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INVERSE SCATTERING FOR CRITICAL SEMILINEAR WAVE EQUATIONS
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ABSTRACT. We show that the scattering operator for defocusing energy critical semilinear wave
equations Ou + f(u) = 0, f € C*°(R) and f ~ u®, in three space dimensions, determines f.
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1. INTRODUCTION

We consider the following question: Given a nonlinear wave equation for which there is a well
defined scattering operator, even if for only small data, what information about the equation can
be extracted from its scattering operator? The similar question for linear equations has been very
well studied, even though there are many important unanswered questions, see for example the
surveys [47, [48] and references cited there for a general discussion about linear inverse scattering
problems, but there seems to be relatively few results for nonlinear inverse scattering problems,
see for example [12] [19] 30, BI] and references cited there.

Key words and phrases. Nonlinear wave equations, radiation fields, scattering, inverse scattering. AMS mathe-
matics subject classification: 35P25 and 58J50.
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We study inverse scattering for semilinear wave equations of the form
(83—A)u—|—f(u):0, (t,x) € (0,00) x R?,
’LL(O,:E) = (10(:17)7 8tu(07x) = 7/)(517),

where A = Z;’:l 8% is the negative Euclidean Laplacian. The nonlinear term is of the form
f(u) = uh(u), so one can think of h(u) as a nonlinear potential. The problem is, given f(u) such
that the scattering operator is well defined, can one determine f(u) from the scattering operator?

We shall focus our attention to the case where (IL1]) has global solution for arbitrary finite energy
data and a well defined global scattering operator. This occurs when f(u) ~ u® as |u| oo or
|u| N\, 0 — see the precise assumptions H[Il to H below. Under these conditions, the existence
and uniqueness of global solutions to (LI]) was established in a series of papers by several authors,
beginning with the work of Strauss [46], Rauch [32], Struwe [46] and Grillakis [22], and finally
Shatah and Struwe [42] 43] established the global existence and uniqueness of weak solutions in
the space Xjoc(R,R?) defined in ([2.5]) below. These became known as the Shatah-Struwe solutions.
Masmoudi and Planchon [27] have relaxed the necessary condition for uniqueness, but uniqueness
is not known for other possible weak solutions with finite energy. Bahouri and Gérard [2] proved
asymptotic completeness for the Shatah-Struwe solutions and defined the semilinear scattering
operator.

The problem of determining a linear potential from the scattering operator has a very long
history beginning with the work of Faddeev [I5]. In the case of time dependent potentials this
problem was considered by Stefanov [45]. Morawetz and Strauss [30] studied the inverse scattering
problem for the Klein-Gordon equation and proved that, under certain conditions, the scattering
operator determines a real analytic potential f(u) = uh(u). Bachelot [I] extended their results
to the case where the potential is of the form f(x,u), which is real analytic in u. Carles and
Gallagher [12] proved results similar to the ones by Morawetz and Stauss for the several dispersive
equations, including the nonlinear Schrodinger, wave and Klein Gordon equation with critical
nonlinearities. Furuya [I9] has recently studied the related problem, also for the real analytic
nonlinearities, but on the frequency side, for the Helmholtz equation. Pausader and Strauss [31]
studied inverse scattering for the fourth-order nonlinear wave equation, or the Bretherton equation.
Sasaki studied inverse scattering for Hartree equation [40] and for the Schrédinger equation with
the Yukawa potential [41]. The common point of these papers is that the scattering operator in
these settings is analytic, see for example Definition 1.1 of [12], for an explanation.

In the case discussed here the potential is not real analytic. The novelty is that we use microlocal
analysis methods to study the propagation of singularities generated by the interaction of semilinear
conormal waves to show that, under hypothesis HIlto HMland Bl below, the scattering operator
uniquely determines f(u) fo all v € R. Kurylev, Lassas and Uhlmann [24] were the first to use
singularities generated by the interaction of nonlinear conormal waves to study inverse problems
for nonlinear wave equations.

(1.1)

2. PRELIMINARIES

The scattering operator for the semilinear equation (ILI]) is defined by comparing the asymptotic
behavior of the Shatah-Struwe of solutions of (LI]) to the asymptotic behavior of solutions of the
Cauchy problem for the linear wave equation

(@2 — A) v(t,z) =0,

(2.1) v(0,z) = p(z), Ow(0,z) = ().
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Both equations (1)) and (2ZI]) have conserved energies. The energy form of the solution of the
linear wave equation (2] is given by

(2.2) EQ(U,atU)(t) = %/RB (’at’l)(t7x)‘2 + ’Vx’l)(t,x)‘Q) dx,

while the energy form of the solution of the semilinear wave equation (I.1), is given by

Eu, dpu)(t) = = / (1Bru(t, 2)|? + [Voult, )2 + Flu(t,z)) de,
2 Jps
(2.3) u
where F(u) = / f(s)ds,
0

and in both cases we have
E(](U, 61521
E(u,0u

t) = Eo(’U, 8{0)(0),

(24) 1) = B(u, o) (0).

)
)

One has to make some assumptions on f(u) so that one can define a scattering operator for
(CI). Asin [2 [4] [42], we shall assume that f(u) satisfies the following hypothesis:

H1. f(u) = uh(u), his even (or h(u) = ho(u?)) and &|u|* < |h(uw)| < Clu|* for all u € R.
H2. uf'(u) ~ f(u) as |u| /oo and as |u] N\ 0.
H3. The function F(u) = / f(s)ds is convex.

0

H4. There exit C; > 0 such that | f)(u)| < C;lul>~7, 0 < j <5.
To be able to solve the inverse problem, we will add the following assumption:
B1. f(u) is such that f®(u) = 0 if and only if u = 0.

For example, f(u) = u®, satisfies BMJ, and in general perturbation of f(u) = u® such that
f®(w) = Cu(l + Z(u)), C > 0, Z(u) even, |Z(u)| < 1, and f9(0) =0, j = 0,1,2,3, then f(u)
satisfies HI] to HMl and BJ[Il

Under assumptions HI] to HM] on the function f, Shatah and Struwe [42, [43] and Bahouri and
Gérard [2] examined the well posedness of () for solutions in the spaces

X (R;R?) = CO(R; H'(R®)) N CY(R; L*(R?)) N L3 (R; L'°(R?)), and
Xioo(R; R?) = CO(R; H' (R?)) N C(R; L*(R?)) N Li, o (R; L'(RY)),
where
R = (v ol :/ V.02 de < oo}, and

R3

LP(Rt;Lq(R?»)) = {u(t,z) : ||u||%p;Lq = /R ( » lu(t, z)[? d:z:>q dt < oo },

and proved the following;:
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Theorem 2.1 (Shatah and Struwe [42], Bahouri and Gérard [2]). Under the conditions HI to
HA, for any (¢,v) € H'(R?) x L?(R?), there exists a unique u € X (R;R3) satisfying (L1).

Shatah and Struwe [42] 43] showed the existence and uniqueness for v € Xj,c(R; R?) and Bahouri
and Gérard [2] showed that in fact such solutions u € X (R;RR?). These are known as the Shatah-
Struwe solutions of (L.

One of the key points in the proof of Theorem [2.1]is the following Strichartz estimate:

Theorem 2.2 (Ginibre and Velo [20]). Given r € [6,00), let q satisfy
1 3 1

qg r 2
Then there exists C, such that for every w(t,z) defined on R x R3, and for any T,
(2.6) W]l La 0,1y L7 r3)) < Cr (Eo(w, 0yw)(0) + ||Tw|| L1 jo,1)): £2(r3))) -
But the usual energy method easily shows that

Eo(w, dyw)?(t) = /R3 (IVow(t,z)|* + |0pw(t, z)|?) da

satisfies

(2.7) Eo(w,0yw)(T) < Eo(w, 0yw)(0) + [|Dw|| L1 o 17;22 (m3))

and therefore, for ¢ € [0, 7], we have

(2.8) [[wllLa o7y L7 w3)) + E(w, 0pw)(T) < Cy (Eo(w, 9w)(0) + [|Owl| 11 0,77y 22 (%)) -

we kept the notation C.., for a constant which depends only on r.

Bahouri and Gérard [2] proved the asymptotic completeness for solutions to (II]) and defined the
corresponding scattering operator. They showed that given finite energy Cauchy data (¢, ), and
if u is the corresponding Shatah-Struwe solution to (), there exist (7, 97) € L2(R3) x H'(R3)
such that if v*(¢,z) are the solutions of the Cauchy problem for the linear wave equation (2.1))
with initial data (cpa—L, w(:)t), then

Jim Ey (v (t) — u(t), 0 (v (t) — u(t))) =0,
lim Eo(v™(t) — u(t), & (v (t) — u(t))) = 0.

t——o0

(2.9)

They also proved that the maps
2.10) Q. HY(R?) x L}(R?) — HY(R?) x L*(R?)
' (25 45) — (9, )

are isometries.
As usual, the nonlinear scattering operator was then defined by Bahouri and Gérard [2] as the

map
211) M: HY (R*)xL*(R?) — HY(R?) x L*(R?)
' M=0Q, 00"

The operators 24 are known as the nonlinear Mgller wave operators and M as the nonlinear Mgller
scattering operator.
We will prove the following;:
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Theorem 2.3. Let f;(u) j = 1,2 satisfy hypotheses HIl to Hidl and Bl Let M; be the nonlinear
Mpller scattering operator defined in 2.11l) associated with f;. If My = My, then fi(u) = fa(u)
for all u € R.

The proof of Theorem 2.3 relies on the analysis of the propagation of conormal singularities for
solutions of semiliear wave equation. However, the Mgller scattering operator defined in (2.I1)) is
not quite suitable for the study of propagation of singularities, and as in [4] we will rephrase it in
terms of Friedlander radiation fields.

