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THE HIGHER ORDER FRACTIONAL CALDERON PROBLEM FOR
LINEAR LOCAL OPERATORS: UNIQUENESS

GIOVANNI COVI, KEIJO MONKKONEN, JESSE RAILO, AND GUNTHER UHLMANN

ABSTRACT. We study an inverse problem for the fractional Schrédinger equation (FSE) with
a local perturbation by a linear partial differential operator (PDQO) of the order smaller than
the order of the fractional Laplacian. We show that one can uniquely recover the coefficients
of the PDO from the Dirichlet-to-Neumann (DN) map associated to the perturbed FSE. This
is proved for two classes of coefficients: coefficients which belong to certain spaces of Sobolev
multipliers and coefficients which belong to fractional Sobolev spaces with bounded derivatives.
Our study generalizes recent results for the zeroth and first order perturbations to higher order
perturbations.

1. INTRODUCTION

Let s € Rt \ Z, © C R" a bounded open set where n > 1, Q. = R" \ Q its exterior and
P(z, D) a linear partial differential operator (PDO) of order m € N

P(z,D) = Z ao(z)D*

|a|<m

where the coefficients a, = ao(z) are functions defined in 2. We study a nonlocal inverse
problem for the perturbed fractional Schrodinger equation

() (=A)*u+ P(z,D)u=0in Q
u = fin Q.
where (—A)? is a nonlocal pseudo-differential operator (—A)*u = F~1(|-|** @) in contrast to the
local operator P(x, D). In the inverse problem, one aims to recover the local operator P from
the associated Dirichlet-to-Neumann map.
We always assume that 0 is not a Dirichlet eigenvalue of the operator ((—A)* + P(x, D)), i.e.

If u e H*(R") solves ((—A)® 4+ P(z,D))u =0 in  and ul|g, = 0, then u = 0.

Our data for the inverse problem is the Dirichlet-to-Neumann (DN) map Ap: H%(Q.) —
(H*(€))* which maps Dirichlet exterior values to a nonlocal version of the Neumann boundary
value (see section [ and [3.1)). The main question that we study in this article is whether the
DN map Ap determines uniquely the coefficients a, in Q. In other words, does Ap, = Ap,
imply that aj o = a2 in Q for all |a| < m? We prove that the answer is positive under certain
restrictions on the coefficients a, and the order of the PDOs.

This gives positive answer to the uniqueness problem [I0, Question 2.5] posed by the first
three authors in a previous work. The precise statement in [I0] asks to prove uniqueness for
the higher order fractional Calderén problem in the case of a bounded domain with smooth
boundary and PDOs with smooth coefficients (up to the boundary). The positive answer to
this question follows from theorem The study of the fractional Calderéon problem was
initiated by Ghosh, Salo and Uhlmann in the work [I5] where the uniqueness for the associated
inverse problem is proved when m =0, s € (0,1) and ap € L*>(Q2).
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We briefly note that by Peetre’s theorem any linear operator L: C2°(2) — C2°(£2) which
does not increase supports, i.e. spt(Lf) C spt(f) for all f € C*(f), is in fact a differential
operator [30] (see also the original work [32]). Therefore our results apply to any local operator
satisfying such properties and it is enough to study PDOs only. For a more general formulation
of Peetre’s theorem on the level of vector bundles, see [31].

1.1. Main results. We denote by M(H*~l®l — H=*%) the space of all bounded Sobolev mul-
tipliers between the Sobolev spaces H*~1*(R™) and H—*(R"). We denote by My(H*" 1ol —
H™7) C M(HS_‘CYI — H~*%) the space of bounded Sobolev multipliers that can be approximated
with smooth compactly supported functions in the multiplier norm of M (Hs~l®l — H=%). We
also write H™°(Q2) for the local Bessel potential space with bounded derivatives. See section
for more detailed definitions.

Our first theorem is a generalization of [36, Theorem 1.1] which considered the case m = 0
with s € (0,1). It also generalizes [10, Theorem 1.5] which considered the higher order cases
s € RT\ Z when m = 0.

Theorem 1.1. Let Q C R™ be a bounded open set where n > 1. Let s € Rt \ Z and m € N be
such that 2s > m. Let
Pi= > a;uD% j=1.2,

o] <m
be linear PDOs of order m with coefficients a; . € MO(HS_“"| — H™*). Given any two open
sets Wi, Wy C Q., suppose that the DN maps Ap, for the equations ((—A)® + Pj)u = 0 in €2
satisfy

AP1f|W2 = AP2f|W2
for all f € C(Wy). Then Pilg = Palq.

In theorem|L.1jone can pick the lower order coefficients (|a| < s) from LP(f2) for high enough p
(especially from L*°(2)) and higher order coefficients (s < |a| < 2s) from the closure of C2°(12)
in H™*°(Q) for certain values of r € R. Lemmas and give more examples of Sobolev
spaces which belong to the space of multipliers My(H s=lol 5 | ~%). We also note that when
|a| = 0, then the space of multipliers My(H® — H~*) coincides with the one studied in [36].

It follows that the space of multipliers is trivial for higher order operators, i.e. M(H s=lol
H™%) = {0} when s — |a] < —s. It would be possible to state theorem for higher order
PDOs, but that forces a, = 0 for all |a| > 2s. For this reason we only consider PDOs whose
order is m < 2s. See lemma and the related remarks for more details.

Our second theorem generalizes [7, Theorem 1.1] and [I5, Theorem 1.1] where similar results
are proved when m = 0,1 and s € (0,1). It also generalizes [I0, Theorem 1.5] where the case
m =0 and s € RT \ Z was studied.

Theorem 1.2. Let Q C R" be a bounded Lipschitz domain where n > 1. Let s € RT \ Z and
m € N be such that 2s > m. Let

Pi(z,D) = > aja(x)D% j=12,
|| <m

be linear PDOs of order m with coefficients a;o € H" () where

0 if la] —s <0,
(2) To = {\a|—s+(5 if ol —se{1/2,3/2,...},
o] —s  if otherwise

for any fized § > 0. Given any two open sets Wi, Wy C ., suppose that the DN maps Ap, for
the equations ((—A)* + Pj(x, D))u = 0 in Q satisfy

AP1f|W2 = APQf‘W2

for all f € C*(Wy). Then Pi(z, D) = Psy(z, D).
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Our first theorem is formulated for general bounded open sets and the second theorem for
Lipschitz domains. The difference arises in the proof of the well-posedness of the inverse prob-
lem. We note that theorem holds for coefficients a, which are smooth up to the boundary
(aa = glo where g € C*°(R"™)). The conditions imply that one can choose a, € L>*(1)
for every a such that |a| < s. The case || = s never happens, as s is assumed not to be an
integer. If || > s, we have a, € HI*I=5°(Q) when |a| —s ¢ {1/2,3/2,...}. Thus the conditions
coincide with [7, [15] when m = 0,1 and s € (0,1).

