the derivatives are understood in the distributional sense. The state-
ment Sug L? W, m. means that there exists fg L2 W, m. such that, for
vg F,

2.10. Euv.sy f,v.zwym

and Sus f. The process Y is de®@ned for all starting points in D=
1,2,..., N4except possibly for a set of zero capacity . Later in this section we
will show that this exceptional set can be dropped.

For a) O, let
2.11. G,f x,k.s Exk|He 2 X,,L,. dt
0
for a Borel measurable function f de®ned on D= 1,2,..., N4whenever the

right-hand side of 2.11. makes sense,with the convention that f D.s 0.1t is
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known that, for a) a,, G, is a bounded operator in L? W, m. with

2.12. G,5F :
ay ap

and, for fg L> W, m., G,fg F with
2.13. E, G,f,u.s f,u..2wm., ug F.
Let
2.14. ts inf t) O:L,/ L,4
and
2.15. X0s o -

-, tG t,

where - is a cemetery point added to D.

PropPosITION 2.1. For g.e. xg D and kg 1,2,...,N4 X% P *xkdis a
realization of the strong Markov processthat is continuous up to its lifetime
and has in@®nitesimal generator

2.16. Leg QS 3=7? ak=.q b*?=q q,,,
whose domain of de@nition is
2.17. Dis fg WE2 D.: L,q q.fg L2 D,dx.4

Proor. Let N; D be the exceptional set having zero capacity such that
the switched diffusion process Y is well de®ned for each starting point in
D_N-= 1,2,...,N4 Let Y°s Y, when OF t- t and Y,°s Dwhen tG t,
where D is a cemetery point. That is, when starting from x, k., Y° is the
part processof Y on the open set D= k4 By Corollary 2 on page 149 of Vix
YO P *k4for xg D_N is a strong Markov process on D= k4 whose
associated Dirichlet spaceis F,, E., where

F,s ug F:us Ooff D= k44
s u:u?2k.g W2 D.andu 21.s Oforl/ ki,
and where F and E are de®ned in 2.3. and 2.4.. Note that, for u,vg F,,

1 d -u 2k. -v ?2k.
E uv.s — Hai“j
i,js1 D

2.18.

d
dxy Hbik—'v 2 k. dx

X;

-u 2k
i - X is1 D -

y Hiwu 2 k. v 2 k. dx.

Therefore, F,, E. can be identi ®d with the Dirichlet space W2 D., EX. on
L? D, dx., where

2.19. ! f
y Hbik—X gdxy Hi, fodx
i

is1 D -~
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for f,gg Wy ? D.. Note that if we identify -, k. with D, then Y°%s X% k..
Therefore, X° P ** xg D _ N4is arealization of the Hunt process assock
ated with the regular Dirichlet space Wg'? D.,EX. on L? D, dx. that is
continuous up to its lifetime t.Or, equivalently, X° P X% xg D _ N4is the
Hunt process which is continuous up to its lifetime and has in@nitesimal
generator L, g q,, with domain of de@nition D,. |

Let GX be the a-resolvent of X0 P **-4for g.e. xg D; that is,

GKf x.s Ex*k'[HeVa‘f Xf’.dt}
2.20. °
s E Xvk-[l—iev atf X, dt].
0

By enlarging the constant a, in 2.6. and 2.7. if necessary, we may assume
that
2.21, AVI5E8 ,F EX f,f.F ASFS,, fg W)2 D..
Thus, for a) a,, we have 5G*5,F 1r ay a,- and GXfg Wl2 D. for fg
L2 D, dx..

ProposiTion 2.2. Let f GO onD and aG 0. Then
2.22, EX*[eaf X, .]s GXyauf. x..

Proor. Let V,Z,z Q% xg D. be the strong Markov process having
in®nitesimal generator L, with
2.23, DL,.s fg W2 D.:L,fg L? D,dx.4
Let P* be the probability measure on V determined by

2.24, EX[f z.]s EXexp Haw z.. ds/f zt.},
0

where Eg denotes the integration with respect to the probability measure Q.
Then V,Z,z P* xg D.is astrong Markov processwhich is continuous up
to its lifetime and has in®nitesimal generator L, q ¢, whose domain of
de@nition is D, in 2.17. cf. vBX. Thus

Exk[ed X,.]s EX[eF Z, .|,

which by page 286 in Sharpe Vi5Xwutting m,s exp Hda,, Z,- ds-1,. ,,there
and noting that Q*-a.e. Z,s -X

s Eé[l;le“tf Z,. Y Qg Z;..€Xp |;‘qkk Z,. ds/dt}

s EX[He""*t Y O f . Z;. dt}
0

s GXy qguf. x.. I
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THeorem 2.3. For a) a, and fg L> W, m.,

225, G,f x,k.s G¥ f 2k.. x.q Gk " Ay G, f ?,I./ X..
7 k
Proor. For 1F kF N and xg D, let
fo X.s EX*[e G, f X,,L,.].
By the strong Markov property of Ys X,L.,

G, f x, k.
2.26. s E""“[Hey At X, k. dt]q E“"[He‘/a‘f X, L. dt
0 t

s GX f2k.. x.q f, x..

