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Abstract

In this paper we show that Dirichlet heat kernel estimates for a class of (not necessarily
symmetric) Markov processes are stable under non-local Feynman-Kac perturbations. This
class of processes includes, among others, (reflected) symmetric stable-like processes on closed
d-sets in R?, killed symmetric stable processes, censored stable processes in C! open sets as
well as stable processes with drifts in bounded C'+! open sets. These two-sided estimates are
explicit involving distance functions to the boundary.
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1 Introduction

Recently, sharp two-sided Dirichlet heat kernel estimates have been obtained for several classes of
discontinuous processes (or non-local operators), including symmetric stable processes [7], censored
stable processes [8], relativistic stable processes [9], and stable processes with drifts [10]. Although
the proofs in these papers share a general road map, there are many distinct difficulties and the
actual arguments are specific to the underlying processes. The main purpose of this paper is to
establish a stability result for the sharp Dirichlet heat kernel estimates of a family of discontinuous
processes under non-local Feynman-Kac perturbations. Here for a discontinuous Hunt process X,
a non-local Feynman-Kac transform is given by

Tif (@) = B [exp (Ar+ > F(Xom, X)) £(X0),
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where A is a continuous additive functional of X having finite variations on each compact time
interval and F'(x,y) is a measurable function that vanishes along the diagonal. The approach of
this paper is quite robust that it applies to a class of not necessarily symmetric Markov processes
which includes all the four families of processes mentioned above in bounded C'! open sets.

Transformation by multiplicative functionals is one of the most important transforms for Markov
processes (see, for example, [13, 22]). Non-local Feynman-Kac transforms are particular cases. They
play an important role in the probabilistic as well as analytic aspect of potential theory, and also
in mathematical physics. For example, it is shown in [12] that relativistic stable processes can
be obtained from the symmetric a-stable processes through Feynman-Kac transformations. We
refer the reader to [14, 23] for nice accounts on Feynman-Kac semigroups of Brownian motion.
In particular, it is shown in [1, 23] that under a certain Kato class condition, the integral kernel
(called the heat kernel) of the Feynman-Kac semigroup of Brownian motion admits two-sided
Gaussian bound estimates. In [19], sharp two-sided estimates on the densities of (local) Feynman-
Kac semigroups of killed Brownain motions in C'*! domains were established. Non-local Feynman-
Kac semigroups for symmetric stable processes and their associated quadratic forms were studied
in [24, 25]. By combining some ideas from [28] with results from [11], it was proved in [26] that,
under a certain Kato class condition, the heat kernel of the non-local Feynman-Kac semigroup of
a symmetric stable-like process X on R? is comparable to that of X. The symmetry condition
on F(z,y) plays an essential role in the argument of [26]. The nonsymmetric pure jump case
for stable-like processes is dealt with in [27]. For recent development in the study of non-local
Feynman-Kac transforms for general symmetric Markov processes, we refer the reader to [4, 5]
and the references therein. We also mention that the stability of Martin boundary under non-local
Feynman-Kac perturbation is addressed in [6]. To the best of the authors knowledge, Dirichlet heat
kernel estimates for (either local or non-local) Feynman-Kac semigroups of discontinuous processes
is studied here for the first time. The main challenge in studying Dirichlet heat kernel estimates of
Feynman-Kac semigroups is to get exact boundary decay behavior of the heat kernels. While our
main interest is in the Dirichlet heat kernel estimates for Feynman-Kac semigroups, our theorem
also covers the whole space case as well as “reflected” stable-like processes on subsets of R%. In
particular, our result recovers and extends the main results of [26, 27] where D = R?. Even in the
whole space case, our approach is different from those in [26, 27].

1.1 Setup and main result

In this paper we always assume that o € (0,2), d > 1, D is a Borel set in R%. For x € D, dp(x)
denotes the Euclidean distance between x and D¢. We use “:=” to denote a definition, which is
read as “is defined to be”. For a,b € R, a A b := min{a, b} and a V b := max{a,b}. The Euclidean
distance between x and y is denoted as |z — y|.

For v > 0, let

Uy (t,z,y) = <1/\5ﬁ§:)>7<1/\6D(‘y))7, t>0,z,y€D.

tl/a

Throughout this paper, X is a Hunt process on D with transition semigroup {P; : ¢ > 0} that
admits a jointly continuous transition density pp(t, z,y) with respect to the Lebesgue measure and



that there exist Cy > 1 and 7 € [0, A d) such that

Co 'y (t, 2, y)a(t, 2, y) < pp(t,x,y) < Covoy(t, 2, y)q(t, z,y) (1.1)
for all (¢,z,y) € (0,1] x D x D, where

t

. 4—d/a
q(t,x,y) =t Ai‘x,y’dﬂv‘

(1.2)

It is easy to see that under this assumption, X is a Feller process satisfying the strong Feller
property. It is easy to see that, by increasing the value of Cj if necessary,

Cyt < / q(t,z,y)dy < Cy for all (t,z) € (0,00) x RY. (1.3)
R4
Thus 5 y
/ pp(t, =, y)dy < C} <1 A 55:)> for all (¢,z) € (0,1] x D. (1.4)
D

Note that X is not necessarily symmetric. We further assume that X has a Lévy system (N, t)
where N = N(z,dy) is a kernel given by
c(z,y)
N(z,dy) = —————
(2, dy) 7 — g
with ¢(z,y) a measurable function that is bounded between two positive constants on D x D. That

is, for any & € D, any stopping time T (with respect to the filtration of X) and any non-negative
measurable function f on D x D with f(y,y) = 0 for all y € D that is extended to be zero off

D x D,
S (X X0)| =E, [/ ([ sttty as|. (15)

s<T

By increasing the value of C if necessary, we may and do assume that
1/Cy < e(z,y) < Cy for x,y € D. (1.6)

Recall that an open set D in R? (when d > 2) is said to be a C'! open set if there exist
a localization radius r9 > 0 and a constant Ay > 0 such that for every z € 0D, there exist a
CHl-function ¢ = ¢, : RT™1 — R satisfying ¢(0) = 0, V¢(0) = (0,...,0), [|[Vé|le < Ao, |V (x) —
Vo(w)| < Aplz — w|, and an orthonormal coordinate system y = (y1,- - ,Y4—1,Yd) := (¥, ya) such
that B(z,70) N D = B(z,70) N{y : ya > ¢(y)}. We call the pair (rg, Ag) the characteristics of the
CY! open set D. By a C! open set in R we mean an open set which can be expressed as the
union of disjoint intervals so that the minimum of the lengths of all these intervals is positive and
the minimum of the distances between these intervals is positive.

It follows from [7, 8, 10, 11] that the following are true:

(i) the (reflected) symmetric stable-like process on any closed d-subset D in R? (see Subsection
4.1 for the definition of d-set) satisfies the conditions (1.1) and (1.5) with v = 0 and ¢(z,y)
a symmetric measurable function that is bounded between two positive constants;



(ii) the killed symmetric a-stable process on a C1! open set D satisfies the conditions (1.1) and
(1.5) with v = /2 and ¢(z,y) = ¢

(iii) when d > 2 and « € (1,2), the killed symmetric a-stable process with drift in a bounded O
open set D satisfies the conditions (1.1) and (1.5) with v = /2 and ¢(z,y) = ¢; and

(iv) when a € (1,2), the censored a-stable process in a C1! open set D satisfies the conditions
(1.1) and (1.5) with v = a — 1 and ¢(z,y) = c.

By a signed measure u we mean in this paper the difference of two nonnegative o-finite measures
w1 and pe in D. We point out that ¢ = pu1 — g2 may not be a signed measure in D in the usual
sense as both p1(D) and pe(D) may be infinite. However, there is an increasing sequence of subsets
{Fy,k > 1} whose union is D so that pq(Fj) + po(Fj) < oo for every £ > 1. So when restricted
to each Fj, p is a finite signed measure. Consequently, the positive and negative parts of p are
well defined on each F} and hence on D, which will be denoted as pu+ and u~, respectively. We
use |p| = put + p~ to denote the total variation measure of y. Taking such an extended view of
signed measures is desirable when one studies the correspondence between signed measures and
continuous functions of finite variations or the correspondence between signed smooth measures
and continuous additive functionals of finite variations for a Hunt process. For a signed measure p
on D and t > 0, we define

Nt sup/ / <1/\ 1/a> q(s,z,y)|pl(dy)ds
zeD

Definition 1.1 A signed measure p on D is said to be in the Kato class Ko if limgo N7 (t) = 0.

