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Abstract

We establish the equivalence of the analytic and probabilistic notions of subharmonicity in
the framework of general symmetric Hunt processes on locally compact separable metric spaces,
extending an earlier work of the first named author on the equivalence of the analytic and
probabilistic notions of harmonicity. As a corollary, we prove a strong maximum principle for
locally bounded finely continuous subharmonic functions in the space of functions locally in the
domain of the Dirichlet form under some natural conditions.
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1 Introduction

It is known that a function being subharmonic in a domain D C R? can be defined by Au < 0 on
D in the distributional sense; that is, u € W,"*(D) := {u € L2 (D) | Vu € L2 (D)} so that

loc loc loc

Vu(x) - Vo(z)dr <0 for any non-negative v € C°(D).
R4
When wu is continuous, the above is equivalent to the following sub-averaging property by running
a Brownian motion X = (Q, X, P,),cga: for every relatively compact open subset U of D:

w(Xr,) € LY(P,) and  w(z) < Ey[u(X,,)] for every z € U.

Here 7y :=inf{t > 0| X; ¢ U} is the first exit time from U. A function w is said to be harmonic
in D if both u and —u are subharmonic in D. Recently, there have been interest from several areas
of mathematics in determining whether the above two notions harmonicity and subharmonicity
remain equivalent in a more general context, such as symmetric Hunt processes on locally compact
separable metric spaces. For instance, due to their importance in theory and applications, there
has been intense interest recently in studying discontinuous processes and non-local (or integro-
differential) operators by both analytical and probabilistic approaches. See, e.g. [6, 7] and the
references therein. So it is important to identify the connection between the analytic and proba-
bilistic notions of subharmonic functions. Very recently, in [3] the first named author established
the equivalence between the analytic and probabilistic notions of harmonic functions for symmet-
ric Markov processes. Subsequently, the above equivalence is extended in [20] to non-symmetric
Markov processes associated with sectorial Dirichlet forms.

In this paper, we extend the previous work [3], that is, we address the question of the equivalence
of the analytic and probabilistic notions of subharmonicity in the context of symmetric Hunt pro-
cesses on locally compact separable metric space (Theorem 2.9). As a byproduct of our result, we
prove that strong maximum principle holds for locally bounded finely continuous £-subharmonic
functions under some conditions (Theorem 2.11). Strong maximum principles for subharmonic
functions of second order elliptic operators have been powerful tools for various fields in analysis
and geometry. In [16], the second named author established, by using analytic method, a strong
maximum principle for finely continuous £-subharmonic functions in the framework of irreducible
local semi-Dirichlet forms whose Hunt processes satisfy the absolute continuity condition with re-
spect to the underlying measure, which generalize the classical strong maximum principle for second
order elliptic operators (for an extension of strong maximum principle for subharmonicity in the
barrier sense, see also [17]). The strong maximum principle developed in [15, 16] can be applied to
analysis or geometry for geometric singular spaces; Alexandrov spaces or spaces appeared in the
Gromov-Hausdorff limit of Riemannian manifolds with uniform lower Ricci curvature bounds and
so on. More concretely in [19], we establish splitting theorems for weighted Alexandrov spaces hav-
ing measure contraction property, which are striking applications of the strong maximum principle
treated in [15, 16] in terms of symmetric diffusion processes. The strong maximum principle estab-
lished in this paper holds for symmetric Markov processes, which may possibly have discontinuous



sample paths, on locally compact separable metric spaces, should have useful implications in the
study of non-local operator or jump type symmetric Markov processes.

Let X be be an m-symmetric Hunt process on a locally compact separable metric space F
whose associated Dirichlet form (€, F) is regular on L*(E;m). Let D be an open subset of E
and 7p is the first exit time from D by X. Motivated by the example at the beginning of this
section, loosely speaking (see next section for precise statements), there are two ways to define a
function u being subharmonic in D with respect to X: (a) (probabilistically) ¢t — u(Xiarp,) is a
P, -uniformly integrable submartingale for quasi-every x € D; (b) (analytically) £(u,g) < 0 for
g € FNCH(D). We will show in Theorem 2.9 below that these two definitions are equivalent under
some integrability conditions as imposed in the previous work [3] by the first author. Note that
even in the Brownian motion case, a function w that is subharmonic in D is typically not in the
domain F of the Dirichlet form. Denote by Fp o the family of functions u on E such that for
every relatively compact open subset D; of D, there is a function f € F so that u = f m-a.e. on
Dy. To show these two definitions are equivalent, the crux of the difficulty is to

(i) appropriately extend the definition of £(u,v) to functions w in Fp o that satisfy some minimal
integrability condition when X is discontinuous so that &(u,v) is well defined for every v €
FNC.(D);

(ii) show that if u is subharmonic in D in the probabilistic sense, then u € Fp jo and £(u,v) <0
for every non-negative v € F N C.(D).

The question (i) is solved in the previous work [3]. The main focus of this paper is to address the
second question (ii). For (ii), we establish a Riesz type decomposition theorem (Lemma 3.6) for
E-subharmonic functions, which is a crucial step in proving our main result.

If one assumes a priori that u € F, then the equivalence of (a) and (b) is easy to establish.
In next section, we give precise definitions, statements of the main results and their proofs. Four
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examples are given to illustrate the main results of this paper. We use “:="as a way of definition.
For two real numbers a and b, a A b := min{a, b}.
The results of this paper can be extended to non-symmetric Hunt processes associated with

sectorial Dirichlet forms. We will not pursuit this generalization here in this paper.

2 Main result

Let X = (2, F 0, Ft, Xt, (, Py, x € E) be an m-symmetric right Markov process on a space F, where
m is a positive o-finite measure with full topological support on E. A cemetery state d is added
to E to form Ey := E U {0}, and ) is the totality of right-continuous, left-limited sample paths
from [0,00) to Ey that hold the value 0 once attaining it. Throughout this paper, every function
f on E is automatically extended to be a function on Ey by setting f(0) = 0. For any w € £, we
set Xi(w) := w(t). Let ((w) := inf{t > 0 | X;(w) = 9} be the life time of X. Throughout this
paper, we use the convention that X (w) := 9. As usual, F, and F; are the minimal augmented
o-algebras obtained from FY = o0{Xs | 0 < s < oo} and FY := o{X; | 0 < s < ¢} under



{P, : z € E}. For a Borel subset B of E, 75 := inf{t > 0| X; ¢ B} (the exit time of B) is an
(F¢)-stopping time.
The transition semigroup {P; : t > 0} of X is defined by

Pf(2) = Bol f(X0)] = Bolf(X0):t < (), t>0.

Each P; may be viewed as an operator on L?(E;m), and taken as a whole these operators form a
strongly continuous semigroup of self-adjoint contractions. The Dirichlet form associated with X
is the bilinear form

E(u,v) = ltii(r]l t7(u — P, v)m

defined on the space

F .= {u c LQ(E;m) ‘ sup t_l(u — P, )y, < oo} .
>0

Here we use the notation (f,g)m = [ f(z)g(x)m(dz) and we shall use ||f|2 := \/(f, f)m for
f,g € L*(E;m). P; is extended to be a strongly continuous semigroup {T;t > 0} on L?(E;m).
Without loss of generality, we may assume that (£, F) is a regular Dirichlet form on L?(E;m) and
the X is an m-symmetric Hunt process, where F is a locally compact separable metric space having
a one point compactification EFy := EU{d} and m is a positive Radon measure with full topological
support (see [8]).

A set B C Fy is called nearly Borel if for each probability measure u on Ey, there exist Borel
sets By, By C Ep such that By C B C By and P,(X; € By \ By for somet > 0) = 0. Any
hitting time op := inf{t > 0 | Xy € B} is an (F;)-stopping time for nearly Borel subset of Ey
(see Theorem 10.7 and the remark after Definition 10.21 in [1]). A subset B of Ejy is said to be

X-invariant if B is nearly Borel and
P,(X; € By, X;— € By forallt>0)=1 for any z € B.

A set A is finely open if for each x € A there exists a nearly Borel subset B = B(x) of E such that
B> E\Aand P,(op >0)=1. Aset N is called properly exceptional if E\ N is X-invariant and
m(N) = 0. A nearly Borel set N is called m-polar if Pp,(on < 0c0) = 0 and any subset N of E is
called exceptional if there exists an m-polar set N containing N. Clearly any properly exceptional
set N is exceptional. A function defined g.e. on an open subset D of E is said to be g.e. finely
continuous on D if there exists a properly exceptional Borel set IV such that u is Borel measurable
and finely continuous on D \ N. It is known (cf. [12]) a quasi-continuous function on D is q.e.
finely continuous on D.