Hence, f,s G,f 2k.y GX f 2 k.. isin W2 D.. Since ay S.G,fs f and
ay L,y qu-Gf f2k..s f2k.,

N
2.27. ay L,y Ou.fgs 0G, T 21..
Is 1
I/ k
Thus
N
2.28. fos Gk 0y, G, f 21.
Is 1
I/ k

by the following lemma. |

LemmAa 2.4, Supposeq is a function de®ned on D such that 1,99 K, and
ug Wg? D..Then, forkg 1,2,...,N4and a) a,, G¥ qu.g W¢? D. and
GX qu. is the unique weak solution of ay L,y q.-fs qu.

Proor. It suf®cesto prove the lemma for qG 0 and u G 0. Note that the

resolvent of the Dirichlet space Wg'?, EX.is GX, ,4, o. For f,gg L? D, dx.,
set
2.29, E® f,g.s b fy bGk ,f.g..

Let g, gn n.Then f,s GX g,u.g W ? D.. By the resolvent identity,
E® f,.f,.s b Gl, quu..f

ntL? p,dx.

2.30. ~
S qnu!bégqbfn/’

where @ , is the adjoint of GX, , in L? D, dx..Since 1,49 K, by 2.5. and

2.6. there exists a constant B which is independent of n such that

y — 1 = =
cJnLj!bGakqbfn-F B Eak u,u. Eak bégqbfn'bégqbfn/v
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which, by Lemma 3.1 in V12X is less than or equal to

] ]
B EXu,u. E?” f,  f,. .

Thus

2.31. E® f, f,.F B%EX u,u..

Let n2 . By the monotone convergence theorem and 2.31.,

5 32 E® Gy qu.,Gy qu..s b Gy, qu.,Gy qu.. > 4,

F B2EX u,u..

Since Gk, , qu-F G¥ qu., GY , qu.g L®> D,dx. and therefore GX qu.s
Gl » Qu-y bGY Gk, qu..is alsoin L? D, dx.. Thus, by Lemma 3.2 in V12X
GX qu.g W2 D..For fg W2 D.,

EX Gy qu.,f.s lljiam‘E"' Gf qu.,f,

2.33. s lim au, b, ,f/
s qu,f.,
since b@¥, ,f convergesto f in W2 D., 5?5 ,.. Thus G¥ qu. is the unique

weak solution of ay L,y q.-fs qu.l

Recall that F4;, is the minimum completed admissible s-®eld generated
by Y cf viXand VX and t is the ®st switching time for Y as de®ned in
2.14.. Also, F,, is the s-®eld of events strictly prior to the stopping time t;
that is, F, is the s-®eld generated by F, and the sets Al W) txfor Ag F,
and t) 0.SinceY,s Y, ,tG 04is left-continuous, it is a predictable process
with respect to the @ltrations F4s,. Thus, by Corollary 3.23 2. of V8%
Yoy Lu- xS Xy ,Loly. -« is Fy-measurable. The following theorem gives
the switching distribution of Y at its ®@rst switching time t. In particular, it
implies that X is continuous up to the lifetime z of Y.

THEOREM 2.5. For g.e. xg D, kg 1,2,...,N4andlg 1,2,...,N4_ k4
we have

2.34. EX[f X L,s IFy]s f Xy.y &/ Xy -
Ok k
for any bounded continuous function f on D.

ProoF. For such ®xed I, let f x,j.s f x.1,,j-, which is a bounded
continuous function on D= 1,2,..., N4 We seefrom 2.29. that

N
Ex'k-[e‘/atGaf XtrLt']S Gy UG f ?,J'-@,
1

js
il k
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which, by Proposition 2.2,

N )
2.35. s Exk|lea  G,f xty,j.yh/xw. ,
js 1 ik
il k
where the convention Or Os 0 is used. By the resolvent identity G,fs G,fy
by a.G, G,f., it follows from 2.35. that, for b) a,

E“*[e G, f X, L,.]