Note that if N;"7(t) < oo for some t > 0, then |u| is a Radon measure on D. We say that a
measurable function g belongs to the Kato class K, , if g(z)dz € K, and we denote N (7) dz DY
Ng“7. Tt is well known that any 1 € K, is a smooth measure in the sense of [16]. Moreover, using
the fact that X has a transition density function under each P,, one can show that the continuous
additive functional A} of X with Revuz measure p1 € K, can be defined without exceptional set,
see [17, pp. 236-237| for details. Concrete conditions for ;1 € K, are given in Proposition 4.1.

For any measurable function F' on D x D vanishing on the diagonal, we define

_ 1/a F F
N _Sup/ / 1/\ 1 ))vq(s’y’z) <1+|z w| At )v\ |(z,w)+|d ((w,2) o s
y€D DxD /et |y_Z’ ‘Z_w’ to

Definition 1.2 Suppose that F is a measurable function on D X D wvanishing on the diagonal. We
say that F belongs to the Kato class Jo if F is bounded and lim; o Nz (t) = 0.

It follows immediately from the two definitions above that if F' € J, -, then the function

|Fl(z,w) + | Fl(w, 2)
z'—>/ 7 —w |d+a dw

belongs to K, . See Proposition 4.2 for a sufficient condition for F' € J 4.

It is easy to check that if F' and G belong to J,, and c is a constant, then the functions
cF,e" —1,F + G and FG all belong to Ja. Throughout this paper, we will use the following
notation: For any given measurable function F' on D x D, Fi(z,y) denotes the function e’ (@y) 1.



For any signed measure p on D and any measurable function F' on D x D vanishing on the
diagonal, we define
Nyop(t) == N () + N (2).

When p € Koy and F is a measurable function with Fy € J, , we put

APP = A+ Y F(X,, X).

0<s<t

For any nonnegative Borel function f on D, we define

T f(@) = Eq [exp(4f")f(X0)], t=0,2€D.

Then (T} o> 0) is called the Feynman-Kac semigroup of X corresponding to p and F. The
main purpose of this paper is to establish the following result. Recall that v > 0 and Cy > 1 are
the constants in (1.1) and (1.6). For any bounded function F' on D x D, we use ||F'||« to denote

1F1 L (Dx D)-

Theorem 1.3 Let d > 1, o € (0,2) and v € [0, Ad). Suppose X is a Hunt process in a Borel
set D C R with a jointly continuous transition density pp(t,z,y) satisfying (1.1), (1.5) and (1.6).
If p is a signed measure in K, and F' is a measurable function so that Iy := ef'—1¢ Jaq,
then the non-local Feynman-Kac semigroup (T”’F 1t >0) has a continuous density qp(t,z,y), and
for any T > 0, there exists a constant C = C(d,«,~,Co, N, uFl MFLso, T) > 0 such that for all
(t,z,y) € (0,T] x D x D,

ap(t,z,y) < Cy(t,z,y)q(t, z, y).

If pe Koy and F € I, then there exists a constant C=0Cd, a7, Co,Ni’;, | Flloo, T) > 1 such
that for all (t,z,y) € (0,T] x D x D,

C~Y, (2, 9)q(t, z,y) < qp(t,z,y) < O, (t, z,9)q(t, z,y).

Here and in the sequel, the dependence of the constant C' on N :‘}1 and ||F1||c means that
the value of the constant C depends only on a specific upper bound for the rate of the function
N7 () going to zero as t — 0 and on a specific upper bound for || F1[|ec. When D = R? and v = 0,
Theorem 1.3 in particular recovers and extends the main results of [26, 27].

1.2 Approach

To explain our approach, we first recall the definition of the Stieltjes exponential. If K; is a right
continuous function with left limits on Ry with Ky = 1 and AK; := K; — K;— > —1 for every
t > 0, and if K} is of finite variation on each compact time interval, then the Stieltjes exponential
Exp(K); of K is the unique solution Z; of

Zy=1 +/ Zs dK,, t>0.
(0.4
By [22, (A4.17)],

Exp(K); = e [ (14 AK,), (1.7)

0<s<t



where K denotes the continuous part of K;. Clearly exp(K;) > Exp(K); with the equality holds
if and only if K, is continuous. The reason of Exp(K); being called the Stieltjes exponential of K
is that by [15] we have

Exp(K t_1+2/ thn/ thnl---/ dK,. (1.8)
(0,tr] (0,t2]

The advantage of using the Stieltjes exponential Exp(K); over the usual exponential exp(K}) is the
identity (1.8), which allows one to apply the Markov property of X.

Recall that Fy(z,y) = ef'®¥) — 1. In view of (1.7), we can express eXp(Af’F) in terms of the
Stieltjes exponential:

exp(A"F) = Exp (A“ + ZFl (XS_’XS)>t for t > 0.
s<-

Applying (1.8) with K; := A} + > s<t F1(Xs—, Xs) and using the Markov property of X, we have
for any bounded f > 0 on D,

T f(@) = B, [ep(l)f(X0)] = E, | 00 Bxp(4 + Y FI(X- X))

s<-

f(X / dK, / dKy, / dK;, | . 1.9
t Z tn (0.tn] tn—1 (0,t2] t1] ( )

It can be shown that, for 4 € K, , and measurable function F' with Fy € J, 4, there is some

t

P f(x)

constant Ty > 0 so that we can change the order of the expectation and the infinite sum when

t / thn/ thn—l / thl
(0,¢] (0,tn] (0,t2]

Py, f(Xy,)dKy, /

(0,tn]

t < Ty. Hence we have for every t < Tp,

T fx) = Pif(x)+ ZE

= Pf(x +ZE

thnl.../ thll . (1.10)
(07t2]

(0,4

Note that by (1.5), for any bounded function g,

Eg

/ g(XT)dKT] =E, / Xo)dAE +) " g(X,)Fi (X, X,)
(0,s] (0, 5]

r<s

e
/ /pD r,2,y)9(y)u(dy) dr+/ /pD r,z, 2 (/DFl(z,y)g(y)|C(Z|d)+ady> dzdr. (1.11)

This together with (1.9) motives us to define p°(¢,z,y) := pp(t, =, y) and, for k > 1

pk(t,x,y) = /Ot (/Dpp(s,ac,z)pk_l(t — s,z,y)u(dz)) ds



t c(z,w)Fi(z,w) 4
+/ (/ pp(s, @, z)————""—"p 1t — S, W, Y dzdw) ds. 1.12
([ potea ) T ) (112)

One then concludes from (1.9) that

TP f(2) = / ap(t,z,9)f(v)dy,
D

where

p(t,z,y) : Zp (t,z,y). (1.13)

We then proceed to establish the following key estimates: there exist constants T} € (0,7p], ¢ > 0
and 0 < A < 1 such that

Ip*(t, 2, y)] < (\F + ckAX*"Npp(t, z,y) on (0,71] x D x D for every k > 1. (1.14)

From this we can deduce that for every ¢ € (0, 77],

p(t,z,y) = Zp (t,z,y) < <1i)\+(1_c)\)2> pp(t,z,y), (1.15)

and, under the assumption F' € J, 5, that
4D (ta xz, y) > 2_2(A+C)pD (tv z, y)v

which establish Theorem 1.3 for ¢ < Tj. The general case of t < T follows from an application of
the Chapman-Kolmogorov equation.

The key to establish the estimate (1.14) are two integral forms of the 3P inequality given
in Lemma 2.3 and Theorem 2.6 below. For a killed Brownian motion in a smooth domain, the
following form of 3P inequality is known (see [18, 20]): for any 0 < ¢ < a A (b — a), there exists
M = M(a,b,c) > 0 such that for every 0 < s < t and z,y,z € D

W W
py (t—s,2,2)py (s, 2,y) op(2) w op(2) w
<M e (t—s,2,2)+ M M

PV (2, y) ()" )M W)

where pV (t, z,y) := ¥1(t, x, y)t*d/Qe*d””*yF/t. For symmetric a-stable processes in R%, one has the

(s,y,2) (1.16)

following form of 3P inequality (see [3] and (2.11) below):

Q(Sa z, Z)Q(t - 5%, y)
q(t,z,y)

The above 3P type inequalities (1.16) and (1.17) played essential roles in establishing the heat

<c(q(s,z,2)+q(t —s,zy)) forevery 0 <s<tandz,y,zeR (1.17)

kernel estimates in [3, 18, 20]. It seems that, for the processes we are dealing with in this paper,
the above two types of 3P inequalities are not true in general. Moreover, we need a 3P type estimate

on pD(t - 5T, Z)pD(Sv w, y)/pp(t,:v,y), where z 7& w.

The rest of the paper is organized as follows. In Section 2, we prove some key inequalities,
including two forms of the 3P inequality. The main estimates (1.14) and Theorem 1.3 will be
established in Section 3. In the last section, we give some applications of our main results.