Our article is roughly divided into two parts. The first part of the article (theorem and
section [3]) generalizes the study of the uniqueness problem for singular potentials in [36] and
the second part (theorem and section [4]) generalizes the uniqueness problem for bounded
first order perturbations in [7].

The approach to prove theorems and is the following. First one shows that the
inverse problem is well-posed and the corresponding bilinear forms are bounded. This leads
to the boundedness of the DN maps and an Alessandrini identity. By a unique continuation
property of the higher order fractional Laplacian one obtains a Runge approximation property
for equation . Using the Runge approximation and the Alessandrini identity for suitable test
functions one proves the uniqueness of the inverse problem.

1.2. On the earlier literature. Equation and theorems and are related to the
Calder6n problem for the fractional Schrodinger equation first introduced in [I5]. There one
tries to uniquely recover the potential ¢ in 2 by doing measurements in the exterior €2.. This
is a nonlocal (fractional) counterpart of the classical Calderén problem arising in electrical
impedance tomography where one obtains information about the electrical properties of some
bounded domain by doing voltage and current measurements on the boundary [39, 40]. In
[36] the study of the fractional Calderén problem is extended for “rough” potentials ¢, i.e.
potentials which are in general bounded Sobolev multipliers. First order perturbations were
studied in [7] assuming that the fractional part dominates the equation, i.e. s € (1/2,1), and
that the perturbations have bounded fractional derivatives. A higher order version (s € R\ Z)
of the fractional Calder6n problem was introduced and studied in [10]. These three articles
[7, 10, 36] motivate the study of higher order (rough) perturbations to the fractional Laplacian
(—A)* in equation (1)). The natural restriction for the order of P(x, D) in theorems[L.1and
is then 2s > m so that the fractional part governs the equation .

The fractional Calderén problem for s € (0,1) has been studied in many settings. We refer
to the survey [37] for a more detailed treatment. In the work [36] stability was proved for
singular potentials, and in [34] the related exponential instability was shown. The fractional
Calder6n problem has also been solved under single measurement [14]. The perturbed equation
is related to the fractional magnetic Schrodinger equation which is studied in [9) 24) 25| 26]. See
also [4] for a fractional Schrodinger equation with a lower order nonlocal perturbation. Other
variants of the fractional Calderén problem include semilinear fractional (magnetic) Schrodinger
equation [19, 20] 24] 25], fractional heat equation [21],35] and fractional conductivity equation [8]
(see also [0l 13] for equations arising from a nonlocal Schrodinger-type elliptic operator). In the
recent work [10], the first three authors of this article studied higher order versions (s € R™\ Z)
of the fractional Calderén problem and proved uniqueness for the Calderén problem for the
fractional magnetic Schrédinger equation (up to a gauge). This article continues these studies
by showing uniqueness for the fractional Schrodinger equation with higher order perturbations
and gives positive answer to the question 2.5 posed in [10].

1.3. Examples of fractional models in the sciences. Equations involving fractional Lapla-
cians like have applications in mathematics and natural sciences. Fractional Laplacians
appear in the study of anomalous and nonlocal diffusion, and these diffusion phenomena can
be used in many areas such as continuum mechanics, graph theory and ecology just to mention
a few [2, 5, 12, 27, 33]. Another place where the fractional counterpart of the classical Lapla-
cian naturally shows up is the formulation of fractional quantum mechanics [22], 23]. For more
applications of fractional mathematical models, see [5] and the references therein.
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1.4. The organization of the article. In section [2| we introduce the notation and give pre-
liminaries on Sobolev spaces and fractional Laplacians. We also define the spaces of rough
coefficients (Sobolev multipliers) and discuss some of the basic properties. In section 3| we prove
theorem in detail. Finally, in section 4| we prove theorem but as the proofs of both
theorems are very similar we do not repeat all identical steps and we keep our focus in the
differences of the proofs.
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2. PRELIMINARIES

In this section we recall some basic theory of Sobolev spaces, Fourier analysis and fractional
Laplacians on R™. We also introduce the spaces of Sobolev multipliers and prove a few properties
for them. Some auxiliary lemmas which are needed in the proofs of our main theorems are given
as well. We follow the references [1], [15] 29] 28], 38, [41] (see also section 3 in [10]).

2.1. Sobolev spaces. The (inhomogeneous) fractional L?-based Sobolev space of order r € R
is defined to be

H™(R") = {u € L' (R") : F1((-)"a) € L*(R")}
equipped with the norm
ull g (remy = |F

)
Here 4 = F(u) is the Fourier transform of a tempered distribution u € .#/(R"), F~! is the
inverse Fourier transform and (z) = (1 + |z[*)%/2. We define the fractional Laplacian of order
s € R\ Zas (—A)Sp = F1(|]* ¢) where ¢ € .#(R") is a Schwartz function. Then (—A)*
extends to a bounded operator (—A)%: H"(R") — H"2%(R") for all » € R by density of .7 (R")
in H"(R™).

Let 2 C R™ be an open set and F' C R” a closed set. We define the following Sobolev spaces

H}(R”) = {u e H"(R") : spt(u) C F}

H"(Q) = closure of C°(2) in H"(R")
H' () = {ulq :uwe H'(R")}
Hy(Q) = closure of C°(2) in H"(Q).

It follows that H"(Q) C Hj(Q), H'(Q) C HL(R™), (H"(Q))" = H"(Q) and (H"(Q))* =

EI () for any open set 2 and r € R. If Q is in addition a Lipschitz domain, then we have

H"() = HG(R") for all r € R and Hj(Q) = HG(R") when r > —1/2 such that r ¢ {1,353}
More generally, let 1 < p < oo and r € R. We define the Bessel potential space

H™P(R") = {u € ' (R") : F1((-)"a) € LP(R™)}
equipped with the norm

D —a

)
We also write F~1({-)"@) =: J"u where the Fourier multiplier J = (Id—A)'/2 is called the Bessel

potential. We have the continuous inclusions H"?(R") < H"P(R") whenever r > ¢ [41]. By the
4



Mikhlin multiplier theorem one can show that (—A)®: H™P(R") — H"~2%P(R") is continuous
whenever s > 0 and 1 < p < co. The local version of the space H™P(R") is defined as earlier by
the restrictions

H"™P(Q) ={u|qg:ue H"P(R")}
where 2 C R™ is any open set. This space is equipped with the quotient norm
[0l ey = E {0l gy 2 w € HPRT), wlo = v}.