2.36. N , |
s Exklea  pG,f X,y,J.y&/XW. :
js 1 Ak
il k
Since bG, f convergesto f on D= 1,2,...,N4as b2 ° except possibly for

a set of zero capacity, by the bounded convergence theorem it follows from
2.36. that

Exk[ef X,.,L,s I]
2.37.
s E Xvk-[evaff Xy - Y &/ Xy }
Ak
For any tG Oand Ag F, by the strong Markov property of Y and 2.37., we
have
E X [1a w) o€ % X.oLys 1]

s E x,k.[ey atlAl ) th Xtth.[ey atf Xt" LtS |]]

s E X, K.

Ay
e a1, w) txE X"L"[ey atf Xy - Y q—/ Xy -
kk

Qi
s EXN|La wy € % Xy Y q—/ Xy - |-

kk

Therefore, since t is F, -measurable,
q

238, @ HEXK[f X,.,L,s IF,|s &% X,.v i/ Xy . -
Qi

This proves 2.34.. |

By the strong Markov property of Y, process Y is uniquely determined by
its preswitching part Y,s X,,L,.,0F t- t4and its switching distribution
2.34. at the switching time t. Recall that for quasi-every starting point X, k.
in D= 1,2,...,N4 X, OF t- t4is a Hunt process having in@®nitesimal
generator L, g ¢, with domain of de@nition de®ned by 2.17.. Therefore, the
switched diffusion processYs X, L. can also be constructed via the patch-
ing procedure from diffusion processes X* of L, q g, ks 1,2,...,N, as
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described in the Introduction . Clearly, the diffusion component X of Ys

X,L. has a continuous sample path up to the lifetime Zz of Y. Since the
diffusion process X* of L, q q,, can be chosento start from any point in D
seeVBX, by the patching-together construction, the switched diffusion process
Ys X,L.is re®ned to start from any point in D= 1,2,..., N4 From now
on, we always assume that Y takes this re®ned version.

Let
tys inf t) 0:L,/ L4,

tys inf t) t;iL,/ L4

nyl'

tys inf t) t,, L/ L,

with the convention that inf Bs q " ; that is, let ¢, be the nth switching
time of the processYs X,L..

THEOREM 2.6. P “KvWim . .t,s “Xs 1 for x,k.g D= 1,2,...,N4

Proor. Let XX, z,PJ xg D. bethe diffusion processof L, q q,, on D
with zero Dirichlet boundary condition and let z, beits lifetime . By Theorem
5.12 of V8Xthere exists a constant a) 0 such that

2.39. sup EX[e @1, XS |F %, ks 1,2,..,N.
xg D

Thus, for x,k.g D= 1,2,..., N4 by the strong Markov property of VY,
E“*[expy at,.]
s E X'k-[E Xrlezl-[exp y at,y t;..???

=E Xmutaycfexpy atyy t,,..] 22}

2.40,
F  sup sup Ekx[exp y az,.1p XJ, ]/
1F kKF N xg D
1
F on
Hence
2.41. E x'k-[exp y alim tn4 s lim E **[expy at,.]s 0
na ° na °

and the theorem is proved. |

Theorem 2.6 tells us that the process Ys X,L. can only have @nitely
many switches during a ®nite time interval .

3. Dirichlet boundary value problems for elliptic systems. In this
section, we prove an existence and uniqueness theorem for the Dirichlet
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boundary value problems as well as a probabilistic representation theorem
for the weakly coupled elliptic system S. Recall that we only assume that S
has measurable cog®cients which may be singular for lower-order terms.
Throughout this section, D is a bounded domain in RY such that its
Euclidean boundary -D has zero Lebesgue measure unless otherwise speci-
®ed. By extending a*s I, b*s 0and g, s 0 off D, there exists a switched
diffusion process Ys X,L. on R%= 1,2,..., N4 associated with the ex-
tended system S on RY. Let

3.1. t D.s inft) 0:Y,f D= 1,2,...,N44
Then Y, t- t D., Pk, x,k.g D= 1,2,...,N4 is the switched diffu-
sion process on D= 1,2,..., N4 with in®nitesimal generator S, D S.. of
2.9. on D.

For a bounded Borel measurable function f de®nedon -D= 1,2,..., N4
let
3.2. uxk.s EX“[f X, p,Lyp.],
3.3. Up X, K. s EX*[Ff X, 5, K. 1y 5. (s

where ts inf t) 0: L,/ L,4is the ®rst switching time for the processY.