2.1. The Radiation Fields and the Scattering Operator. In the case of the linear wave
equation (ZII), the forward and backward radiation fields for the wave equation with a forcing
term f(t,z) € C°(R x R3),

(8? — A)v(t,z) = f(t, ),

v(0,2) = ¢(), d(0,2) =Y(x), ¢, ¢P € CF[R?),
are defined to be respectively

R (9, £)(5,0) = lim r(0w)(s +7,79),
R~ (., )(s.6) = lim (90)(s —r,70),

(2.12)

(2.13)

where r = |z| and 0 = %
In general, when we are not referring to initial data or forcing term, we denote the forward and
backward radiation fields of a function wu(t,r,w), when they exist, by

(2.14) Niu(s,w) = lgn rosu(s +r,r,w) and N_u(s,w) = lgn rosu(s —r,r,w).

It is well-known, see for example [4] for a proof, the limits (ZI3]) can be computed in terms of
the Radon transform of the initial data and the forcing term:

Ry (001 1)(5:6) = ~ 0. R(5,~60) + ol ~0) + [

t—(0,z)=s

H(-t)f(t,z)do(t, z)>,

H(t)f(t,z)do(t,z) >
(2.15) X
R (01 1)(5,0) = -0 (Ro(s.6) + 0.Rp(5.0) - [

t+(0,z)=s

where H(t) is the Heaviside function, and o(t,x) is the corresponding surface measure and R is
the Radon transform:

Ryg(s,0) = / g(z)du(x) and p(z) is the surface measure on the plane (z,0) = s,
(z,0)=s

see for example [26] and [16]. These maps have an extension as bounded operators
Ri: HYR3) x L3(R®) x LY(R; L*(R?)) — L*(R x S?),
(0,0, f) — Re(, 0, f),
with the Lebesgue measure on R x S?, and moreover, the maps
Re s HYR?) x L}(R?) — L*(R x S?),
(0, ¥) — Rx(,9,0),

(2.16)

(2.17)
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are unitary, in the sense that

(2.18) Eo(, %) = ||R (0,9, 0|72 (xs2)
One also has the following inequalities which will be very useful below:

Ry (@,%, )l 2mxs2) < Eole, ) + 11 F11 (j0,00);L2(R3)

2.19
(2.19) |R= (0,0, F)llL2@xs2) < Eolp, ¥) + [ £1] L1 ([=00,0);L2 (R3)>

see the proof of Theorem 2.1 of [4].

The Friedlander radiation fields can also be defined for the semilinear wave equation (LI]) with
f(u) satisfying HI}H ML This was shown by Grillakis [22] for initial data ¢, € C§°. Baskin and
Sa Barreto [4] showed that the maps

Li(p,)(s,0) = lim r(Owu)(s + r,rd),

(2.20) L_(p,0)(s,0) = T;I;O r(Ow)(s — r,r0),

r—00

where u(t, ) is the Shatah-Struwe solution of (L)) with initial data (p,v) € C§°(R?) x C$°(R?),
extend to nonlinear isomorphisms

Lo HY(R?) x L*(R?) — L*(R x S§?),
5i(¢ﬂ/’) = IR:I:((Zsawa _f(u))7

but now with the semilinear energy norm

(2.22) E(¢,9) = [|£+(p,¥)l72 g2

(2.21)

This relies on the key ingredient used to establish the existence and uniqueness of global solu-
tions, which was proved by Bahouri and Shatah [3]:

lim [ F(u(t,x)) de = 0.

t—o00

Therefore the Friedlander nonlinear scattering operator
(2.23) A=L 0L L2(R x §?) — L*(R x S?)

is an isometry. It is shown in [4] that the Friedlander and the Mgller scattering operators are
related by

A=RyoMoR,

where R are defined in (2ZI7)).
Therefore Theorem 23] is equivalent to

Theorem 2.4. Let fj(u) j = 1,2 satisfy hypotheses HIIl to Hidl and BIl Let A; be the Friedlander
scattering operator defined in [2.23)) associated with f;. If A1 = Ag, then fi(u) = fa(u) for all
u € R.
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2.2. A geometric interpretation of the radiation fields. It is useful to give a geometric
interpretation of the limits (2.20]) as the asymptotic behavior of the solution u to either (I.I)
or (2I2) on a compact manifold with corners. This is the point of view used by Baskin, Vasy
and Wunsch [5 [6] to analyze the asymptotic behavior of the radiations fields as |s| oo on
non-trapping asymptotically Minkowski manifolds. First one uses stereographic projection to
compactify R x R? into the upper hemisphere of S* by setting

B:RxR>— st

(t,z) — (1,t,z).

(1+ |22 +2)2

The sphere S?, which is the boundary of S%, corresponds to p = (1 + |z|> + t2)_% = 0. Perhaps it
is more intuitive to think of
1
(T, X) = (o) € {2 € RV s 2] < 1},
(1+|z|> +t2)2
and think of S4 as the interior of the unit ball in R%. Notice that a light cone with vertex (¢, %),
which is given by |t —tg|? = |z — x0|? will always intersect the boundary at infinity at the manifolds
Sy =1{p=0, T=|X|}and S_ = {p=0, T=—|X]},

independently of its vertex, see Figlll

FIGURE 1. A compactification of Minkowski space R x R3. All light cones, inde-
pendently of where their vertices are located, intersect the boundary at infinity
along Sy.

The next step is to blow-up the ball B = {z € R*: |z| < 1} along the manifolds Si. We then
consider the pull back the function u, which solves (1) or (ZI2]), to the manifold obtained by
blowing up B along S1 and analyze the limit of the pull-back of u at the boundary faces introduced
by this blow-up. We denote these faces by ¥, and they are usually called the front face, see Figl2l
In this region one can can use projective coordinates

T _
,T, and R = p near Sy, in the region where |s| < co,

S =

T+ X
s = i ,T, and R = p near S_, in the region where |s| < oc.
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Notice that the new boundary faces introduced by this blow-up is R = 0 in both sets of coordinates.
But if one writes this in terms of the original variables (¢,x) one finds that

s=t—x, R=(1+t>+ |:E|2)_%, near S, in the region where |s| < oo,
1

s=t+x, R=(1+t>+|z/*)"2, near S_, in the region where |s| < co.

But in the region where |s| is finite, R — 0 if » = |z| — oo. Therefore, the limits (2.I4]) can be
thought of as the limit of the lift of the function u to the blown-up manifold at the new boundary
face introduced by the blow-up of S..

Given an L? function on one of the new boundary faces F, or F_, there exists a unique solution
of (LLI)) with such forward (if data is placed in F) or backward (if data is placed on F_) radiation
field. The map that takes the data on F_ to the limit on Fy is the scattering operator. The
inverse of the scattering operator, of course does the opposite.

FIGURE 2. The manifold with corners obtained by blowing up the boundary of
the compactification of R x R? along S+, and the asymptotic behavior of a cone in
Minkowski space. Following Friedlander [16] [17], this can be thought of as hourglass
waves starting at negative infinity, collapsing to a point, reemerging for ¢ > 0 and
expanding back to infinity.

2.3. Considerations about the proof of Theorem 2.4l The proof of Theorem 2.4 has two
main ingredients:

1. The linearization of the nonlinear scattering operator A at a non-zero C*> solution with a given
radiation field, as in the work of Carles and Gallagher [12]. The Strichartz estimates of Ginibre
and Velo (2.8)) are used to control the error terms of the linear approximation

2. The analysis of the singularities formed by the interaction of three and four transversal progress-
ing waves. We show that the principal symbol of the radiation field determine the nonlinearity
on the manifold where the waves interact and this is enough to determine f(u).

The idea of using nonlinear singularities to study inverse problems was first used by Kurylev,
Lassas and Uhlmann [24] and further developed by Lassas, Uhlmann and Wang [25], Uhlmann
and Wang [49] and X. Chen, M. Lassas, L. Oksanen and G. Paternain [14], Feizmohammadi and
Oksanen [18].

The study of propagation of singularities for semilinear wave equations started with the work
of Bony [§]. The more specific question of propagation of conormal singularities for semilinear
wave equations was studied by several authors, including Beals [7], Bony [9, 10, 11], Chemin [13],
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Melrose and Ritter [29], Rauch and Reed [34], S& Barreto [36] and more recently by Sa Barreto
and Wang [37] and S& Barreto [38].

We end this section by recalling the following support and regularity theorem for semilinear
radiation fields, Theorem 1.2 of [4]:

Theorem 2.5. (Baskin and Sd Barreto [4]) Let F € L*(R) be compactly supported satisfy / F(s)ds
R

0. If (g, 1) € HY(R3) x L*(R®) are such that L1 (p,) = F, then @ and 1 are compactly supported
and radial. Moreover, if F € C§°(R), then o, € C§°(R3).

3. THE MAIN STEP IN THE PROOF OF THEOREM [2.4]

We will combine properties of the scattering operator A and propagation of conormal singular-
ities for linear equations to prove the following:

Theorem 3.1. Let fj(u), j = 1,2, satisfy hypotheses Hl to HMl and Bl Let L+, j = 1,2,
denote the corresponding radiation fields given by (220). Given Yo € CFP(R x S?), independent
of w, and such that [, Yo(s)ds = 0, then according to Theorem [2.3, there exist pj;,v; € C§(R3),
Jj =1,2 such that £;_(p;,v;) = Yo, j = 1,2. Let uj be the solution to

Uuj + fj(Uj) =0, on R x Rg,
u;(0,2) = @j(x), Owu;(0,2) = 1;(x).

Let Aj denote the scattering operator associated with f;. If Ay = Ag, then the third and fourth
derivatives of f1 and fo satisfy

(3.2) £ (i (to2)) = £ (ualt,2)) and f19 (ur(t,2)) = £ (ua(t, 7)),
for all (t,z) € R x R3.

