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Abstract

For the Lamé system, we prove in the three-dimensional case that both Lamé
coefficients are uniquely recovered from partial Cauchy data on an arbitrary
open subset of the boundary provided that the coefficient y is a constant.

In a bounded domain 2 C R® with smooth boundary, we consider the Lamé system
3
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where

Cijii = A(x)8; 8 + p(x)Bdjy + 8udj), 1<i,jk,1<3

with the Kronecker delta §;;. The functions A and u are called the Lamé coefficients, and
u(x) = (' (x), u?(x), v’ (x)) is the displacement. Assume that

w@x) >0 onQ, (GBr+2u)x)>0 onQ. 3)
We set

Apuf = Z V]Cukl Z ij2jkl Z vjc3jkl ; 4)

k=1 k=1 k=1

where v = (vq, vy, v3) is the outward unit normal vector to 92 and u is the solution to (1) and
(2). Denote
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The partial Cauchy data C, ,, are defined by
Copw =1, Ay y)lzs Loy, D)u =0 inQ,ulyqo = f, suppf C F, fe H? (0R)}.

Here, T is an arbitrarily fixed open subset of 9$2. We set I'g = 92 \ T.

In this paper, we consider the following inverse problem. Suppose that the partial Cauchy
data C, , are given. Can we determine the Lamé coefficients A and j?

This inverse problem has been studied since the 1990s. A linearized version of this inverse
problem for full data was studied by Ikehata [7]. In two dimensions, Akamatsu et al [1] proved
that for the case of full Cauchy data (f = d€2) one can recover the Lamé coefficients and their
normal derivatives of arbitrary orders on the boundary provided that the Lamé coefficients are
C® functions. This boundary determination result was extended by Nakamura and Uhlmann
[17] to higher dimensions. In [15], Nakamura and Uhlmann for the case of full Cauchy data
established that in two dimensions the Lamé coefficients are uniquely determined, assuming
that they are sufficiently close to a pair of positive constants. Recently, Imanuvilov and
Yamamoto in [13] proved for the two-dimensional case that the Lamé coefficient A can be
recovered from partial Cauchy data if the coefficient © is some positive constant. In two
dimensions, there is another possible way to prove a local uniqueness result for A and . which
are close to constants: the proof is a combination of [1] and a local uniqueness result for
the Love—Kirchhoff plate equation in [8], and the equivalence of the two problems is proved
in [9].

For the three-dimensional case, the uniqueness for both Lamé coefficients is proved
provided that p is close to a positive constant [6, 16] and the proof relies on construction of
complex geometric optics solution [5, 18]. Our result relies on these uniqueness results for the
case of full data. _

All the above works are concerned with the full Cauchy data (i.e. I' = 92). The recovery
of Lamé coefficients by partial Cauchy data on an arbitrary sub-boundary is useful from
the practical point of view, because one can limit input and measurement subsets of 92 as
much as possible. In the case of partial Cauchy data for the Lamé system, unlike the case
of the Schrodinger operator, the construction of complex geometric optics solutions seems to
be possible only for a dense set of Lamé coefficients. To the best of our knowledge, there
are no results on the unique recovery of the Lamé coefficients from the partial Cauchy data
in the three-dimensional case. The purpose of this paper is to prove such uniqueness in three
dimensions.

Finally, we mention that this inverse problem is closely related to the method known as
electrical impedance tomography (EIT). EIT is used in prospection of oil and minerals and
in medical imaging in detecting breast cancer, pulmonary edema, etc. For the mathematical
treatments of this problem, we refer, e.g., to [2—4, 11, 12, 14, 19] and the review paper [20].

Our result is the following theorem.

Theorem 0.1. Let i1, iy be some positive constants and ,y, A, € C* (Q) be some functions
satisfying (3) and Ay = Ay on To. If Cy, 1, = Coy, iy, then (A, p1) = (Ao, 2).

Proof. The proof consists in showing that from partial Cauchy data one can recover the full

data. First, following [17], we prove that
~ oA oAy ~
(A1, 1) = (A2, 2) onI' and — =-— onT. (5)
av av
Letu; € H*(Q), j = 1, 2, be functions such that
Ly, Dyuj =0 inQ, ujle=f, (6)
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where suppf C I Since the partial Cauchy data are the same, we obtain
At = Ajy oty 00 T, 7)

where A, ,,, i =1, 2, are defined in (4).