Lemva 3.1. For kg 1,2,...,N4and xg D,

N
3.4, u x,k.s u, x,k.q G* qqu 21.. x.,
Is 1
I/ k
where G is the Green operator of L, g q,, on D with zero Dirichlet boundary
condition .

Proor.
u X,k.S Ex’k'[f Xt D,ak-lw D.- tx]
g E X'k'[f Xipobioduop, tx]

q Eka-[f Xipobep 1y D.stx]
s Uy x,k.q lqgll.

3.5.

By the strong Markov property of Y,
I's E X'k'[lw- ¢t px Xt’Lt']'

which, by 2.34., equals

N

Ak
E k|1, ,p,U Xey 1oy —/ Xty.},
i e
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which, by Proposition 2.2, is equal to
N

E X*“'[qul Xeou X, 1. ds}
0

N
k
s G* gyu 21.. x..

Since - D has zero Lebesgue measure,

E X*-[Hl_D Xs. ds}s 0
0

cf. v8X . Therefore,
IFE**[1, X,.f X, L,.],

which, by 2.34. and Proposition 2.2, is equal to
N
E X""[Hl_D Xo. F Xg, 1.gy Xo. ds}s 0. |
Is 1 0
Il k
THEOREM 3.2. Suppose f is a bounded Borel measurable function on
RY= 1,2,...,N4suchthat f 2 k.g W2 RY. for eachk. Then

3.6. ux,k.s EX*[f X, p,L,p.]

is the unique weak solution onD= 1,2,...,N4of Sus 0 suchthat u 2k.y
f 2k.g W42 D.. Furthermore , u is continuous in D.

Proor. Without loss of generality, we may assume f G 0. Clearly, u is a
bounded function on D= 1,2,..., N4and, by Lemma 3.1for kg 1,2,..., N4
N
3.7. u x,k.s u, x,k.q G* qu 21...

Is 1
I/ k

It is known from Lemma 5.6 in VBXthat, for each ®ed Kk,
up X, k.s E**[f X, k.|

is the uniqgue weak solution on D of L,q g,.-us O such that u, 2Kk.y
f 2k.g W2 D..Let G¥ bethe a-resolvent of the elliptic operator L, q 0,
on D with Dirichlet boundary condition or, equivalently, GX is the a-
resolvent of the regular Dirichlet space W2 D., EX. given by 2.20.. Set
jis G* gy u 21... Since D is a bounded domain and j, is bounded, we have
j,g L? D,dx. and

llyiam‘ b jiy bGj.ji. . D,dx. S iiiam‘ b Gy aqu 21...j. . D, dx.

s lim qk|U ’);lib(g{b(jll
b2

L2 D,dx.’
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where GZ}; is the adjoint of Gf on L2 D, dx.. Since q,,g L* D, dx. and béé‘jl
converges to j, in L? D,dx. as b2 ", by the Lebesgue dominant conver-
gence theorem

38 tl,iam\bj'y ng(jul-h._zD,dx,S Ou 21,7,

Thus, by Lemma 3.2in 2% j, s G¥ q,,u 2l..g W2 D.and, forcg C, D,

E¥ j,,c.s tl)im‘ b j,y bGY,, c

*L2 D,dx.
3.9. s fim gu 21., bd¥c [

S Qgquu Al f..

Hence j, is the weak solution in W2 D. for L,q Qg-j;S Y Qqu 21
Therefore,

N
u?2k.y f 2k.s u, 2k.y f 2k.qg i 2

Is 1

I/ k

isin W32 D. and, by 3.7.,

N
3.10. L,u?2k.q gguu ?21.s 0.
Is 1

Hence u is the weak solution for Sus 0 in D with u?2k.y f 2k.g
Wg-2 D.. The uniqueness follows from Lemma 3.3.

Next we show u is continuous in D. It is known from Lemma 5.8 in V8X
that u, 2 k. is continuous in D. Let X PX, xg D. by the diffusion of
L, d gy, with zero Dirichlet boundary condition on D. Then

ji x.s GXq,, 2u 21.. x.
311 s E;[I;qul XK u xg,l,ds}q EXj, X.].
Since cf. Lemmas 5.7 and 5.8 in VBX
3.12. lim sup E,:‘[Hq X u X5 ds}s 0
tx0 xg D 0

and x- EXW, X,.Xis continuous in D, j, is a continuous function on D.
Therefore, u is continuous on D. |

Lemma 3.3. Let D be a domain in RY having @nite Lebesgue measure.
Suppose u is a function de®ned on D= 1,2,...,N4 such that u?k.g
Wg? D. for eachk and Sus 0 onD.Thenus O m-a.e.onD= 1,2,...,N4
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REmARK . Protter and Weinberger W4X proved a maximum principle for
solutions of Su G O for an elliptic system S whose L, in 1.1. are of the form
1 ak=.7=q b*?= and all the cod®cients a*, b* and q,, are assumed to be
bounded. Since our system S has L, s 32=? a*=.q b*= with measurable a*
and singular cod®cients b* and q,,, we cannot apply Protter and
Weinberger's method using the Hopf lemma. We prove this lemma by using a
technique from Trudinger V@9Xtogether with a probabilistic characterization

of S-harmonic functions .