(3.1)

The proof of this result will take the bulk of the paper, but once it is established, we can prove
Theorem [2.4]

3.1. Proof of Theorem [2:4. We will prove Theorem [2.4] as a consequence of Theorem [3.1l So
let us assume we have proved ([B.2)).
Proof. Let Yo € C3°(R), be independent of w, and furthermore assume that / To(s)ds = 0
R
Let u;(t,x) satisfy (B.1) with initial data ¢;,1; € C°°(R3) such that L ;(p;,v;)(s,w) = Yo(s
j = 1,2. Notice that a function T € C§°(R?) is such that / Yo(s)ds =0if and only if To = G'(s
R

where G € C$°(R) and the space of such Y dense in L%(R).

We know from Theorem that the corresponding initial data ¢; and 1; in (BI]) are radial
and @;,1; € C§°(R3), and from Theorem 2.1] and the result of Struwe [46], since the initial data
is radial, u; € C°°(R x R3). Theorem B.I] implies that

17 (t,2)) = £ (o, 2), and [0 (t2)) = £ (ws(t,2), (t,2) € R xR

and in particular, for ¢t = 0,

(3.3) F1(5) = £P(0a(s)), and £ (01(s)) = £ (pa(s)), for all s € R.

);
);
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By differentiating the first equation in (B.3]) with respect to (¢,2) we obtain

(3.4) F ()21 (s) = 15 (a(5))ph(s), for all s € R,

and we conclude that
£ (s) = h(s) for all s such that f{"(¢1(s)) = £ (a(s)) # 0,

We know from assumption B[] that f1(4)(<,01(s)) = f2(4)(cp2(s)) = 0 if and only if ¢;(s) = pa(s) = 0,
and so we conclude that

O1(s) =¢h(s) forall se O={seR:pi(s) Z0}N{s € R: pa(s) # 0}.

The set O is open and since ¢ and o are compactly supported,

k
0=, I = (a;,b),
j—1

and therefore
p1(s) = ¢a(s) = ¢; on [;,1 < j < k.

But since ¢1,92 € C* and ¢1(a;) = p2(a;), it follows that ¢; = 0, 1 < j < k, and therefore
p1 =2 = and fi(p(s)) = fa(p(s)).

As discussed above, the set of T is dense in L?(R) and so, by continuity of the radiation fields,
this holds for all T¢ € L%(R) and therefore f1(p) = fa(y) for all p € C§°(R?) and radial. Therefore
fi(s) = fa(s) for all s € R. O

3.2. The steps of the proof of Theorem 2.4l For T € L*(R x SQ), we know from the work of
Bahouri and Gérard [2] and that there exists v € X(R;R?) and ¢ € H*(R?) and » € L?(R3) such
that

Ou+ f(u) =0,
(3.5) u(0,2) = ¢(x), du(0,z) = ¢(x),
such that £_(p,¢) =T.
We let T € L?2(R x S?), k =0,1,2,3,4, and ej>0,7=1,2,3,4 and let T be of the form
T =7y + Tz where &= (£1,€9,¢3,e4) and Yz = ieﬂ“k.
k=1
The scattering operator acting on T is given by
Niu = Ly(p, w) =AYo+e1T1 +e2Yy+e3T3+ E4T4).
The proof of Theorem [B1] consists of three parts:
Step 1. We establish an asymptotic expansion of the scattering operator of the following form
A(Tog+e1T1+ ey +e3Ts+e4Ty) =
A(To) + Y E°Ba+ Opzaxs2) (), Za € LA(R x S7).
lal<4

Step 2. We pick Yo € C§°(R), as in the statement of Theorem 241 We choose Yy, k = 1,2, 3,4 to
be the radiation fields of suitably chosen conormal spherical waves.
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Step 3. Let g, %0 € C5°(R?) be such that £(gp,1) = Yg. Let ug be the solution to
Ouo + f(ug) =0,
(3.6) uo(0) = o, Druo(0) = o,
and £_(¢o,%0) = Yo.

Step 4. We compare the singularities of the terms Z,, || = 3, with the singularities Y, k =
1,2,3, and in this case we take T4 = 0. We show that =, contains additional conormal
singularities and by computing the principal symbol of those, and by varying T, k =
1,2,3, that we can determine f©® (ug(t,z)) for all (t,z) € R x R,

Step 5. We repeat the procedure for from the singularities of =, with |a| = 4 and show that we
can determine f™ (ug(t,z)) for all (t,2) € R x R3,

Step 6. In particular this shows that if f1 and fo have the same scattering operator, and w19 and
ugg are the corresponding solutions to (3.0]), then

FOluro(t,2)) = £ (ugo(t, ) and £ (uro(t, 2)) = £ (ugo(t, z)) for all (¢,z) € R x RE,

4. THE LINEARIZATION AND ASYMPTOTIC EXPANSION

As we described above, in the first step we proceed a la Carles and Gallagher [12], linearize
the equation about a C*° solution wu(t,x) and analyze the corresponding asymptotic expansion.
While a complete expansion was established in [12], using the fact that f(u) is real analytic, here
we establish an expansion up to order five.

Let u satisfy Ou = — f(u) and we write u = ug + (u — ug), and so
Du = Oug + O(u — ug) = —f(uo + (u —up)) = —f(ug) — f'(uo)(u —uo)—
(4.1) %f@) (o) (u — ug)* — % ®) (uo)(u — ug)* — %f@ (uo)(u — uo)* — G(u, up)(u — u)®,

1 M
where G(u,ug) = Z/ FOUA = t)ug + tu) (1 — t)*dt.
“Jo
Next we write y = (¢,x) and
(4.2) u —ug = wz+ 2(y,€), where wg = Zl: %W,
a|<4

We substitute this expression into (4.1), match powers of & up to order four, and obtain bounds
for the remainder. The term independent of &, ug, satisfies the following equation:

Uug = _f(u0)7

N_ug = Ty,
where N1 were defined in (2.I4]). We use this notation here because the Cauchy data of uy has not
been specified. We know there exists a unique uy € X (R;R3) satisfying (£3) because the maps

L+ defined in (Z2I)) are isometries.
The terms in € with || = 1 are denoted by

(4.3)

(4.4) wy = w1,0,0,0, W2 = Wo,1,00, W3 = Wo,0,1,0 and wy = wg,0,0,1,
and satisfy

!
Ow; = —f'(uo)wy,

4.5
(45) N_w; =7;, j=1,2,34.
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We shall prove that given ug € X (R,R3) there exists a unique w; € X (R; R3) satisfying (£5).

To compute the terms in &% with |a| = 2, we write « = 1 + (B2, with |51] = |B2] = 1, and we
have
_ _ Lo
Duwa = = f'(uo)wa — 57/ (uo) > W, We,,
(4.6) ' a=P1+Pz,|B1|=|B2|=1
and N_w, = 0.

We shall prove that, given ug,wgs,,wg, € X(R;R3), |81| = |B2] = 1, there exists a unique w, €
X (R;R?) satisfying (4.6]).
To compute the terms of order three, we write

a=P1+ P2, |f1|=1, [Be]=2and a=vy+y2+, |y]l=17=1,23.
and we find

(4.7)
1

1
Dwa = —f'(uo)wa — af(z) (uo) Z WpWay — gf(g) (uo) Z Wryy Wryy Wrys,
a=F1+02,|41]=1,|52=2 a=y1+72+73,|75|=1
N_w, = 0.

As in the first two cases, we shall prove that, given ug, wg,, wg,, ws € X (R;R?), with |81] = |Bs| =
1, and |a| = 2, there exists a unique w, € X (R;R3) satisfying (@.1).
We split the terms with |a| = 4 into

a=p1+ P, |B1] =2, |Bo] =201 |81 =1,|6] =3,
a=y+7+, |yl=1,7=12 |yl =2,
a=C0+Q+G+U [¢l=1,7=1,23,4,

and write
/ i) L.
Dwa = = f (uo)wa — 577 (uo) Y wswg, - o/ (o) > wpwp+
’ |B1]=1,B2|=3 ' |B1]=2, B2|=2
4.8 1 1
(48) gf(:s) (uo) Z Wryy Wryp Wryg + ﬁf@l) (uo) Z W W W Wy,
’ Iy1l=1,]y2|=1,|ys|=2 ’ I¢j=1,j=1,2,34
N_wq =0.

Again, we shall prove that, given ug, w, € X (R;R3), |a| = 1,2,3, there exists a unique w, €
X (R;R?) with |a| = 4 satisfying (&.8)).
We then estimate the remainder Z(y, €) given by ([d.2]). We define

Wz = W1 g+ W g+ w3z + wy g With w; - homogeneous of degree j in €.
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Using this notation we find that Z(y, £) satisfies

02 = —ViZ — VaZ? — Va2 — V2% — v, 2° — R,

N_Z =0,
where
/ " 1 (3) 1
Vi = f'(uo) + f" (uo)we + §f (up)w2 + 3'w + 5Gw?,
1 1
Vo = §f”(uo) + §f(3)(uo)wg—|- Zf(4) (U(])?.Ug + 10Gw§’»,
1 1
V3 = gf(?)) (uo) + gf(‘l)(uo)wg—i- 10Gw§,
4.9 1
49 Vi = () +5Gur,
V5 - G7

1 1 1
R= gf( J(uo)Ry + = f® (uo) Ry + Ef(4)(U0)Rg + Ry,

3|

Ry = w} -4 2wy zA + w3 o+ 2wy pws s, A= wig+ wast wsg,

Ry = 3w 2q° + 3w] A(wy e+ wi) + ¢°, ¢ =woz+wss+ wye

Ry = 4wy 2¢° + 6w -¢° + 4w} g + ¢*,
Ry = Gw?.
The following result establishes the existsnce of w,, || < 4 and an estimate for the remainder

Z(y,€) :
Theorem 4.1. Let Y; € L?(RxS?),j =0,1,2,3,4, and let u be the unique Shatah-Struwe solution
of
Ou+ f(u) =0

4.10
( ) N_u="Tg+e1T1 +e9Y9+e3Y3+e4Ty

and let ug be the unique Shatah-Struwe solutions of (@3). Then there exist unique w, € X (R;R3),

la| < 4, which satisfy equations [@B]) to [A8). Let wgz be defined by (L2), corresponding to these
Wy, and let

(4.11) Z(y,€) = u(y) — (uo(y) + we(y)) -
Then there exists eg > 0 and C' > 0 such that for e; <o, j =1,2,3,4
(412) HZ’HL5((—OO,T);L10(]R3)) < C’Eﬁ and HDZ’HLl((—oo,T);LZ(R3)) < C’&j‘a, fOT’ every T eR.