In this paper, we will use capital letters 6, C,Cy,C1,Cs,... to denote constants in the state-
ments of results, and their values will be fixed. The lower case letters c1, ca, ... will denote generic
constants used in proofs, whose exact values are not important and can change from one appearance
to another. The labeling of the lower case constants starts anew in each proof. For two positive
functions f and g, we use the notation f =< g, which means that there are two positive constants
c1 and ¢y whose values depend only on d, a and v so that c1g < f < cag.

2 3P inequalities

In this section we will establish some key inequalities which will be essential in proving Theorem
1.3. The main results of this section are Lemma 2.2, Theorem 2.4, Lemma 2.5 and Theorem 2.6.
Throughout this section, D is a Borel set in R

The following elementary facts will be used several times in this section.

Lemma 2.1 For any s,t > 0 and (y,z) € D x D, we have

op(z 0 dp(z) A tl/@
fl;a) - ﬁg) ( D((S;(Ay) ) (2.1)

(1/\ 5§§Z)> <1A5;31§j)) §2<1+M> (Mégfay)). (2.2)

Proof. The identity (2.1) is clear, so we only need to prove (2.2). Since dp(z) < |y — z| + dp(y),

1A

and

we see that

e () ) < () ()

Thus, applying the elementary inequality

@ pt 2
a+b— b~ a+b’

() (42 = () () ()

a,b>0 (2.3)

we get

ly — 2| ) < 5D(y)>
< 21422 ) (1A .
< 2 (v i) (%8
O
Using (1.2) and (2.3), we get that
t < qlt,z,y) < 2+ ! (2.4)
e N O e L |



Lemma 2.2 For any v € [0,2a), there exists a constant Cy := Cy(d,c,7y) > 1 such that for all

) v t/2 ) v t/2 5 vy
(1 A flf?) ) Yy (s, 2,9)a(s, 2,y)ds < C1 <1 A ﬁﬁ?) /0 <1 A 55?) q(s, z,y)ds.
(2.5)

Proof. The inequality holds trivially when v = 0 with C7 = 1 so for the rest of the proof, we
assume 7y € (0,2a). The inequality (2.5) is obvious if 6p(y) > t1/* or dp(z) < 26p(y). So we will
assume 0p(y) < t'/¢ A (6p(2)/2) throughout this proof. Note that in this case,

dp(z)

2=yl = dp(2) = dnly) =2 =

> 0p(y). (2.6)

By (2.2), we have

t/2 o
< 1/a > w’y(swzvy)Q(SwZvy)ds
t/z Alz—y|o t

dp(y )) /t/Q < 51:)(2)>7
< 2% <1 1A q(s, z,y)ds, 2.7
e ) Jusppnz—ylo e ) A=) @7

while by (2.1)

Sn(2)\7 &A=yl
(1/\ 2 )> / ¥y (8, 2,9)q(s, 2,y)ds
0

tl/a

0 T Sp(z) A\ DA v
§<ﬁ53)> (D((s[))(y) ) /0 <1A 5%)) q(s, z,y)ds. (2.8)

In view of (2.4), (2.6) and (2.8),

(t/2)Alz—y|* gl
/ <1 A 51)1(y)> q(s, z,y)ds
0 st/

(t/2)Mop (1) s E/2DN==91% 55 () \ 7 s
<) | () s
(t/2)76p ()™ Y
1

= —gdra ((/2) 7 o))+ 0p(y)” (((¢/2) Az = 1™~ = ((t/2) Adp(y)*)* ") )
< (/2 7 500))°
+ B A /DY) (((4/2) Az — 97 = ((2/2) A Sp(w))2 ) )

_(@Eply) A /2 ((t/2) Az —y*)* 7 Gp(y)Y ((8/2) Az — y]®)>
B [z — y|dre B |2 — y|dte '

On the other hand, using (2.6) we have

(t/2)Alz—y| g
/ (1 A 5€§Z)> q(s,z,y)ds
0 s




(t/2)A(0p(2)/2)* (t/2)A|z—y|* v
x/ Sds—i—/ <5D(z)> i ds
(

0 |z — y|d+e A0 (2)/2)e \ Y ) |z —yl|dte

X|Z_2|d+a (<; R <5D2(Z)>a>2 4 op(2) ((; NE y|a>2‘7/a B <; A <5D2(z)>a)2v/a>>
ay 2
2y (5 (57))
. <5D2(Z)/\ <;>1/a)7 <<;/\ |Z_y|a>2—v/a_ (; . <5D2(z))°‘)2—v/a>>

(5p(2) A ((t/2) A |z — y|®) 2
|z — yl|dte ‘

~
—~

(2.10)
One then deduces from (2.8)-(2.10) and the assumption dp(y) < t'/* that

Sn(2)\7Y [E/2)Az—yl*
(1/\ tDlﬁa)) /(; ¢7(57Z,y)Q(3,Z,y)d3

~ »— yle 2—v/a
c1 (1 A 57355)) (0p(2) A Yfl/a)7 ((t/2) |/;|_ y|cll/+|a)

(t/2)A|z=y|* g
< 02/ <1 A 555?) q(s, z,y)ds.
0

This combining with (2.7) establishes the inequality (2.5). O

IN

It follows from (2.3) and (2.4) that for every 0 < s < ¢, and x,y, z € R,
Q(sv xz, Z)Q(t — S, 2, y)
q(t, z,y)

d+a
yd+a St =9) ( 1o + |a — y|
)

t (¥ + ]z = 2[)((t = s)* + |y — 2|

IN

IN

4405 A (1 — ) ( (s—i—(t—s))l/a—i—]x—z\+\y—z’)>d+a

(s + | = 2[)((t = 9)/* + |y — 2]

1 1
d+a)(3+1/a
< 2B/ (4 A (¢ — 4)) ((31/a+ya:—z|)d+°‘ + ((t—s)l/a+|y—z|)d+a>

< 2BV (g5, 2) + q(t — 5,2,y)) - (2.11)
(See also [3].)

Now we are ready to prove one form of the 3P inequality. Note that the right hand side of the
3P inequality below has the term ¢(s, z, z) + q(s, z,y) rather than ¢(t — s, z, 2) + q(s, z,y).

Lemma 2.3 (3P inequality) For every v € [0, ), there ezists a constant Cy := Ca(d, cr,7y) > 0
such that for all (t,z,y,z) € (0,00) x D x D x D,

t _ _ t K} v
/Owwt s,m,z)jjzt;,y:;,qzﬁ(;),z,y)Q(s,z,y)dsg02/0 <1/\ 55?) (q(s, 2, 2) + q(s,2,y))ds.

10



Proof. When v = 0, the desired inequality follows from (2.11) with Cy = 2(¢+®)B+1/2) Qo for the
rest of the proof, we assume v € (0, «). Let

t
J(t,z,y,z) = /0 Yy (t —s,2,2)q(t — 5,2, 2)1,(S, 2,9)q(s, 2, y)ds.

Since

Sy < a(1n®D

t/2
) <1 N 1 > (t .CU,Z) w’y(&zvy)Q(&zvy)ds
/e 0
~

+1<1/\61§y)> <1A‘iﬁ§j)>V (o) [t — 5,2, 2)alt — 5, 2)ds,

t/2

we have by Lemma 2.2 that

t/2 v
J(t @, y,2) < @%(t,x,y)/ <1A5DISZ)) q(t — s, @, 2)q(s, z,y)ds
0 s/

t ) Y
+C2w’7(t7'xay) /t/Q <1 A (Diz> Q(t -5, Z)Q(S7 2, y)dS

It then follows from (2.11) that

t/2 5 R
J(tu z,Y, Z) S C3¢"/(t7 CC,y)q(t, m?y)/() (1 A 5§z)> (Q(t - 5,7, Z) + Q(S7 Z, y))ds

+C3¢’y(t,$,y)q(t,$,y) \/t/Q (1 A (té_D!SB/a) (q(t -, x,z) + Q(sa 2, y))dS

< cwv(t,x,y)(J(t,x,y)/o <1/\ 6;52))7(61(872,?;)+Q(8,$72))d8-

Here in the last inequality, we used the fact that

t/2 vy t Y
/ (1 A 61)152)> q(t — s,z,z)ds < 05/ (1 A 61)152)> q(s,x,2)ds
0 sHa t/2 s

t Y t o
5D(Z) / 5D(Z)
NGt ds < LA ds.
/t/2 < (t — S)l/a) Q(Sazuy) S X Ch /2 S]./Oé q(S,Z,y) S

