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Abstract

In this paper we present an Lo-theory for a class of stochastic partial differential equations
driven by Lévy processes. The coeflicients of the equations are random functions depending on

time and space variables, and no smoothness assumption of the coefficients is assumed.
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1 Introduction

In this article we present an Lo-theory of stochastic partial differential equations (SPDEs in abbre-

viation) of the type

du = <8i (auys + bu) + blug + cu+ f) dt + (Uikuggi + pfu + gk> dzf (1.1)

given for w € Q,¢t > 0 and x € R%. Here {ZF, k = 1,2...} are independent one-dimensional Lévy
processes defined on a probability space €2, ¢ and j go from 1 to d, k runs through {1,2,...} with
the summation convention on i, j, k being enforced. The coefficients a¥, b, b, ¢,o™*, u* and the
free terms f, g* depend on (w,t,x).

Stochastic partial differential equations (SPDESs) of type (1.1) arise naturally in many applica-
tions, for instance in nonlinear filtering theory of partially observable diffusion processes, in rela-
tivistic quantum mechanics and population models with geographical structures (See, for instance,
[13]).
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When Z} are independent one-dimensional Wiener processes, the corresponding Lo-theory is
well developed and an account of it can be found, for instance, in [12, 13]. Also an L,-theory of
equation (1.1) defined on R? was first introduced by Krylov in [7]. Later Krylov’s results were
extended for SPDEs defined on domains of R (see, for instance, [8, 9, 5]). We referee the reader to
[15] and the references therein for other work on SPDEs driven by continuous Banach space-valued
processes.

SPDEs (1.1) can be viewed as stochastic differential equations (SDEs) in Banach spaces (see
Remark 2.13 below). In [3], Gyongy studied existence and uniqueness of Hilbert space-valued

solution to the following type of SDEs in Banach spaces:
du = A(w, t,u(t))dN; + B(w, t,u(t))dM, (1.2)

where N is a non-decreasing real-valued process, M is a Hilbert space-valued quasi-left continuous
local martingale, A and B are random operators defined on a reflexive Banach space V' continuously
and densely embedded into a Hilbert space H. See, for instance, [1, 2, 6, 11, 10] for other related
works on Banach space-valued SDEs of type (1.2) driven by Poisson random measures or stable
noises.

The purpose of this paper is two-fold. First we show in Section 2 that if each ZF has finite

second moment, that is, if

/ 22u(dz) < oo for every k > 1, (1.3)
R

where v is the Lévy measure of ZF, then for every T > 0, the equation (1.1) admits a unique
solution in H(7'), and the map R : (ug, f, g*) — Ru, where Ru is the solution of (1.1) with initial
date ug, is continuous linear operator from Uj x Hy ' (T) x Lo(T, £2) to HL(T) (see Section 2 for the
definitions of these spaces). We point out that, while it is possible to deduce this result (Theorem
2.12) from the main results in Gyongy [3] (see Remark 2.13 below), our approach in this paper is
different from his. We use a direct martingale approach and a method of continuity, which may be
of independent interest. We then give two extensions in Section 3. First we develop an Lo-theory

for the semi-linear equation

8@-
under the condition that f(u) = f(w,t,z,u), g*(u) = g¥(w,t,z,u) satisfy Assumption 3.1 below.

du = (3 (aYuy + b'u) + b'uyi + cu+ f (u)> dt + (a’% + fu+ gk(m) Az

Next we weaken the second moment condition (1.3) by assuming that it holds only for sufficiently
large k (thus it can be dropped if only finitely many processes Ztk appear in the equation) and
prove that the equation has a unique pathwise Hi-valued solution.

As usual, throughout this paper, R? stands for the Euclidean space of points z = (z!, ...,xd)
and B,(z) := {y € R?: |z —y| < r}. Fori = 1,...,d, multi-indices a = (az, ..., aq), ; € {0,1,2,...},

and functions u(x), we set

Uy = Ou/Oz" = Diu, D®uw= D ... DS%u, |af=ai+..+aq.



We also use the notation D™ for a partial derivative of order m with respect to z. If we write
¢ = ¢(...), it means that the constant ¢ depends only on what are in parenthesis. For scalar
functions f, g defined on R, (f, g) := [pa f(z)g(z)dx.

2 Lo-theory for linear equations under condition (1.3)

Let (2, F, P) be a complete probability space equipped with a filtration (F, ¢ > 0) satisfying the
usual condition. We assume that on 2 we are given independent one-dimensional Lévy processes
Z1, Z2, ... relative to {F;,t > 0}. Let P be the predictable o-field generated by {F;,t > 0}.