Moreover, for |€] < o,

(4.13) Ny (uo + we(t, z)) — A(Yo + ZE] = Op2(mxs?) (1€1°).

This implies that
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Corollary 4.2. Let T; € L*(R x S?), j = 0,1,2,3,4, let uy satisfy @3) and let wq, |af < 4,
satisfy @A) to (A8). Let eo be as in Theorem [{.1. Then, for |€] < e,

4 4
1) LMo+ 1) =A(To+ D gTj) =A(Yo) + Y & + Oramxse)(l€l),
: j=1 j=1

oo <4
where 2o = Nywg, and we adopt the notation (£4).

5. PROOF OF THEOREM (.11

Since the maps £y defined in ([2:2]]) are isomorphisms, we know that there exist unique u,uy €
X (R;R?) satisfying equations (£I0) and (&3], we only need to prove that there exist unique
we € X(R;R3), |a| = 1,2,3,4, satisfying (45, 6), (@7) and @S) and if 2(y,€) is given by
(@110, it satisfies (@12]), and finally (4.I3]) holds.

We will prove the following two propositions:

Proposition 5.1. Let uy € X(R;R3) satisfy @3) and let T, € L*(R x S?). Then there exist
unique wy € X (R;R?), |a| = 1, satisfying [@D). Furthermore,
1. Given ug,ws € X(R,R3), |a| = 1, then for |a| = 2, there exists a unique w, € X(R;R3),

satisfying (4.0,
2. Given up,w, € X(R,R3), |a] = 1,2, then for |a| = 3, there exists a unique w, € X (R;R3),

satisfying (A1),
3. Given ug, w, € X(R,R3), |a| = 1,2,3, then for |a| = 4, there exists a unique w, € X (R;R3),

satisfying (4.8]).
and

Proposition 5.2. Let u € X(R;R3) be the unique Shatah-Struwe solution of [EI0). Let up €
X (R;R3) satisfy (@) and let w, € X(R;R?), |a| < 4, satisfy [@5) to [@R). Let G be defined by
&I and let Z(y, &) be defined by (E2). Then there exists C > 0 and €9 > 0 such that for |&] < ey,
and for any T € R, equation [@I2]) is satisfied.

Assume these Propositions have been proved. We can then prove Theorem [4.11

Proof. We know that N_Z(y,&) = 0 and that Z(y,&) and § = OZ satisfy (412)). Then it follows
that, for any T € R,

bz=9, §e Ll((_OO7T);L2(R3))7 H9HL1((—00,T);L2(R3)) < C’ag’?
R—(Z’(T)v atZ’(T)a _9) =0.
This implies that
R_(Z(T),0:2(T),0) = R_(0,0,G)(s — T, w),

and so we deduce from (2.I8)) and (2.19]) that

Eo(2(T), 0:2(T)) = [|R-(Z(T), 0:2(T), 0)|| L2 (mxs2) =

[|IR-(0,0,9)(s — T, w)||p2mxs?) < [ISl21 ((—o0,7);L2(R3))-
So it follows that

Eo(2(T), 0:2(T)) < 1Sl 11 (oo L2(@sy) < ClE.
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But ([£.I2) holds for all T, and therefore [|S||11((7,00);12(r3)) < C|E]°, and now the same estimate,
applied to the forward radiation field, shows that
[INGZ[| L2 mxs2) = [|R(Z(T), 0:2(T), =G| L2(mxs?) <
Eo(Z(T),0:2(T)) + IS 11 (17,00):12(r3) < CIE1°.
This is the same as saying that
Ny (u = (uo +wz)) = OL?(RxS?)(|5|5)-
This proves (4.14]) and hence it proves Theorem (1] O

5.1. The proof of Proposition 5.3 We begin by proving the following:

Lemma 5.3. IfV ¢ L%(R; L%(R?’)), g € LY(R; L2(R3)) and let F € L?*(R x S?), then there exists
a unique w € X (R;R?) such that

Ow=Vw+g, in R x R3,
N_w=F,
where X (R;R3) is the space defined in (2.3]).

(5.1)

Proof. This is a linear equation, but with a potential in L%(R; L%(R?’)) and a forcing term ¢ €
LY(R; L?(R?)), and a given radiation field. So this result is by no means obvious. We follow the
strategies used by Bahouri and Gérard [2] to prove asymptotic completeness for (I.I) and by Carles
and Gallagher [12] to establish the analogue of (@I4]) in the real analytic case. Let wy € X (R;R3)
be the solution to

Uwg = 9,

ZU(](O) =¥, atu)O(O) = ¢7
(0, 10) € HY(R?) x L%(R?) such that R_(pg, 1) = F. It follows from Theorem 1] that wy €

S
X(R;R3). Since V € L1(R; L3 (R3)), and wy € L5(R; L1°(R3)), given § > 0, there exist T) < 0 and
T7 > 0 such that

(5.2)

<o, ||V < 0.

(5.3) V112 (oot oy LA(T 003 (89))

Since we are dealing with the backward radiation field in (5.1I), we use the first inequality in
(53). For any w € L3((—o0, Tp]; L'°(R3)), let v satisfy
Ov =V (wp 4+ w) in (—oo, Tp) x R?
(5.4) v(Ty) = pw, Ow(Ty) = 1y, such that
R_(Pw, Yw, V(wo +w))(s + Tp) = 0.
We want to show that the map
55 € L3((—o0, Ty L(RY)) — L%((—o0, Ty L (%)),
W v

is bounded and a contraction for small §. The fact that the equation is linear, allows us to work
in the entire space L((—o0,Tp]; L'°(R?)) instead of in a ball of small radius as in [2]. It follows
from (2.8]) that

V] 15 (= o0,m):L10R3)) < C10 (I[V@wllrz + [[Ywllzz + 1V (wo + w)| 11 ((—oo,mo):12(R?)) ) -
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By assumption, R_ (@, ¥y) = R(0,0, =V (w 4+ wp) (s + Tp)) = 0, but we also know that
IR~ (Pw, Yw, 0)l|22 = [[Vepwllr2 + w2,
(5.6) and it follows from (2.19) that
|R-(0,0, =V (w +wo)) (s + To)l| L2 mxs2) < |V (w + wo)|| 11 (=00, 10);L2(R3)) -

Therefore,
(5.7) [0l 5 (—o0, 1) L10R2)) < 2C10[|[V (W0 + W) L1 ((—00,10]:L2(R3))-
But by applying Holder inequality twice with p =5 and ¢ = % we obtain

To
o0

1
2
1V (wo + w)|| 1 (o0, 10);L2(R?)) = / URB [V [?Jwo + w\zdaz] dt <

To 5 %
/ [/ |V|§d:1:] [/ |wo —|—w|10d:17] dt <
(5.8) —oo LJR3 R3

4

To s 1 5 Ty 1 3
/ [ yV\zda;] dt / [ \w0+w\1od4 dt| =
—oo LJR3 —oo LJR3

||V||Lg((_oo’To};Lg(R3))||w0 + W|| 15 (=00, 10); L1O(R?))-
It follows from (5.3]) and (5.8) that
(5.9) 0] 5 (170 ,00): 210 (R3)) < 2C106]|w + wol|.

So the map C defined in (5.5)) is bounded.
Next observe that if v; = Cwj, j = 1,2, then, since equation (5.4]) is linear, using the same
argument it follows that

sh=

o1 = vl L5 (1 00):L10(m3)) < 2C106|[w1 — w2 | L5 ([15,00);L10 (%))
and so, if 2C190 < 1, € is a contraction, and its fixed point w* satisfies
O(w* 4 wo) = V(w* 4+ wq) + g, in (—oo, Tp] x R3,
N_(w* +wp)(s) = F(s + To,w),
Now, we want to extend w* to a global solution on R x R3. We take a partition of [Tj, T}], where

Ty, T are such that (5.3]) holds, consisting of non-overlapping intervals I; = [aj, a;41], 0 < j < N,
such that ag = Ty, ay = 11 and

(5.10) ||V||Lg(1j;Lg(R3)) <0, ||w0||L5(1j;L10(R3)) <.
We claim there exist unique W; € X ([ag, a1],R?), j = 0,1,..., N, such that
(5.11) OWo = V(Wo +wy), in (ag,a1) x R?,
Wo(To) = w*(To), Wo(To) = w*(To),
and for 1 < j < N,

OW; = V(W 4+ wp), in (aj,a;41) x R3,
Wilaj) = Wj-1(a;), 9:Wj(aj) = 0:W;—1(ay).

We proceed as above, and the key point here is that the constant Cyg in the Strichartz estimate
([2:8) does not depend of the size of the interval.