ProoF oF LEMMA 3.3. Suppose m Xx,k.: u x,k./ 04) 0. Without loss
of generality, we assume

3.13. us esssup u) O.
D= 1,2,...,N4

Let bg O,u. and vs uy b.9 Then v 2k. is in W2 D. for each k by
Theorem 7.8 in WX Since Sus 0, E u,v.s 0, where E is the Dirichlet form
on D given by 2.4..For ys x,k.,setay.s a* x.and b y.s b* x.. From
E u,v.s 0, one has

1 d -V -V
2|;|Vi’j51aIl Y. -~ y. X y.m dy.
d -V
3.14. S Hbi y.— Yy.v y.m dy.
is1 W - X
N
q H% x.u a,k.v a,l. dx,
k,Is1 D

where Ws D= 1,2,...,N4By 25,

d -V
Ho y.— y.v y.m dy.
is1 W - X
d
F{HevE y.m ay. H? y.v2 y.m dy
is 1
« «d
3.15. F —Heved ymdy.qg —HevE y.m dy
d C..
95 H? y.m dy
«
dgq 1.« d C.
s — ““Hevd ymady.q ——<H? y.m dy..

2 2 «
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Note that g,, satis®es 1.4. and 1.5.
N

qu, X.u x,k.v x,I.dx
k,Is1 D

N
s|—{ Oy X. ux,k.n b, uxl.y b.°

k,Is 1
N

q Oy X.V X, k.v x,I.}dx
k,Is 1

N
FH O X.V X, k.v x,I.dx
k,Is 1

1 N
F — Ha., x.v? x k. dxq Ha, x.v? x,1. dx},
2 s1l D D

which, by 2.5.,

F «NHevE y.m dy.q NCH? y.m dy..

Thus, by 3.14. and the ellipticity 1.3.,

/vt

dg 1 d C.
F qTq N/«H&v3 y.mdy.q ——-d NC«/H/2 y.m dy..
«
Hence, by selecting « suf®ciently small, we have
3.16. 5=v5 F gwvb,

for some constant g) 0, where 5?5, is the L% norm in L? W, m.. By Sobolev's
inequality see, e.g., Theorem 7.10 in WX for d G 3,

NS4 gy 2. F C=V5
F Cg5v5,F Cg m supp v.." "S54, gy 2.,

where Cs C d.) O, supp v is the smallest relatively closed subset in D =
12,..., N 4 outside of which v vanishes and the last inequality comes from
Hélder's inequality . Therefore,

3.17.

3.18. m suppv.G Cg.”".

In the case of ds 2, the inequality of the same form with the constant C
depending on d and the volume of D also follows from the Sobolev inequality
by replacing 2dr dy 2. by any number greater than 2. Since inequality
3.18. is independent of bg O, u., u must attain its essential supremum u in
D= 1,2,...,N4on a set of positive measure. Thus u is bounded from above
and therefore u is bounded sincey u satis®es Sy u.s 0.
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Let G, be the a-resolvent of the Dirichlet space F, E. given by 2.3. and
24. on L2W, m. and let @ be the adjoint of G,. Then, for a) a, and
fg L2W, m., @\fg F and therefore

u,f.2wms E u,(g‘;f,

3.19, s au@&f. .y

s aGuu,f. 2y .
Thus us aG,u for a) a, and therefore us P,um-ae.on D= 1,2,...,N4
for t) O, where P, is the semigroup of F, E.. Since u attains its essential
supremum ain D= 1,2,...,N4on a set of positive measure, there exists a
point x,k.g D= 1,2,..., N4such that
3.20. E**[u X;,L,.;t D.) 1]s Pyu x,k.s a.
Let As x,l.u x,l.s a4 By 3.20.,
3.21. Pxk[ X;,L;.0 A]s 1.