For t > 0 and A € B(R\ {0}), define

Ni(t, A) = # {0 <s<t zZF -7k ¢ A} . Nu(t, A) = Ni(t, A) — tug(A)

where vy,(A) := E[N.(1, A)] is the Lévy measure of ZF. By Lévy-Ito decomposition, there exist

constants «y, B and Brownian motion Bf so that

ZfzaktJrﬁka*'/

|z]<1

zﬁk(t,dz)+/||>1 2N (t,dz). (2.1)

Assumption 2.1 (i) For each k > 1,

1/2
Cp, = [/ Z2Vk(d2’):| < 0. (2.2)
R
(ii) There exist constants 6 € (0,1), K € [1,00) so that for any w € Q, t > 0 and z € R?
OE[* < (a7 — a¥)g'e) < aVE'ed < KIEP, VEERY, (2.3)
where o9 = £ 3% (&3 + BE)othaIk.

Due to (2.2), f‘
(2.1) as

251 |z|vg(dz) < oo, and thus by absorbing f|z‘>1 zvg(dz) into oy we can rewrite

Ztk = qpt + 5]€Bf + / Zﬁk(t, dz)
R
For d > 1, consider the equation for random function u(t, ) on Q x [0, T] x R%:

du = <86 (aijuxj + Biu) + biugi + cu + f) dt + (0ikuxi + pFu 4 gk) dzF (2.4)
T

in the sense of distributions. See Definition 2.4 below. The coefficients a™, b?, b, ¢, 6%, ;¥ and the
free terms f, g* are random functions depending on t > 0 and x € R%. Without loss of generality

we assume &y, = 0, since otherwise we can rewrite (2.4) as follows :

o .. _ . A A .
du = (8” (a9ug; +b'u) + (0" + aro™)ugs + (c + appf)u + f) dt + (O’Zkuxi + pFu + gk> dzF,

where ZF := ZF — at.



Remark 2.2 Conditions (2.2) and (2.3) will be weakened in section 3. In particular, one can

completely drop the condition (2.2) if there are only finitely many processes Z¥ in equation (2.4).
% y p y y y Pp t q

For n=0,1,2, ..., define the Banach spaces
H} .= H}RY) = {u . D € Ly(RY), |o < n} .

In general, for v € R define the space H) = HJ(R?) = (1 — A)™7/2Ly as the set of all distributions
u on R? such that (1 — A)Y/?u € Ly. For u € HJ, we define

lull s o= 11 = AV 2ullg, = 177 [(1+ €2 2F @) oy (25)

where F is the Fourier transform. If n is a nonnegative integer then the norm [lu|| gy is equivalent
t0 3 jaj<n 1D Ul L, Let PIP*dt he the completion of P with respect to dP x dt. For n € Z and
T > 0, we write u € HY(T) if u is an H}-valued P> _measurable process defined on Q x [0, 7]

so that
1/2

T
lullmg () == <E [/0 ||u(t,-)|!§{g dt]) < 0.

Denote Lo(T) := HY(T). For an fy-valued process g = (g', g%, ...), we write g € Lo(T,¥¢s) if
g* € Ly(T) for every k > 1 and

o0 T 1/2
190y (700 = (Z(ﬁ,% +)E [/O 19" 112, dtD < 0.
k=1

Finally we use UJ to denote the family of Ly(R%)-valued Fo-measurable random variables ug having
1/2
luollgy == (Elluoll3,)"’? < oo

Remark 2.3 (i) Since we are assuming &; = 0, Zf is a square integrable martingale, whose
quadratic variation will be denoted by [Z*]. For every process H in Lo(2 x [0, T]), which has
a predictable dP x dt-version H, M; := fot H,dZ¥ (= fot H,dZ" in Ly(€2)) is well defined and

M; is a martingale with
t t
E[M{] =E [/ H? d[Z’“]s} = (BE+C)E U Hﬁds] . t<T.
0 0

(ii) For any g = (g%, ¢%,...) € La(T, £2) and ¢ € C3°(R?), the finite sum Y j_, fé(gk, $)dZF is a
square integrable martingale with quadratic variation Y p_, (8% + ¢3) fg (g, #)%ds. Since,

oo T
SR / (82 + ) (6", 6)%ds < 11812, 1912, (1) < 00 (2.6)
k=1

it follows that the series of stochastic integral » .~ fg (g%, ) dZF converges uniformly on
t € [0, 7] in probability.



(iii) In many articles, the equations of the type
du = (Au+ f)dt + g(u(t—))dZ;

has been considered to study path-wise solutions. The expression u(t—) is used because in
those type of equations one requires the solution to be adapted and cadlag. In this article we

do not use such notation since we only require g(u) has a predictable version.