(5.12)
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If ¥ € L5(Ip; L'°(R3)), and for such ¥, let v = 7,9 denote the solution to
Ov = V(¥ 4+ wy),
v(Ty) = w*(Tp), 0w (Tp) = w*(Ty).
We proceed exactly as above and use Holder inequality and (2.8]) to conclude that

ol 310y < Cro (190" (@)llz2 + 100w* To)ll2 + 1IVI] 5 8 gy 10+ wollisrnsoqesyy)
SO

Cr, : L (Io; L'O(R?)) — L5(Iy; L'°(R?)),
and

[Cry (v1 — v2)|| < C1ol|V]| s

LZ(IO;L%(R?’))HUI - U2HL5(IO;L10(R3))) < Chodl|vr — Ug"Ls([O;Llo(Ra))).

So, for ¢ chosen as above, Cj, is a contraction and its fixed point Wy satisfies (B.I1]). The same
argument, with the same choice of d, applies to all intervals I;. This gives an extension of the
solution w, from (—oo,Tp] to (—oo,T1].
Next we want to show there exists a unique solution W € X ([T1, 00); R?) of
OW = V(W 4 wp), in (T1,00) x R3,
W(Ty) = Wn(Ty), oW (Th) =0 Wn(T1)

We use the same method as above, and the assumption on the norm of V' in [T, 00) in (5.3]) and
the choice of § guarantees that the corresponding map is a contraction. The function w given by

’LU:'IU*, tST()u
w=W;, te€(aj,a; +1], j=0,1,...,N,

w=W,t>1T,
satisfies
O(w + wo) = V(w +wo) + g,
N_(w+wp) = F.
This ends the proof of the Lemma. O

Next we will apply Lemma [5.3] to prove Proposition [5.1], but to do that, first we need to prove
estimates, which control LPL? norms of products of functions:

Lemma 5.4. If I C R is an interval, if v1,ve,v3,vq € L>(I; L°(R3)) and if Q(z1, 22,73, 24) is a
homogeneous polynomial with positive coefficients of degree j with 1 < j < 5, then
(5.13)

5 10
Q(U17U27U37U4) €Li (IaL J (Rg)) and ||Q(U17U27U37U4)||L—(1L 7 (R3))

where |[v;|] = [|vj| s ;10 ms))-

In particular, if f € C°(R) is such that | f) (u)| < Cpnlul>~™, if u € L5(I; L™ (R?)) and m < 4,
(5.11)  f() € LT (L LT R RY) and [|£7) ()],

< Qv [zl [[vsl], [[oal]),

IL5 m (RB CHUHLE’)([ LlO(RS))
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Proof. The statements is obvious when @) is of degree 1. When @ is of degree 2, the Cauchy-Schwarz
inequality gives

1 1 1
I 1vg|| :/[/ |v1v2|5dxrdt§/[/ |v1|10dxr U |v2|10dxrdt§
L3 (1515 (&9)) I L/R3 1 L/R3 R3
Ik -k ; :
[/1 URS |U1|md4 dt] [/1 [/Rs |U2|10d$] dt] = llonllZs 1,10 oy 122l 21,10 gy

When j = 3, Holder inequality with p = 3 gives

5 % % %
Hvlvgvg\]i% T = / |:/ ]vlvgvgllﬁ?daz] dt < / |:/ ]vl\lodx} |:/ ”U21)3’5d.%':| dt <
(I;L73 (R3) I LJR3 I LJR3 R3
3 113
10 5
[/I [ . vy ] d:lt] dt] [/I [/}W |vgus] d:z:] dt] = ||U1||LQ(I L10(R3)) ||vov 3||3 L@

and the result follows from the previous inequality. The proofs for j = 4 and j = 5 are very
similar. g

We also need the following

Lemma 5.5. Let V,, € LSfLm(R;LSl—Om(R?’)), 2 <m <4, and let wy, € L°(R; L'°(R3)), 1 < k < 4,
then
(5.15)

[[Vawiwel|prms2rsy) < 1[Vall, s

L3 @in ¥ oy Wl s o @y [lwal | s @ piows)),

[[Vawiwaws|| 1,2 w3y < |1V3]] 5 w1l 25 myp10 sy [1w2 || Ls r; L10 w3y [ we | L5 (v, £ 10 (R3)) 5

L3 (R;L5(R?))
||Vawjwgpwiwn|| L1 r;22ws)) <
[IVall s ;10 sy w5 || s s po 3y 1wk || s (ms p1o sy Hwil| s (m; 210 (m3)) [[wim | s (m; 110 (R3)) -
Proof. We just need to apply Hélder inequality with p = Z and ¢ = 5 twice to verify that

| [Vawjwrwiwm|| ;2 ws)y) < [Vallzs miows) ||ijkwlwm||LZ(R.L%(R3))

and the last inequality follows from Lemma [5.41
Similarly, an application of Hélder inequality with p = 2 and q= 3 gives

|[Vawiwaws|| 1 r;z2rsy) < V3l s || 1wawsl| s

L3 (R;L5(R3)) L§(]R LTT(R3))

and again the desired inequality follows from Lemma [5.4l The same argument gives the first
inequality in (5.15]). O

We know from (5.I4) that f'(ug) € L%(I ; L%(R?’)) and therefore we can apply Lemma [5.3] to
conclude that there exist unique w; € L>(R; L*(R3)), j = 1,2, 3,4, which satisfy (&3).

Similarly, to prove the existence of w, with |a| = 2, we use Lemma [5.4] and Lemma [5.5] to show
that

FP (uo)ws, f® (uo)wjwy € L'(R; L*(R?)),
and so Lemma [5.3] implies that there exist unique w, € L°((R); L°(R?)), |a| = 2 satisfying ([@6).

Now, to prove the existence of w, with |a] = 3, we need to consider products of the type
" (up)wjwe, laf = 2 and fO (up)wjwpw,, but again Lemma (4 and Lemma show that



INVERSE SCATTERING FOR SEMILINEAR WAVE EQUATIONS 19

both are in L'(R; L?(R3)), and so there exist w, € L3(R; L?(R?)), |a| = 3 satisfying @7). To
show that there exists a unique w, with |a| = 4 we need to show that the terms f® (ug)w;wg,
18] = 3, f® (up)wywg, 7] = 18] = 2, O (uo)wjwrwg with |B] = 2 and f® (ug)wjwiwjwy, are in
LY(R; L?(R?)), and once again this is guaranteed by Lemma [5.4] and Lemma This ends the
construction of w, with |a| < 4 and the proof of Proposition 5.1l

5.2. The Proof of Proposition We know from the work of Bahouri and Gérard [2] that
there exist unique u € X (R;R3) and ug € X (R; R?) satisfying ([3.5) and ([B:6). We also know from
Proposition [5.1] that there exist unique w, € X (R;R3), with |a| < 4 satisfying (Z5]) to [£J]). Let
Z(y, ) be given by (A.2)). We emphasize we are not proving the existence or uniqueness of Z(y, €).
We already know this. We only need to prove the estimates (4.12]).

Proof. We use Z = Z(y, £) and rewrite (£.9)) as
0% = A(Z) - R,
N_2 =0,
where A(Z) = —V12Z — V2% — V323 — V321 — V52°, and
Vi, 1<j <5, and R are given by (£9).
We know from Proposition 5.1l and Lemma [5.4] that
(5.17) IRl (rsz2s)) < ClEP

(5.16)

We already know from Lemma[5.5l that V; € L5 (R, Lo (R3)), where V;, 1 < j < 4, is defined
in @3). Since |f®)(u)| < C, then |V5| < C. The following is a consequence of Lemma

If wy, € LY (R; L'°(R?)), 1 <k <5, Wa = (w1, ws), W3 = (wq, w2, ws3),
W5 = (w1, wa, ws, wy, ws),
V; € L7553 (I1,L55 (R%), 1< j <4, Vi e LR x R3),
then for v such that v = (v1,...,v;), 7] < J4, 7 <5,
VW |1 w2 @sy) < Vil

(5.18)

j Vi .
L5— ](R Lo J(R3)) k=1||wk||L5(R;L10(R3))’ j<4

IVsW| L1 :p2ms)) < \’VBHLOO(RxW)Hi:ﬂ’wkHZIE(R;Lm(Ra))
Since N_Z = 0, we have that if T' € R, and
0Z = A(Z) + R,
Z2(T) = o1, 0Z(T) = ¢r.

Therefore R_ (o7, 91, A(Z) + R) = 0, and hence Ey(or, 1) < [|A(Z) + R||L1((—o0,1;22(RS))- Then
Strichartz estimate (2.8)) implies that for any T,

(5.20) Z[ 25 ((—oo,y:L10(®3) + E0(Z, 0:2)(T) < 2C10[|A(Z) + Rl L1 ((—o0,17:22(R2))-
But in view of (5.18]), this implies that
1Z[| 25 (=00, 1);z10®3) + E0(Z, 0 Z)(T) < 2C10| R 11 (o0, 1);22(R3)) T

(5.19)

(5.21)
210 | 3 IVAl 5 gy o Pl -miriznoguoy + Ol ieny
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We pick d > 0, such that

1
(5.22) 2C100 < 2

and we the pick Ty such that

(5.23) VAl 5

L (CoomoliLd gy <O

Then, provided T' < Tp,

1
2010||V1||L5%j((_oo’T];L5170j(R3))||Z||L5((—oo,T];L10(R3)) < 2l (oo, 7210 (RS)) -
So we can absorb this term into the left side of (5.2I]) and conclude that for any 7' < Tp, such

that (5.23) holds
Z[| 25 (=00, 1);210R3) < 4C10!|R| L1 (—00,1);2(R3)) T

(5.24) 4 . 5
4Cho Z; ij\’L%((_M’T];L%(Rg))’\zw 5((—oo,7:210R3)) T CZI L5 (—o0,1p;110(m3))
‘]:

Equation (£I2]) for T' < Ty follows from the following observation, which resembles Lemma 2.2
of [2]:

Lemma 5.6. Let M(T') > 0 be a continuous function on and interval I = (—oo, 5], I = [o, f] or
I = [a,0), and suppose that either that imy_,_oo M(T) = 0 or that M(a) = 0. If

2 5
(5.25) M(T)<a+>» C;M(T), a>0, Cj>0, are such that »_2/Cjal ™" < 1,
J=2 =2
then M(T) < 2a.