We have the continuous inclusions H"P(Q) — H"?(Q)) whenever r > t by the definition of the
quotient norm.
We also define the spaces

HPP(R™) = {u e H"P(R") : spt(u) C F'}
H"™P(Q) = closure of C°(Q) in H™P(R™)
HyP () = closure of C2°(Q) in H™P(Q)

where F' C R” is a closed set. Note that H™P(Q) C HP(Q) since the restriction map
lo: H™P(R™) — H™P(Q) is by definition continuous. One can also see that H™P(Q2) C HJ"(R").
If Q is a bounded C*°-domain and 1 < p < oo, then we have [38, Theorem 1 in section 4.3.2]
~r7p — T‘7p n
H (Q)fHﬁ (R"), seR
1
HYP(Q) = H™(Q), 5 < .
p
Some authors (especially in [7, 36]) use the notation W"P(§2) for Bessel potential spaces.
We have decided to use the notation H™P(2) so that these spaces are not confused with the
Sobolev-Slobodeckij spaces which are in general different from the Bessel potential spaces [11].
The equation we study is nonlocal. Instead of putting boundary conditions we impose
exterior values for the equation. This can be done by saying that v = f in Q. if u— f € H*(Q).
Motivated by this we define the (abstract) trace space X = H"(R")/H"(Q2), i.e. functions in
X are the same (have the same trace) if they agree in Q.. If Q is a Lipschitz domain, then we
have X = H"(§2e) and X* = Hg"(R").

2.2. Properties of the fractional Laplacian. The fractional Laplacian admits two important
properties which we need in our proofs. The first one is unique continuation property (UCP)
which is used in proving the Runge approximation property.

Lemma 2.1 (UCP). Let s € Rt \Z, r € R and v € H"(R"). If (—=A)%uly = 0 and uly =0
for some nonempty open set V.C R™, then u = 0.

Lemma [2.1]is proved in [I0] for s > 1 by reducing the problem to the UCP result for s € (0,1)
in [I5]. Note that such property is not true for local operators like the classical Laplacian (—A).
The second property we need is the Poincaré inequality, which is used in showing that the
fractional Calderén problem is well-posed.

Lemma 2.2 (Poincaré inequality). Let s € RY \ Z, K C R" compact set and v € Hj (R™).
There exists a constant ¢ = ¢(n, K, s) > 0 such that

||UHL2(Rn) <c H(_A)s/zu)

L2(R")

Many different proofs for lemma are given in [10]. We note that in the literature, the
fractional Poincaré inequality is typically considered only when s € (0,1).

Finally, we recall the fractional Leibniz rule, also known as the Kato-Ponce inequality. It
is used to show the boundedness of the bilinear forms associated to the perturbed fractional
Schrodinger equation in the case when the coefficients of the PDO have bounded fractional
derivatives.
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Lemma 2.3 (Kato-Ponce inequality). Let s >0, 1 <r < o0, 1< g <00 and1 < py < 0o such

that % = i + q% = p% + q% [ff c LPQ(R"); Jsf c LPI(RH)7 g€ qu(R") and J%g € Lq2(R”)7

then J*(fg) € L"(R™) and
HJs(fg)HLT(R”) < C(”JsfHLm(Rn) HgHqu(R”) + ”fHLP2(R") ||Jsg||Lq2(R")>
where J® is the Bessel potential of order s and C' = C(s,n,r,p1,p2,q1,q2)-
The proof of lemma [2.3| can be found in [I7] (see also [16], [1§]).

2.3. Spaces of rough coefficients. Following [28, Ch. 3], we introduce the space of multipliers
M(H" — H') between pairs of Sobolev spaces. Here we are assuming that r,¢ € R. The
coefficients of P(z, D) in theorem will be picked from such spaces of multipliers.

If f € D'(R™) is a distribution, we say that f € M(H" — H') whenever the norm

1£llne = sup{|(F.uv)] s w0 € C2R), gy = N0l ey = 1}

is finite. Here (-, -) is the duality pairing. By My(H" — H') we indicate the closure of C>°(R")
in M(H" — H') Cc D'(R™). If f € M(H" — H') and u,v € C>(R") are both non-vanishing,
we have the multiplier inequality

(3)

u v
|<fa ’LL’U>| = [
[wll ey 101 -t (moy

By density (2.3 can be extended to act over v € H"(R"),v € H {(R"). Moreover, each
f € M(H" — H") gives rise to a multiplication map my : H"(R™) — H'(R") defined as

(my(u),v) == (f,uv) forall uwe H"(R"),ve H (R").

[l e ey N0l =2 emy < Nl lall e ey 101 -2 eny -

We have as well the unique adjoint multiplication map m} : H “{(R") — H~"(R") such that
(m}(v),u) := (f,uv) forall uwe H(R"),ve HYR™).

Since one sees that the adjoint of my is m}, the chosen notation is justified. For convenience,
in the rest of the paper we will just write fu for both my(u) and m}(u).

Remark 2.4. The spaces of rough coefficients we use are generalizations of the ones considered
in [36]. In fact, the space Z—35(R™) used there coincides with our space M(H® — H™*).

In the next lemma we state some elementary properties of the spaces of multipliers. Other
interesting properties may be found in [28].

Lemma 2.5. Let \,u > 0 and r,t € R. Then

(i) M(H" — H') = M(H™" — H™"), and the norms associated to the two spaces also
coincide.

(ii) M(H™A — H™*) < M(H" — H?) continuously.
(iii) M(H" — H') = {0} whenever r < t.
Proof. Let f € D'(R™) be a distribution. Then by just using the definition we see that
1l = sup {1, w0} 5,0 € CZRY), Jull gy = ol amy = 1}
= sup{[(f,vu)| ; v,u € CR"), [0l g (gny = llull g--n (@ny = 1} = [[fll-t,—r-
Observe that the given definition of || f||,+ is equivalent to the following:
1l = sup{l (s v 5 0,0 € CE®), [l g gamy < 1, 0 geqamy < 1-
Since A, u > 0, we also have
ol gy < Nllgrggmy s 10—y < ol s -

This implies || f|/r: < [|f|lr—x,t4+p, Which in turn gives the wanted inclusion.
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(ii1)| If 0 < r < t, then this was considered in [28, Ch. 3]. The proof given there recalls the
easier one for Sobolev spaces ([28, Sec. 2.1]), which is based on the explicit computation of
derivatives of aptly chosen exponential functions.

If r < ¢ < 0, then by point [(i)] we have M(H" — H*) = M(H~* — H™"). We need to show
that M(H~t — H™") = {0} whenever 0 < —t < —r. This reduces the problem back to the case
of non-negative Sobolev scales.

If r <0 <t then —r > 0. Now by point we have M(H" — H') C M(H™t") —
H'Y) = M(L? — H'). It is therefore enough to show that this last space is trivial, which again
immediately follows from the case of non-negative Sobolev scales.

If r < 0 <t, then the problem can be reduced again to the earlier cases. O

Remark 2.6. We also have Mo(H™™* — H'™) C My(H" — H*) whenever \, i > 0, since the
inclusion in 18 continuous.