The above two inequalities can be easily verified by using the facts that ¢(s,z,y) < q(t, z,y) for
s € [t/2,t] and that

t/2 ¥ ¥ t ¥
/ 1A N e o @ gygamy (1, 9003 06/ 1A 0N
0 sl/a o —ry tl/a t/2 gl/a

which follows easily from the assumption v € (0,«) by a direct calculation. This completes the

and

proof of the lemma. O

The above 3P inequality immediately implies the following theorem, which will be used later.
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Theorem 2.4 For every v € [0,«), there exists a constant Cs = Cs(d, a,y) > 0 such that for any
measure (i on D and any (t,z,y) € (0,00) x D x D,

/ / Uy (= 5,2, 2)0y (5, 2, )alt — 5,2, 2)a(s, 2, y)pu(dz=)ds

< Csy(tz,y)q(t, @,y sup/ / (M W) q(s,u, 2)pu(dz)ds.

ueD
The results of the remainder of this section are geared towards dealing with the discontinuous

part of AMF,

Lemma 2.5 For every v € [0,2a), there exists a constant Cy := Cy(d, a,y) > 1 such that for all
(t,y,z,w) € (0,00) x D x D x D,

v pt)2
1 200) b (5,0, ) (s, w, y)ds
tl/a 0

-
dp(y)\’ ly = 2[ A |z — w[ At/ v dp(w)\”
<Cy (1 A e 1+ T /0 1A /o q(s,w,y)ds. (2.12)

Proof. The desired inequality holds trivially for v = 0 with C4 = 1 so for the rest of the proof we
assume v € (0,2a). The inequality (2.12) is obvious if 6p(y) > Y/ or dp(2) < 26p(y), so we will
assume dp(y) < tY/* A (6p(2)/2) in the remainder of this proof. Note that in this case

6p(2)
2

ly—2[=dp(2) = dp(y) = > op(y), (2.13)

By (2.1), (2.3) and our assumption dp(y) < t'/®, we have that

6p(2) dp(y) 5p(y) [ opz) At/ 5p)\ [ dp(z) At/
<1/\ t1/a > (1/\ sl/e > =2 tl/e (Sl/a+5D(y)> =2 (1/\ th/ ) (51/°‘+5D(?J)) .
(2.14)

When s > |y — w|¥, by (2.13),

1/a — 1/a _ _ 1/
51D(z)/\t Sz\y z| At <9 1+\y Z| Az —w| At ’
s1/% 4 0p(y) [y — w [y —wl

where the last inequality is due to the fact |y — z| < |y —w|+ (Jy — 2| A |z —w|). This together with
(2.14) implies that

o LA LA q(s,w,y)ds
( tl/a (t/2)A|y—w|"‘ Sl/a 81/0‘ ( )

5 _ . 1/ T2 v
<47 (1 A 5?@)) I+ ly Al wAt / <1 : 5D1(w)> s woy)ds.
11/ ly — wl (t/2)Nly—w|> si/e

(2.15)

On the other hand, by (2.13),

E/2DAy=wl* (500 A\ Sp(w)\”
=) (1A d
| (s”awD(y) (1755 ot

12




o g [P [y o a N o)) s
= 0 sl/a gl/a ly — wldta §
(ly =z At/ /DNyl 1—/ dp(w)\”
= “l1 ds. 2.1
c1 o — wEre /0 s A /o s (2.16)

We claim that
(t/2)Aly—w|® gl =/ p(t/2)Ay—w|* Y
st/ 1/\L(w) ds < E/\ ly — w|* s{1A Op(w) ds.
0 gl/a 2 0 gl/a

The case dp(w) > (t/2)"/* is clear. If p(w) < |y — w| A (t/2)V/,

(t/2)Nly—w|* v
/ si=/e (1 A 5D(w>) ds
0

sl/a

dp(w)™ (t/2)Aly—w|
:/ st=v/eds + 5D(w)7/ st/
0 5

p(w)*

) ¢ 2—-2v/« )
= 6p(w)?*™ + dp(w)? ( Aly — w!“) — dp(w)?@=)

/e p(t/Ay—w]® g
x<tMy—wl°‘> / s<1A5D(w)> ds.
2 0 Sl/oz

The remaining case |y — w| < dp(w) < (t/2)Y/* is simpler. Thus we have proved the claim (2.17).
Now by (2.16) and (2.17),

E/2DNy=wl® [ §51(2) Al ! dp(w)\”
Op(E) AL 1A d
/0 (Sl/a+5D(y) < 51/0{ > q(37w7y) S

g —wl®
N A ()
- |y_w| Atl/a 0 gl/a ’y_w’d—i-a
— o\ p/2)Aly—wl gl
< e 1+ w / (1 A 5D1(/?:j)> Q(S, w, y)dS
ly —wl 0 s
<

_ _ 1/a\7 rt/2)Aly—w|® gl
2co | 1+ ly = 2| A ]z —wint 1A op(w) q(s,w,y)ds.
ly — w| 0 s/

Here again the last inequality is due to the fact that |y — 2| < |y — w| + (Jy — 2| A |z — w]|). This
together with (2.14) and (2.15) establishes the inequality (2.12). O

In the remainder of this section. we use the following notation: For any (z,y) € D x D,

Viy = {(zw) € DxD:la—y| >4y —w|Ale -z},
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Uy = (DxD)\Vyy.

Recall that, for any bounded function F' on D x D we use ||F|s to denote ||F||ro(px p)-
Now we are ready to prove the following generalized 3P inequality.

Theorem 2.6 (Generalized 3P inequality) For every v € [0, A d), there exists a constant
C5 = Cs(a,7,d) > 0 such that for any nonnegative bounded function F(x,y) on D x D, the
following are true for (t,x,y) € (0,00) x D x D.

(a) If |x — y| < Y%, then

t _ —
/ / 1/17(75 S,l‘, Z)Q(t 57%2)1/’7(571073/)(1(371079) F(Z77';j) dzdwds
0 JDxD Q/JV(t,IE,y)q(t,.’E,y) |Z - ’LU| to

t v . 1/a\”
dp(z) |z —w| At F(z,w)
< G 1A , T, 1 dzdwd
< ][ (1088w (1 B ) e
t 2l _ 1/ v F
+C5/ / (1 A 5D1(w)) q(s,y,w) [ 1+ |2~ wint (Z’Z;}ia dzdwds.
0 JDxD st/ ly — w) |z — wl

(b) If |z — y| > t'/, then

/t w'y(t -5, Z)Q(t -5, Z)w'y(3>w>y)Q(3a w, y) F(z,w) dzdwds
o Ju., Uy (t,2,y)q(t, 2, y) |z — w|*te

t 5 Y . tl/a 7 F
< 05/ / <1 A D1(2)> q(s,z,2z) [ 1+ |z —wiA (szg}radzdwds
o Ju,, st/ |z — 2| |z — wl
t ¥ _ A\ g
+C5/ / (1 A 5D1(w)> q(s,y,w) [ 1+ |z — wlA (Z’lsza dzdwds.
0 Ju,, st/ ly — w| |z — wl

(¢) If |z — y| > t'/, then

/t w'y(t B S,J),Z)Q(t B s,x,z)wy(s,w,y)q(s,w,y) F(z,w) dzdwds < C5||F|| .
0 Jv., Uy (t,2,y)q(t, 2, y) |z — w|*te -

Proof. By Lemma 2.5, we get that

/t/ Yyt — 5,2, 2)q(t — 5,2, 2)y (s, w,y)q(s,w,y) F(z,w) dzdwds
0 JDxD

%(t%y) ‘Z_w’d—i_a
t/2 Sp(w)\? 2 —w AtV F(z,w)
<c 1A q(s,w,y)q(t —s,xz,2) [ 1+ ds d dzdw
oo (1855 atsmainte =2 y—ul o wfte
t v 1/a\”
dp(z) |z —w| AtV F(z,w)
+01/ / <1A> q(s,w,y)q(t —s,x,z) | 1+ ds dzdw.
pep e\ =gz ) 1wl =) EEE o= wft

(2.18)

If |z —y| <t/ and s € (0,t/2], we have q(t — s,2,2) < 2¥%(t,z,y), and if |z — y| < t'/* and
s € (t/2,t], we have ¢(s,w,y) < 2¥%(t,x,y). Thus (a) follows immediately from (2.18).
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In the remainder of this proof, we fix (t,z,y) € (0,00) x D x D with |z — y| > t'/*. Let

U, = {(z,w)EDxD:|y—w|>4_1|x—y|,|y—w|2|$—zl},
Uy = {(z,w)€DxD:|z—z >4 z—y|}.