Definition 2.4 We say u € HA(T) if u € HY(T), uw(0) € U3, u is right continuous with left limits
in Ly a.s., and for some f € Hy'(T) and g = (g%, g%, ...) € La(T, £2)

du(t) = f(t)dt + g"(t)dzZF v 0<t<T

in the sense of distributions, that is, for any ¢ € C§°(R?), the equality

t t
(u(t):0) = (w(0):6)+ [ (7). 0)ds + [ (6"(s), )zt (27)
0 0
holds for allt <T a.s.. In this case, we write
Du:=f, Sfu=g" Su:= (Stu,S*u,...) = (¢4, 4% ...), (2.8)

and define
lallsegry = lellsgry + IDullg s 7y + [Sulliacries) + (@)l

Lemma 2.5 Let u € H3(T), then

(i) for any ¢ € C(RY), (u(t), ¢) is a progressively measurable right continuous process having
left limits ;

(ii) for each fized t > 0, u(t) = u(t—) in Ly a.s.

Proof. (i). For any positive integer n, the process Y ,_; ftt(gk’ ,$)dZ" is progressively measurable,
right continuous and has left limits. Thus the claim follows immediately from Remark 2.3(ii).

(ii). By assumption u(t—) exists. Let {¢n,: ¢, € Hi,n = 1,2,...} be an orthonormal basis in
L3(R%). Then the process t — (u(t—), ¢,) is predictable by (i). Since fg (g%, dn)dZF is stochastically
continuous, we have for each fixed ¢t and n > 1, (u(t), ¢,) = (u(t—), ¢n) a.s. Therefore

u(t—) = Z(u(t—), Pn)pn = u(t) as.

n

The lemma is now proved. a

Lemma 2.6 For any integer n and f € HY(T') there exist fo, f1,..., fq € HSH(T) so that

d
f=fo+Difi, Z HfiHHQH(T) < N[ fllmg )
i=0



Proof. This is a classical result and we give a proof only for the completeness. By definition (2.5)
the map (1 — A) : Hi™? — HY is an isometry. Denote

dfo

fo=(1—=A)"tf  and fi:—ai for i =1,2,..,d.
X

Then f = (1—-A)(1—A)"'f = fo+ Difi, and

d

Z HfiHH;H(T) < N||fO”H;+2(T) < NHfHHg(T)-
1=0

Theorem 2.7 The space H3(T) is a Banach space, and for any u € HA(T) we have

E

2 2 2 2 2
sup ||u<t>\L2] < ¢ (DUl ) + Dl s g + 1802y + 1O)IZy) . (29)

where c is independent of u.

Proof. First we prove (2.9). Let u(0) = ug and du = fdt + g*dZF. Then for any ¢ € C$°(R?),

(u(t), 6) = (up, 6) + / (f(s), &)ds + / (6" (5), 6z} (2.10)

for all t < T (a.s.). For f € H,!(T), by Lemma 2.6, we can write it as

0

f=f0+8$i

fi
with f; € Lo(T) for 0 < i < d and
d
S llacry < el fllg s (2.11)
i=0
For a moment, additionally assume that u, f, g, ug are infinitely differentiable in x, and therefore

t t
u(t):uo—l—/ fdt+/ GFdzZk, W< T (as). (2.12)
0 0

The stochastic integral in (2.12) doesn’t change if we replace g by its predictable version, thus we

may assume that ¢ is predictable.



Applying Ito’s formula to |u(t)|? in (2.12) (see, for instance, Theorem 4.4.7 of [4]) and integrating

over R%, we get

t
lu@)z, = HUOHL2+2/( d8+25k/ lg* ()1 Z,,ds

+2Z/< (5=, 8" (NdZE+ 3 3 16*(5)AZH 2,

r /0 k 0<s<t
t d t
= Juoll?, +2 /0 (<u<s>, fo(S))—;(Uzi(S)afi(S))> ds+;6i /0 1*() 12, ds
2% / (u(s=), " (N7 +3° 3 gh(5)AZE |2, (2.13)
r /0 k 0<s<t

where we have used the fact that Z*’s are independent and so with probability one at most one of
the Z1, Z2... can jump at any given time. By virtue of the Lévy system of the Lévy process Z¥,
it follows that

t
S llgM ) AZY2, = M+ & / 19¥112, ds, (2.14)

0<s<t

where M¥ is a purely discontinuous square integrable martingale with
M} — M} = |g"t)AZF|7,  fort>0.
For any € > 0,

= e [ 600 o) - S et )ds\]