Remark 2.7. In light of lemma we are only interested in M(H" — H') in the case
r > t, the case r < t being trivial. For our theorem this translates into the condition
m < 2s. We decided not to consider the limit case m = 2s in this work, as our machinery (in
particular, the coercivity estimate ) breaks down in this case. However, it should be noted
that since by assumption we have m € Z and s € 7, the equality m = 2s can only arise if m is
odd, which forces s =1/2 + k with k € Z. This case was excluded in [7,[15] as well.

The next lemmas relate our spaces of multipliers with some special Bessel potential spaces.
This is interesting since in the coming section [3| we will consider the inverse problem for coeffi-
cients coming from such spaces. We start with a general result.

Lemma 2.8. Let  C R" be an open set and let t € R and r € R be such that t > max{0,7}.
The following inclusions hold:
(i) H™>=(Q) C Mo(H™" — H~') whenever r’ > max{0,r}.
(i1) HS/’OO(Q) C Mo(H™" — H~') whenever ' > max{0,r} such that ' ¢ {3,3,3,...} and
Q is a Lipschitz domain.
(iii) H" () C Mo(H™" — H™') whenever ' > t and r' > n/2. The same holds true for
Hg (R™) if Q is a Lipschitz domain, and for H} (Q) when Q is a Lipschitz domain and

¢ f{i,3,3. .}

Proof. Throughout the proof we assume that u,v € C2°(R") such that [[ul yj—rgny = 0]l gre(rny =
1. In parts and we can assume that r' < t since if v’ > ¢, then we have the continu-
ous inclusion H™®(Q) < H""*°(Q) where max{0,7} < " < t (such " always exists since
t > max{0,r}).

Let f € H'>(Q). Now f = fi + f> where f € C2(2) and | fal o o ) < €. Then

|(f2, uv)| < HfQUHHT'(R") HUHH*T'(R") <C Hf2”HT'v°°(R") ”UHHT'(R") HUHH—T(R”)
S CE ”UHHt(Rn) = CE.
Here we used the Kato-Ponce inequality (lemma

‘ J" (fav) < C([[f2ll oo (o

and the assumption max{0,r} <+’ <t. Therefore || f — fi||_, _, = [|f2||_, _; < C'e which shows
that f € Mo(H™" — H™Y).

Let f € Hy™(Q). Now f = f1 + fo where f; € C°(Q2) and 1f2ll o7 00y < € By the
definition of the quotient norm H-HH,J,OO(Q) we can take F' € H™°(R") such that Flg = fo
and HFHHr’,oo(Rn) <2 ||f2]]HT/7w(Q). The assumptions imply the duality (H~" (Q))* = Hj' (Q)
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H" (Q). Using the Kato-Ponce inequality for the extension F' we obtain as in the proof of part

that

[ 77 )] gy < I Wiy e ey < 2C el ey I ey < 2
and hence
|[(f2, uv)| < HfQUH(H*T'(Q))* HUHH*T'(Q) < Hf2UHHr ||U”H T(R™)
< ’ J" (F) < 2Ce.
L2(Rn)

This shows that f € Mo(H ™" — H™").

(iii)| Let f € H" (). Now f = fi + f» where fi € C(Q) and || fol| o (gny < €.
Theorem 7.3] implies the continuity of the multiplication H™ (R") x H 1t(]R”) H (R™) when
r’ >t and 7’ > n/2. We obtain

(o) < ol g gy Nl ey < C 1 Foll g ey 101 ey el gy ey < Ce

Hence f € My(H™" — H™'). If Q is a Lipschitz domain, then H% (R™) = H"' (). If in addition
¢ {132 .}, we also have H}' (Q) = H"' (Q). O
Note that the assumptions in theorem satisfy the conditions of the previous lemma since
then r = |a| — s and ¢ = s. The following lemma gives examples of spaces of lower order
coefficients (|a| < s).
Lemma 2.9. Let Q C R"™ be an open set and t > 0. The following inclusions hold:
(i) LP(Q) C Mo(H® — H™') whenever 2 < p < oo and p > n/t. Especially, if Q is bounded,
then L>(Q) C My(H® — H™Y).
(ii) H™(Q) € Mo(HY — H™') whenever r > 0 and r > n/2 —t. The same holds true for
H%(]R") if Q is a Lipschitz domain, and for H[(S2) when Q is Lipschitz domain and
135
¢ {5, 5,5, )
froof. Throughout the proof we assume that u, v € C2°(R") such that [[ul[ p2gny = [|0]l gre(rn) =
K%’Let f € LP(Q2). By density of C°(€2) in LP(Q2) we have f = fi + f2 where f1 € C°(Q)
and ‘fg

the continuity of the multiplication LP(R") x H*(R") <+ L?(R") (|3, Theorem 7.3]) and we have
(Foruw)| < || ot g, Nl 2y < | 2]

This gives that f € Mo(HY — H~%). If Q is bounded, we have L>®(2) — LP(Q) for all
1 < p < o0, giving the second claim.

mLet f € H(Q). Now we have f = fi + fo where f; € C°(Q) and | f2ll grr (mny < €. The
assumptions on r imply that the multiplication H"(R") x H*(R") — L?(R") is continuous ([3),
Theorem 7.3]). We obtain

’ < € where ]?2 is the zero extension of fo € LP(£2). The assumptions on p imply

(R™)

Lo [0]l ey < Ce

[(f2,u0)| < || fovl 2y [l 2y < C N foll ey N0 e ggny < Ce

and therefore f € Mo(H" — H~'). The claims for HZ 5(R™) and H{j($) follow as in the proof of
part |(iii) m of lemma |2 - 8| from the usual identifications for Lipschtiz domains. O

As mentioned above we put ¢ = s > 0 in theorem and the condition in lemma [2.9] is
satisfied. Note that under the assumption |a| < s we have My(H® — H~%) C My(H*l*l —
H~*). Hence we can choose the lower order coefficients from a less regular space in theorem
(compare to lemma [2.8)).
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3. MAIN THEOREM FOR SINGULAR COEFFICIENTS

In this section, to shorten the notation, we will write [|-|| 4., ||-||;2 and so on for the global
norms in R” when the base set is not written explicitly.

3.1. Well-posedness of the inverse problem. Consider the problem

(4) (—A)%u + Z ao(D%u) =F in Q,
lo]<m
u=f in Q.
and the corresponding adjoint-problem
(5) (—A)'w + ) () D*(aqu) = F* in Q,
la|<m
u' = f* in Q..

Note that if u,u* € H*(R") and a, € M(H*l®l — H=%) = M(H® — H!*=%), then a,(D%u) €
H7%(R"™) and D*(aqu*) € H™*(R™) matching with (—A)%u, (—A)*u* € H7*(R").
The problems (3.1]) and (3.1)) are associated to the bilinear forms

(6) Bp(v,w) 1= ((=A)"v, (=A)*Pw)gn + Y (aa, (D v)w)ge
laj<m

and

(7) Bp(v,w) := ((=A)*%v, (=A)Pw)gn + > (g, v(D*w))gn,
la]<m

defined on v,w € C°(R™). In the latter terms of the bilinear forms we have written the dual
pairing as (-,-)gn since a, is now a distribution in the whole space R™ in contrast to section
where a,, is an object defined only in €.