Let F. be the family of m-measurable functions v on E such that |u| < ocom-a.e. and there

exists an £-Cauchy sequence {u,} of F such that lim u, = u m-a.e. We call {u,} as above an
n—oo

approximating sequence for u € F,. For any u,v € F, and its approximating sequences {uy}, {v,}
the limit £(u,v) = lim &(uy,vy,) exists and does not depend on the choices of the approximating
n—oo

sequences for u, v. It is known that £/2 on F, is a semi-norm and F = F. N L?(E;m). We call



(&, Fe) the extended Dirichlet space of (£, F). Any u € F, admits a quasi-continuous m-version .
Throughout this paper, we always take quasi-continuous m-version of the element of F., that is,
we omit tilde from u for u € F,

Let D be an open subset of E£. We define

Fp={ueF|lu=0 &qe. on E\D},
EP(u,v) = E(u,v) for u,v € Fp.

Then (EP, Fp) is again a regular Dirichlet form on L?(D;m), which is called the part space in
D. Denote by Fp oc (resp. (Fp)ioc) the space of functions locally in F on D (resp. the space of
functions locally in Fp); that is, u € Fpoc (resp. u € (Fp)ioc) if and only if for any relatively
compact open set U with U C D there exists uy € F (resp. uy € Fp) such that u = uy m-a.e. on
U. Clearly (Fp)ioc C Fp,loc and 1p € (Fp)ioc. Any u € Fp joc admits an m-version u of v which is
quasi-continuous on D. As remarked above, we always take such m-version and omit tilde from @
for u € Fp1oc. We can see that Fpioc N LS.(D;m) C (Fp)ioe- Indeed, for u € Fp joc N LS, (D;m),
we can take uy € Fjp such that u = uy m-a.e. on U, because uy = (—||uljvoo) V (ur A [Ju|lv,00)
m-a.e. on U, where [|u||y oo := m-ess-supy |u]. Taking ¢ € FNC(E) with ¢ =1 on U and ¢ =0
on D¢ Then uy¢ € Fp and v = uy¢ m-a.e. on U.

Definition 2.1 (Sub/Super-harmonicity) Let D be an open set in E. We say that a nearly
Borel measurable function u defined on E is subharmonic (resp. superharmonic) in D if for any
relatively compact open subset U of D with U C D, t — u(Xtar,) is a uniformly integrable right
continuous P -submartingale (resp. P -supermartingale) for q.e. z € E. A nearly Borel function u
on E is said to be harmonic in D if u is both superharmonic and subharmonic in D. If t — u(Xa7, )
is a uniformly integrable right continuous P, -submartingale for all x € F, u is called subharmonic
in D without exceptional set. The subharmonicity/harmonicity in D without exceptional set is
analogously defined.

Definition 2.2 (Sub/Super-harmonicity in the weak sense) Let D be an open set in E. We
say that a nearly Borel function u defined on E is subharmonic (resp. superharmonic) in D in the
weak sense if u is q.e. finely continuous in D and for any relatively compact open subset U with
U C D, E;[|u|(X+,)] < oo for q.e. z € F and u(z) < E [u(Xs,)] (resp. u(x) > E [u(X,,)]) holds
for q.e. x € E. A nearly Borel measurable function u on F is said to be harmonic in D in the weak
sense if u is both superharmonic and subharmonic in D in the weak sense. If u is finely continuous
(nearly) Borel in D and for any relatively compact open subset U with U € D, E,[|u|(X5,)] < oo
for all z € E, and u(x) < E;[u(X;,)] holds for all x € U, then u is called subharmonic in D in
the weak sense without exceptional set. The subharmonicity/harmonicity in D in the weak sense
without exceptional set is analogously defined.

Clearly 1p is superharmonic in D in the weak sense.

Remark 2.3 Our definition on the subharmonicity or superharmonicity in the weak sense is dif-
ferent from what is defined in the Dynkin’s textbook [11] and is weaker than it when X is an



m-irreducible diffusion process satisfying (2.1) below. Actually, superharmonicity of w in [11] re-
quires u be locally bounded from below instead of the P -integrability of u(X;,) for any relatively
compact open U with U C D. Indeed, suppose that X is a diffusion process and u is a superhar-
monic function in D in the sense of [11]. Then for U as above, we have

By [|u(Xo))I] < Bo[u(Xn)] + 2B [(—u) T (Xn)] < ul@) +2(= infu) ™ < o0

for q.e. x € E. O

@ We introduce the following condition:
For any relatively compact open set U with U C D, P, (7 < c0) >0 for q.e. x € U. (2.1)

Condition (2.1) is satisfied if (£, F) is m-irreducible, that is, any (7;)-invariant set B is trivial in
the sense that m(B) = 0 or m(B¢) = 0.

It will be shown in Lemma 3.9 that under condition (2.1), every subharmonic function in D is
a subharmonic function in D in the weak sense.

In what follows, all functions denoted by u or w;, (i = 1,2) are defined on E and are (nearly)
Borel measurable and finite quasi everywhere.

For an open set D C E, we consider the following conditions for a (nearly) Borel function u on
E that are introduced in [3]. For any relatively compact open sets U,V with U C V C V C D,

/ luy) | (dzdy) < oo (2.2)
Ux(E\V)
and

LyE.[(1 = év)|ul(Xr)] € (Fu)e, (2.3)

where ¢y € FNC(F) with 0 < ¢y <1 and ¢y =1on V.

As is noted in [3], in many concrete cases such as in Examples 2.12-2.14 in [3] (see also Examples
4.1-4.4 below), one can show that condition (2.2) implies condition (2.3).

Remark 2.4 (i) By [4, Lemma 6.7.6], condition (2.3) is equivalent to

/ E.[(1 = ov)|u[(X7,)](1 = ¢v (y))|u(y)|J (dzdy) < oco. (2.4)
Ux(E\V)

(ii) In view of [3, Lemma 2.3], every nearly Borel bounded function v on E satisfies both (2.2)
and (2.3).



(ili) If w € Fpioc N LS. (D;m), then u is bounded q.e. on any relatively compact open U with

loc

U C D, so for any U,V as above, (2.2) is equivalent to

/ lu(y) — u(zx)|J(dzdy) < oo (2.5)
Ux(E\V)

for such u. Clearly, any u € F. satisfies

1/2
[ )~ u@)l ) < 90 x V2 ( / ru<y>—u<x>\2J<d:cdy>) < oo
Ux(E\V) E

xE
that is, (2.5) is satisfied by u € F.. Furthermore, by Lemma 2.5 of [3], both (2.2) and (2.3)
hold for every u € F. N LS. (D;m). O

loc

The following is proved in [3].

Lemma 2.5 (cf. Lemma 2.6 in [3]) Let D be an open set of E. Suppose that u is a locally
bounded function on D such that u belongs to Fp joc and it satisfies condition (2.2). Then for every
v e FNCD), each term in the following expression

1, 1
Sy (D) + 5 /E lula) = u(y)) (vla) = o)) T(dady) + / u(a)o(z)n(dz)

D

is well-defined and finite; the sum will still be denoted as E(u,v).

If u is a function on E that can be decomposed as u; + uo, where u; € F. and us is a locally
bounded function on D such that u belongs to Fp .. and it satisfies condition (2.2), then we
define for every v € F N C.(D), E(u,v) = E(u1,v) + E(ug,v). It is easy to see that such £(u,v) is
well-defined, whose value is independent of a particular decomposition of u into uq + wuo.
Definition 2.6 (£-sub/super-harmonicity) Letu € FpiocNLyS.(D;m) be a function satisfying
the condition (2.2). We say that u is E-subharmonic (resp. E-superharmonic) in D if and only if
E(u,v) <0 (resp. E(u,v) > 0) for every non-negative v € F N Ce(D). A function u € Fpjoc N
LOO

> (D;m) satisfying condition (2.2) is said to be E-harmonic in D if u is both €-superharmonic

and E-subharmonic in D. When D = E, we omit the phrase ‘in D’

Note that 1p € Fpoc satisfies (2.2) and is £-superharmonic in D. It is £-harmonic in D
provided k(D) = 0 and J(D, D) = 0.