Since q(t — s, x, 2) < 49Fq(t, x,y) for (s,z,w) € (0,t) x Uz, by Lemma 2.5, we have

t/2 ?P ( S, T Z)Q(t - s,x,z)ww(s,w,y)q(s,w,y) F(Z,U))
dzdwd
/ 0, 0o (t,2,) o = wlFre O

t/2 |z —w| Ath/ ! F(z,w)
<c2/UQ/ <1/\ /o ) q(s,w,y)q(t — s, x, z) <1+ T— ds‘z_w’d+adzdw

t/2 dp(w)\” z—w| AtH> ! F(z,w)
§63q(t,x,y)/UQ/0 (1/\ 31(/a)> q(s,w,y) <1+| vl ds‘z_w‘dJradzdw (2.19)

and, similarly

Ll Uyt —s, @, 2)q(t — s, @, 2)0, (s, w,y)q(s,w,y)  F(z,w)
Juh, ™ e 0 2= wpera

.
dp(z) |z — w| At/ F(z,w)

< 1 — 1 d dzd

04/(]1//2< A t—s)l/a q(s,w,y)Q(t S,&, %) + o — 2] S|z—w\d+a zdw

¥
dp(z) \” |z —w| At/ F(z,w)
<csq(t,x,y / / (1/\) q(t —s,z,2) | 1+ ds —dzdw.
5 ( ) 0 iy (t—s)l/o‘ ( ) ‘37_2’ ‘z—w‘d+
(2.20)

On the other hand, we observe that, since q(s,w,y) < 4% q(t,z,y) for (s, z,w) € (0,t/2] x Uy,

t/2 F
[ ot = st = s 20 whats.n) ) dzauds
0 Ui ‘Z - U)‘
t/2 F(z,w
Scfiwv(t)xy z)q(t,x,y) / q(t,x,z) w’y(suwvy)ds(id}radZdw'
Uy 0 |Z - w|

Now, applying the inequality

t/2 o ) .
%(&w,y)dsg/o (1/\515‘Z)> ds <

y
2v/a—1y (1/\6 <y)> ,

0 a—7 tl/e

we get

t/2 F
[ e 2date = s s, hats ) s
0 U, |z — w

Scﬂby(t,x,y)Q(t,x,y)/U qlt, z, 2)t <1A5g§j)>7 F(z,w) dod

t/2 5 TR ’
<cgy(t, x,y)q(t, z,y) /Ul/o q(t —s,z,2) <1/\ T _Di;)/a) | _(iuﬁi]%)-adeZdw' (2.21)

z
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Similarly

t
F
/ 7/17(75 -5, Z)Q(t -5, 2)7%(5» w, y)Q(S, w, y)%dZdwds

t/2 JU, |z — w|

t v
5D(w)> F(z,w)
< t t 1A dsdzdw. 2.22
_ngﬂ/( 7x7y)q( 7x7y) AQ k/tv/2< Sl/a Q(S,w;y>‘z_w‘d+a sazaw ( )

Since Uy = Uy U Uy, from (2.19)—(2.22), we know that (b) is true.
Note that for (z,w) € V., we have |z —w| > |z — y| — (|z — 2| + |y — w|) > 27|z — y|. Thus,
by Lemma 2.5 and (1.3), it is easy to see that

/t lbv(t_SaﬁU,Z)(J(t_37$7Z)¢W(S,W,Q)Q(Saway) F(27w) dzdwds
0 JViy ¢7(t7xay) q(t,l‘,y)|2’ - w|d+o¢
t/2 Ale \7
<c10]| F||oot ™ /V /0 q(s,w,y)q(t — s,x, 2) (1 + ]y—w) dsdzdw
z,y

|z — 2|

t 1/a v 1/« v
<11 ||F|oot™! / / q(s,w,y) [ 1+ ! dw + / q(s,z,2) [ 1+ ! dz | ds.
0 D ly — wl D |z — 2|

Since, using v € (0, A d),

t tl/Oé v tl/a 7
/ / q(s,w,y) [ 1+ dw +/ q(s,z,2) [ 1+ dz | ds
0 D ly — wl D |z — 2|
t tl/a’ v
2d+a+1/ / s dwds
0 Jra (s1/% 4 [w])dte \ |w]

o0 ud—l—'\/du t
- ") /e —v/a
= (12 (/0 (1+u)d+a>t /0 S dSSClgt,

(c) follows immediately. O

t 1/a v
t
+ e10]| F oot ™! / a(s,w,p)q(t — 5,0,2) {1+ dsdzdw
Va,y t/2

IN

3 Heat kernel estimates

In this section we give the proof of our main result, Theorem 1.3. Throughout this section, we fix
v € [0,a A d). Recall the definition of p*(¢,z,y) given by (1.12).
Using (1.1), (1.6), Theorems 2.4 and 2.6, we can choose a constant

M = M(a,~,d,Co) > %_7227/"*‘1”“03(01 vV Cy) (3.1)

such that for any p in K., any measurable function F' with F; = el =1 ¢ Jo and any
(t,z,y) € (051] x D x D’

t
/ / ¢7(t - S57, Z>¢7(37 Z7y)Q(t -5, Z>Q(8, Z7y)’:u’(dz)d8
0 JD
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< Mpp(t,z,y) Ny (1), (3.2)

t c(z,w)|Fi|(z,w)
1/} 75—5,%2(]75—5755721/1 S, w,Yy)qg\s,w,y - ’
A Ja( )0 (5, a0 I

< MpD(ta x7y)<Nglﬁ(t) + HF1H001{|z—y\>t1/°‘}) (33)

dzdwds

and

t
F
/ wv(t -5, Z)Q(t -5, Z)wv(S,wJ/)Q(sa w, y) C(z,w)‘ ILS_Z’ w) dzdwds
Us.y |z — w|dt

< Mpp(t,z,y)Ng ' (t). (3.4)

In the remainder of this section, we fix a signed measure ;1 € K, ,, a measurable function F'
with F} = ef —1 € J,, and the constant M > 0 in (3.1).

Lemma 3.1 For every k >0 and (t,z) € (0,1] x D,

/D [Pt p)ldy < CEM* (1 A 5;315?)7 (vez @) (3.5)

Proof. We use induction on k£ > 0. By (1.4), (3.5) is clear when k& = 0. Suppose (3.5) is true for
k —1>0. Then by (1.12) we have

/Dp’“(t,x,wdy /t/2 (/ 0t — 5,2 z)(/Dpkl(S iy (dz)> "
[ [ EEBED (] ot gy i) as

+/ </ Pt-saz Z>(/Dp’“ Y(s,2,9)dy ) (dz)> ds
/ 42 </ f e s W( /| pk_l(s,w,y)dy>dzdw> ds.

Thus using (1.1) and our induction hypothesis, we have

[ ey
</eCdpkl (NZ% (t))kil << tl/a )7 /Ot/2 </ < 5D§3/a>vq(t - s,x,z)|u|(dz)> ds

6p t/2 op(z) \” [ F1(z, w)
+ Co (1 ia > / <// (1/\ — ot /a> q(t—s,x,z)’_w’djLadzdw> ds

5 v
+ /D <1 A ﬁ;(j) o Py (t —s,2,2)q(t — s,z, z)ds|p|(dz)

t [F1](z,w)
1 - - IRE W) '
—I-C'O// ( A tl/a > /lev(t s,x,2)q(t s,x,z)ds‘z_w’d+adzdw

Applying (3.1), Lemmas 2.2 and 2.5, the above is less than

MR (NS () 1((1A6ﬁ§f))w [7 (L (7280 ) a2l
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V/Ot/2 (// <1/\ t_SL(J) q(t—s,x,z)Mdzdw> ds
(G ) et s s
v f ] () (et

X /t/t2 (1 A (té_DSE/CJWq(t — s,x,z)Wdzdw)

<C2M* <1 A ‘S’J(x))V (N7, (1))F.

