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Abstract

We study on a compact Riemannian manifold with boundary the ray transform
I which integrates symmetric tensor fields over geodesics. A tensor field is said to
be a nontrivial ghost if it is in the kernel of I and is L?-orthogonal to all potential
fields. We prove that a nontrivial ghost is smooth in the case of a simple metric.
This implies that the the wave front set of the solenoidal part of a field f can be
recovered from the ray transform If. We give an explicit procedure for recovering
the wave front set.
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1 Introduction

The term ghosts is used in tomography for objects that give no contribution to the pro-
jection data. In classical scalar tomography ghosts occur only due to the discretization of
a problem or in problems with incomplete data. In both the cases, ghosts turn out to be
very singular functions that have either rapid oscillation or many jumps. The situation is
quite different in tensor tomography when we have to recover several unknown functions
from the same projection data. For example, the typical problem of Doppler tomography
is described as follows. One attempts to recover a vector field f on a convex bounded
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domain M C R? given the work of f over every straight-line segment with endpoints in
OM. There is a large space of ghosts in the latter problem. Indeed, if ¢ is a function
on M vanishing on the boundary, ¢|gas = 0, then the potential vector field f = V¢ has
zero work over any path with endpoints in M. It can be easily shown that the space of
ghosts coincides with the space of potential fields in the latter problem. The question is
much more delicate for the following generalization of the problem which is still of great
applied interest. Assume M to contain some medium that refracts ultra-sound waves.
The index of refraction can be often modeled by a Riemannian metric, g, and the ultra-
sound rays propagate along the geodesics of g. The Doppler tomography problem in this
setting can be posed as follows. Can one recover a vector field f in M given the work of
f over all geodesic segments of a given metric g with endpoints in M ? The definition
of a potential field can be given in the latter setting with an obvious modification. The
case of integrating tensor fields of rank higher than one appears also in several situations.
For instance the case of tensor fields of rank two corresponds to the linearization of the
boundary rigidity problem; see Chapter 1 of [7]. The case of tensor fields of rank four
describes the perturbation of travel times of compressional waves propagating in slightly
anisotropic elastic media; see Chapter 7 of [7]. We can also define potential fields in this
more general setting and they are ghosts for the integration of tensor fields along geodes-
ics. The identification of the space of ghosts with the space of potential fields is known
under some assumptions on the curvature tensor of g, but the question is open in the case
of a general metric g. Let us refer to potential fields as trivial ghosts and use the term
nontrivial ghosts for ghosts that are L?-orthogonal to all potential fields. In the present
article we prove that, under some weak assumptions on the metric g, any nontrivial ghost
is C*°-smooth. The result is obtained for symmetric tensor fields of arbitrary rank m,
the Doppler tomography problem corresponds to the case of m = 1. We emphasize that,
until now, no example is known where the space of nontrivial ghosts is nonzero.

We describe below the problem more precisely.
Given a Riemannian manifold (M, g), we denote by C*(S™7;,) the space of smooth
covariant symmetric tensor fields of rank m on M. The first order differential operator

d=0oV:C®(S™71,) — C=(S™r,) (1.1)

is called the inner derivative. Here V is the covariant derivative with respect to the metric
g and o denotes the symmetrization.

We are going to integrate symmetric tensor fields over geodesics joining boundary
points. First of all we will distinguish some class of Riemannian manifolds for which the
integration leads to a good operator.

A compact Riemannian manifold (M, g) with boundary is called a convex non-trapping
manifold (CNTM briefly), if it satisfies two conditions: (1) the boundary 9M is strictly
convex, i.e., the second fundamental form of the boundary is positive definite at every
boundary point; (2) for every point x € M and every vector 0 # £ € T, M, the maximal
geodesic v, ¢(t) satisfying the initial conditions 7,¢(0) = = and 4, ¢(0) = & is defined on
a finite segment [7_(z,§), 74 (x,&)]. We recall that a geodesic v : [a,b] — M is maximal
if it cannot be extended to a segment [a — e1,b + &3], where ; > 0 and 1 + €3 > 0. The
second condition is equivalent to all geodesics having finite length in M.