=1
d

< &‘”DUHLQ —|—€EsupHu( )HL2 +c(e,T) Z H]”H]L2
=0

By Davis’s inequality,

E

IN

sup ‘Mtk‘

cE Mk Mk 1/2 < ¢E AZ
0<t<T ] [[ ] ] Z ||9 tHL2

0<t<T

T
CRE [ / |g’f<t>||%2dt] |

IA



and

[ sup ‘ / s))dz*
0<t<T ¢

1/2
< oSe|( 5 ey
k=1 0<t<T
- 1/2
o
< ) Elswlul, | Do I9"®I1.(AZ)°
1 t<T 0<t<T
< <B sup o), |+l IS E| S Itk Az
t<t k=1 |0<t<T
o0 T
< ¢E [sup\U(lﬁ)H%2 +ce)) GE / lg" ()17, dt.
t<T k=1 0
By choosing ¢ > 0 sufficiently small, one gets
E lfgg ||u<t>rr%2] < ¢ (JluoliZy + IDul, oy + il oy + 1912, 1asy) - (2.15)

To drop the assumption that u, f, g,up are sufficiently smooth in z, we take a nonnegative
function ¢ € C$°(B1(0)) with unit integral, and for e > 0 define ¢.(z) = e~%)(x/e). For any
generalized function v, define v(®)(z) = v * . (x) := (v(-),1be(x — -)), then v()(z) is an infinitely
differentiable function of z. By plugging ¢.(x — -) instead of ¢ in (2.10),

t t
u®(t,2) = ug) (z) + / (f& + Dif)de + / g€ azf. (2.16)
0 0
By (2.15),
E (e) t 2 < (e)2 D ()12 (e)2 ()12 217
sup [w(0)|3, | < e (I 15y + 1060y + 11y + M9 ), (217)

and similarly by considering u(®) — u(¢") instead of u(®),

E

?gg\lu(g)(t)—u(al)(t)H%Q] < cluf! — g7 {1+ ellDu® = DU o

+ el = By +elle® = 0Oy (218)
By using the fact that for any h € Lo, ||h®)||, < |||z, and ||h) — k||, — 0 as € — 0, we get

16 — ullgry + 1Du® — Dulliyry + 11 = fillaer) + 19 = glliaere + lul) — uollyy =0

8



as € — 0. This and (2.18) show that there exists an Lo-valued cadlag process v so that

E —0 as e—0.

sup [[u®) () — o(t)]17,
t<T

Since u(®) — v in H(T) we conclude v = u, and we get (2.9) by letting € — 0 in (2.17).

Now we prove the completeness of the space Hi(T). Let {u, : n = 1,2, ...} be a Cauchy sequence
in H3(T). Let f, := Duy, gn := Suy, and upg := u,(0). Then there exist v € HY(T), f € Hy (T),
g € Lo(T,l3) and ug € U; so that u,, fn, gn and uyg converge to u, f,g and wug, respectively.
Furthermore, by (2.9),

2 2
_ < _
E lfgg [l UmHL2] < cllun Um”y%(T) —0

as m,n — oo. Also since u™ — u in H}(T) as n — oo, it follows that E [sup,<rp [lun — u||%2] -0
as n — oo and w is an Le-valued cadlad process.
Now let ¢ € C$°(R?). Since (a.s.)

(tn(t), 8) = (tn, &) + /O (fu(s), d)ds + /0 (gh(s).4)dZF, VE<T,

taking n — oo, we have for each t > 0,

(ut), 6) = (up, &) + /0 (F(s), d)ds + /0 (¢5(s), 6)dZ*  as. (2.19)

Thus equality (2.19) holds almost everywhere in © x [0, 7]. Using the fact that both sides of (2.19)
are cadlad processes, we conclude that equality (2.19) holds for all ¢ < T' (a.s.). Consequently
u € HA(T) and u™ — u in H3(T). O

Assumption 2.8 (i) The coefficients a™,b', b, c, ™ and p* are P @ B(RY)-measurable functions.

(ii) For each w,t,x,1,7],

g _ . > 1/2
|a®| 4+ |b'] + V] + || + (Z 2+ ) (|02 + |u*] )) <K. (2.20)
k=1

Theorem 2.9 (A priori estimate) Let Assumptions 2.1 and 2.8 hold. Then for any solution
u € HA(T) of equation (2.4), we have

el ey < e (et (ry + N9llLaee) + lluolluy ) (2.21)
2 2 ( ) 2

where ¢ = ¢(0, K, T).