Lemma 3.2 For every k >0 and (t,z,y) € (0,1] x D x D,
/ /pD (t—s,x,2 dz/ 1p* (s, w,y)|dwds < t 227/aC4Mkw7(t x y)(Njgl( ))k

Proof. By (1.1) and Lemma 3.1,

//pD —8,x,2) /|p (s, w,y)|dwds
t/2 t
= [ [ ote=swas [ prewplavtst [ ot sz [ e plavds
t/2JD D

t)2
< C()/ /<1/\ ) s,;v,z)dz/ 1p* (s, w, y)|dwds
t—g l/a D
+Co/ / <1/\ 1/a> s,x,z)dz/ ]pk(s,w,y)\dwds
t/2 t—s
t/2 vy
< C'OMk/ / (1/\ oplz 1) ) —8,1,2) <1/\6[15y)> (N#,FI(S))de
S (0%
dn()\’ .
30k D
+Cy M /t / (1/\ P 1/a> —8,7,2) <1/\ J1/a ) (N (s)) ds
N 5 t/2 oply 2
< 27/ C3Mk( MF()) <1/\ g;a)) (/0 (1/\ gg(}) ds /Dq(ts,x,z)dz
N ! sp(y)\” ¢ op(z) "
+27/ C3Mk( uF1()) (1/\ tl/a) /D /t/2 lAm ds | q(t — s,z,2)dz.
Using
t/2 5p(x)\” o Sp(x)\”
/ 1A2 ds < —— /e (a2
0 gl/a T a—7 tl/a ’
we get that

t
//pD(t—s,x,z)dz/pk(s,w,y)dwds
0o Jp D
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X 52y/a 3 rk ( ATOYY k op(y)\"
< a—727 CoM (N%Fl(t)) (1/\ /o Dq(t—s,:c,z)dz.

Applying (1.3), we have proved the lemma. O

Lemma 3.3 For k>0 and (t,z,y) € (0,1] x D x D we have

« k a k—1
P (t, 2, y)| < POt 2, y) ((CSMNN,’%@)) + k|| Pl o Cg M (CEM N, (1)) ) (3.6)

Proof. We use induction on k& > 0. The k = 0 case is obvious. Suppose that (3.6) is true for
k —1 > 0. Recall that

Viy={(z,w) €D xD:lx—y|>4(ly—w|Alx—2|)}, Uzy= (D xD)\Vyy.

Applying (1.12), (1.1), (3.2) and (3.4), we have by our induction hypothesis
t
el < [ ([ F0- sl sl ) as

' F
—i—/o </U Pt — 5,2, 2) C(z|,2w_)|w1|o(li;w)| \pkl(S,w,y)|dzdw> s

z,y

' F
—i—/o </V POt — s,x,z)C(z{Zw)\wl'C(li;w) |Pk1(5,w,y)|dzdw> s

z,y

IN

((CRMNZE )"+ (b = DIIF o CEM (CRMNST, (6)%)

< t ([ sm2sozlnlaz)) s

+ ((CBMNZZ )" + (k= DI CFM (CEMNEE, (6)" )

t
0 c(z,w)|F1|(z,w)
b= dzdw | d

z,y

: F
+/0 (/v Pt — s,x,z)C(z’,Zw_)\wiL(f;w) ka_l(S,w,y)]dzdw> s

z,y

o k—1 « k—2 «
< twy) ((CRMNZE(0)'" + (k= DIIF | CEM (CEMNSZ, (1)) CAMNEE, (1)

+002d+a”7}3ko /t </ po(t — s,x,z)|pk1(s,w,y)]dzdw> ds.
|z — y| 0 DxD

Applying Lemma 3.2 and using (3.1), we get that if |z — y|* > ¢,

2d+a||F1”OO t 0 -
Oy ypara J, ) P 8@ 2P (5w y)ldzdw ) ds
X

(6] _ k—1
S 1/}7(t7x,y)WHFl“OOCgEQd+OA+7/CMMk 1(Nz?/'1(t))
[0 _ k—1
< po(t’$,y)’|F1||OOCgE2d+a+W/aMk 1(N5,’;1 (t))
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k—1
< P2, y) | Ll CRMM (N, (1)

k-1
< Pt 2, y)|Fille CM (CEMNLE ()"

Thus (3.6) is true for k when |z — y|* > t.
If |z — y|* <t, using (1.1), (1.12), (3.2) and (3.3), we have by our induction hypothesis

pr (¢, y)| < /Ot </Dp0(t—s,x,z)]pkl(s,z,y)HM(dz)) ds

t c(z,w)|Fi(z,w)|
+/ (/ pO t—s,x,2 7 - pkil S, W,y dzdw> ds
o \Upeo ( ) Iz = w]ita " ( )

k—1

< ((CRmNg7 (@)

< t ([ sz 2sczlulas) ) s

+ ((CBMNZ )"+ (k= DR CEM(CEMNT, ()" )

« k—2
+ (k= 1) Fy | CEM (CEMNST, (6) )

w1 7931

t F
X / (/ Pt —s,z,2) oz, w) 1L(Z’w)p0(s,w,y)dzdw> ds
0o \JDxD |z — w|dte

a, k—1 «, k—2 Q,
< P(bayy) ((CRMNEE @) + (k= DI CEM (CRMNE, (5)" ) CRMNGE, (o).

The proof is now complete. O
Since Iy € Jq 5, there is ¢ := t1(d, o, 7, Co, M, N/‘j’}l, | F1]ls) € (0,1) so that
-1 -1
Now () < (3CEM) ™ A (9(CEM)? | Fille) ™

It follows from Lemma 3.3 that for every (¢,z,y) € (0,t1] x D x D,

o0 oo
SOt y)| = 2tz y) + ) Pt 2, y)]
k=0

k=1
< P(tzy) +p°(t 2. y) <Z(03MN§% ()" + 1 F1llooCaM Y K(CEMN, (t))’“_1>
k=1 k=1

19
< P+ ) (5 + 5IRILCEM )

3 9
< Pt (§+51F1=CR1) (3.7

Hence, Fubini’s Theorem, (1.9) and (1.11) yield (1.10) and (1.13). Thus we conclude from (3.7)
and (1.13) that

Theorem 3.4 There exist t1 := t1(d, a,y, Co, M, N;j’;l, | F1lloc) € (0,1) and a positive constant
Cs = Cs(d,,y,Co, M, || F1||s0) such that the Feynman-Kac semigroup Tt“’F corresponding to
and F' has a continuous density qp(t,z,y) fort <t and

QD(tﬂ%y) < 067%(75,90,1/)Q(t>$,y) (38)

for every (t,x,y) € (0,t1] x D x D.
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For the lower bound estimate, we need to assume that F' is a function in J 4.

Theorem 3.5 Suppose that i € Kq~ and F is a function in Jo~. Then there exist constants
ta := ta(a,y, Co, M, N3, | Flleo) € (0,1) and C7 := Cr(a, 7y, Co, M, N5, | Flloo) > 1 such that

C;WW(@ z, y)q(tv z, y) S QD(t7 z, y) S C7w7(t7 LE, y)Q(t7 LE, y) (39)

for every (t,z,y) € (0,t2] x D x D.

Proof. Since F is a bounded function in J, -, so is F1 := ef’ — 1 with |Fy(z,y)| < elFl=|F|(z,y)
and N7 < elFle N27. Thus the upper bound estimate in (3.9) follows directly from Theorem
3.4. To establish the lower bound, we define for (¢,z,y) € (0,00) x D x D,

o) = [ ([ F0-sm e mnlia)d

'f oz, w)|F(z, w)
+/ </ / pO t—s,2,2 : - po S, W, Y dzdw) ds.

Then for any bounded Borel function f on D and any (¢,z) € (0,00) x D, we have

B, [AP 7 00)] = [ 5t fw)d.

D

Applying Lemma 3.3 with |u| and |F| in place of p and F}, we have
Pt a,y) < (CEMNE(L) + CEMI|F|loo)p’(t,y) =2 (k/2)p°(t,2,y)
for all (¢t,z,y) € (0,1] x D x D. Hence we have for all (¢,z,y) € (0,1] x D x D,

1. 1
Pt 2,y) = 25 (1w, y) > Sp°(t 2, y). (3.10)
Using the elementary fact that
1- AL‘LMF‘/kz < exp (fAL”HF'/k:) < exp (Aff’F/k‘) ,

we get that for any B(z,r) C D and any (¢,y) € (0,1] x D,
1

mEy [(1 - A1|5M|7‘F‘/k) 1B(x,r)(Xt)} < ’B(Slil,T’)‘Ey [eXp<Af’F/k)lB(x’r)<Xt)} .

Thus, by (3.10) and Hélder’s inequality, we have

1 1

1
§WEZ/ []-B(z,'l‘)(Xt)] < 7)|Ey {exp(Af:F/k;)lB(mm)(Xt)]

~ |B(x,r
< (g™ oot s <Xt>}>1/k (5o [1B<z,r)<xt>])“/k.

Therefore

1 1 1
- - - wF
ok |B(ac,r)|Ey 1@ (X)] < |B(:C,r)|Ey [exp(At )1B(x,r)(Xt)} .

We conclude by sending r | 0 that for every (¢,z,y) € (0,1] x D x D, 27%p°(t, z,y) < qp(t,z,y).
O

Combining the two theorems above with the semigroup property, we immediately get the main
result of this paper, Theorem 1.3.
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4 Applications

In this section, we will apply our main result to (reflected) symmetric stable-like processes, killed
symmetric a-stable processes, censored a-stable processes and stable processes with drifts. We first
record the following two facts.