Remark. In [7], the term CDRM (compact dissipative Riemannian manifold) was used
instead of CNTM.



An important subclass of CNTMs are the simple manifolds. A compact Riemannian
manifold (M, g) is said to be simple if (1) it is simply connected, (2) the boundary is
strictly convex, and (3) there are no conjugate points on any geodesic. A simple n-
dimensional Riemannian manifold is diffeomorphic to a closed ball in R", and any two
points of the manifold are joined by a unique geodesic.

We denote by TM = {(z,¢) | x € M, & € T, M} the tangent bundle of the manifold
M, and by QM = {(z,§) € TM | |{] = 1} we denote the unit sphere bundle. We
introduce the submanifolds of inner and outer vectors of QM:

0:OM = {(x,&) € QM | z € OM, £(¢,v(x)) > 0},

where v is the unit outer normal to the boundary. Note that 0,QM and 0_QM are
compact manifolds with the same boundary Q(OM), and OQM = 0, QM JO_QM. 1t is
convenient to parameterize the set of maximal oriented geodesics by points of the manifold
04+QM. Namely, for (z,§) € 0,QM, we denote by v, ¢ : [7—(x,§),0] — M the maximal
geodesic satisfying the initial conditions 7, ¢(0) = = and 4, ¢(0) = &.

Let C*(0+QM) be the space of smooth functions on the manifold 0, QM. The ray
transform (also called geodesic X-ray transform) on a CNTM M is the linear operator

I:C*(S8"1y) — C*(0:09M) (1.2)
defined by
0 0 ' A
@ = [ o)At = [ FoanCae)iit®) . Sin@dr (13)
7 (,€) 7 (,£)

Throughout the paper, we use the agreement: summation from 1 ton = dim M is assumed
over upper and low indices repeated in a monomial. The right-hand side of (1.3) is a
smooth function on 0,QM because the integration limit 7_(x, &) is a smooth function on
0. QM, see Lemma 4.1.1 of [7].

On a compact manifold M, the topological Hilbert space H*(S™7},) consists of rank
m symmetric tensor fields whose coordinates, in any local coordinate system, are locally
square integrable together with partial derivatives of order < k. In a similar way we
define the topological Hilbert space H*(9, QM) of functions on 9, QM. (By a topological
Hilbert space we mean a topological vector space whose topology can be determined by
some Hilbert dot-product but the product is not fixed.) The ray transform on a CNTM
is extendible to the bounded operator

I: H*(S™r;,) — H0,QM) (1.4)

for every integer k > 0, see Theorem 4.2.1 of [7].

We denote the kernel of operator (1.4) by Z*(S™r;,). A field f € H*(S™r;,) is
said to be a potential field if it can be represented in the form f = dv with some
v € HFL(Sm~1rr)) satisfying the boundary condition v|sy, = 0. Let P¥(S™75,) be
the subspace, of H*(S™7*), consisting of all potential fields. For any CNTM, we have
that

PR(S™r3,) € ZF(S™T,). (1.5)
The main question on the ray transform is the following: For what classes of CNTMs
and for what values of & and m can the inclusion in (1.5) be replaced by equality? As
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can be easily shown, if the answer is positive for k = kg, then it is positive for & > k.
No example of a CNTM is known for which (1.5) is not equality. On the other hand,
equality in (1.5) is known under some assumptions on the curvature of g which imply the
simplicity of (M, g), see Theorem 4.3.3 of [7] and also [10], [5], [3]. With no curvature
restriction, the following result is proved in [8]:

For a simple Riemannian manifold, inclusion (1.5) is of a finite codimension for all
m and k > 1.

The following question was posed in [8]: Given a simple Riemannian manifold, is the
codimension ¢, (M, g) of the inclusion (1.5) independent of k7 In other words, does
there exist a complement of P*(S™7},), in Z%(S™7},), consisting of smooth tensor fields?
The main result of the present article is the positive answer to this question. Before
formulating the result, we will introduce a couple of definitions.

We want to distinguish a subspace in H*(S™7},) which is the complement to the space
of potential fields. The most natural candidate for such a complement is the kernel of the
dual to d operator.