We know from Remark 3 for Theorem 5.11 in V8Xthat the diffusion process
X% on D of L,q q,, with zero Dirichlet boundary condition has transition

density function p* t, x,?. which is strictly positive almost everywhere in D
for each ®ed t, x.g R9= D. Since

P*&[ Xy, L,.g dz,k.;1- t- t D.]s p* 1,x,z. dz,

where ts inft) 0:L,/ L,4 wehave m D= k4_A.s 0.Hence u?2k-s
a) 0 ae. on D, which contradicts the hypothesis that u 2 k.g W;? D.. |

PropPosiTioN 3.4. Any locally bounded weak solution of Sus 0 on D has a
continuous version.

Proor. Supposethat u is a weak solution of Sus 0in D which is locally
bounded. For an arbitrary point zg D, let r) 0 such that B z,r.; D,
where B z,r.s xg RY <y z< r4 By Theorem 3.2,

X,k.= E X'k'[u Xt B z,r..!Lt B z,r..-]

is a continuous version of uon B z,r.= 1,2,..., N4 where
t B zr..sinft) 0:Xf B zr.4
Therefore, u has a continuous version on D= 1,2,..., N4 by using the

partition of unity . |

By a similar argument as that for Lemma 4.4 in V8X we have the following
result .

Lemma 3.5. For any weak solution u of Sus 0 on D, the following
inequality holds:
N N
3.22. H |=u 2k.|?dxF cH lu 2k.|

Bzrgsi1 B z,Rks 1

2
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with 0- r- R such that B z, R.; D, where C) 0 is a constant which
depends only on the ellipticity constant / in 1.3., the cod®cients in 2.5. for
$%< and q,, and on the value of Ry r. Here B z,r. denotesthe Euclidean
ball in RY centered at z with radius r.

THEOREM 3.6. Let D be a bounded domain in RY and f 2k.g C -D. for
ks 1,2,...,N. Then

ux,k.s EX*[f X, p,L;p.]
is the unique weak solution of Sus 0 on D such that
3.23. limu x,k.s f z, k.

X2 z

xg D
for any boundary point zg -D which is regular for %D, D.. Moreover u is
continuous onD= 1,2,..., N4

Proor. Let f, be such that f 2k.g C? -D. and f, converges to f
uniformly on -D= 1,2,..., N4 Let

3.24. u" x,k.s EX*[f, X, 5, L, p.]
and
3.25. ug X, k.s EXR[F X, 5, K1y 5 s

where ts inf t) 0: L,/ Lg4 By Theorem 5.11 in VX u§ ? k. is the unique
weak solution of L, q gy,-ug % k.s 0 such that
3.26. limug x,k.s f, z,k.

xg D
for zg -D which is regular for D, D.. It follows from 3.11., 3.12. and
Lemma 5.7 of vBX that

3.27. lim Gk gquu" 2l.. x.s 0
xg D

for zg -D which is regular for 1D, D.. Thus, by Lemma 3.1 and Theorem

3.2, u" is the unique weak solution of Sus O satisfying 3.23. with f, in

place of f. Since u" converges uniformly to uon D= 1,2,...,N4asn? °,

it follows from Lemma 3.5 that u is the unique weak solution of Sus 0 such

that 3.23. holds. |

4. Strong positivity result for solutions of Dirichlet boundary value
problems. In this section, we prove that if the elliptic system S is irre -
ducible, a strong positivity result holds for solutions of the Dirichlet boundary
value problem for S.

Recall that Qs qy,-n= n IS @n N = N matrix-valued, measurable function
on D in 1.1. which satis®es conditions 1.4. and 1.5..
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DeriniTioN 4.1, The weakly coupled elliptic system S or the matrix Q is
said to be irreducible on D if for any distinct k,Ig 1,2,..., N4 there exist
Ko, Kg,ooou ke in 1,2,..., N4 with k;/ ki, kos k and k,s | such that
xg D: i kg 2 Xx./ 04 has positive Lebesgue measure for is 0,1,...,ry 1.

ProprosiTion 4.1. The matrix Q is irreducible on D if and only if Q is fully
coupled on D in the senseof V18X that is, 1,2,..., N4cannot be split into two
disjoint nonempty sets G and S such that g,,s 0 a.e. on D for kg G and
lg S.

Proor. If Q is irreducible on D, then Q is fully coupled on D since
otherwise 1,2,..., N4can be split into two disjoint nonempty sets Gand S
such that q,,s Oa.e.on D for any kg Gand I g S.Let kg Gand I g S.By
the irreducibility of Q on D, there exists k4 o; 1,2,..., N4with k;/ ki, ,,
kos k and k,s | such that x: g , X-/ 04 has positive Lebesgue mea-
sure. This implies that k45 ,; G In particular, |g G, a contradiction .