Proof. We proceed as in the proof of Theorem 2.7. As before, rewrite f € H YT) as

d
f=fo+ ; ;xlfl with f; € ]LQ(T)
and

d
Z Hfi”]Lz(T) < CHfHH;l(T)-
i=0
As in the proof of Theorem 2.7, without loss of generality, we may and do assume that u, f, g, ug are
sufficiently smooth in z. By h* we denote the predictable version of o™*u,: + p*u + ¢g*. Applying

Ito’s formula to |u(t)|? in (2.4),

t .. —_ .
Ellu(®)|?, = Eluoll, +2E UO (—(aYugs + b+ fi,ugi) + (Vg + cu+ fo,u)) ds
+Z/3k/ |h¥|[3, ds + 2E Z/ —))dzk

+ZE > nkazE)3, | (2.22)

0<s<t

By using 2ab < ea® 4+ e~ 1b?, we get for any € > 0

t t
ZE@?/ Ih*)17, ds = EZ/ Bello®u + pFu+ "3, dt
k 0 % Jo
t
= E) / B (o™ o gty + 20 g (i + °) + |l [uf? + |gf3, ) dads
t ..
< 2E [/0 (azlﬂuxi,uxj)Lst} +£HDuHi2(t)—i—c(s)HuHiQ(t)—i—c(s)HgHi(t’eQ),

where af = $3°, B2o o7k, Similarly,

ZE Y I Az,

0<s<t
— Z E [/ lo®u,: + pFu+g HLst}

t
2E [ /O (0¥ uye, uxnds] T el Dul2, ) + @l + )91z,

IN

where ag = 3, @0tk aik. Also,

d
/t (—(I_)iu,uxi) - Z(fz,urz) + (Dugi + cu + fo,u)> ds]
B i=1

d
< ellDullE, ) + c@lull? ) + <€) D IillE 0
=0

E

10



Thus we have from (2.22) that for each t < T,

d t . .
EMW&+m§l/WW%Mwwm%
0

ij=1

t d
< Nuollgy +ellDullf, ) + ¢ (/0 Ellu(s)|[7,ds + > 1 fillf 0 + ||9||]2L2(t,z2)> , o (2.23)
=0

where ¢ = ¢(e, K) is independent of ¢. On the other hand, we know from condition (2.3) that
(@ = a7 )ugi, ugs) > 6||Dull7,.

The above two displays together with Gronwall’s inequality yield

lullgyry < e (lwollog + 11z 10y + 9lacren)

where ¢ = ¢(d, K, T). The theorem is proved. O

Remark 2.10 The proof of Theorem 2.9 shows that if b = b' = ¢ = p* = 0, one can drop the
term f(fEHu\|%2 in (2.23), and therefore by taking € < 6/2,
1Duleacry < ¢ (Il ¢y + N9 leacres) + ol )

where ¢ is independent of T.

To use the method of continuity we introduce linear operators L) and Ay as follows: For
A € [0, 1], denote
af =X + (1- N7, o = ro',
Dy =Ab, A=A, ex=Ac, pk =Mk

9 . . . :
Lu = g(a”uﬂ- + 0% 4 by + cu, Afu=o%uy + pFu,
7

Lyu:=ALu+ (1 — \)Au (af\jux]- + b%) + bhugi + cyu,

- 8331
ASu = APy = oFuy + phu for k > 1.

Note that
L)\lu — L,\Qu = ()\1 — )\2)([4 — A)u, A,\lu — A)\ZU = ()\1 — )\Q)Au,

where Ayu = (Adu, Au,...), Au:= (Alu,A%y,...), and

[oxu = Lagull gy 4 [[Ax u = Agu]l Ly < c(B) A = Aell|ul gy - (2.24)

11



Corollary 2.11 There exists a constant ¢ = ¢(d, K,T) so that for any X € [0,1] and any solution
u € HA(T) of the equation

du = (Lyu + f)dt + (ASu+ ¢*)dZF,  u(0) = ug

we have

lullagcry < € (I lhaz iy + I9laqres) + luolloy ) -
Proof. For X € [0, 1], denote o&j =13 (@ + ﬁ,%)ag\kag\k = X204, Then for any ¢ € R?,
(af — a¥)e'el < afe'e7 = NaEE + (1 - N)|¢? < KI¢P,
SlE* < Aa” — a)EE + (1= N)[E)* < (Aa + (1 — N0 — Na¥) €'¢0 = (af — af)e'e.

Also, the new coefficients aij,Bg\,bg\,cA,agk,yf satisfy (2.3) and (2.20). Now the assertion of the

corollary follows from Theorem 2.9.
O

Here is the main result of this section.

Theorem 2.12 Suppose Assumptions 2.1 and 2.8 hold. Then for any f € H;l(T), g € Lo(T, ¢3)
and ug € UJ, equation (2.4) with initial data ug has a unique solution u € Hi(T), and

lellzay oy < el fllgy oy + 19lLa@en) + luollyy), (2.25)
where ¢ = ¢(0, K, T).