Definition 2.7 For a regular Dirichlet form (€,F) on L*(E;m), a linear subspace C of FNC.(E)
is said to be a special standard core of (€,F) if the following holds:
(i) C is dense both in (F,| - |lg,) and in (Co(E), || - loo);

(i) for every e > 0, there is a a function p. : R — [—&, 1+ ¢] satisfying ¢-(t) =t fort € [0,1] and
0 < we(t) —pe(s) <t—s for every s <t so that p:(C) C C;



(iii) for any compact set K and relatively compact open set U with K C U, there exists a non-
negative function f € C such that f =1 on K and f =0 on E\U. O

Clearly F N C.(E) is a special standard core of a regular Dirichlet form (£, F) on L?(E;m). In
the remaining of this paper, we fix a special standard core C of (£,F). Let D be an open subset
of E. Tt is known that (cf. [4, Theorem 3.3.9]) the space Cp := {f € C : supp|f] C D} is a core of
(EP, Fp).

Theorem 2.8 Let u € Fpoc N LS. (D;m) be a function satisfying the condition (2.2). Then u is
E-subharmonic (resp. E-superharmonic) in D if and only if there is a special standard core C of
(€, F) so that E(u,v) <0 (resp. E(u,v) > 0) for every non-negative v € Cp.

Proof. We only prove it for the £-subharmonic case, as the £-superharmonic case is similar. It
suffices to prove the ‘if’ part.

Suppose that u € Fp 1oc N LS. (D;m) is a function satisfying the condition (2.2) and that there
is a special standard core C of (£, F) so that £(u,v) < 0 for every v € Cp. Let U be a relatively
compact open subset of D with U C D. Take ¢ € F NCp such that 0 < ¢ < 1 and ¢ = 1 on
a relatively compact open neighborhood V of U with V' C D. Define ho(z) := Ep[u(X,,)]. It is
known from the proof of [3, Theorem 2.7] (more specifically, from (2.11) to (2.13) there) that hg is
well-defined with w — hg € (Fur)e, ho — (1 — ¢)u € F and that

E(hp,v) =0 for every v € FNC.(U). (2.6)
Consequently, £(u — hg,v) < 0 for every non-negative v € Cy. We claim that
E(u— ho,vT) <0 for every v € Cy. (2.7)

For € > 0, let . be the contraction function appeared in the definition of special standard core C.
For v € Cy with ||v||ec < 1, note that ¢.(v) € Cy and that supp[e.(v)] C supp[v] for every € > 0.
Let ¢ € Cy so that 0 <+ < 1 and ¢ = 1 on supp[v]. For k > 1, fi := ¢14(v) + (1/k)p. Then
fr € Cp is non-negative, and the sequence {fi,k > 1} is £-bounded and converges to v+ pointwise
on U. It follows from Banach-Saks theorem that there is a subsequence of { f, k > 1} whose Cesaro
mean sequence is & -convergent to vT. It follows that (2.7) holds for every v € Cyy with |[v]|e < 1
and hence for every v € Cy.

Since Cys is a core of (Y, Fy7), for every non-negative v € (Fir)e, there is an £-Cauchy sequence
{vn,n > 1} in Cy that converges to v m-a.e. on U. Then {v,},n > 1} is &-bounded and converges
to v m-a.e. on U. Applying Banach-Saks theorem again, there is a subsequence of {v,;',n > 1}
whose Cesaro mean sequence is &;-convergent to v. It follows from (2.7) that £(u — hg,v) < 0.
This combined with (2.6) implies that £(u,v) = 0 for every v € F N C.(U) and hence for every
v € FNC(D). In other words, u is £-subharmonic on D. The proof of the theorem is now
complete. O



The harmonic version of the above theorem has been established earlier in [4, Section 6.7].

We say that X satisfies the absolute continuity condition with respect to m if the transition
kernel P;(z,dy) of X is absolutely continuous with respect to m(dy) for any t > 0 and = € E.
Our main theorem below is an analogy of Theorem 2.11 in [3] for subharmonic functions.

Theorem 2.9 Let D be an open subset of E. Suppose that a nearly Borel u € LiS (D;m) satisfies
conditions (2.2) and (2.3). Then

(1) w is subharmonic in D if and only if u € (Fp)ioc and it is E-subharmonic in D.

(ii) Assume that (2.1) holds. Then wu is subharmonic in D if and only if u is subharmonic in
D in the weak sense, that is, for any relatively compact open set U with U C D, u(X,,) is
P, -integrable and u(z) < Ez[u(Xs, )] for g.e. z € E.

Moreover, if we assume that X satisfies the absolute continuity condition with respect to m and u
is (nearly) Borel finely continuous, then the assertion in (i) (resp. (ii)) can be strengthened to the
subharmonicity in D without exceptional set (resp. subharmonicity in D in the weak sense without
exceptional set).

Theorem 2.9 will be established through Lemma 3.9 and Theorems 3.10-3.12. As an application
of Theorem 2.9, we have the following.

Corollary 2.10 (i) Let n € CY(R) be a convex function and u € Fpjoc N L3S (D;m) be an E-
harmonic function in D satisfying conditions (2.2)—(2.3). Suppose that n has bounded first
derivative or u is bounded on E. Then n(u) € Fpoc and is E-subharmonic in D satisfying
conditions (2.2)-(2.3).

(ii) The conclusion of (i) remains true if n € C1(R) is an increasing convex function and u €
FDjoc N LS. (D;m) is an E-subharmonic function in D satisfying conditions (2.2)(2.3).

loc

(iii) Let p > 1 and w € Fpoc be an E-harmonic function in D that is locally bounded in D and
satisfies conditions (2.2)—(2.3). Suppose that |ulP satisfies conditions (2.2) and (2.3), and
that (2.1) holds. Then |ulP € Fpoc and is €-subharmonic in D.

(iv) Let ui,us € Fploc VLS. (D;m) be £-subharmonic functions in D satisfying conditions (2.2)—

loc

(2.3). Then uy V uz € Fpioc satisfies (2.2)~(2.3) and is E-subharmonic in D.
As a consequence of Corollary 2.10(iv), we have the following strong maximum principle.

Theorem 2.11 (Strong maximum principle) Assume that D is an open subset of E, X satis-
fies the absolute continuity condition with respect to m and (ED, Fp) is m-irreducible. Suppose that
u € Fpoc satisfying conditions (2.2)-(2.3) is a locally bounded finely continuous &-subharmonic
function in D. If u attains a mazimum at a point xg € D. Then u™ = u™ (x¢) on D. If in addition
k(D) =0, then u = u(xg) on D.



3 Proofs

In this section, we present proofs for Theorem 2.9, Corollary 2.10 and Theorem 2.11. First we
prepare a lemma.

Lemma 3.1 For u € F, the following are equivalent.
(i) E(u,v) <0 for everyv e FT.
(ii) Tiu > u m-a.e. on E for every t > 0.

Proof. Clearly (ii) implies (i). The proof of (i)=-(ii) is quite similar to the proof of Lemma 2.2 in
[16]. So it is omitted. Note that we do not assert that u < 0 m-a.e. on E. O

Lemma 3.2 For uy,us € Fe, if uy and ug are £-subharmonic, then so is ui V us.

Proof. Let g € L'(E;m) be such that 0 < g < 1 m-a.e. on E and that uy,us € L?(E;gm). The
measure gm has full quasi-support with respect to (£, F) by Corollary 4.6.1 in [12] Denote by
(8 F ) the Dirichlet form of the process X time- changed by the inverse of A; := fo s)ds. Then
by (6.2.22)-(6.2.23) of [12], (E,F.) = (E,F.) and F = Fo. N LZ(E gm). By Theorem 6.2.1 of [12],
(€,F) is a regular Dirichlet form on LZ(E gm) with core F N Ce(E) = F N Ce(E). So u; and usy
are E-subharmonic functions in F. Let {Tt7 ¢ > 0} be the semigroup associated with (£, ). From
Lemma 3.1, we see u; < Ttul and uy < Ttu2 m-a.e. on E, which 1mphes uy Vug < Tt(ul V ug). By
Lemma 3.1 again, u; V ug is an £-subharmonic function in F C ]:6 = F.. The conclusion of the
lemma now follows. O

Lemma 3.3 Let v be an excessive function of X and vy € F, such that vi < vo m-a.e. on E.
Then vy € Fe with E(v1,v1) < E(vg,v2).

Proof. As in the proof of Lemma 3.2, let g € L'(E;m) be such that 0 < g < 1 m-a.e. on E and
that vy, vo € L2(E; gm). Let (€, F) be the time-changed Dirichlet form with semigroup {13, ¢ > 0}
as in the proof of Lemma 3.2. Note that vy € F.N LQ(E gm) = F. By Proposition 2.8 in [1], we
have E;[v1(Xr,)] < vi(z), where 7 := inf{s > 0 | Jo 9(Xu)du > t}. That is, Tivy < v1. Observe
that since 7T} is a contraction operator on L2(E;gm) for each t>0, (f,9) — (f,g— Ttg)gm is a
non-negative symmetric quadratic form on L?(E; gm). Hence

((fs 9 = T29)gm| < (fs F = Tof)el2 - (9, 9 — Trg) 2.
Since vy € L%(E; gm) and
(v1,v1 — Tyv1) gm < (V2,01 — Tyv1)gm = (v1,v2 — Tyva)gm < (V1,01 — ﬁm)}/ﬁ - (v2,v2 — ﬁw);{f,

we have 1 1
%i_{% E(Ub v1 — T301) gm < E}% Z(U2, vg — Tyv2)gm = E(v2,v2) < 00.