Conversely, suppose that Q is fully coupled on D. For each ®ed kg
1,2,...,N4 let

Gk.s |I:there exists ki45,; 1,2,...,N4with k;/ Kkiq;, Kos K,
kis | such that x: gy, , X-/ 04 has positive Lebesgue
measure4 !

The set G k. is not empty since Q is fully coupled on D. Indeed, G k. s
1,2,..., N4 since otherwise S k.s 1,2,...,N4_G k. is nonempty . Hence,
there exist rg Gk.and Ig S k. such that xg D: q,, x-/ 04has positive
Lebesgue measure. This implies that 1 g G k., a contradiction . I

It is clear that any weakly coupled elliptic system of 1.1. can be decom-
posed into several independent irreducible elliptic subsystems.

THEOREM 4.2 Strong positivity result.. Let D be a bounded domain in R®
and let u be the unique weak solution of

Sus 0 inD= 1,2,...,N4,
us f on-D= 1,2,...,N4

for a continuous function f. If the elliptic system is irreducible on D and
fGOissuchthat [ ,f 2k-k Oon-D,thenu) 0in D= 1,2,...,N4

4.1,

Proor. Let ug, ? k- be the unique solution of
Lyg Og-Ug 2k.s O in D,
u, 2k.s f 2k. on-D.

Since f G 0, u, 2k.G 0 for each k. Without loss of generality, we may
assume that f 1.k 0 on -D. Then, by Remark 2 for Theorem 5.11 in VBX
Ug 21.) 0 and therefore u 21.) 0in D.For any ®ed kg 2,3,..., N4 by
the irreducibility of the system S on D, there exists k4, with k;/ ki, ,,
kos k and k,s 1 such that xg D: Ak, 5 X./ 04 has positive Lebesgue
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measure. It follows from 3.4. that

u x,Kk.
N
s Uy, x,k.q G* q,u 21..
Is 1
7k
S u, X, k.
r N
q G* ki, GllQ|1|2 ???Gliy1Q|,yl|,Uo 21 771//
is 1 (PP, lis 1
VAN A R A T
N
q Gk qkll G|1q|l|2 ???G'ry 1q|ry N u 7, |r. \ 79’///
PPN l.s 1
W 105 e 1y s
Thus

U X, K. G G gy, GHay,, 272G*v1q,, U, 21, 22
) o.

Here we use the fact that G*¢) 0 in D whenever ¢G 0 in D such that
xg D:c x.) 04has positive Lebesgue measure see Remark 3 for Theorem
5.11 in v8X. |

RemArk . Under the irreducibility condition, Sweers VI8X proved a strong
positivity result for solutions of

Sus y f in D,
us 0 on-D,

4.2,

using an analytic method. It can also be proved by using the following
identity:

N

Gf x,k.s G¥ 2k. x.q G qlef?,I./x.,
Is 1
Il k

which follows from 2.34. and the strong Markov property of the switched
diffusion processYs X,L.on D.

5. Resolvent and kernel identities. Let D be a Euclidean domain in
RY9, Ws D= 1,2,...,N4and let S be a weakly coupled elliptic system 1.1.
on D. In this section, we derive formulas which express the resolvent and
transition density . kernels of S in terms of those for the component elliptic
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operators L,q 0y, ks 1,2,..., N. First, we present a continuity result for
the a-resolvent G, of the system.

THEOREM 5.1. Let a) 0 and let f bea bounded Borel measurable function
onD= 1,2,...,N4 Then G, f is continuous in D= 1,2,..., N4and

5.1. lim G,f x,k.s O
xg D

for zg - D which is regular for 1D, D..

Proor. By the strong Markov property of the switched diffusion process
Ys X,L. associated with S on D and 2.34.,

N

5.2. G,f x,k.s GXf 2 k. x.q GY¥ q,,G,f 21.. x.,
Is 1
I/ k

where GYX is the a-resolvent of L,q g, on D with Dirichlet boundary
condition . By Lemma 5.7 in V8% GXf is continuous in D and

5.3. lim GXf 2k. x.s O
xg D

for zg -D which is regular for 1D, D..Let XX, PX, xg D. be the diffusion
process of L, q q,, on D with Dirichlet boundary condition and set g,s
Gk q,,G,f 21... Then