Proof. In view of the a priori estimate (2.21), it suffices to show that there is a solution to (2.4).
Step 1. We show that for any given f € HQ_I(T),g € Ly(T, £2) and ug € U, the equation

du = (Au+ f)dt + g"dzF, u(0) = ug (2.26)
has a solution u € H4(T). For a moment, assume that g¥ = 0 for all k > N for some N > 1, and

each ¢g* is of the type
m(k)

gk(t) = Z I(n,hn} (t)(pz<x)7 (227)

i=1

where 7; are bounded stopping times and ¢; € C§°(R?). Define

N ot
o)) =Y [ gzt
k=1"0
Then it is easy to see that v € Hi(T). Note that u satisfies (2.26) if and only if @ := u — v satisfies
du = (Au+ Av + f)dt with  @(0) = wo.

12



Since this equation has a solution in H3(T) (see Theorem 5.1 in [7]), we conclude that equation
(2.26) has a solution u in Hi(T).

In general, by Theorem 3.10 of [7], we can take a sequence g, € La(T,¥2) so that |g, —
9llLo(res) — 0 as n — oo, gk =0 for k > N(n) and gF are of type (2.27). By the above result we
can define u,, € Hi(T) as the solution of

dupn, = (Aup, + f)dt + gdeva u(0) = uo,
and by Theorem 2.9 (or Corollary 2.11)

l|n — UmHH;(T) < cllgn — gmHLz(T,zz) —0

as n,m — oco. Now it is clear the limit of this Cauchy sequence is a solution of (2.26).
Step 2. Let J C [0, 1] denote the set of A, so that for any f, g, ug, the equation

du = (Lyu+ f)dt + (A5u+ gF)dzF,  u(0) = ug (2.28)

has a solution u € H%(T). Then as proved above, 0 € J. Now assume \g € J, and note that u is a
solution of equation (2.28) if and only if

du = (Lyu + (Lyu — Lyu + f)) dt + (A’;Ou + (Afu— A u+ gk)> dzr. (2.29)

Remember that D : Hy — HY ' is a bounded operator. Thus for any u € H3(T), k¥ > 1 and
A € [0,1], we have
Ly € Hy N (T)  and  Ayu € Lo(T, £).

Recall \g € J. Denote u® = ug and for n = 1,2,... we define u"*! € H1(T) as the solution of the
equation
du™tt = (L)\Ou”Jrl + fo)dt + (A’f\ou’"le + gﬁ)dZtk, u"(0) = ug

where
foi=Lau™ — Lyu" + f and gF:= Afu" — Aﬁoun +g".

By Corollary 2.11 and the inequality (2.24), we have

Hun—i—l .

IN

ell (L = Lag) (@ = a1y + ell(Ax = Ang) (@ = 0"l Lyrien

cl|A = dolllu™ = w1 (-

UHHH;(T)

A

Let g9 = 1/(2¢). Then for A € (Ao — €0, A + €0), [[u"™! — ulgg ) < Hlum — u”*IHH%(T) for every
n > 1 and so u™ converges to some u in H3(T'). It follows that u solves equation (2.29). This proves
that (Ao — €0, Ao +¢€0) N [0,1] C J. Consequently we conclude J = [0, 1]. O
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Remark 2.13 Theorem 2.12 can be deduced from the main results in Gyoéngy [3] by regarding the
SPDE (1.1) as a Hilbert space-valued SDE of type (1.2). To see this, by using the same notation as
that in [3], let H denote the Hilbert space Lyo(R%), V = H1(R?) and E the Hilbert space £2 of all
square summable real-valued sequences with the usual orthonormal basis {ex,k = 1,2,...}. Here
V is viewed as a separable reflexive Banach space which is embedded continuously and densely into
the Hilbert space H. Let V* be the dual space of V. By identifying Hilbert space H with its dual
H*, we have
VCH=H"CV*.

Assume that Assumptions 2.1 and 2.8 hold. Define the E-valued martingale

:Z 2 zy
5 + 1/2 1+k2)1/2

€L

Let @ be the linear operator from E to itself defined by Qeg = -
operators from V' C H into L(E, H), the space of bounded linear operators from E ro H.

k:2 er. We now define three linear

Bo(w,t,"): uws ((zk) — i ckV1+ k2uk(t)uzkek>

k=1

Bi(w,t,-) : u»—>< Hch\/l—i—kQ Uyi 2 ek> 1=1,2,...,d,

Byii(w,t,2): uw— ( &—>ch 14 k2g%(t)z ek)
k=1
It is easy to verify that each B]Ql/2 is a Hilbert-Schmidt operator from E to H with j =0,1,...,d+
1. Forv eV, let

Alw, t,v) = (aijvzj + Biv) + blvgi + cv + f,

T
which is viewed as an element in V*. Then SPDE (1.1) can be rewritten as an SDE in Hilbert

space:
d+1
du(t) = A(w, t,u(t))dt + | Y Bj(w, t,u(t) | dZ.
=0
Assumptions 2.1 and 2.8 imply that the conditions (I)-(V) on [3, page 235] are satisfied. Now
our Theorem 2.12 follows from Theorems 2.9, 2.10 and 4.1 of Gyongy [3]. The approach in [3] is

different from ours. O

For a stopping time 7 relative to {F;}, denote
(0,7] == {(w,t) : 0 <t < 7(w)}.