It follows that v; € F C F, = F, with E(v1,v1) < E(v2, va). O
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Lemma 3.4 Let D be an open set of E. Suppose that |ui| < |ua| g.e. on D and ug satisfies (2.3).
Then wuy satisfies (2.3).

Proof. Let U,V be relatively compact open sets such that U C V C V C D. Note that E;[u(X,)]
is excessive with respect to XU for any non-negative nearly Borel function u. For i = 1,2 and
vi(z) == Eg[(1 — ¢v)|ui|(X5, )], by assumption, ve € (Frr)e and |vi| < |vg| q.e. on U. It follows
from Lemma 3.3 that v; € (Fr)e, namely u; satisfies (2.3). O

The following lemma is needed for the proof of Corollary 3.7 below.

Lemma 3.5 Let ¢ € L*(E;m) N LY(E;m) and v € Fo N L®(E;m). Then Eo(Gad,v) = [y ovdm
for any a > 0.

Proof. Let {v,,n > 1} be an £-Cauchy sequence of F such that lim,,_, v, = v m-a.e. For each
n > 1, define w,, = (—||v]|co) V vn A ||V]|oo. Then {wy,n > 1} is an E-bounded sequence in F and it
converges boundedly to v m-a.s. By Banach-Saks theorem, there is a subsequence of {w,,n > 1}
whose Cesaro mean sequence {uy,k > 1} is £-Cauchy and wuj converges boundedly to v m-a.s.
Clearly, for each k& > 1,

Ea(Gad),uk):/Egbukdm. (3.1)

Since Go¢ € LY(E;m) for every a > 0, letting k¥ — oo in (3.1), we have by Lebesgue dominated
convergence theorem that £, (Ga¢,v) = [ ¢ vdm. |

Lemma 3.6 (Riesz decomposition) Suppose that u is a non-negative €-superharmonic function
in Fe. Then there exist an £-harmonic function h € F. and a PCAF A so that u(z) = E [A¢]+h(z)
g.e. ¢ € E. Moreover, t — u(Xy) is a uniformly integrable P -supermartingale for q.e. x € E.

Proof. There is a bounded strictly positive g € L'(E;m) such that u € LY(E;gm) N L?(E; gm).
As in the proof of Lemma 3.2, let (£, F) be time-changed Dirichlet form of (£, F) by the inverse of
PCAF A, := fgg(Xs)ds. It is known (cf. [12]) that (€, F.) = (€, Fe) and so u € F.NL*(E;gm) =
F. Since

E(u, ¢) + /Eu(:r:)qﬁ(x)g(x)m(da?) >0 for every ¢ € F+ N C.(E),

by Theorem 2.2.1 of [12], there is a Radon measure v so that
E(u, @) —|—/ u(z)o(x)g(x)m(dz) = / o(x)v(dx) for every ¢ € F N C,(E).
E E
Define p(dz) := v(de) — u(z)g(x)m(dz). As F = F. N LA2(E;m) C F. N L2(E;gm) = F, we
have &(u,p) = (u, @) for every ¢ € F N C.(F) and hence for every ¢ € F.. Since u € F. is

E-superharmonic, the right hand side of the above display is non-negative. It follows that p is
a non-negative Radon measure and consequently it is of finite energy integral with respect to
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(€, F). Hence there exists a PCAF A corresponding to p such that for each a > 0, u,, defined by
ue () := B[ [ e *dAy] is an element of F and

ga(uaa ¢) = <:u7 ¢> for every ¢ eFn CC(E)a

(see Theorem 2.2.1 and Lemma 5.1.3 of [12]). Note that for a > 0,

Ea(Ua, Ug) = (1, Ua) = E(Uyuq) < \/S(u,u)\/é'a(ua,ua).

Hence we have
E(Ua, ua) < Ea(ta, tua) < E(u,u) for every a > 0. (3.2)

Let {ay,k > 1} be a decreasing sequence of positive numbers that converges to 0. Since uq, ()
increases to ug(x) := E;[A¢] for q.e. x € E, we have ug € F.. Hence by [4, Theorem 6.7.4],

E(up,#) = (. ¢)  for every ¢ € F..

Consequently, h := u — ug € F. and E(h,¢) = 0 for every ¢ € F.. This in particular implies that
h is E-harmonic with £(h, h) = 0. By Lemma 2.2 of [3], ¢t — h(X}) is a bounded P, -martingale for
q.e. ¢ € E. Observe that

ug(Xe) = Eg[Ac|F] — A

is a uniformly integrable P -supermartingale for those x € E such that ug(z) = E;[A¢] < oo. It
follows that u(Xy) = uo(X:) + h(Xy) is a uniformly integrable P -supermartingale for q.e. = € E.
g

Corollary 3.7 (Refined Riesz decomposition) Assume that X satisfies the absolute continuity
condition with respect to m. Suppose that u is a non-negative finely continuous (nearly) Borel -
superharmonic function in F.. Then there exist a finely continuous (nearly) Borel E-harmonic
function h € Fe and a PCAF A admitting no exceptional set so that u(x) = Eg[A¢] + h(x) for all
x € E. Moreover, t — u(X¢) is a uniformly integrable P, -supermartingale for all x € E.

Proof. Let u be the non-negative Radon measure of finite energy integral appeared in the proof
of Lemma 3.6. Let O be a finely open (nearly) Borel set such that m(O) + u(O) < oo and
u is bounded on O. Set u(z) := Ey[[;° 10(X¢)dA], where A is the PCAF specified in the
proof of Lemma 3.6. We prove that u$ € L>(FE;m) under the boundedness of u on O. Since
u € F. is non-negative E-superharmonic, u — Hpoeu € (Fe)o = (Fo)e is E-superharmonic in O
by Theorem 4.6.5 in [12], where Hpcu(z) := Ez[u(X,,)]. We may write Hocu(z) = E [u(Xo,.)]-
Here opc := inf{t > 0 | X; € E\ O} is the first hitting time to £\ O. We now confirm that
u — Hpeu is non-negative and bounded q.e. on O. Set Y := {z € E | Py(0pc < 00) > 0}. Then
Y\ N and Y¢\ N are X-invariant for an adequate properly exceptional set N by Lemma 4.6.4 in

[12]. We see that uw — Hpeu is non-negative and bounded on O N (Y \ N) by use of Lemma 2.2 in
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[3]. Lemma 2.1 in [18] shows that w is strictly £-quasi-continuous with u(9) = 0. Hence Hpeu = 0
on ON(Y°\ N), consequently u — Hpeu is non-negative and bounded on O \ N.
Applying Lemma 3.5 to X©, we have

(u— Hoew — S, ¢)m = Ealu — Hoeu — ul,GC¢)  for ¢ € Fo N L®(0;m).
Thus, for any ¢ € ]:5“ N L>®(O;m)

(u— Hoeu — uf, ) = Ea(u — Hoeu —uf, G ¢)
=Eu—uf,G9¢) + a(u — Hoeu — ul, G ¢)
= (1op, G2¢) — Eu2,G2¢) + a(u — Hoeu — u, G
= a(u, G{¢)m + a(u — Hoeu — uS, G d)m

= a(u — Hoct, GL¢) > 0,

which implies u? + Hocu < u q.e. on O. Hence in view of Lemma 2.2.4 in [12], uQ € L>®(E;m).
From this, we can conclude that the measure p is a smooth measure in the strict sense. So
we can take A as a PCAF admitting no exceptional set such that uq(z) = E.[[;" e”*"dA;] and
ug(z) := Ey[A¢] can be redefined for all x € E. We can get a finer assertion than Lemma 2.2 of
[3], that is, t — h(X}) is a bounded P -martingale for all x € E, because h := u — ug is a (nearly)
Borel finely continuous function in the present setting. Therefore, we can obtain the assertion as
seen in the proof of the previous lemma. O

Remark 3.8 The assertion of Lemma 3.6 also holds in the quasi-regular Dirichlet form setting.
In this case, the definition of £-superharmonicity of u € F, should be taken to be that £(u,®) > 0
for any ¢ € F. O

Lemma 3.9 Let D be an open set and u a nearly Borel function on E.

