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Problem 1 (30 points) Evaluate the following integrals.

(a) I =
∫
C
F · ds, where F (x, y) = (y,−x) and C is the unit circle x2 + y2 = 1 oriented

counter-clockwise.

(b) I =
∫
D
xy dA, where D = {(x, y) ∈ R2 : 0 ≤ x ≤ 1, 0 ≤ y ≤ x2}.
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(c) I =
∫
S
F ·dS, where F (x, y, z) = (x2, y2z,−1) and S is the part of the surface z = x2+y2

which lies inside the cylinder x2 + y2 = 1. Use the upward orientation of S.

(d) I =
∫ 4

0

∫ √y
1
2
y
x2 + y2 dxdy.
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(e) I =
∫
L
x2 ds, where L is the line segment from (1, 2, 3) to (4, 5, 6).

(f) I =
∫
S
y dS, where S is the surface z = 3x + y4 above the region D = {(x, y) ∈

R2 : x2 + y2 ≤ 1}.
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Problem 2 (10 points) Let E be the ellipse x2

a2 + y2

b2
= 1, where a, b > 0 are constants.

(a) Write down a parametrization of E.

(b) Use Green’s theorem to show that the area bounded by E is πab. (Represent the area
as a curve integral.)
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Problem 3 (10 points) Consider the vector field F (x, y) =
(
(y + 2) sin(2x), sin2(x)

)
. It is

given that F is conservative on R2.

(a) Find ALL functions f : R2 → R for which F = ∇f .

(b) Evaluate
∫
γ
F · ds, where γ(t) = (tet, t3), 0 ≤ t ≤ 1.
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Problem 4 (10 points) Let F (x, y, z) = (x2y, x3, y) and let C be the intersection of the
hyperbolic paraboloid z = y2 − x and the cylinder x2 + y2 = 1. Use Stokes’ theorem to
evaluate the integral

∫
C
F · ds, where C is oriented as counter-clockwise viewed from above.
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Problem 5 (20 points) Let f : R3 → R be a smooth function. Show that curl∇f = 0. Hint:
write ∇f = (fx, fy, fz) and compute curl∇f from definition.
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Problem 6 (20 points) Find the volume of the solid that the cylinder r = cos θ cuts out of
the unit sphere x2 + y2 + z2 = 1.
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