Proof. Set x = M(T) and consider the polynomial p(z) = x — (a 4+ Cox? + Csz® + Cya* + Cs2P).
Obviously p(0) = —a < 0 and the second condition in (5.25]) guarantees that p(2a) > 0. Since
M (T) is continuous and M («) = 0 and the roots of p(x) are discrete, M (T') < x*, where z* is the
smallest value of z > 0 for which the graph of p(x) crosses the real axis. Then M(T) < z* < 2a.
The same argument applies to the case limp_, o M(T) = 0. d

We apply (5:25)) to (5:24]) with
M(T) = 11Z|| 15 ((=o0,r);L10m3)s @ = 4C10l|R|| L1 (r;12(R3)), and

Cj:4C10HV}'HL5ij(R;L5ITQ 1<j<4, C5=40CC.

7 (R3))

But, because of (5.17) a < C|&]?, with C independent of T, and so we can pick g9 > 0 such that
2?22 2jC’jaj_1 < 1 for € < gg, and for this choice of &g,

(5.26) ||Z’||L5((—00,T];L10(R3) < C|€_15, provided T' < Tp, and |€] < €.
We substitute estimate (5.26]) in (5.2I)) and we conclude that
(5.27) Eo(Z,0:Z)(T) < Ko|é]®, provided T < Tp, and |€] < .

Given Ty > Tp, as in the proof of Proposition 5.1l we partition the interval [Ty, Ti] into N
intervals I; = [a;, b;], ap = Tp and by = T; such that
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(5.28) < 0, with ¢ as in (5.22]).

VAl 2 1503 oy
Strichartz estimate (2.8)) gives that for ¢ € [ag, a1], and Ky as in (5.27]),
12|25 [ao 4:010®3) + Eo(Z,0:2)(t) < 2C10||RI| 11 (jag,01]: 22 (%)) + 2C10K0”+

(5.29) j 5
2C10 ZW' 255 (a7 o P (aog 10 @ey) T ORI LS o ry0(e9))

As above, we use (I5:23|) and (5.22]) to absorb the term 2010||V1|| 403 @) 2] L5 ((ao, ;210 (R3))

onto the left hand side, and we conclude that

’ZHLQ [007 ];L10(R3)) + EQ(Z,atZ)(t) < 2010"RHLl([ao,al];Lz(R3)) + 2010K0€5+

(5.30) ‘ 5
2010 Z HV HL5 7 (jao.d): L 570( 3))HZH] 5(([ao,t];L1O(R3)) + CHZHLS([aO,T];LIO(RB))
7=2

Another application of (5.17) and Lemma shows that there exists 9 and C' > 0 such that for
€5 < €0,
121 15 (ao g:210r2)) < CIEP, t € [ao, an],
and substituting this in (5.29)) gives
Fo(Z,0,2)(t) < K1|€], provided t < a1, |&] < &g

We repeat the same argument for the interval [a;, as] and subsequent intervals. The key point
here is that with ¢ such that 2C196 < %, one can absorb the term

201o||V1||L1( t];L%(Rg))||Z||L5([aj,t];L10(R3))
onto the left hand side and arrive at an estimate just like (5.29) for the interval [aj, aj41]. The
choice of 0 remains fixed. We conclude that there exists g = £9(N), and C = C(N) > 0 such that
1Z1 25 (jay ;210 (R3) + Eo0(Z, 0 Z)(t) < C|&1°, provided a; <t < a;j41 and |&] < <.
Grouping these terms together we find that there exists £g = ¢o(N) > 0 and C = C(N) such that
(5.31) ZI| s (7o 1p:210R3) < ClE1° and Eg(2,8,2)(T) < K|£1°,
' provided Ty <t < T} and |£] < &g.

This process seems to fail, as the constants depend on N, and we cannot let T} 7 oo, but the
point is that we can pick 77 such that

(532) ||V1||LZ [T )];L% (R3)) < 5

Then Strichartz estimate (2.8]) shows that, for K as in (5.31]),
121 L (1 ;0 rs) + Bo(Z, 0:2)(T) < 2C10(||Rl| 11 gy, 13s12(m3)) + K1E1°)+

(5.33) j 5
2C10 ;”V”Lo (S oy P zinoay + ClIRILs (2 msioges))
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1
Because 2C10d < 5 and (5.32)) holds, we can absorb the term ||V1||L%([T1,T};L%(R3))||Z||L5([T17T]§L10(R3))
onto the left hand side and conclude that
02|25 (g 170103y < 2C10 (R pamy 1 r2®ey) + K1E1°)+
(5.34)

4
E : . - J 5
4C10 o HV]HLﬁJ’([Tl,T};L51*Oj (R3))"Z’HLS([Tl,T};Llo(RP,)) + CHZHL5([T1,T};L10(]R3))
‘7:

Again we apply (6.17) and Lemma [5.6 to conlcude that that there exist C' > 0 and g9 > 0 such
that for € < g9

(5.35) ZI| L5 (i 1710 (m3) < Clé°, provided Ty < T and |&] < .
Substituting this into (5.33]) and using (5.1I7) we conclude that
(5.36) FEo(Z,0,2)(T) < K|&]°, provided Ty < T and |&] < «.

Combining (5.26]), (5.31)), (5.35) and (5.36) we deduce that there exists €y > 0 such that

(5.37)
12| 15 (=00, ;210 (R3) < C|é® and Fy(Z,0:2)(T) < K|&°, for all T € R, provided |&] < .

This proves the first estimate in ([@I2]), so it remains to prove the second estimate in ([ZI2)).
But once we have (5.37) we use (5.18]) to show that

OZ 21 (oo, ms22®3) < WA 21 (o0, 1ps22®3) + IR L1 (—00,7):22(RE) <
4
) J
221 ||VJ||L5%j((—oo,T];L5lTOj(R3))||Z|| 5((—oo,T};L10(]R3))+
]:

ClIZN 75 ((—oor)sp10(r2Y) + 1RI L1 (—00,7):L2(R3) < CIEP.
This proves the second estimate in (£I2]) and it concludes the proof of Proposition O

6. RADIATION FIELDS OF CONORMAL SPHERICAL WAVES

As discussed in Section Bl pick T¢ € C§°(R x S?) to be radial, or independent of w, and we pick
T;, 7=1,2,3,4 of the form

Ti(s,w) =05 [(s — 55 — (w, ) x(s — 55— (w, 2))], 5 =1,2,3,4, m >0,

6.1
(6.1) X € C5°(R) supported in [—1,1],

which correspond to the backward radiation field of four spherical waves. Indeed, notice that
— -1
G (t2) =z =z (t =55+ |z — )Xt — 55 + |2 — 21),
for j =1,2,3,4, satisty 1J(; = 0. Also notice that if z = rw,

1
12— zj| = (r® = 2r(w, z;) + %) * =r + O(1),

N

2 212\ 2
t—8j+|z—zj|:t—sj~|—(r2+|zj|2—2r<w,zj>) :t—sj—l—r<1—;<w,2j>—|——|rj2|> =

t—sj+r—(wz)+0r™"),
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and therefore, for j =1, 2, 3,

(6.2)
N_Cj_(s,w) = lim 70,(;(s —r,rw) = s ((s — 55 — (w, z;))"'x(s — 55 — (w, z]>)) =T;(s,w).

r—00

But we need to analyze the singularities of the solutions w;(y) to (£H) with backward radiation
field given by Y;. Recall that from the discussion in Section B with a suitable choice of Y,
ug(t,x) € C®(R x R3), where ug(t, ) is the solution of (3.6]).

Given ug, we want to show that the solution to (£.%)), has a singularity expansion of the form

(6.3)
z)NZBk_(z) (t—s;+ 12— zl)|z — 2|~ l(t—s]—Hz—z]])erk, By (2) =1, for t < s,

oo

_ k
NZB X(t+s; — |z — zj])|z — 2] 1(t—sj—|—|z—zj|)T+ . B (2) =1, fort > s,.
k=0
In terms of singularities, this corresponds to a spherical wave coming from ¢t = —oo, which collapses

to a point at {t = s;} and re-emerges as a spherical wave for ¢ > 0. Friedlander [I7] named this a
hourglass wave.

Since we are only concerned with the singularities on the spherical wave, we treat the cut off x
as being equal to one.

Away from z = z;, we can write

o
. k
o)NZVk(Z)(t—SjHZ—sz ;T <sj,
(6.4)
k
Z’yk (t—s;—|z—2z|)", t>s;.
We substitute this expansion into the wave equation (A35]) and also use the facts that
O <|z — 2|7t — s+ |z — zﬂ)i) =0, for any k € N,
and that 3; = 1. To simplify the notation, we denote

k - k
Vi = |z — 2 Yt —sj+ 12— 2" .