(i) Assume that condition (2.1) holds. If u is a subharmonic function in D and is in L% _(D;m)
then u is subharmonic in D in the weak sense. Moreover, if X satisfies the absolute continuity
condition with respect to m, then the same assertion holds with respect to the subharmonicity

in D (in the weak sense) admitting no exceptional set.

(ii) If u is a nearly Borel q.e. finely continuous function on E such that u is subharmonic in D in
the weak sense, then for each relatively compact open set U with U C D, {u(X¢ar,), t > 0}
is a (not necessarily uniformly integrable) P,-submartingale for q.e. x € E. Moreover, if
X satisfies the absolute continuity condition with respect to m and u is a finely continuous
subharmonic function in D in the weak sense without exceptional set, then for U above,
{u(Xinry ), t > 0} is a (not necessarily uniformly integrable) P, -submartingale for all x € U.
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2
loc

Proof. (i): Suppose that u € L
set U with U C D, by assumption, {u(X¢ar,),t > 0} is a uniformly integrable P, -submartingale

(D;m) is subharmonic in D. For any relatively compact open

for q.e. z € E. Then as t — 0o, u(X¢ar,) converges in L1(P,) as well as P -a.s. to some random
variable & for q.e. € E. Set Y; := u(Xinr,) for t € [0,00) and Y := & Then {Y;,t € [0, 00]}
is a right-closed P -submartingale for q.e. z € E. Applying the optional sampling theorem (see
Theorem 2.59 in [13]) to {Y;,t € [0,00]}, we have E [|u|(X;,)] < oo and u(z) < E.[Y;,] for
q.e. x € E. Note that Y7, 11«0y = u(Xr,) and Yo, = u(X7,) + €14, —o0) Pa-as. for qee. z € E.
Set ug(z) := Ez[§1{7,—)]- We now show that ug =0 q.e. on E if P,(7y < 00) > 0 for q.e. z € E.
It is easy to see that for each t > 0 PYus(z) = uz(z) for q.e. # € U. Note that
UQ(Z') = lim E:v[u(Xt>1U(Xt)]—{7—U:oo}]

t—o00

for q.e. x € E. It follows from Schwarz inequality that

/ uz(z)?m(dz) < lim [ P,(1yu?)(x)m(dz) < / u(z)*m(dz) < oco.
U U

n—oo JU

Thus uy € Fy and £(ug,uz) = 0. Applying Lemma 2.2 in [3] to ug, we have that us =0 q.e. on U
if Py(1y < 00) > 0 for q.e. x € U. Therefore we obtain that u(z) < Eg[u(X,,)] for q.e. z € U if
P.(m7y < 00) > 0 for q.e. z € U. That is, under condition (2.1), u is subharmonic in D in the weak
sense. Next suppose that X satisfies the absolute continuity condition with respect to m. Noting
that us defined above is a-excessive with respect to XU for any a > 0, we see us = 0 on U. The
rest of the proof is quite similar with the argument above.

(ii): Suppose that a nearly Borel q.e. finely continuous u is subharmonic in D in the weak sense.
Then for any relatively compact open set U with U C D, |u(Xy,)| is P,-integrable for q.e. x € E
and for each ¢t > 0,

E,[u(X7,) | Finey] = u(Xinr,) P,-a.s. (3.3)

for q.e. z € E. Set ho(x) := Ez[u(X;,)]. Then up := hg —u >0 g.e. on U, up =0 q.e. on U¢, and
has the property that for any relatively compact open subset O with O C U, E,[ug(X:,)] < ug(z)
for q.e. on U. By taking a property exceptional set N of X and restricting the process XV to U\ N
if necessary, we have from Theorem 12.4 in [11] that the function ug is excessive with respect to
XV, In particular, t — uo(Xt) 1<y = uo(Xinry) is a Py-supermartingale for g.e. # € U. On the
other hand, we see that {ho(X¢ar,),t > 0} is a uniformly integrable P -martingale for q.e. x € U.
Therefore {u(Xinr, ), t > 0} is a P-submartingale for g.e. z € U. The proof for the situation when
X satisfies the absolute continuity condition with respect to m is also quite similar so it is omitted.
O

The following theorem is an extension of Theorem 2.7 in [3] to subharmonic functions.

Theorem 3.10 Let D be an open set of E. Suppose that u € Fpjoc N Ly (D;m) satisfying
conditions (2.2)-(2.3) is E-subharmonic in D. Then wu is subharmonic in D. Moreover, if X
satisfies the absolute continuity condition with respect to m and u is finely continuous and (nearly)

Borel measurable, then u is subharmonic in D without exceptional set.
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Proof. Let U be a relatively compact open subset of D with U C D. Take ¢ € F N C.(D) such
that 0 < ¢ < 1 and ¢ = 1 on a relatively compact open neighborhood V of U with V' C D. Define
ho(z) := Ez[u(X,)]. As we saw from the first part of the proof of Theorem 2.8, u — hg € (Fr7)e,
ho — (1 — ¢)u € F. and that (2.6) holds. Consequently,

E(u— ho,v) <0 for every v € F™ N C.(U).

This in particular implies that u — hg is E-subharmonic in U. Note that (u — ho)t € (Fy)t and,
by Lemma 3.2, (u — ho)* is E-subharmonic in U; that is,

E((u—ho)",v) <0 for every v € FT N C.(U). (3.4)

Since F N C,(U) is E-dense in (Fy )., the above display holds for every non-negative v € (Fpy)e.
Indeed, since (£, Fy) is a regular Dirichlet form on L*(U;m), for v € (F})e, there is an &-Cauchy
sequence {vy,n > 1} in Fyy N C(U) that converges to v m-a.e. on U. By the normal contraction
property, {v;f,n > 1} € FT N C.(U) is E&-bounded. Thus in view of the Banach-Saks theorem,

there is a subsequence {v;

a» > 1} whose Cesaro mean sequence is £-Cauchy and converges to v

m-a.e. on E. From it we deduce that (3.4) holds for every v € (Fy)F. We have in particular
0<E((u—ho)", (u—he)") <0. (3.5)

Thus by Lemma 2.2 in [3], we get (u—ho)T(X;) = (u—ho)t(z) for all t > 0 P,-a.s. for qe. z € E.
Consequently, (u — hg)*(X;) is a bounded P -martingale for q.e. x € E. From this fact, the sets
A:={u> ho} and A° = {u < ho} are X-invariant. So after taking out a proper exceptional set of
X if needed, we may and do assume that hg is finely continuous and that either A = F or A° = F.

Suppose A = E and take x € A. Then u(z) > ho(x) + € for some € > 0. We fix such an € > 0.
We then have that u(X;) > ho(X¢) + € for all ¢ > 0 P-a.s. Consequently,

w(Xinry ) > ho(Xinry ) + € = Ex[u(Xr, )| Finr, ] + € P,-as.

Since \/,~¢ Finry = Fry (see (47.7) in [23]), we have u(X7,) > u(X7,) + € Pg-as. on {7y < oo}
by lettiné t — oo. This implies that P, (7 < oo) = 0 for every x € A. Consequently hy = 0 q.e.
on E. Asu>hyg>0on A= E, we have from above that u(X;) = u(Xy) for all t > 0 Py -a.s. for
g.e. € E. This in particular implies that ¢t — u(X¢r5,) is a uniformly integrable P, -martingale
for qe. z € E.

Next suppose A¢ = E. Then hy —u € (Fy)e is a non-negative E-superharmonic function in U.
By Lemma 3.6 and Remark 3.8, ¢t — (u — ho)(X¢ar, ) is a uniformly integrable P, -submartingale.
By (2.3), Ez[|u(X,)|] < oo for q.e. € U, and so t — ho(X¢ar, ) is also a uniformly integrable P -
martingale for q.e. € E. This proves that ¢ — u(X5,) is a uniformly integrable P,-martingale.
The proof of the last statement is quite similar with the above argument by replacing the use of
Lemma 3.6 with the use of Corollary 3.7. So it is omitted. O

The following two theorems are the subharmonic counterpart of Theorem 2.9 in [3].
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Theorem 3.11 Let D be an open subset of E and u a nearly Borel measurable function on E that
is locally bounded in D. Suppose one of the following holds:

(i) w is subharmonic in D.
(ii) w is subharmonic in D in the weak sense and (2.1) holds.