14



Then obviously the process 1(o -j(w,?) is left-continuous and predictable. Actually by definition
the predictable o-field P is the o-field generated by all such processes. For an Hj-valued parxdt_

measurable process u, write u € H(7) if

Hu”lﬁé(ﬂ =E [/0 HuH?qzlds] < 0.

We define the Banach spaces La(7, £2) and Hi(7) similarly. The following theorem plays the key

role when we weaken condition (2.2) later in the next section.

Theorem 2.14 Suppose that T is a stopping time bounded by T. Theorem 2.12 holds with the

deterministic time T replaced by the stopping time 7.
Proof. First we prove the existence. As mentioned above 1 ;] is predictable and therefore

f = 1([0’7_]] fe H;l(T), g := 1([07.,.]] g e ]LQ(T, 52)

Let u € Hi(T) be the solution of (2.4) with f and g instead of f and g respectively. Then, since
7 < T, we have u € Hi(7) and

lllsgry < Nelory < € (1 lazr oy + 1lhacres) + ol )
= ¢ (Ifltzt oy + N9 Meartny + luolly) -
Now we prove the uniqueness. Let u € H3(7) be a solution of equation (2.4). Then since 7 < T,
1([077.]1 : (]D)u — Au) S HQ_I(T), 1([077.]] -Su € ]LQ(T, 62)

See (2.8) for the definitions of Du, Su and S*u. According to Theorem 2.12 we can define v € H3(T)

as the solution of
dv = (Av + 1o, (Du — Au))dt + 1go 1 S"u dZf,  v(0) = u(0). (2.30)

Then for t < 7, d(u —v) = A(u — v)dt and therefore using a classical result for the heat equation
(see, for instance, Theorem 5.1 of [7]), we conclude that u(t) = wv(t) for all ¢ < 7, a.s.. Thus,

equation (2.4) becomes (just replace u by v for ¢t < 1)

a .. =. ~ .
dv = ( (d”vxj =+ b%) +b'v,i + v + fl([()’ﬂ]) dt

ox’
+ (&ikvxi + /]kv + gkl([O,T]]) de, (2.31)
where
0 = a1+ 67 (1—1g,y), b =01,y O =blg.g .8 =Pl
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Note that since finite sum or product of predictable functions is predictable, these new coefficients
are predictable, and obviously they satisfy (2.3) and (2.20). Thus it follows from Theorem 2.12
that v is the unique solution of equation (2.31) in the class H3(T). We proved that if u € Hi(7)
is a solution of equation (2.4) then u(t) = v(t) for all ¢ < 7. This proves the uniqueness of solution

of equation (2.4) in the class H3(7). The theorem is proved. O

3 Further Results

In this section we give two extensions of Theorem 2.12. First, we consider the nonlinear equation

du = <8§3z (auys + bu) + bug + cu+ f(u)> dt
+ (O’ikuxi + pFu + gk(u)) dzF, (3.1)
where f(u) = f(w,t,z,u) and ¢ (u) = ¢*(w,t,z,u).
Assumption 3.1 (i) For any u € Hj,
flu) € Hy' and g(u) == (9" (u), ¢°(u),...) € La(ta).
(ii) For every & > 0, there exists a constant K1 = K (e) so that for any u,v € HY(T) and t < T,
1£00) = F)Es gy + 19w — 9@, ) < llu— vy + Killu— vl (32)

Theorem 3.2 Suppose Assumptions 2.1, 2.8 and 3.1 hold. Then for any ug € U}, equation
(3.1) with initial data ug has a unique solution u € H3(T), and

fullesery < € (1O gy ey + 19O acrsy + ol (33)
where f(0) = f(w,t,2,0),9(0) = g(w,t,2,0) and ¢ = (6, K, T).