Suppose that d > 2 and o € (0,2). A signed measure x on R? is said to be in Kato class Kq,qo if

1
lim sup/ ——|u|(dy) = 0.
B(z,r |x_y|d—a| |( )

r—0 rERd
A function g on R¢ is said to be in Kao if g(z)dr € Kgq.
Proposition 4.1 Suppose that d > 2 and « € (0,2).

(i) Let D be an arbitrary Borel subset of RY. 1 € Koo if and only if 1pp € Kgo. Hence
for every p € Ky, plp € Koy for every v > 0. In particular, L*=°(D;dx) C Kq and
LP(D;dx) C Kapy for every p > d/a and v > 0.

(ii) Suppose that D is a bounded Lipschitz open set in R? and v € (0,a). Let g be a function
defined on D. If there exist constants ¢ > 0, f € (0, v+ (o —7)/d) and a compact subset K
of D such that 1 (x)g(x) € Kq o and

lg(x)] < céD(x)*ﬂ forx e D\ K,

then g € Ko .

Proof. (i) By the proof of [29, Theorem 2], we have that u € K;, if and only if

lim sup/ / s,x,y)u(dy)ds = 0.
t%oweRd Rd

This implies that p € Ko if and only if 1pp € Kg,. In particular we have for every pu € Kgq,
ulp € Ko for every v > 0. Clearly L*>°(D;dx) C K4,. Using Holder’s inequality, one concludes
that LP(R%;dx) C Ky, for every p > d/a.

(ii) Let g be a function defined on D such that there exist constants ¢; > 0, 8 € (0, v+ (a—~)/d)
and a compact subset K of D so that 1x(z)g(z) € Ky and |g(x)| < e16p(z) 7P forz € D\ K. In
view of (i), it suffices to show that 1p\xg € Ka . Note that

t 5 .
Sup/ / ( Dl(Z)) q(s,z,y)|g(y)|dyds
z€D D\K
C1 Sup/ / (1/\ 1/y)> 5D( ) q(s T y)dyds
xzeD D\K s
Sp(y)n

1 su 574 A S> ds|é B

1 xeg /D\K </0 ( |z — y|dte p(y)~"dy

t
+c; sup/ / s/ <5d/°‘ A Sd+> ds | 6p(y)YPdy = T+ 1II. (4.1)
veD Jo\K \ Jop(m)ont |z — yl|dt
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Here

Sp (Y)*Ale—y|*AtL g e s ’y
I < ¢1su —ds -

zeD ’l‘ -

5D(y)a/\t
—l—// s~ Y%ds 5p(y) Py
D Jop(y)*Alz—y|nt

/ <(5D(?J)a Az —y|* At)?op(y) " 5p(y)~" ) ay
D

|z — y|dt+e + Ljo—yl<op)nti/a) |z — y|d—«

IN

Co sup
zeD

(| —y[ Att/>)>? 1
@ oeh /D < |z — yld T Ya—si<op@ne/oy [ = praats | Y

IA

IN

1
(a=B)/(2q) = ca t(@=P)/(20)
2ot jlelg /D |:L’ - y|d—(a—ﬂ)/2 dy -t 7 (4'2)

while

11

IN

[T N P
c1 sup s<|lz—ylaY TGS Y Yy
1r€D D Op(y)*At to<lo=sl }|l' - y|d+a P

t
+c Sup/ (/ 1{52\:v—y|‘1} S_(d—H/)/adS) 5D(y)7_ﬁdy
zeD JD (5D(y)°‘/\t

)20477

(|l =yl At/ .
1 ) =B84
“ ilelg /D |z — y|dte {6p(y)<|z—y|Atl/a} p(y) Y

IN

e e /D [ =y L ga g <ney S () dy
x

1
< eyt”su /
= 4 e o lr =y TEep ()P
where § := (a—y—d(f—7))/2 > 0and ¢ := (a+v—d(S—=))/2 > 0. Note that e+ = a—d(5—7)
ande—0=7. Let p=d/(d—a+e+J/2) and ¢ = d/(a— (¢4 6/2)) so that 1/p+1/q = 1. Since D
is a bounded Lipschitz open set, p(d — a+¢) < d and ¢(5 —~) < 1, we have by Young’s inequality,

dy, (4.3)

/ 1 du < / (1 1 n 1 1 ) du <

sup y < sup - - y < o0.

veD Jp [ = ylmoTEdp(y) P veD Jp \P |z — y[Pld=ate) g dp(y)aB=)

This together with (4.1) —(4.3) implies that lim; o N;“;Y\Kg(x) (t) = 0; that is, 1p\ g € Kq. This
completes the proof of the proposition. O

Proposition 4.2 Suppose v € [0,aAd) and |F|(z,w) < A(]z—w|? A1) for some A >0 and B > a.
Then there exists Cg = Cg(B,d,a,) > 0 such that for every arbitrary Borel subset D of R,

N (t) < Cg At. (4.4)

This in particular implies that F' € Jq .
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Proof. By (2.4), we have that

t —wlate\ |F F
[ st (1o S0 ) o)
0 JRixRd ly — wl |z — w|dte
_ tl/a
§2A(/ (|2 ]*3/\1|z]d°‘dz>// q(s,y,w (_i_\z‘w\/\‘ )dwds
y—w
dz dz t stv/e
<e1A / +/ _dz / 1+/2d+a dwds
( B 12197978 Iy 12197 | Jo D (s + |y — w|)d+ely — w]y
t / o] rdfl
< v
_czA/O (1—|—t 8/0 rw(sl/a+r)d+adr>ds

oo ud—l—w / t y
v/ —y/a
<cg At + c3A </0 At )i du) t /0 s ds < c At

where the assumption v € [0,a A d) is used the last inequality. This establishes (4.4). O

4.1 Stable-like processes on closed d-sets

A Borel subset D in R with d > 1 is said to be a d-set if there exist constants ro > 0,Co>C1 >0
so that
Cirdt < |B(z,7) N D] < Cyr forall € D and 0 <r <7, (4.5)

where for a Borel set A C R?, we use |A| to denote its Lebesgue measure. The notion of a d-set
arises both in the theory of function spaces and in fractal geometry. It is known that if D is a
d-set, then so is its Euclidean closure D. Every uniformly Lipschitz open set in R is a d-set, so is
its Euclidean closure. It is easy to check that the classical von Koch snowflake domain in R? is an
open 2-set. A d-set can have very rough boundary since every d-set with a subset of zero Lebesgue
measure removed is still a d-set.

Suppose that D is a closed d-set D C R? and c(z,y) is a symmetric function on D x D that is
bounded between two strictly positive constants C4 > C3 > 0, that is,

Cs < c(x,y) <C4 for a.e. x,y € D. (4.6)
For a € (0,2), we define
u(z) — u(y))?
F = {uELQ(D;da:) : /DXDdedy<oo} (4.7)
E(u,v) = ;/DXD(U(:C) —u(y))(v(z) — v(y)),c(xwla dxdy, wu,veF. (4.8)

It is easy to check that (£,F) is a regular Dirichlet form on L?(D,dxz) and therefore there is an
associated symmetric Hunt process X on D starting from every point in D except for an exceptional
set that has zero capacity. The process X is called a symmetric a-stable-like process on D in [11].
When ¢(z,y) is a constant function, X is the reflected a-stable process appeared in [2]. Note that

when D = R% and ¢(z, y) is a constant function, then X is nothing but a symmetric a-stable process
on R%.
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It follows as a special case from [11, Theorem 1.1] that the symmetric stable-like process X on a
closed d-set in R¢ has a Hélder continuous transition density function p(t,,y) with respect to the
Lebesgue measure on D that satisfies the estimate (1.1) with v = 0 and the comparison constant
Cp depending only on d, «, rg and the constants Cx, k =1,--- ,4 in (4.5) and (4.6). In particular,
this implies that the process X can be refined so it can start from every point in D. Thus as a
special case of Theorem 1.3, we have the following.