Then u € (Fp)ioc-

Proof. Take a relatively compact open set U with U C D. Set M := lull oo (7;m)- Then 0 <
M —wu < 2M q.e. on U. If (i) (resp. (ii)) holds, then {(M — u)(X¢ar,),t > 0} is a uniformly
integrable (resp., by Lemma 3.9(ii), a (not necessarily uniformly integrable)) P -supermartingale
for q.e. x € E. Hence for each ¢t > 0

PY(M —u) <M —u qe. onU.

By the same argument as that after (2.17) in the proof of Theorem 2.9 in [3], we conclude that
M —u € Fyjloc and so u € Fyyloe. Since U is arbitrary, we obtain u € Fpoc. Since u is locally
bounded on D, this implies that u € (Fp)ioc- O

Theorem 3.12 Let D be an open subset of E and u be a nearly Borel function on E that is in
FDjoc N LS. (D;m) and satisfies conditions (2.2) and (2.3). Suppose one of the following holds:

loc

(i) w is subharmonic in D.
(ii) w is subharmonic in D in the weak sense and (2.1) holds.

Then u is E-subharmonic in D.

Proof. Note that u is automatically q.e. finely continuous in D. In either case, by the assumption
and Lemma 3.9(ii), for any relatively compact open set U with U C D, we have E,[|u(X,,)|] < oo
for q.e. z € E. Take ¢ € FNCu(D) with 0 < ¢ < 1 and ¢ = 1 on a relatively compact open
set V with U ¢ V.V C D. Set hi(z) := E,[(¢pu)(Xr,)] and ha(z) := E.[((1 — ¢)u)(Xr,)],
which is g.e. well-defined as E;[|u|(X, )] < oo for q.e. x € E. By the same argument as that for
Theorems 2.9 and 2.7 in [3], we see that ¢pu € Fp, h1 € (Fp)e, Luh2 € (Fu)e, ha = lyha+u—ou €
Fuioe and E(hi,v) = E(hg,v) = 0 for any v € (Fy)e. Therefore ho(x) := hi(z) + ho(z) =
E,[u(X;,)] satisfies ug := hg —u = 1yhg + h1 — ¢u € (Fy)e. For the case (ii), as in the proof of
Lemma 3.9 we see ug is excessive with respect to the subprocess XU. For the case (i), we have the
same conclusion easily. Then for each n € N, we have

PV (ug An)(z) < (ug An)(z) for q.e. x € U.
Since ug A n € Fyr because m(U) < oo, Lemma 3.1 leads us to

E(ug An, ) >0 for every ¢ € Ft N C.(U).
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On the other hand, {ug A n} is an £-bounded sequence. There is a subsequence of {uy A n} whose
Cesaro mean sequence is £-Cauchy, and so is E-convergent to ug. We thus have &E(ug, ¢) < 0 for
every ¢ € FT N C.(U), and so

E(u,p) < E(ho,d) =E(h1 + ho, ) =0 for every ¢ € F* N C.(U).
Since U is arbitrary, we obtain the £-subharmonicity of v in D. O

Proof of Theorem 2.9. Theorem 2.9 is an easy consequence of Lemma 3.9, Theorems 3.10, 3.11
and 3.12. O

Proof of Corollary 2.10. (i): By Theorem 3.10, for each relatively compact open set U with
U € D, {u(X¢ar,),t > 0} is a uniformly integrable P -martingale for q.e. € E. First assume that
n has bounded first derivative. Since |n(t) —n(s)| < supyeg |7/ ()] - |t — | for t, s € R, n(u) € Fp joc-
Meanwhile, [n(u)| < supgeg [7'(€)||u|+]7(0)| yields that {n(u)(Xirr,),t > 0} is uniformly integrable
under P, for q.e. € U and n(u) satisfies (2.2)—(2.3) by Lemma 3.4. (Recall that any bounded
function satisfies (2.2)—(2.3).) By Jensen’s inequality {n(u)(Xirr,),t > 0} is a Pg-submartingale
for q.e. x € U. The £-subharmonicity of n(u) in D now follows from Theorem 3.12. Next we assume
the boundedness of u on E. Then n(u) € Fpoc is bounded on E and it satisfies (2.2)—(2.3). The
rest of the proof is similar as above.

(ii): The proof is the same as that for (i).

(iii): By Theorem 2.9, E;[|u(X,)|] < oo and u(z) = Eg[u(X,,)] for g.e. z € E, and con-
sequently u(Xinr,) = Ez[u(Xr, )| Finr,] for qe. 2 € E. Since v € LS. (D;m), [ulP € Fpjoc N
L (D;m). Therefore for every ¢ € FNC.(D) with 0 < ¢ < 1 and ¢ = 1 on an open neighborhood
V of U with V C D, E;[¢|ulP(X,,)] < oo for q.e. z € E. By assumption, E,[(1—¢)|ulP(X,,)] < co
for q.e. x € E. Therefore E;[|[ulP(X;,)] < oo for q.e. z € E. By Jensen’s inequality, |u|P is subhar-
monic in D in the weak sense. The £-subharmonicity of |ulP in D now follows from Theorem 3.12.

(iv): Note that |u; V ug| < |ui|+ |uz|. So by Lemma 3.4, u; V ug satisfies conditions (2.2)—(2.3).
The conclusion follows from Theorem 2.9. O

Proof of Theorem 2.11. Since u™ (z0) > 0and 1p € Fp joc is E-superharmonic in D, u™ (x¢)—u €
FD1oc is a finely continuous Borel measurable non-negative £-superharmonic function in D. Hence
sois v :=ut (o) —ut = (ut(z0) —u) Aut(zg) by Corollary 2.10(iv). Weset Y := {x € D | v(x) >
0}. By Theorem 3.10, v is also excessive with respect to X?, so is 1y (cf. [15]). In particular,
1y is finely continuous with respect to X”. By Theorem 5.3 in [16], the irreducibility of (€7, Fp)
implies the connectedness of the fine topology on D induced by the part process X?. Thus either
Y =0or D\Y =0. Since g € D\ 'Y, we have Y = (. So ut = uT(x9) on D. The proof for the
case k(D) = 0 is quite similar, so it is omitted. O
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4 Examples

Example 4.1 (Stable-like process on R?) Consider the following Dirichlet form (€, F) on L?(R9),
where

{ F = Wersie) = {1 e L2@Y) | fuapa (u(x) = uly)Pla — yi*edady < oo}
E(u,v) = 5 fRded (u(z) — u(y))(v(z) — v(y)|z — y|9ec(z, y)dxdy for u,v € F.

Here d > 1, o €]0,2[, and ¢(z,y) is a symmetric function in (z,y) that is bounded between two
positive constants. In literature, W/ 2’2(Rd) is called the Sobolev space on R of fractional order
(/2,2). For an open set D C R? W/22(D) is similarly defined as above but with D in place
of R%. Tt is easy to check that (£,F) is a regular Dirichlet form on L?(R?) and its associated

symmetric Hunt process X is called symmetric a-stable-like process on R¢, which is studied in
_ a2dter(dfe)
[6] When C(l‘,y) = A(d, —a) = WM’

symmetric a-stable process on R%. It is shown in [6] that the symmetric a-stable-like process

the process X is nothing but the rotationally

X has strictly positive jointly continuous transition density function p;(x,y) with respect to the
Lebesgue measure on R? and hence is irreducible. Moreover, there is constant ¢ > 0 such that

pe(z,y) < et fort >0 and z,y € R (4.1)
Consequently, by [10, Theorem],

sup E;[1y] < 0. (4.2)
zelU

for any open set U having finite Lebesgue measure. Note that in this example, the jumping measure

J(dady) = ’C(xwlad:vdy
Hence for any non-empty open set D C R?, condition (2.2) is satisfied if and only if (1A|z]| =9~ %)u(x) €
LY(R?) (or equivalently, u(z)/(1 + |z|)® € LY(R?)). As is shown in [3, Example 2.12], condition
(2.3) is automatically satisfied for such u. When « €]1, 2|, every (globally) Lipschitz function v on
R satisfies the condition (2.2), that is, (1A |z|~9"%)u(z) € L'(R?) holds. Consequently (2.3) holds
for any Lipschitz function u provided « €]1,2[. Indeed, for any relatively compact open sets U, V'
withU c V cV c D,

uly) - u(x) [ z—yl
1Y) = )| pedy < |l Iy
/. [z — gt lllse . T —gjave

< ullLipo (ST // rdrdx
d(z,Ve)

d(U, Ve)l-«
o

< JulluplUlo(s™H) S

< 00,

and so by Remark 2.3, (2.2) holds. Here ||lu||Lip := sup, ,cgd %, |U| denotes the volume of

U and o(S%!) is the (d — 1)-dimensional volume of the unit sphere S
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Observe that C°(R?) is a special standard core of (£, F). By Theorems 2.8 and 2.9, for an open
set D and a nearly Borel function u on RY that is locally bounded on D with (1 A |z|~9=%)u(z) €
L'(R%), the following are equivalent.