(O+ f'(uo)) *NDZﬁk 9+ Z W B 0T =

k=0 I+k=0
= — Z—Zj — m+k
-2 (8 v ) ot

sz_’_k <Z ‘ . Z/Bk>79m+k 1 + Z ’Ylﬂk 19;}7"b_-|—k-|—l7
]

|2~
=1 I+k=0
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Next we introduce polar coordinates with vertex at z;, and use r; to denote the distance to z;,
and § = —2. so —L -V, = r;» and we obtain

\z z; \’ |2—z;]
(O + f'(uo))w; ~ (g —2(m +1)0y, 7 )07+

o0
Z 2m+k+1) T’JBk-i-l—i_( 7"3 Bk+ Z ’Yl ; ﬁTj_k
k=1 I+p=k

This gives a series of transport equations for the coefficients 3, :
Y — 2(m+1)9,,6; =0, hm Bi(rj,0) =0,
(6.5)

2(m +k + 1)ar]ﬂk_+1 + (A - 7‘] ﬁk + Z ] ﬁu =0, Th_{goﬁk—i-l(rj,e) =0, k>1
I+p==k

For ¢ > s; one has the expansion
o
-1 k
6.6)  wi(tz)~ > BFrw)x(t—s;—|z— 2|z — 2] (t—s5— 2 — )", B =1
The coefficients of the expansion 5,':(7:) satisfy a similar set of transport equations:

B - 2(m +1)0,, 87 =0, B (z) =67 (2),

2m +k+1)0, B + (A= =0,)B85 + D B =0, B (2) =By (2),
l+p=k

(6.7)

Here 7,': correspond to the analogue coefficients of the expansion (6.4]). The scattering operator
for the operator O + f/(ug), A satisfies, for any N € N,

(6.8) A(Yj)(s,w) — lim Zﬁk ( s — 85+ {zj,w)) T x(s — 55 + (zj,(,u)) e CV(R x §?),

r—00

7. PROPAGATION OF SINGULARITIES FOR RADIATION FIELDS

We will need a general result about propagation of singularities for radiation fields and we recall
a result which is essentially contained in the the work of S& Barreto and Wunsch [39]:

Proposition 7.1. Let A C T*R*\ 0 be a C* conic Lagrangian submanifold which is contained
in {p = 0o(0) = 0}. Let (t,2), 2 = (z1,72,23) € R3, be coordinates in R Let r = |z| and
wGSZ,w:‘—;. Let x =1

L s=1t— % where v = |z|, z = rw. Let A denote the image of A under
this coordinate change. Then A intersects {z = 0} transversally and A extends as a C™ conic
Lagrangian submanifold of T*U \ 0, where U = (—¢,&)y x Ry X S2. Moreover, AN {z = 0} = As
is a C™ conic Lagrangian submanzfold of T*(R X 82) \ 0.

If locally in T*U \ 0 and near {x = 0}, A = N*S, where ¥ C U, is a C™ hypersurface, then 3
intersects {x = 0} transversally at Yoo = X N {x = 0}, and Moo = N*Suo. We shall call So and
Moo respectively the forward radiation patterns of X and A.

Ifu e (U, /NX) is a Lagrangian distribution, then u|,—o € Im+%(R X SQ,INXOO) and its symbol is
equal to J(u)|Kw. If w is elliptic, so is u|{z—oy-
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Proof. Written in the variables (s,r,w), s =t — 7, as r — 00, the operator P = r[0r~! becomes
1
P =0,(20s —0,) — ﬁAw,

where A, is the Laplacian on S?. If one sets = !, then
—272P =P = 0,(20s + 2°0,) + A,

This is a compactification of R™ \ 0, which has a natural extension to a neighborhood of {x = 0}.
The Hamilton vector field of o = o9(P) = 2u& + 222 + h(w, ), where ¢ is the dual variable to
x, i is the dual to s, and s is the dual to w, is given by

H, = 2(ju + 2%€)0, + 2605 + Hy,.

But on the characteristic variety of [J, and away from the zero section of T*R*, 72 # 0. But 7 = p,
and so we conclude that near z = 0, and on {o = 0}, H, is transversal to {x = 0}. So, as observed
by Sé Barreto and Wunsch [39], since A € {o = 0}, H, is tangent to A, and so the Lagrangian
submanifold A extends across {z = 0} as the union of integral curves of H, which start on A in
z<0.AisaC® > Lagrangian submanifold of T™U.

Suppose that A=N *Z then the projection II : A—Uisa diffeomorphism. But then, since
H, is transversal to {x = 0} and tangent to A, for a point p € AN {z = 0}, the tangent space
TpK = TpAs ® H,(p). Therefore, the projection Il : Ao — {z = 0} is a diffeomorphism.

Suppose that u € I™ (R4, K), is a Lagrangian distribution, then near p € {z = 0}, u is given by
an oscillatory integral

u(zx, s,w) :/ @0z s,w,0)d, a € gmti=3 2 (U x RY),
RN

where ¢(x, s, w, ) parametrizes A in the sense that

aeqbzov a:EQS:g) aSQS:M) 8w¢:%

Then of course, ¢(0, s,w, #) parametrizes Ao, and
u(0, s,w) :/ 90520 4(0, 5, w,0)d, a € gmHl=% 2 (U x RY).
RN

Since the dimension drops by one, the order of the Lagrangian distribution goes up by JIfwis
elliptic, so is u[{,—g}- O

8. SINGULARITIES PRODUCED BY THE INTERACTION OF THREE WAVES

In this section we consider the case where Y4 = 0 and Y;, j = 1,2,3 are given by (6.I). In
particular we are interested in analyzing the singularities of wy,1,1,0. Since T4 = 0, it follows that
Wy = 0

According to the discussion above, the solutions w,, with |a| =1 to (@A), are conormal to the
half light cones

E;:{t—sj—i—‘Z—Z]’:O}, j:172,3, 1ft<3],
Sh={t—s;—|z—2|=0}, j=1,2,3 ift>s,

Here, according to (4.4]), we identify w00 = w1, wo,1,00 = w2, Wo,,1,0 = W3-
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We know the functions w,, |a| = 2, satisfy

(D + f/(U())) Wqo = f”(UQ) Z wg, Wy,
|B1]=|B82|=1
N_(wq) =0,

We know from a result of Bony [9] that for ¢ < s; wq,1,00 is conormal to ¥ U 35, and for
t > s; wi,1,0,0 is conormal to Zf UXY, and similarly w1,0,1,0 is conormal to 21¢ U ng and wo 1,1,0 is
conormal to X3 U X, depending of whether if ¢t < s; or t > s;. Hence, based on Proposition [7.T]
the singularities of Z, = N4 (w,), |a| = 2 are contained in Ejoo, j=1,2,3, where

(81) EIOO = {S — Sj + <w7zj> = 0}7 j = 172737

Our goal is to hunt for singularities of Z; 11,0 = Ny (w1,1,1,0) which are not cointained in E;roo,

j = 1,2,3. These singularities will be generated by the nonlinearity, and will give information
about £ (ug).
According to (4.7,
O+ f'(uo))wi11,0 = —f" (u0) (w1,00,0w0,1,1,0 + w0,1,0,0w1,0,1,0 + W0,0,1,011,1,0,0)
1

(8.2) o

3
( )(UO)w170,0,0w071,070w0,071,07
N_wm,l = 0.

The distributions wg, |3| = 1 are conormal to X%, according to the identification (@4 also

used above. The distributions wpg,+s,, |81 = |f2] = 1, are conormal to Eécl U 2352. The products
w1,0,0,0W0,1,1,0, W0,1,0,0Ww1,0,1,0 and wg,0,1,0w1,1,0,0 are conormal to 1 U Y U X3. The same is true
for the triple product wi 0,0,0wo,1,0,0w0,0,1,0- According to a theorem of Melrose and Ritter [29] and
Bony [10, 1], w1110 is conormal to 3y U3y U X3 U Q™ U Q*, where Q4 are the hypersurfaces
emanating from I'_ = X7 N¥X; NY5 and 'y = Ef N E; N E; respectively. Here

(8.3) Agr = U exp (uHp ((N*FjE \0)N{p=0})), and QF =TI(Ag+).
u>0

According to Proposition [[.1] we define
(8.4) Agt oo = Age N {z = 0}.

We will show that the singularities of = 110 = Ny (w1,1,1,0) are contained in

3
U N*Ejpo \ 0]U (Agﬂoo U AQJHOO) .
j=1

We will compute the principal symbol of w1110 on Ag- o, away from Ug?le *Xj 00
The key point is to show that even though the radiation fields of the terms

E4 (f" (uo)(w1,0,0,0w0,1,1,0 + W0,1,0,0w1,0,1,0 + Wo,0,1,0W1,1,0,0))
and Ey (f(g) (Uo)wl,o,o,owo,l,o,owo,o,l,o)) ,

will be singular at (J, Ag+ o \ 0, the singularities of the latter term are stronger.
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We already know that for T;, j = 1,2,3, given by (6.I)), the solution w; to (AEI) has an
asymptotic expansion given by (6.3). So we find that for ¢t < s;, w; is a conormal distribution to
Y, ={t—s;+ |z — 2| =0}, and if we denote

yj =t—sj+|z—z|, 5 =1,2,3, away from z = z;, and so ¥; = {y; = 0}.

Since w1000 = Z1(y)yl+ smoother terms, wo 1,00 = Z2(y)ys,+ smoother terms, w30 =
Z3(y)y%: + smoother terms, where Z;(y) = |z — z;|~! written with respect to y. It follows that

(85) w1,0,0,0 € I_m_%(R4, 21_)7 w0,1,0,0 € [_m_%(R4, 22_), and w0,0,1,0 € [_m_%(R4, Eg)

One way to analyze the singularities of w; 11,0 is to use the calculus of paired Lagrangian
distributions established by Greenleaf and Uhlmann [2I]. This is the approach used in the work
of Kurylev, Lassas and Uhlmann [24] and Lassas, Uhlmann and Wang [25]. In fact we can just
quote Proposition 3.7 of [25].