Remark 3.1. Observe that Bp is not symmetric, which motivates the introduction of the bi-
linear form B}. Moreover, one sees by simple inspection that Bp(v,w) = Bp(w,v) for all
v,w € CX(R™). This identity holds for v,w € H*(R™) as well by density, thanks to the follow-
ing boundedness lemma.

Lemma 3.2 (Boundedness of the bilinear forms). Let s € Rt \Z and m € N such that 2s > m,
and let aq € M(H*"1®l — H=%). Then Bp and By, extend as bounded bilinear forms on
H*(R™) x H5(R™).

Proof of lemma[3.2 We only prove the boundedness of Bp, as for B}, one can proceed in the
same way. The proof is a simple calculation following from inequality (2.3)). Let u,v € C2°(R"™).
We can then estimate that

|Bp (v, w)] < [{(=28)%0, (=) 2w)ga] + Y [{da, D*vw)gn]

laj<m

IN

ol sy [0 s ey + D aallsjag,—s | D0l gramtol oy ]l s n)

laj<m

<1+ D Naallscjan—s | Tl 0]l ms@n)-
|| <m
Now the claim follows from the density of C°(R™) in H*(R™). O

Next we shall prove existence and uniqueness of solutions for the problems (3.1)) and (3.1).
To this end, we will use the following form of Young’s inequality, which holds for all a,b,n € RT
9



and p,q € (1,00) such that 1/p+1/¢ = 1:

(8) ap < "

aP + nb?.
The validity of ([3.1) is easily proved by choosing a1 = a(qn)~'/¢ and b; = b(¢qn)'/¢ in Young’s
inequality a1by < af/p + b%/q.

Lemma 3.3 (Well-posedness). Let Q C R™ be a bounded open set. Let s € Rt \ Z and m € N
be such that 2s > m, and let a, € My(H*~1®l — H=%). There exist a real number > 0 and a
countable set X C (—p,00) of eigenvalues A\ < Ao < ... — 00 such that if X € R\ X, for any
f e H(R") and F € (H*(Q))* there ewists unique u € H*(R™) such that u — f € H*(Q) and

Bp(u,v) — Mu,v)q = F(v) for all ve H%(Q).
One has the estimate
lallzrsny < € (1l + 1 oy ) -
The function u is also the unique u € H*(R™) satisfying

+ Z agD* =X |u=F

lo|<m
in the sense of distributions in Q) and uw — f € ﬁs(Q) Moreover, if (3.1) holds then 0 ¢ .

Proof. Let @ :=u — f. The above problem is reduced to finding a unique @ € H 5(€2) such that
Bp(u,v) — Mu,v)q = F( ), where F := F — Bp(f,-) + M(f,-)a. Observe that the modified
functional F belongs to (H*())* as well, since by lemma [3.2| we have for all v € H*()

F ()] < [F)] + Bp(f,0)] + AL 0)al < (1P ey + (€ + A1 arsae) ol s -

Since a, € MO(H5_|O‘| — H7?), for any € > 0 we can write aq = @q,1 + a2, Where aq €
C®(R™) N M(H*"1*l = H~*) and laa2lls—|a|,—s < € Thus by formula (2.3), the continuity of
the multiplication H"(R™) x H*(R™) — H?*(R™) for large enough r € R (see [3, Theorem 7.3])
and the fact that a1 € C°(R™) C H"(R") for all 7 € R we obtain

9)
[{aa, D*vw)| < |{aq,1, D*vw)| + [(@qa,2, DY vw)]
< laaallzr @) 1Dl z-s @ 1wl zs@n) + laa2lls—|a), s Dl gs-tar@n |0 s @)
< cllwllarsqen) (

where r € R is large enough (r > max{s,n/2} is sufficient). If |a| < s, from formulas (3.1)) and
(3.1) with p = ¢ = 2 we get directly

(10) (@ D*00)| < C ([[0] s gy 0] 2y + llolro )

< O(e M olFaqam + ellollirsry)

@ 10l ot-s ey + €llvll e )

for a constant C independent of v, w, €. If instead |«| > s (observe that we can not have |a| = s,
because s can not be an integer), we use the interpolation inequality

2 1
ol grei—= gy < Cll 2ty ™ol Gy = Cllolzagay 10l 5

in order to get

2 1
[, D®vw)| < Cllwlar=gany (1072l 10l + ellell e ) -

10



Then by formula (3.1]) with

2—lal/s = v H\Of|/5 1 s 8

L2(Rn) Hs(R") P:F7 q:ma

a= v
|

n==e
we obtain

aas D) < ey (5 ollaeny + llolren)
for a constant C' independent of v, w, . Now we use formula again, but this time we choose

a= vl 2@y, b=lvllgegny, a=p=2 n=e/ElD

This leads to

1) {aa Do) < © 525 o]l aggem ol rocamy + el Rn))

< (ol oy + 20l

< & (0l + ellol % m)
< O (52 0] Zagg + 0]
= LZ(Rn) Hs(Rn)

where C, C’ are constants changing from line to line. Observe that C’ can be taken independent

of a. Eventually, using and . we get
(12)  Bp(v,v) > |r<—A>S/%HL2<Rn> = 3 (aa, Do)

laf<m

2 ”(—A)S/ZUH%%W) - <(62;"” + 671)””“%2(11@) + EHUH%IS(R”)> -
By the higher order Poincaré inequality (lemma [2.2)) (4.1)) turns into
Bp(v,v) = ¢ (H(_A)S/QUH%Q(RW) + ||U|\%2(Rn)) ~ ((62;”1 + 6_1)”””%2(1@) + GHUH%{S(R"))

> cllolf3goqgny = € (€777 + € [0lZaqan) + ellolliroqen))

for some constant ¢ = ¢(2,n, s) changing from line to line. For e small enough, this eventually
gives the coercivity estimate

2 2
(13) Bp(v,v) = col|[vllgs@ny — #llvllZ2gn)
for some constants ¢y, i > 0 independent of v.
As a consequence of the coercivity estimate, Bp(-,-) + u(-,-) L2(Re) 1S an equivalent inner
product on H 5(Q2). Therefore, by the Riesz representation theorem there exists a bounded

linear operator G/, : (H*(Q))* — H5() associating each functional in (H*(€))* to its unique
representative in the inner product Bp(-,-) + u(:, ) 2(rn) on H*(Q). Thus @ := = G, I verifies

Bp(t,v) + p{t, v) p2@mny = F(v) forall ve H(Q)

and it is the required unique solution @ € H *(§2). Moreover, G, induces a compact, self-adjoint
and positive operator G, : L*(Q) — L%(Q2) by the compact Sobolev embedding theorem. The
remaining claims follow from the spectral theorem for G/, and from the Fredholm alternative
as in [15]. O

By the above lemma both problems (3.1) and (3.1) have a countable set of Dirichlet

eigenvalues. Throughout the paper we will assume that the coefficients a, are such that 0 is
11



not a Dirichlet eigenvalue for either of the problems. That is, we assume that

Ly e solves (— u + ao D% = 01in ) and ulg, =0,
(14) if H?*(R™) sol A)® la|<m GaD? 0in Q and ulg, =0
thenu =0
and
(15) {if u* € H*(R") solves (—A)%u* + Z‘a|§m(—1)|a\D°‘(aau*) =01in Q and u*|g, =0,
then u* =

With this in mind, we shall define the DN maps. Consider the abstract trace space X :=
H*(R™)/H*(Q2) equipped with the quotient norm

[[f]llx == inf |If = @lgsmn), [f€H(R")
pEHS(Q)

and its dual space X*. We use these in order to define the DN maps associated to the problems
(3.1) and (3.1]), which we study in the following lemma.