(i) w is subharmonic in D;

(ii) For every relatively compact open subset U of D, u(X,,) € L'(P;) and u(x) < E;[u(Xs,)]
for q.e. x € U;

(iil) u € Fpioe = W/*(D) and

loc
c(z,y)
/Rded (u(z) —u(y))(v(z) — U(y))mdmdy <0

for every non-negative v € C2°(D).

Moreover, if u is (finely) continuous, the above equivalence can be formulated without exceptional
sets.

Example 4.2 (Symmetric Relativistic a-stable Process) Take o €]0,2[ and m > 0. Let
X = (Q, Xt,P,),epe be a Lévy process on RY with

B [i(6X0] = e~t(eP4m?/ )22 =m),

If m > 0, it is called the relativistic a-stable process with mass m (see [22]). In particular, if & =1
and m > 0, it is called the relativistic free Hamiltonian process (see [14]). When m = 0, X"*®
is nothing but the usual symmetric a-stable process. Let (E®%, F®%) be the Dirichlet form on
L*(R?) associated with X™. Using Fourier transform f(x) := W Jza @) f(y)dy, it follows
from Example 1.4.1 of [12] that

Frei { e @Y | [ TOP (62 + m2)2 - m) d < oo = wor2e(Re),
Rd
eve(f.g)i= [ FOFE) (67 +m¥/*)y ~m) e tor f.g € 7
Rd

Global sharp two-sided estimates on the transition density function p(z,y) of X™* has recently
been obtained in [5]. In particular, it implies (see also [22, Lemma 3]) that there exists C(d,m) > 0
depending only on m and d so that

sup pi(x,y) < C(d,m) (771(1/0‘7“[/27576!/2 + tid/o‘) for any t > 0.
z,ycRd
This yields by [10, Theorem 1] that (4.2) holds for any open set U having finite Lebesgue measure.
It is shown in [9] that the corresponding jumping measure satisfies

A(d, —a)

J(dzxdy) = dedy with ¢(z,y) := 5

Vay,
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) a2d+ar\( d«;a)
- 2d+1ﬂ.d/2F(17%) )

S 7'2
=[] s le=i=%ds. Note that W is decreasing and satisfies U(r) < e~ (1 4 r(d+a=1)/2)
near r = 0o, and ¥(r) = 1 + ¥”(0)r?/2 + o(r*) near r = 0. In particular, we have

where A(d, and the function ¥ on [0, oo is given by ¥(r) := I(r)/I(0) with

FR.x :{f€L2 Rd ’ RdXRdU'x ( )|2md:vdy<oo},
e(fg) = /Rded(f(x) — f()(g(x) —g(y))mdmy for f,g € F.

It is easy to see that for any relatively compact open sets U,V and U C V C V C D, condition (2.2)
is satisfied if and only if W(m'/®|z|)(1 A |z|~4*)u(z) € LY (R?) (equivalently ¥(m'/*|z|)u(z)/(1 +
lz))4te € LY(R?)). Similarly, any function u with W(mY*|z|)(1 A |z|~%)u(z) € LY(R?) also
satisfies the condition (2.3) in the same way as in Example 4.1. Moreover, any (globally) Lipschitz
function w satisfies (2.2) and, consequently, satisfies condition (2.3). Indeed, for any relatively
compact open sets U, V with U C V,

— Ald, — —ylU(m/g —
/ lu(y) Zim”c(x,y)da:dy < (d, a)llump/ |z — y|¥(m d+|$ y|)dxdy
Uxve |z —yltte 2 Uxve |z — y|ite

( )”uHLlpU st 1 // l/ar)r_adrdq:
d(z,Ve)

_nl/a d+a—1 d+a 1
<C e (14 m 2 7 )r-%dr < oo,
d(U,Ve)

and so (2.2) holds by Remark 2.3. Here C' is a positive constant.

Observe that C2°(R?) is a special standard core of (£%%, F®*%). By Theorems 2.8 and 2.9, for an
open set D and a nearly Borel function u on R? that is locally bounded on D with W(m/®|z|)(1 A
|z| == )u(x) € L' (R?), the following are equivalent.

(i) w is subharmonic in D;

(ii) For every relatively compact open subset U of D, u(X,,) € L'(P,) and u(z) < Ez[u(X.,)]
for q.e. x € U;

(iii) u € Fpj, and

U (m'/ e —yl)
/RdXRd(U(x) —u(y))(v(z) — v(y)) P dady < 0

for every non-negative v € C2°(D).

Moreover, if u is (finely) continuous, the above equivalence can be formulated without exceptional
sets.

One may ask concrete examples of £-(sub/super)-harmonicity on D. To answer this question,
in what follows, we assume d > 2 (d > « if m = 0). Applying Theorems 3.1 and 3.3 in [21] to
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P(N) == (A +m?)/2 —m X\ >0, we can obtain that the Green kernel r(z,y) := [;° pi(z,y)dt
of X satisfies 7(z,y) < (Ka(z,y) + Ka2(2,y)), z,y € RY, where Kg(x,y) := A(d, B)/\x y|?=P for
B €]0,2]. In particular, X is transient and r(z,z) = oo for x € R%. Note that r(x,y) = Ku(z,y)
provided m = 0. Let u be a Borel function satisfying u(z)¥(mY|z|)/(1 + |z|)4t* € L*(R?). For
e >0 and z € R?, we define the approximate fractional Laplacian by

AY2my(z) == A(d, —a)/ M\P(m”alw - y|)dy,

|lz—y|>e ’J:‘ - y’d—i-a

and put A%2"qy(z) := lim._g AY 2mu(;zc) whenever the limit exists. It is essentially shown in
Lemma 3.5 in [2] (resp. the remark after Definition 3.7 in [2]) that for any u € C2(D) (resp. u €
C?(D) satisfying u(z)¥(m/|z])/(1+ |z|)4T* € LY (RY)), A%/?%™y, always exists in C(R?) (resp. in
C(D)). Recall that for u € C*(R%) with u(x)¥(mY|z|)/(1 + |z|)** € LY (R?), u satisfies (2.2)
and (2.3). Hence, for such u and ¢ € C2(D), &(u, ¢) is well-defined and the proof of Lemma 2.6 in
[3] shows )
W(m'/ofe — y)drdy
[ lute) = ullela) o) = <,
which implies &(u,¢) = (—=A?™y, ) and the £-subharmonicity in D of u is equivalent to
AY/2Zmy < () on D.
For ¢ € C.(R%), we set

R®(z) == /R ey« e R

Then, we see R(®¢ is locally bounded on R? and (R™p)(x)¥(mY|z|)/(1 + |z|)¢t* € L*(R?)
for such ¢, because of 7(z,y) < (Ku(z,y) + Ko(x,y)). Moreover, we see Ry € Fi. for such
¢. Indeed, for any relatively compact open set D with D ¢ R%, R(®¢ is a difference of excessive
functions with respect to X D and bounded on D, so R(a)go € FDoc by Theorem 3.11. Since D
is arbitrary, R(@¢ € Fioe. Thus R(® ¢ satisfies (2.2) and (2.3) for U,V with U ¢ V C V ¢ R%
Similarly, r(a, ) € LS (R?\ {a}) satisfies [gq %mdx < o00. We can obtain r(a,-) €
FRrd\ {a}loc i1 & similar way as above. Hence r(a, ) satisfies (2.2) and (2.3) for U,V with UcVc
V c R%\ {a}. Note that for ¢ € C°(D), Aa/z’mgp = Ly a.e. on R? and RWAY/2mp = —¢ on
RY. Here LY™ is the L?-generator of (£®%, FRe),
For ¢ € C°(R?\ {a}), we then have

E(r(a,),p) =— /]Rd r(a,:n)Ao‘/Q’mgp(:n)d:E
—(RI™A2M ) (a) = (a) = 0.

This means the £-harmonicity in R?\ {a} of 7(a, ). Similarly, for non-negative ¢, p € C>°(R?), we
have

ER@p, ¢) = (, ~ROA2Mg) = (1, ) > 0

which implies the E-superharmonicity of R(®) for non-negative v € C®(RY).
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Example 4.3 (Diffusion process on a locally compact separable metric space) Let (€, F)
be a local regular Dirichlet form on L?(E;m), where E is a locally compact separable metric space,
and X is its associated Hunt process. In this case, X has continuous sample paths and so the
jumping measure J is null (cf. [12]). Hence conditions (2.2) and (2.3) are automatically satisfied.
Let D be an open subset of F and u be a nearly Borel function on F that is locally bounded in D.
Then by Theorem 2.9, u is subharmonic in D if and only if u is £-subharmonic in D.