Theorem 4.3 Suppose that X is a symmetric a-stable-like process on a closed d-set D in R?.
Assume p € Koo and F € Jo0. Let g be the density of the Feynman-Kac semigroup of X
corresponding to A®F . For any T > 0, there exists a constant Cy > 1 such that for all (t,z,y) €
(0,T] x D x D,

CQ;IQ(t?x)y) < Q(tv €, y) < ng(t,.’lf, y)

Remark 4.4 Let n > 1 be an integer and d € (0,n]. In general, a Borel subset D in R™ is said to
be a d-set if there exist a measure p and constants ro > 0, Co > C; > 0 so that

Cir? < u(B(z,r)N D) < Cyr? forall x € D and 0 < r < 1, (4.9)

It is established in [11] that for every a € (0,2), a symmetric a-stable-like process X can always
be constructed on any closed d-set D in R™ via the Dirichlet form (£, F) on L?(D;pu) defined by
(4.7)-(4.8) but with the d-measure p(dz) in place of the Lebesgue measure dz there. Moreover
by [11, Theorem 1.1], the process X has a jointly Holder continuous transition density function
p(t, x,y) with respect to the d-measure p on D that satisfies the estimate (1.1) with v = 0. The
proof of Theorem 1.3 also works for such process X; in other words, Theorem 4.3 continues to hold
for such kind of symmetric stable-like processes. O

4.2 Killed symmetric a-stable processes

A symmetric a-stable process X in R% is a Lévy process whose characteristic function is given
by Eo [exp(i€ - X;)] = e "%, Tt is well-known that the process X has a Lévy intensity function
J(z,y) = A(d, —a)|x — y| (), where

d+ o

A(d, —a) = a2~ o1 ( 5

) 21— )7 (4.10)

2

Here I is the Gamma function defined by T'(\) := [t} e~ dt for every A > 0. Let X be the
killed symmetric a-stable process X in a C'! open set D. It follows from [7] that X? satisfies
the assumption of Section 1 with v = a/2. Thus as a special case of Theorem 1.3, we have the
following.

Theorem 4.5 Suppose that X is a killed symmetric a-stable process in a C1' open set D. Assume
p € Kqayp and F € J, o2 Let gp be the density of the Feynman-Kac semigroup of X correspond-
ing to AME . For any T > 0, there exists a constant C1g > 1 such that for all (t,z,y) € (0,T|x DxD,

Cro a2t y)a(t, 2,y) < qp(t,2,y) < Crotasa(t, m,y)q(t, z,y).
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Let X™ be a relativistic a-stable process in R? with mass m > 0, i.e., X™ is a Lévy process in
R? with
Eo [exp(i€ - X;")] = exp (t (m® = (1€ +m?)*/2)).

y| 4

X™ has a Lévy intensity function J™(z,y) = A(d, —a)p(m'/ |z — y|)|z — where

-1 o0 a s 7'2
o(r) = 9~ (d+a)p <d _g a> / P ds, (4.11)
0

which is decreasing and is a smooth function of r? satisfying ¢(0) = 1 and
o(r) < e (1 + rldtab/2) on [0, 00) (4.12)

(see [12, pp. 276-277] for details).
Let X™P be a killed relativistic a-stable process in a bounded C''! open set. Define

K= exp |32 Wlp(m!*XP  XP|) +m (¢ Ap)
0<s<t

Since [pa J(z,y)—J™(z,y)dy = m for all 2 € R? (see [21]), it follows from [12, p.279] that X™ can
be obtained from the killed symmetric a-stable process X in D through the non-local Feynman-
Kac transform K/". That is, E, [f(Xtm’D)] = E, [K"f(X})]. By (4.11), for any M > 0, there
exists a constant ¢ = ¢(d, o, M, diam(D)) > 0 such that for all m € (0, M], | In(o(m'/*|z —y|))| <
¢(|lz —y[?> A1) and so, by Proposition 4.2, Fy,(z,y) := In(p(m'*|z —y|)) € Jaas2. The constant
function m is in K, /9 and so Nﬁ;%f(t) goes to zero as t goes to zero uniformly on m € (0, M].
Thus, as an application of Theorem 1.3, we arrive at the following result, which is the bounded
open set case of a more general result recently obtained in [9] by a different method.

Theorem 4.6 Suppose that D is a bounded C1' open set in R®. For any m > 0, let ', be the
transition density of the killed relativistic a-stable process with weight m in D. For any M > 0 and
T > 0, there exists a constant C11 > 1 such that for all m € (0, M] and (t,z,y) € (0,T] x D x D,

Cﬁlwa/Q(ta$7y)Q(t>$7y) < prg(t7x>y) < Cllwa/Q(t)xay)Q(t)xay)‘

4.3 Censored stable processes

Fix an open set D in R? with d > 1. Recall that A(d, —a) is the constant defined in (4.10). Define
a bilinear form £ on C2°(D) by

A(d, —«)

dedy, u,v € C°(D). (4.13)

ewo)i=; [ @) - uw)@) - o)

pJp
Using Fatou’s lemma, it is easy to check that the bilinear form (£, C2°(D)) is closable in L?(D, dx).
Let F be the closure of C2°(D) under the Hilbert inner product & := E+(+, *)12(p 4z)- As noted in
[2], (€, F) is Markovian and hence a regular symmetric Dirichlet form on L?(D,dz), and therefore
there is an associated symmetric Hunt process Y = {Y;,t > 0,P,,z € D} taking values in D (cf.
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Theorem 3.1.1 of [17]). The process Y is the censored a-stable process in D that is studied in [2].
By (4.13), the jumping kernel J(x,y) of the censored a-stable process Y is given by

A(d, —a)

J(«’Uay)zm

for z,y € D.

As a particular case of a more general result established in [8, Theorem 1.1], when a € (1,2)
and D is a C1! open subset of R?, the censored a-stable process on D satisfies the assumption of
Section 1 with v = o — 1. Thus as a special case of Theorem 1.3, we have the following:

Theorem 4.7 Suppose that o € (1,2) and that Y is a censored stable process in a C*' open set
D. Assume pp € Ky -1 and F' € Joo—1. Let gp be the density of the Feynman-Kac semigroup
of Y corresponding to A*E. For any T > 0, there exists a constant Cia > 1 such that for all
(t,xz,y) € (0,T) x D x D,

Cotta—1(t,2,9)q(t, z,y) < qp(t, z,y) < Cr2tba—1(t, 2, y)q(t, =, y).

Similar to [2], we can define a censored relativistic a-stable process in D. Alternatively, with

t 1 — 7n1ﬂx}g__
Kimexp | S mnomt/* (¥, ~ vi)) + Atd,-a) [ [ A s )

0<s<t

if D is a bounded C! open set, a censored relativistic stable process Y can also be obtained
from the censored stable process Y through the Feynman-Kac transform K;. That is, E,[f(Y;™)] =
E[K:f(Y:)] (see [6, 12]). By an argument similar to that of Subsection 4.2, one can see that
Fp = 1In(p(m'/*lz —y|)) € Ja,a/2- Moreover, since

gm(x) = /D(l — p(mM ¥z — y|))|z — y| "y < /Rd(l — p(m |z — y|)|x — y| "y = m,

gm € Kg o2 and N;"a/2 (t) goes to zero as t goes to zero uniformly on m € (0, M]. Thus as a

myFm

particular case of Theorem 4.7, we have the following.

Theorem 4.8 Suppose that o € (1,2) and that D is a bounded C“' open set in RL. For any
m > 0, let ¢y be the transition density of the censored relativistic a-stable process with weight m
in D. For any M >0 and T > 0, there exists a constant C13 > 1 such that for all m € (0, M| and
(t,xz,y) € (0,T) x D x D,

Cl_glwoc—l(tu x, y)q(tu x, y) S qg(tv x, y) S C13¢a—1(t7 x, y)Q(tv x, y)

In fact, Theorems 4.7 and 4.8 are applicable to certain class of censored stable-like processes
whose Dirichlet heat kernel estimates are given in [8].

4.4 Stable processes with drifts

Let a € (1,2) and d > 2. In this subsection, we apply our main result to a non-symmetric process.

For b = (b1,...,bq) with b; € Kgq—_1, a Feller process Z on R? with infinitesimal generator
LY := A2 4 b(x) - V is constructed in [3] through the fundamental solution of £?. Let Z be the
subprocess of Z killed upon leaving D. The following result is established in [10].
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Theorem 4.9 If a € (1,2), d > 2 and D is a bounded C'' open set, then ZP has a jointly
continuous transition density function pp(t,z,y) that satisfies (1.1) with v = «/2.

Thus as a special case of Theorem 1.3, we also have the following:

Theorem 4.10 Suppose that o € (1,2), d > 2, that D is a bounded CY' open set and that ZP
is the subprocess of Z killed upon leaving D. Assume p € Kq o0 and F € Jo /2. Let qp be the

density of the Feynman-Kac semigroup of ZP corresponding to AMY . For any T > 0, there exists
a constant Cr4 > 1 such that for all (t,z,y) € (0,T] x D x D,

Cl_zllwoc/Q(t7 €L, y)Q(t7 €L, y) <4¢gp (t7 €T, y) < 0147%/2(75’ €T, y)Q(t, €T, y)
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