Lemma 3.4 (DN maps). Let Q C R" be a bounded open set. Let s € R\ Z and m € N such
that 2s > m, and let ao € Mo(H*~1®l — H=%). There ezist two continuous linear maps

Ap: X — X* defined by (Ap[f],]g]) := Bp(uys,g)
and

Ap: X — X*  defined by (Ap[f],[g]) :== Bp(u}, g)
where uy, u} are the unique solutions to the equations

(—A)u + Z aaDu=0 in Q u—feH Q)

la|<m
and
—i—Z DD agu*) =0 in Q, u*—fe H Q)
la|<m
with f,g € H*(R™). Moreover, the identity (Ap[f],[g]) = ([f], Aplg]) holds.
Proof. We show well-definedness and continuity only for Ap, the proof being similar for A%.
We note that such unique solutions exist by lemma
If € H%(2), then uslg, = f = urie|a., and also uy, usie both solve (—A)*u+ Pu =0 in

(). By unicity of solutions, we must then have that uy and uy,4 coincide. On the other hand,
if v € H*(Q2), then ¢|q, = 0. These two facts imply the well-definedness of Ap, since

Bp(ufig, 9+ 1) = Bp(ug,g) + Bp(ug,¥) = Bp(uy, g).
The continuity of Ap is an easy consequence of lemma [3.2] and the estimate in lemma[3.3] If
f.g € HR") and 6, € H*(Q), then

[(APf] D] = [Bp(us—g,9 = )| < Cllug—gllasllg — ¢llas < CIIf = dllmsllg — llar-
By taking the infimum on both sides with respect to ¢ and 1, we end up with

[(Ap[f], 9D <C inf ||f = ¢llgs inf g —llas = Cll[f]llxIlg]llx-
€Hs(Q) YeH(Q)

The well-posedness result proved above implies that for all f,g € H*(R"™) we have (Ap[f], [g])
Bp(uy,eq), where e4 is a generic extension of glg, from Q. to R™. In particular, (Ap[f],[g]) =
Bp(uy,uy). By lemma|3.2f this leads to

<AP[f] l9]) = Bp(ug, uy) = Bp(ug,us) = (Ap[gl, [f])
which conlcudes the proof. O

Remark 3.5. We should observe at this point that a priori Ap has no reason to be the adjoint
of Ap, as the symbols would suggest. However, the identity we proved in lemma|3.4) shows that

this is in fact true, and thus there is no abuse of notation.
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3.2. Proof of injectivity. The proof of injectivity is based on an Alessandrini identity and
the Runge approximation property for our operator, following the scheme developed in [15].

Lemma 3.6 (Alessandrini identity). Let Q C R™ be a bounded open set. Let s € Rt \ Z and
m € N such that 2s > m. Forj = 1,2, let aj, € Mo(H*™l®l — H=*). For any f1, f» € H*(R"),
let uy,ul € H*(R™) respectively solve
(—=A)’uy + Z a1D% =0 in Q, u—fie€ fIS(Q)

ol <m

and
5+ Z DDYagpuz) =0 in Q uh—foe H*(Q).
|la|<m
Then we have the integral identity
(Ap, = Ap)[A], [f2)) = D ((ar.a — a2,0), Durus).
a|<m

Proof. The proof is a simple computation following from lemma

((Ap, = Ap)Ails [f2]) = (A [f1], [f2]) — (Ar[f1], [f2]) = (Ap [Ail, [f2]) — (LAl AR, Lf2])
= Bp, (u1,u3) — Bp,(us,u1) = Y ((a1,0 — 2,0), Dugu). O
la|<m

Lemma 3.7 (Runge approximation property). Let Q, W C R"™ respectively be a bounded open
set and a non-empty open set such that W N Q = (0. Let s € RT\ Z and m € N be such that
2s >m, and let a, € Mo(H*™1®l — H=5). Moreover, let R := {us—f: f € C*(W)} C H¥(Q)
where uy solves

(—A)uy + Z ao D%y =0 in Q, wup—fe H5()

|a]<m
and R* := {u} — [ feCX(W)} C H5(Q) where u} solves
P+ Z Dl pe (aquy) =0 in Q, uy—f€ H5(9).
lo|<m

Then R and R* are dense in H*(Q).

Proof. The proofs of the two statements are similar, so we show only the density of R in H*(£).
By the Hahn-Banach theorem, it is enough to prove that any functional F' acting on H 5(Q)
that vanishes on R must be identically 0. Thus, let F' € (H5(2))* and assume Flup—f)=0
for all f € C’é’O(W) Let ¢ be the unique solution of

(16) Ayg+ Y (-DDagg) =—F in Q, ¢eH(Q).

la|<m

In other words, ¢ is the unique function in H*() such that By (¢, w) = —F(w) for all w €
H?*(Q2). Then we can compute

(17) 0=F(uy — f) = =Bp(¢,uy — f) = Bp(¢, f)
= (A f,(=A)%¢) + > (aa, D" f9)
laf<m
= (f,(=4)%¢).

On the first line of (3.2) we used that ¢ € Hs (2) and uy solves the equation in 2, and on the last

line we used the support condition for f. By the arbitrariety of f € C°(W) we have obtained

that (—A)®¢ = 0 in W, and on the same set we also have ¢ = 0. Using the unique continuation
13



result for the higher order fractional Laplacian given in lemma we deduce ¢ = 0 on all of
R™. The vanishing of the functional F' now follows easily from the definition of ¢. O

Remark 3.8. We remark that using the same proof one can show that rqR C L?*() and
rqR* C L*(Q) are dense in L*(S)), where rq is the restriction to Q. If F € L*(Q), then F
induces an element in (H*(Q))* via the inner product F(w) := (F, row)q, where w € H*(Q).
Hence one can choose the solution ¢ in equation with F' as a source term and complete
the proof as in equation showing that (rqR)*+ = {0} in L*(Q) (similarly (roR*)* = {0} ).