Now consider the following special case: E = R? with d > 1, m(dz) is the Lebesgue measure
dx on RY F = Wh2(RY) := {u € L*(R?) | Vu € L*(R%)} and

1< ou(x) Ov(x) 1.2 md

E(u,v) = 2i;1 /Rd aij(x) dui O, dxr  for u,v € WH*(R%),
where (a; ;(%))1<i j<da is a d x d-matrix valued measurable function on R that is uniformly elliptic
and bounded. In literature, W12(R%) is the Sobolev space on R? of order (1.2). For an open set
D c RY Wh2(D) is similarly defined as above but with D in lace of R%. Then (£, F) becomes a
regular local Dirichlet form on L?(R?) and its associated Hunt process X is a conservative diffusion
on R? having jointly continuous transition density function. Let D be an open set in R%. Observe
that C2°(R?) is a special standard core of (£, W12(R%)). By Theorem 2.8 and Theorem 2.9, the
following are equivalent for a locally bounded nearly Borel measurable function v on D.

(i) w is subharmonic in D;

(ii) For every relatively compact open subset U of D, u(X,,) € L'(P,) and u(z) < Ez[u(X.,)]
for g.e. x € U; u is subharmonic in D in the weak sense;

(iii) u € Fpioe = Wio2(D) and

loc

d du(z) Ov(z)
E / a;j(x) dx <0 for every non-negative v € C:°(D).
= R4 8.%’z (‘3x]—

4,j=1
Moreover, if u is (finely) continuous, the above equivalence can be formulated without exceptional
sets.

Example 4.4 (Diffusions with jumps on R?) Consider the following Dirichlet form (&£, F), where
F = WH2(R?) and for u,v € WL2(R?)

1 ou(x) Ov(x
E(u,v) 1 = 2”2:1 /Rd az](ﬂf) ail) 33(3J)dx
! c(z,y)
+3 /RdXRd (u(z) — u(y))(v(z) — v(y))mdxdy. (4.3)

Here d > 1 and (a;,;())1<i j<a is a d X d-matrix valued measurable function on R? that is uniformly
elliptic and bounded, « €]0, 2[ and ¢(z, y) is a symmetric function in (z, y) that is bounded between
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two positive constants. It is easy to check that (£, F) is a regular Dirichlet form on L?(R?). Its
associated symmetric Hunt process X has both the diffusion and jumping components. Such a
process has recently been studied in [7]. Note that when (a;;(x))1<i j<d is the identity matrix and
c(z,y) is constant, the process X is nothing but the symmetric Lévy process that is the independent
sum of a Brownian motion and a rotationally symmetric a-stable process on R?. It is shown in [7]
that the Hunt process X associated with the Dirichlet form (£, W2(R9)) given by (4.3) has strictly
positive jointly continuous transition density function p;(z,y) and hence is irreducible. Moreover,
a sharp two-sided estimate is obtained in [7] for p;(x,y). In particular, there is a constant ¢ > 0
such that
pe(x,y) <c (t_d/o‘ A t_d/Q) for any ¢ > 0 and z,y € R%.

In this example, the jumping measure

c(x
J(dzdy) = |xf?;fgmda:aly.
Hence for any non-empty open set D C R%, condition (2.2) is satisfied if and only if (1A]z| =4 *)u(z) €
LY(R%). By [3, Example 2.14], for this example, condition (2.3) is implied by condition (2.2). Again
note that C2°(R?) is a special standard core of (£®, F®@). So Theorem 2.8 and Theorem 2.9 imply
that for an open set D and a nearly Borel measurable function u on R? that is locally bounded on
D with (1 A |z|79*)u(x) € L'(R?), the following are equivalent

(i) w is subharmonic in D;

(ii) For every relatively compact open subset U of D, u(X,) € L'(P;) and u(z) < E;[u(Xr,)]
for q.e. x € U; u is subharmonic in D in the weak sense;
(iii) u € Fpioc = Wib?(D) and
d

..xau(x)av(w)x wlz) — u o(z) — v Mw
g::l/ﬂw]( ) o o, +/Rded( (@) = uly) (o) —vly) T madedy < 0

for every non-negative v € C2°(D).

Moreover, if u is (finely) continuous, the above equivalence can be formulated without exceptional
sets.

References

[1] R. M. Blumenthal and R. K. Getoor, Markov Processes and Potential Theory. Academic Press,
New York-London.

[2] K. Bogdan and T. Byczkowski, Potential theory for the a-stable Schrodinger operator on
bounded Lipschitz domains. Studia Math. 133 (1999), no. 1, 53-92.

23



[3]

[4]

[5]

Z.-Q. Chen, On notions of harmonicity. Proc. Amer. Math. Soc. 137 (2009), no. 10, 3497-3510.

7Z.-Q. Chen and M. Fukushima, Symmetric Markov Processes, Time Change and Boundary
Theory. Princeton University Press. (to appear)

7.-Q. Chen, P. Kim and T. Kumagai, Global heat kernel estimates for symmetric jump pro-
cesses. To appear in Trans. Amer. Math. Soc.

Z.-Q. Chen and T. Kumagai, Heat kernel estimates for jump processes of mixed types on
metric measure spaces. Probab. Theory Related Fields 140 (2008), no. 1-2, 277-317.

Z.-Q. Chen and T. Kumagai, A priori Holder estimates, parabolic Harnack principle and heat
kernel estimates for diffusions with jumps. Rev. Mat. Iberoamericana 26 (2010), no. 2, 551-589.

7.-Q. Chen, Z.-M. Ma and M. Rockner, Quasi-homeomorphisms of Dirichlet forms. Nagoya
Math. J. 136 (1994), 1-15.

Z.-Q. Chen and R. Song, Drift transforms and Green function estimates for discontinuous
processes. J. Funct. Anal. 201 (2003), no. 1, 262-281.

K. L. Chung, Greenian bounds for Markov processes. Potential Anal. 1 (1992), no. 1, 83-92.
E. B. Dynkin, Markov Processes I, II. Springer-Verlag, Berlin, Heidelberg, New York, 1965.

M. Fukushima, Y. Oshima and M. Takeda: Dirichlet Forms and Symmetric Markov Processes.
de Gruyter, Berlin, 1994.

S. W. He, J. G. Wang and J. A. Yan: Semimartingale Theory and Stochastic Calculus. Science
Press, Beijing New York, 1992.

I. W. Herbst and A. D. Sloan, Perturbation of translation invariant positivity preserving
semigroups on L2(R™). Trans. Amer. Math. Soc. 236 (1978), 325-360.

K. Kuwae, On a strong maximum principle for Dirichlet forms. In Stochastic processes, physics
and geometry: new interplays, II (Leipzig, 1999), 423-429. CMS Conf. Proc., 29, Amer. Math.
Soc., Providence, RI, 2000.

K. Kuwae, Maximum principles for subharmonic functions via local semi-Dirichlet forms.
Canad. J. Math. 60 (2008), no. 4, 822-874.

K. Kuwae, On Calabi’s strong maximum principle via local semi-Dirichlet forms. Preprint,
20009.

K. Kuwae, Stochastic calculus over symmetric Markov processes without time reversal. Ann.
Probab. 38 (2010), no. 4, 1532-1569.

K. Kuwae and T. Shioya, A topological splitting theorem for weighted Alexandrov spaces.
Preprint 2010, to appear in Tohoku Math. J.

24



[20] Z.-M. Ma, R.-C. Zhu and X.-C. Zhu, On notions of harmonicity for non-symmetric Dirichlet
form. Sci. China Math. 53 (2010), no. 6, 1407-1420.

[21] M. Rao, R. Song and Z. Vondrcek, Green function estimates and Harnack inequality or sub-
ordinate Brownian motions. Potential Anal. 25 (2006), no. 1, 1-27.

[22] M. L. Ryznar, Estimates of Green function for relativistic a-stable process. Potential Anal. 17
(2002), no. 1, 1-23.

[23] M. Sharpe, General Theory of Markov Processes. Academic Press, Boston, MA, 1988.

Zhen-Qing Chen:
Department of Mathematics, University of Washington, Seattle, WA 98195, USA.
Email: zchen@math.washington.edu

Kazuhiro Kuwae:

Department of Mathematics and Engineering, Graduate School of Science and Technology,
Kumamoto University, Kumamoto 860-8555, Japan.

Email: kuwae@Qgpo.kumamoto-u.ac.jp

25