Proof. We will use a fixed point theorem to show the existence and uniqueness of the solution to
(3.1). Estimate (3.3) follows from (2.21), (3.2), (2.9) and the Gronwall’s inequality. Let R(f,g) €
H3(T) denote the solution of (2.4) with initial data ug. Then by Theorem 2.12,

Ru :=R(f(u),g(u)) for u € H(T)

is well defined and R is a map from Hi(T) to HI(T). Define u® = R(f(0),9(0)) and u"* =
R(f(u™),g(u™)). Then by Theorem 2.12 and (3.2), for any ¢t < T,

HRU*RU’@.@@) < 05”“*””3{%(15)+CK1||U*U||J]242(t)

IA

t
cs||u—v||3_[%(t)+cK1/0 Hu—ng_[%(s)ds

16



where the last inequality is from (2.9). The proof of Theorem 6.4 in [7] implies that R is a con-
traction in H3(T') with the coefficient 1/2 for all sufficiently large m, that is, | R™u — R™|y1ry <
1/2|[u = v|[33(7)- This yields all the assertions of the theorem. The theorem is proved. O

Here is an application of Theorem 3.2 to SPDEs with the fractional Laplacian.

Example 3.3 For simplicity assume gF(u) = 0 for k > 2. Take f(u) = (=A)*?u and g(u) =
g (u) = (=A)P?u where o < 2 and B < 1, then obviously for any e > 0,

2 2 2 2
1 () = £l + lg(u) = 9Ly < cllu = vllgoreay) +ellu = vligs

<ellu— UH]%I%(t) + Kilju — UH]%z(t)’

where for the second inequality we use the following classical fact (see section 2.4.7 of [14]): if

L_;’g Thus the existence and

uniqueness of equation (3.1) with f(u) and g(u) given as above are guaranteed by Theorem 3.2.

v =61+ A=k and £ € [0,1] then |lullgy < Nllullg, [lul

The following is a weakened version of Assumption 2.1.

Assumption 3.4 There exists an integer Ng > 1 so that
(i) ¢ < oo for all integer k > No;
(i) for some ¢ > 0,
o€l < (a¥ — o, )€, VEERY, (3.4)
where o/jo =3 2 N1 (G + BRIk,
For a stopping time 7 < T, write u € ]HI% 1oc(7) if there exists a sequence of stopping times

7, T 00 so that u € Hi(7 A 7,) for each n. Here is our second extension.

Theorem 3.5 Let Assumption 3.4 hold and o*,i =0 for k < No. Then for any ugp € Us, f €
H, (T) and process g = (g, g%, . ..) having entries in La(T) so that Z?VOOH(E%"‘B%)HQICHEZ(T) < 00,
there exists a unique u € H%leC(T) such that

(i) u(t) is right continuous with left limits in Lo a.s.,

(ii) for any ¢ € C§°(R?), the equality

t
(u(t),d) = (uo.d)+ /0 (—a¥uugs — Bu, ) + (Bugs +cu+ f, §) ds

+ /Ot ((U““uxi, )+ (1F, 6) + (¢, ¢>)) dz} (3:5)

holds for allt <T a.s..
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We say that u € H%JOC(T) is a path-wise solution if u satisfies the conditions (i) and (ii) in the

theorem for ¢ < 7.

Proof. Step 1. First assume that Assumption 2.1 holds. Then the existence of pathwise
solution under Assumption 2.1 in Hi(7) (hence in HaIOC(T)) follows from Theorem 2.14. Now we
show that the pathwise solution is unique in H%JOC (7). Let u € H%’IOC(T) be a path-wise solution.
Define 7, = 7 Ainf{¢ : f(f ||u||§{21d5 > n}. Then u € Hi(r,) and 7, 1 7 since fg HuHiIzlds < oo for all
t < 7, a.s. By Theorem 2.14,

[l () < (T ds K) (I llgs 17,y + N9 MLara ) + 10(0)ll)-

By letting n — oo we find that u € Hi(7), and the uniqueness of the pathwise solution under

Assumption 2.1 follows from the uniqueness result of Theorem 2.14.

Step 2. For the general case, note that for each n > 0 and k& < Nj,

1/2
Chom 1= / |2 (d2) < 0.
{z€R:|z|<n}

Consider Lévy processes (Z),...,ZNo ZNo+1 "y in place of (Z!,Z2...), where ZF(k < Np) is
obtained from Z* by removing all the jumps that has absolute size strictly large than n. Note that

k are assumed to be zero for all k < Np.

condition (2.3) is valid with ¢ replaced by ¢, since o

By Step 1, there is a unique pathwise solution v, € H3(T) with Zﬁ in place of ZF for k =
1,2,..., Ny. Let T}, be the first time that one of the Lévy processes {Z*,1 < k < Ny} has a jump
of (absolute) size in (n,o00). Define u(t) = v,(t) for t < T,, NT. Note that for n < m, by Step 1,
we have v, (t) = vy (t) for t < T,,. This is because, for ¢t < T,,, both v, and v,, satisfy (3.5) with
each term inside the stochastic integral multiplied by 15«7, (and with Zﬁ, k < Ny, in place of ZF).
Thus u is well defined. By letting n — oo, one constructs a unique pathwise solution u in H%J oe(T).
The theorem is proved.

|
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