We are ready to prove the main result of the paper.

Proof of theorem[1.1 Step 1. Since one can always shrink the sets Wi and W if necessary,
we can assume without loss of generality that W3 N Wy = 0. Let vy,ve € C°(Q2). By the

Runge approximation property proved in lemma we can find two sequences of functions
{fiktren C CX(Wj), j = 1,2, such that

k= fietvr+rig, uy, = for vt rog
where uq g, u3 . € H %(£2) respectively solve
(—A)SULk + Z al,aDaulyk =0 in Q, uLk — fl,k S ﬁS(Q)
la]<m
and

Yusy+ > (DD ageus,) =0 in Q, upy— for € HY(Q)

laj<m

and ry g, r2x — 0in ﬁs(Q) as k — o0o. By the assumption on the DN maps and the Alessandrini
identity from lemma [3.6] we have

(18) 0= <(AP1 - APZ)[fl,k]? [f?,k’]> = Z <(a1’a _ a’2,a)aDau17ku;’k>
loe|<m
fd Z <(a1,a - a2,a), DaT’Lkuch) + Z <(al7a _ a27a)’ DaU1T27k>
la|<m la|<m
+ Z <(a1,oc - CLQ,a), Do‘vlvg).
la]<m

However, for the first two terms on the right hand side of (3.2)) we can deduce

> {(ara — ag.a), D¥rigus )| < D [{(ara — az,a), Drygus )|

lo|<m la|<m
< Cllusillaslrelms Y lave = azalls—jal,—s = 0
loe|<m
and

| Z ((a1,0 — a2,0), D v1r21)| < Z [((a1,a — a2,a), D17 )]

laj<m laj<m

lorllzs ) llata = azalls—jaf,—s — 0

la|<m
as k — oo. Thus by taking the limit in formula (3.2)) we obtain
(19) Z ((a1,0 — a2,q), D*vyv2) =0 for all wvy,vy € CZ°(Q).

laj<m
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Step 2. Assume that we have a1 o|o = a2.|q for all a such that |a| < N for some N € N.
We show that the equality of the coefficients also holds for « for which |a] = N and this will
prove the theorem by the principle of complete induction.

To this end, consider vy € CZ°(Q2), and then take v; € C°() such that v(z) = z*
on supp(ve) € Q. Recall that since o = (a1, a9,...,a,) € N" is a multi-index and = =

(x1,22,...,xy) € R™, the symbol z% is intended to mean x{'z3%...x%". With this choice of

v1, v2, equation (3.2]) becomes

(20) 0= (a1 —azp), Dovivs) = Y ((a1,— ag), D’ (x*)va)

|8]<m N<|Bl<m
= > llarg—a2p), D’ (@va) + > (a1, — agg), D (x%)vy)
N<|Bl<m |B|=N, fa

+ ((a1,0 — a2,0), D*(x%)v2).
If |5] > N = |a], then there must exist k& € {1,2,...,n} such that 8y > aj. This is true also if
|B] = N with 8 # «a. In both cases we can compute
D (a) = (07}a1") (97225°) ... (97raf") =0
because 85,’@“&:2’“ = 0. Therefore formula (3.2)) becomes
0= ((a1,a — az,a), D*(%)v2)rr = al{a1,a — a2, V2)rn

which by the arbitrariety of vo € C2°(€2) implies a; o|o = a2,4|q also for a for which |a| = N.
Step 3. We have proved that a1 o|o = a2,a|q for all o of the order |a| < m. Since this entails
Pi|q = P|q, the proof is complete. O

4. MAIN THEOREM FOR BOUNDED COEFFICIENTS

We shall now study the case when the coefficients of PDOs are from the bounded spaces
H7">>°(Q). It should be noted, however, that most of the considerations of the previous section
still apply identically.

4.1. Well-posedness of the inverse problem. We shall define the bilinear forms for the

problems (3.1)) and (3.1]) respectively by (3.1]) and (3.1)), just as in the case of singular coefficients.
These will turn out to be bounded in H*(R™) x H*(R™) as well, but the proof we give of this

fact is a fortiori different. Since now we assume that a, € H™>(Q) C L>®(Q) for r, > 0, the
duality pairing (an, D*vw) becomes an inner product over € and we write (a(z)D%,w) to
emphasize that the coefficients a, = aq(x) are now functions defined in €.

Lemma 4.1 (Boundedness of the bilinear forms). Let & C R™ be a bounded Lipschitz domain
and s € RY\ Z, m € N such that 2s > m. Let a, € H">(Q), with 1, defined as in (1.2)).
Then Bp and B} extend as bounded bilinear forms on H®(R™) x H*(R™).

Remark 4.2. Since s € RT \ Z and || < m < 2s, we also have that max(0, || —s) <714 < s
for 6 >0 small (see equation (1.2))).

Proof of lemma[4.1. We only prove the boundedness of Bp, as for B}, one can proceed in the
same way. If v,w € C(R"), then

/aawDavdx
Q

Since 2 is a Lipschitz domain and rq > —1/2, rq ¢ {3,2,2...}, we have (H ()" =
Hi>(©2) € H™(R2). Therefore

21 [aa(z)D%, w)al < Cllaqw||gra @)Dl g-ra (@) < ClAawl] gra @ D0l g-ra @)

< Il (Aaw) | 2 [0 1ot 0
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where J = (Id — A)'/2 is the Bessel potential and A, is an extension of a, from Q to R” such
that Aulo = ao and [|[Aa||gra.co@n) < 2[|aallfra.c (). Since 74 > 0, we may estimate the last
term of (4.1)) by the Kato-Ponce inequality given in lemma

[T (Aaw)|| 2gny < C (| Aall Lo @m)ll T w| L2 @ny + 11T Aall oo @y lw]| 2(rnY)

< Cl|Aal| rrasee gmy[|wl] rra (mey < Cllaal| grasco (@) l|wl] grra (mey-
Substituting this into (4.1)) gives
(22) [(aa(z) D, w)a| < Cllaallgra.co(@)lwll mra @)l g1ei-ra )
< Cllaall gra.c@)llwl] ms ey |0]] s mm)

given that both r, < s and |a| — r, < s hold by remark Eventually we obtain

|Bp(v,w)] < [{(=A)"v, (=A)Pw)gn| + Y (a0 D, w)gn|
la|<m
< wllgs@emllvlgs@n + Y Cllaal ey lwllzs @ 0l s @
la]<m
< Cllwllgs@n)llvll s mn)- O
Next we shall prove existence and uniqueness of solutions for the problems (3.1)) and ( .

The reasoning is similar to the one for the proof of lemma[3.3] but the details of the computatlons
are quite different.