54. g X.s E,:[He‘/ asq,, XX .G, f Xsk,l,ds]q & X g, XK.
0
Since

5.5. lim sup E{[Hey g, XE.G,f X5, ds] s 0
tx 0 xg D 0

see the proof of Lemma 5.8 in v8x and x2 EXWy, X[X.Xis continuous in D
such that

5.6. lim EX[ g, X<.]s 0
xg D
for zg -D which is regular for 1D, D., g, is continuous in D with the same

limit behavior at the boundary as the function x- E Wy, X,.Xhas. Thus, by
5.2., G, f 7 k. is continuous in D and 5.1. holds for each k. |
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Let
G: 0 7?72 0 g, O 2?22 0
cos 0 g; 272 0 4 Qs Oy 0 gy 2?2?22 O
6 6 ?73? G;N 0 o0 77 qN'N

THEOREM 5.2. There exists a constant a,) O such that, for a) a,; and
fg LZ2W, m.,
5.7. G,fs Glfq G2 Q°GY,"f.

ns 1
This vector-valued series is convergent in Wol'2 D.9, 575 ,..

Proor. Without loss of generality, we assume fG 0.Let W}?2 D., EX. be
as in 2.20.. Since 1,949 K, and 1,q,,9 K,, there exists a constant
a,) ag a, isthe constant in Section 2. such that, for a) a,, ks 1,2,..., N
and f g W2 D.,

1 a
HH<ef3dxq EH<f3dx|: EX f.f.F IHsf €dxq 2aHF 2 dx,
D D D

where /) 1is the ellipticity constant in 1.3.. If we let

r2
58, AfA,S Hef2dxq 2a/H<zf%o|x/1 ,
D D
then
1 2 2
5.9, SATALE ESF 1 F IAFA;

for f g Wg+? D.and ks 1,2,...,N.By 226., for any ®&ed kg 1,2,..., N4

N

G,f x,k.s Gff 2k. x.q Gf Oy G, f ?,|./ X.
7k
N

s Gff 2k. x.q Gk auGif 21.] x.
Is 1
Il k

N N

q Gy di G} an,G.f 21,
S S
/ /

5.10.
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where
f&s GXf 2 k.
N N
5.11. f¥s G¥  quGlf 21.[s GX¥  qyfy
Is 1 Is 1
I k Ik
N
5.12. fis G¥  aufl,,
7

Since 1,q,,9 Ky for k,1g 1,2,...,N4 by 25. there exists a constant
a,) a, suchthat, for a) a,;, k,Ig 1,2,...,N4and f,cg W? D.,

1 1
5.13. Hs«, fc<dxF d EX f,.f. EXc,c.,
D

where ds 1r 4/ N.. By the same idea employed in the proof of Lemma 2.4, it
can be shown that f*g Wg'? D. and, for a) a,

N
Eak ff-flf-s leftl):fIf/
Is 1
Ik
Ny 1
Fd  EFfLAL [ EFFETE
Is 1
Ik
Thus
N
5.14. Eakff,ff,F d? Eakf(',,f(',,.
Is 1
Ik
Hence, by 5.9.,
N
AfXA,F 21d AflA,.
Is 1
Ik
Therefore,
N N
AfanF 2/d Ny 1. Anga
ks 1 ks 1
5.15.
1 N
F — Af'o‘Aa.
2ksl
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A similar argument yields that

N 1 N
AfKrALF > AfE LA,
5.16. ks 1 ks 1
1 N
F— AfkA,
2 ks 1
and
N N
5.17. ||| RE X. |||a F F ”lGaf 2 k. ”la'
ks 1 ks 1

Therefore, by 5.10., G,f 2k.s ., ,f X, which is convergent in W2 D.,
5?5 ,.. The theorem is thus proved. |

Let p, t, X, y. bethe transition density function for the diffusion process of

L,d gxx on D with zero Dirichlet boundary condition see Remark 5 for
Theorem 5.11 in V8Xfor its existence..

THEOREM 5.3. For x,yg Dand k,lg 1,2,...,N4

pt, x,k., y,I..
S dy p\k t, X, V.
515 O HoH  H22Hp, . xovsaa, v
0. ns 1 1F Iy, Iy, ..., lp- N O- tg- t,- 7 t,- t D D

/K

iql
=Py, Ly ti, Vi, Y2 ??'-q|n| Yn-

= pty to, Yy, y. dty dt, 2?7t dy, dy, 27y,

converges and is the transition density function for Ys X,L. on D=
1,2,...,N4

Proor. This follows from Theorem 5.2 and the fact that, for fg Lg W, m.,

G,f x,k.s He atp t, x,k., y,I..f y,I.dm y,I.
0

for a) ag. |
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