Assume for the moment that u; € C2*($2) for some « from (O, 1). The regularity results
for the Lamé system imply immediately that u, € C>t*(Q).

By (5) and 3A; +2u4; > O on , j = 1, 2, we can prove

8u1 3u2 ~
s — ) = (w2, — L. 8
<u1 8v> (uz 811) on ®)

Moreover, from (5), (8) and equation (6), we conclude

w92 duy 92 -
<u1,£ ”‘):(uz,ﬁ ”2> on T, Vike{l,2,3). (9

av ’ 3x,-3xk Jdv ’ ax,-axk
Hence,
arot arot ~
rotuy, rotin = [ rotu,, roti on TI. (10)
ov v

As for the proof of (9) and (8), we refer, for instance, to [10].
Since the functions p; are assumed to be constants, from (5) we conclude that
Wi=py=py in Q. (11)
For the constant i, we note that
Ly, D)u = pAu~+ (u 4+ A)Vdivu + (divu) VA,
Applying to equation (6) the operator rot and using the fact that y; is constant, we obtain
mjArotu; =0 inQ, j=1,2. (12)
Equality (10) and the uniqueness of the solution for the Cauchy problem for the Laplace
equation imply
rotu; =rotu, in Q. (13)
The Lamé operator, with the coefficient u = const, can be written in the form L£(x, D)u =
V((A 4+ 2u)divu) — prot rotu. Then, using (11) and (13), we obtain
V(A +2u)divuy) = V(A +2u)divu,)  in Q. (14)
Hence, (A1 + 2u)div~ul — (A2 +2p)div u; is a constant function in 2. Since (A +2u)divu; =
(A2 + 2u)divuy on I by (5) and (8), equation (14) implies
(M +2w)divu; = (M +2p)divu,  in Q. (15)
From (11), (15), (13) and the assumption (A; — A;)|r, = 0, we conclude
3141 3142
— = Io. 16
av av onto (16)
Indeed in order to obtain equality (16) observe that rotations preserve the isotropicity of
the Lamé system. Therefore, after choosing an arbitrary point x € I'y, we rotate the coordinates
to have v(x) = (0, 0, 1). Then, we obtain
3141,_,- _ 8u2,]~
Bxk 8xk
Hence, equality (13) implies that LLIN] x) = LLCH] (x) for j = 1,2 and (15) implies that

ou du Y Y
) 2,3
8:3 ( ) ?)v3 ( )

x), Vje({l,2,3}, Vkel{l, 2}
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By (16), if f € C***(3),supp f C T in (5), then 24 = %2 on 9. By a density
argument, the above relation holds for the slightly relaxed regularity assumption on the
function f. Namely, the function f belongs to H H (0€2). Hence, we removed the assumption
that u; € C*T(Q).

Next, let f € H 3 (9€2) and the functions v; € H?(Q) be the solutions of the following
boundary value problems:

Ly, D=0 1in Q, wvilha=/f, je{l,2}. (17)
We claim that

0 0 ~

ovi _ 92 r. (18)

ov ov

Indeed, let w; € H 2(2) be a solution to the Lamé system
Lo, D)yw; =0 in Q, wihe=g je{l,2}, (19)

where g € H 2 (0€2) and suppg C T is an arbitrary function. Taking the scalar product of
equation (17) with w; and integrating by parts, we have

0= [ (o 5. Dy ) s = [ (050 £, 05 DY
Q Q

+ (A, ;05 wi) — (Ay ), v5)) do
Plo}

= f ((Asj0)5 8) — (Mg, wy, ) do Z/N(AAI,,ul,vUjﬁg)dU —[ (Ax; i, f)do
2 F 2

= /‘V(Alj,/l,jvja g)do—_/ (A)L],/j.]wl’ f)do—a
r Q2

where do denotes the surface measure.
This integral identity implies

~

AM,mUl:AM,le& on I

Repeating the arguments in (12)-(16), we conclude
0 V1 0 1%

== Iy. 20
ov ov on to (20)

Hence, by (16) and (20), the following full Cauchy data are equal:

C)»l.,ltl = C)Lz,ltz’

where

Croe = {0, Ayt lsas Loy, D)u=0 inQulaq = f, f € H> (3Q)).
Applying the result of [6], we obtain that 1, = A;. O
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