Lemma 4.3 (Well-posedness). Let Q C R™ be a bounded Lipschitz domain and s € RT \ Z,
m € N such that 2s > m. Let aq, € H™*(Q), with ro, defined as in (1.2)). There exist a real
number p > 0 and a countable set 3 C (—,Li, o0) of eigenvalues A\ < A < ... = oo such that if
A€ R\ X, forany f € H*(R") and F € (H*(Q2))* there exists a unique uw € H*(R™) such that
u— fe H*) and
Bp(u,v) — Mu,v)g = F(v)  for all ve H*(Q).
One has the estimate
lullzs ey < € (1 llsemy + 1F N 75y )

The function u is also the unique u € H*(R™) satisfying

ro | (—A)° + Z ag(x)D* =X |u=F

lo|<m
in the sense of distributions in Q and u — f € H*(). Moreover, if (3.1)) holds then 0 ¢ X.

Proof. Again it is enough to find unique @ € H*(Q) such that Bp(ii,v) — Ai,v)q = F(v),
where F':= F — Bp(f,-) + X(f,-)q. Consider v,w € C°(2) and r, # 0. Since 0 < r, < s, the

interpolation inequality
1 «@ «
HwnHm(Rn < Cllwll gz ol e
holds. Using this and formula (4.1]) we get, for a constant C' = C(2, n, s,7,) which may change

from line to line,

(23)  [{aa(@) D0, w)al < Cllaa eIl e ] e @)
1 «@ [e%
< Cllaall sy [0l e 10l 2 (s o 5
< laal| grrasee (@)l[v ] s rmy (Cem/(m_s wll 2@y +6Hw||Hs(Rn)) :

In the last step of (4.1) we used formula (3.1]) with

8 o S o T/ o 1-rq/s _
0= 2 p= e b= el o= Ol =
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If instead r, = 0, just by formula (4.1) we already have
[(@a(z) D%, w)q| < CHaa”LOO(Q)||U||HS(R")||U)HL2(R")-

Moreover, the two estimates above also hold for v,w € H*(€) by the density of C°°(€) in
H?*(Q2). Now we use formula (3.1]) again, but this time we choose

q=p=2, b=|lg@r, a=Ivlwy, n= s/ (s=ra)
This leads to

[(@a (@)D, v)al < llaal s 10]lmsgn) (CE/ 0= 0] 2n) + ellvllarsgan) )

= |laall mra-e (o) (Cfra/(Ta*s)HUHm(Rn) 0]l s ey + €lloll s oy

ra+s

< llaall mra= 9 (CGW‘S [Vl1 72 gy + €(C + 1)\|”H%1s(Rn))
rats

< Cllaallras@) (€557 02z + ellel3ren)

M+ts
< CMaal ros () <€M*s HU”%Q(R”) + EHUH%S(R”))
where C = C(Q,n,s,1,) and C' = C'(Q,n,s) are constants changing from line to line and

M € [0, s) is defined by M := max|4|<m Ta- Eventually

(24) Bp(0,0) 2 | (~A)20) 3y — 3 [(aa(@) D%, v)ql

ol <rm
Mis
> ||(—A)S/QUH%2(Rn) - <€M*S [0]172 gy + €||U||%{s(w)> > laallmra @)
|a|<m
5 Mis
(A2 gy = C'C” (5 02y + ellolrn)

where O — E\a|§m laa |l ra.(q) is a constant independent of € and v. By the higher order
Poincaré inequality (lemma [2.2)) (4.1]) turns into

. Mis
Br(0,0) > € (I(-8)"20 g+ Iol3aqan) — CC” (S5 ol + ooy
M+s
> c||v||%{s(Rn) - c'c” (EM*S ||UH%2(R”) + EH’UH%Is(Rn))

for some constant ¢ = ¢(€2,n,s) changing from line to line. For e small enough (notice that
M — s < 0), this eventually gives the coercivity estimate

(25) Bp(v,v) > co||v||%{5(Rn) - MHU”%?(]R”)
for some constants cg, u > 0 independent of v. The proof is now concluded as in lemma|3.3 [

Assuming as in Section [3] that both (3.1]) and (3.1)) hold, by means of the above lemma [4.3] we
can define the DN-maps Ap, A} just as in lemma We also arrive at the same Alessandrini
identity and Runge approximation property which we get in lemmas [3.6) and [3.7]

Lemma 4.4 (DN maps). Let Q C R" be a bounded Lipschitz domain and s € R* \ Z, m € N
such that 2s > m. Let aq € H™ (), with 1 defined as in (1.2). There exist two continuous
linear maps

Ap: X — X* defined by (Ap[f],[g]) :== Bp(uy,g)
and
Np: X — X* defined by (Np[f],lg]) == Bp(u},g)
where uy, u} are the unique solutions to the equations
(A)Yu+ Y aa(z)Du=0 in Q, u-—feH(Q)
la|<m
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and
“+ > (-)DYaa(z)uT) =0 in Q, ut— fe HY(Q)
jaf <m

with f,g € H*(R™). Moreover, the identity (Ap[f],[g]) = ([f], Aplg]) holds.

Lemma 4.5 (Alessandrini identity). Let Q C R™ be a bounded Lipschitz domain and s € RT\Z,
m € N such that 2s > m. Let a, € H™>(Q), with ro defined as in (1.2). For any fi, fo €
H*(R™), let uy,us € H¥(R™) respectively solve

)iug + Z a1 o(z) D% =0 in Q, ul—fléﬁls(ﬂ)
la|<m
and
5+ Y (DD aga(z)us) =0 in Q, uj— fr € H(Q).

la|<m

Then we have the integral identity
(Ap, = AR (o)) = D (410 — a2,0) D ur, u3)o.
|ao| <m

Lemma 4.6 (Runge approximation property). Let Q, W C R"™ respectively be a bounded Lips-
chitz domain and a non-empty open set such that WNQ = 0. Let s € RT\Z, m € N such that
2s > m. Let aq € H™™(Q), with ro defined as in (L.2). Moreover, let R := {uy — f: f €
Ce(W)} € H3(Q), where us solves

—AYur+ Y aa(@)Dup=0 in Q, uy—feH(Q)

|| <m
and R* := {u; —f:feC®(W)} C H5Q), where u} solves

P Y (DD aa(@)uy) =0 in Q, uf— f € HY(Q).

lal<m

Then R and R* are dense in H*(2).

4.2. Proof of injectivity.

Proof of theorem[1.3 The proof is virtually identical to the one of theorem the unique
difference being in the way the error terms of the Runge approximation are estimated. We make
use of , which relied on the Kato-Ponce inequality instead of multiplier space estimates. In
this way we get

D (01,0 = 02,0) D P15 mn | <Y [((a1,a — 62,0) D1k, U3 4 ) En |

la|<m laj<m

< Cllus gll = ey Irel ey Y llat.a = az.allgras) — 0

la|<m
and
| ) (016 — a2,0) D01, rap)e | £ Y (01,0 — 62,0) D1, 72 )R
la|<m la|<m

< Cllra il s eyl vl s (mey Z llat,a —

laj<m

() — 0.0
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