Proposition 8.1. (Lassas, Uhlmann and Wang [25]) Let T+ = XF N X3 N ST, and let Ao, be
defined in 83). If O (ug) does not vanish on a segment I+ C T, then away from N*E;t and
N*(T1), wia10 € I3 4(R* Agx) on the portion of Agx emanating from I*. In the case of T'_,

according to [83H), the principal part of wy 11,0 on the subset of Q emanating from I_ is given by
%E+ ((Zf(3) (u0)|3i)yﬁy§’}|_ygﬁr) , where Z = Z1Zy7Z3.

Using this result, one can compute the singularities of Ny (wy 110) :

byt

Proposition 8.2. Let T;, j = 1,2,3 be given by (CI)). Let ¥, given by ([BI), denote the
forward radiation patterns of Zj. Let Ty = S NY5 NYEE, and let Ags be defined in (B.4). Let
wi,1,1,0 be the corresponding solution to (82). Then, for suitably chosen z;, and s;, j =1,2,3, and

At At ] :t
away from 5o

E1,1,1,0 = Ny (wr,10) € I_gm_%(R x §% Ag- o) + I_gm_%(R X §% Mg+ o0)-

5Lyt IR ]

Moreover, the principal symbol of 21110 at a point (s,w, i1, %) € Ag- o away from E;-%OO, j=
1,2,3, on determines f©®(ug(q)), where (q,7,) € N*T=\ 0 and (s,w, u, %) € Ag- 5 \ O are
connected by a unique bicharacteristic for H,. Moreover, by varying z; and s;, one determines
F®(uo(q)) for all g € R

Proof. We are interested in the singularities of wy 1,10 emanating from I'_. As above, let y; =
t—sj+]z—z|, 7 =1,2,3, then I'_ = {y; = y2 = y3 = 0}, which corresponds to the intersection of
the three waves. If Ag- denote the Lagrangian submanifold of T*R*\ 0, obtained by the flow-out
of the submanifold

Ay = (N*T7\0)Nn{p =0}, where p is the principal symbol of O,

under H),, the Hamilton vector field of p. Therefore, the principal part of the singularity of wy 1,10
on Ag- and away from the incoming surfaces and I'™ is given by

By (29 (o) e ui'ugivs |
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It’s symbol o(wy1,1,0) satisfies,

H,o(wi1,1,0) =0,

o(wi1,1,0)(¢,7m) = %Z(Q)f(?’) (uo(q)) s(g,m) for (g¢,m) € (N*I'"\ 0) N {p = 0},
s(q,m) € S73m73 is elliptic

where, as above p = 02(0). This means the symbol is constant along the bicharacteristics of Hp.
This means we can read 3 f () (ug(q)) from the singularities of N (wy.110). Notice that one can
also determine if f(3)(ug(q)) = 0 because there will be no singularities of top order.

One can do this computation quite explicitly for a particular, yet general enough example. We
pick s1 = s9 = s3 =0, and

(8.6) z1 =(0,0,0,0), 23 =(2a,0,0,0) and z3 = (0,2b,0,0),
Then, the light cones with vertices on these points satisfy
a3 + 23 + 73 = 7,
(z1 — 2a)* + 23 + 23 =%,
a3 4 (w3 — 20)% 4+ 22 =12,
and they will intersect transversally at the hyperbolas
I~ = {(a,b,x3,t), t=—(22+a>+1b%)3},
It = {(a,b,23,1), t=(22+a+0b%)2}.
For t < 0, the conormal bundle to I'™ is given by
N*T™ ={z; =a,z9 = bt = —(25 + a® + b2)%,az37' + t&s = 0}.
The Lagrangian submanifold Ag- obtained by the flow-out of (N*I'~ \ 0) N {p = 0}, is given by
&1 = &0, &2 =820, &3 =80, T =70, X3070 + to&30 =0,

to=—(a3p +a® + b2)%7 and 19 = [&o,

r1 =a— 2§1QV, To = b— 2§QQV, Ir3 = T30 — 2§3QV, t= t() + 2TOV, v eR.
The projection of Ag- to R* is denoted by Q™ and it is given by

(87) Q™ = {Z = (t,Z) : ’Z — (a, b, 1’30)‘2 = (t — t0)2, xgot = xgto, to = —(a:%o + a2 + b2)%}
If one writes z = rw, r = |z|, and sets t = s + r, then

88) (r,s,w) € Q7 if and only if s? — 2stg + 2r (s + (w, (a, b, z30)) — to) = 0,
8.8
x30(r + s) = torws, and tg = —(m%o +a®+ b2)%.

If we divide the equation of Q= by r and for fixed s, let r — oo, one obtains:

T30

(89) ng = {(S,UJ) PS5+ <w7 ((1, b7 33‘3(])> = tOv w3 = Ka to = —(xzz’,o + 612 + b2)%}
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Given the choices of z;, j = 1,2,3, we have
Ef’oo ={s =0},
E3_,00 = {8 - <w7 (CL,O, 0)> = 0}7
55 00 = {5 — (,(0,0,0)) = 0}.
This shows that, there are many points on Q7 which are not on EIOO. So by computing the

principal symbol of wy 11,0 along the null bicharacteristics for p starting over a point (a, b, z30,t0) €
I'", which do not lie on N*¥;\ 0, j = 1,2,3, o(w1,1,1,0) determines (f(3)(u0)) (a,b,x03,t0), with

to = —(zd3+a*+ b2)%. By varying1 $1 = 89 = s3 = s*, one then determines (f(3) (uo)) (a, b, zo3,to),
with tg — s* = —(x2; + a® + b?)2. By varying a, b and s* one determines f®)(ug)(z,t) for all
(2,t) € RL. O

9. SINGULARITIES PRODUCED BY THE INTERACTION OF FOUR WAVES

In this section we consider the case where Y;, j = 1,2,3,4, are given by (6.1) and we are
interested in analyzing the singularities of wj 1,1,1. In this case we have to consider a system of
equations. The terms wg, with [3| =1:

8 =(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1),
satisfy the linear equation (), the terms wg, of order two,
g =(1,1,0,0), (1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0,1), (0,0,1,1),
satisfy (4.6]). The terms of order three, wg,
g=(1,1,1,0), (1,1,0,1), (1,0,1,1), (0,1,1,1),
satisfy (4.7). To express the equation (48] for the term w111, we split the terms a = (1,1,1,1)
into
a=p1+ B, [Bil=2, [6|=2,
a=p1+ Py Bl =1, 62| =3,
a=p1+ B+ 0B, Bl =1, 7=12 [Bs] =2,
and « = (1,0,0,0) 4+ (0,1,0,0) + (0,0,1,0) + (0,0,0,1),

and write

1 1
Dhwi g1 = —f (uo)wa — 5‘10(2) (uo) Z Wp, Wy — Ef@) (uo) Z wp, We,+

' |B11=1,|82|=3 ' |B11=2,] 82|=2

9.1 1 1

(0-1) gf(?’) (uo) Z wg, W, We; + 5f(4) (0)w1,0,0,000,1,0,010,0,1,000,0,0,15

' |B1|=1,]82|=1,| 85|=2 '
N_wi11,1 =0.

IR ]

We will compute the principal symbol of w; 11,1 on the light cone emanating from y_ = ﬂ?zlﬁ;.
Here we have the interaction of four waves and we need to describe the singularities coming from
each term of (O.I]). Just like the triple interaction case discussed above, this analysis was done by
Lassas, Uhlmann and Wang in Proposition 3.11 of [25].
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Proposition 9.1. ( Lassas, Uhlmann and Wang [25]) Let v+ = X NX5 NSTNET, and let Ay C
T*R*\0 denote the Lagrangian submanifold obtained by the flow-out of (T,jiRA‘\O)ﬂ{p =0} by Hp.
If £ (ug(y+)) # 0, then away from N*E;E and T*y+R*, wy111 € I‘4m_%(R4, Q%) and principal
symbol of w1111 is given by %EJF (W(f(4) (uo(yi))yﬁyﬁyﬁyﬁ) , where W = Z1Z5737,.

The key point here is that there finitely many interactions, and =y ; 1,1 is conormal to a finite set
of surfaces and we are interested in the singularity of =; 11,1 = N (wy,1,1,1) on the radiation pattern

of the light cone over the quadruple interaction ﬂ?zlEj_, which are not on the other surfaces.
The following is the main result of this section:

Proposition 9.2. Let y_ = ﬂ?:12j_ and let A_ C T*R*\ 0 denote the Lagrangian submanifold

obtained by the flow-out of (T3 R\0)N{p = 0} by H, and let A_ o, denote its radiation pattern. Let
Agjm o be the forward radiation pattern of Agiw, which are Lagrangians submanifolds emanating
+ > +

rom the triple interactions ;N X N3y, and let N*Y¥., = 1,2,3,4, be as defined in Proposition
J J
[71. Then, away from AQ{f’oo and from N*¥js, 7 = 1,2,3,4, Ny(wi1,1,1) = I_4m_177(]R X

S% A_s). In this case, if - = (to, 2*), the principal symbol of w1111 at a point of A_oo which is
not on any other Lagrangians, determines f™ (ug(v_)).

We can apply this to the four spherical waves given by s1 = s9 = s3 = sg = 0, 21, 29, 23 given
by (B8] and z4 = (0,0, 2¢,0). The four waves will intersect at

yo={z1 =a,z9 = b,x3 =c,t =ty = —(a®+b? +C2)%} and
vy ={x1 = a,x9 = b,x3 = c,t =tg_ = —(a® +b* +02)%}.
The forward cones Q4 are given by
Q = {t —tox = |z — =}
Their radiation patterns are given by
Q4 oo = {5 —tox — (w,v+) = 0}

By following the argument used in the case of the interaction of three waves, this determines
F® (ug(a, b, ¢, tg—)). Again by varying s* = s; = sy = 53 = 54, this determines

T3 (ug(a, b, e, s* +to_)),
and hence £ (ug(p)) for all p € R%.
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