Given a Riemannian manifold (M, g), the divergence operator § : C*(S™1y,) —
C>(S™~1r},) is defined in local coordinates by (du)i, i, , = ¢*Viwji, i .. The op-
erators d and —d are dual to each other with respect to the L2-product

(u,0)12 = [ (u(@), v(@)) V" () (1.6)

M

on the space L2(S™75,) = H°(S™7},). Here dV™(z) = [det(gi;)]*/?|dzt A ... A da"| is the
Riemannian volume form and (u,v) = g ... g"mImy,; . ©; ; is the pointwise scalar
product of tensors. A field f € HF(S™r;,) (k > 0) is said to be a solenoidal field
if 0f = 0. The space of solenoidal fields is the orthogonal complement of the space
Pk(S™7%,) of potential fields with respect to the L2-product. For f € L?(S™r},), df and
0 f are understood in the sense of distributions.

We can now state the main result of the present article.

Theorem 1.1 Let (M, g) be a simple Riemannian manifold. For any m > 0, if a tensor
field f € L*(S™7};) is solenoidal, 6f = 0, and is in the kernel of the ray transform,
If =0, then f is smooth, i.e., f € C®(S™17,).

We remark that in the cases of m = 0 and m = 1 the statement is trivial because
(1.5) is known to be equality in these cases, see [8]. So, the first nontrivial case is m = 2.
In the latter case, the theorem was recently proved in [1] and [11]. The analytical part of
our proof follows these articles with some improvements. The algebraic part of the proof
is much more complicated in the case of an arbitrary m.

Any tensor field f € H*(S™7},), k > 0, on a compact Riemannian manifold can be
uniquely represented in the form

f=f+dv, 6f=0, v|on =0

with f € H*(S™73,) and v € H*(S™ '7%,). See Theorem 3.3.2 of [7] where the state-
ment is proved for £ > 1. The same proof with minor modifications works in the case of

k = 0. The fields f and dv are called respectively solenoidal and potential parts of the
field f.



Corollary 1.2 Let (M, g) be a simple Riemannian manifold. For any m > 0, the wave
front set of the solenoidal part f of a tensor field f € L*(S™13;) can be uniquely recovered
from the ray transform I f.

By the wave front set of a symmetric tensor field f, we mean the wave front set of the
function F(z,&) = fi,.i, (2)€7 ... &™ on the manifold TM. So, the wave front set is a
closed conic subset of T*(T'M) \ {0}. Equivalently, in local coordinates, this means the
family of wave front sets of all coordinates of f. Indeed, let f; and f; be two tensor fields
such that Ify = Ifs. Let f1 and fy be the solenoidal parts of f; and J2 respectively. By
Theorem 1.1, f; — f; is a smooth tensor field. This means that WE(f;) = WF(f,). 1
Section 3, we will give an effective procedure of recovering W F( f |v\om)-

The article is organized as follows. In Section 2, we consider the dual I* of the ray
transform I, prove that I*I is a pseudodifferential operator of order —1, and calculate the
principal symbol of the operator. In Section 3, we construct a parametrix for I*I on the
space of solenoidal tensor fields. Our construction of the parametrix has many features
in common with that of [11] but is done in more invariant terms. In Section 4, we recall
some known facts about the transmission condition which are presented in the form that
we need. In Section 5, we prove the interior regularity of a field f as in Theorem 1.1 and
reduce the question of the boundary regularity to proving ellipticity of some operator of
the form E — A on OM, where E is the identity. We calculate the principal symbol A
of A in Section 6. The rest of the article is of a pure algebraic nature. After developing
some tensor machinery in Section 7, we find invariant subspaces of the operator A in
Section 8. The question is thus reduced to checking nonsingularity of some matrices

— A® (0 < I < m) whose elements are expressed in terms of binomial coefficients.
Section 9 contains some preliminaries on binomial coefficients. Finally, in Section 10, we
calculate the spectrum of the matrix A® and prove that E — A® is a nonsingular matrix.

The statement of Theorem 10.1 on spectra of matrices A%® was found on the base
of many numerical experiments with these matrices. The authors are grateful to Yuri
Krivtsov for his help with the numerical calculations.

2 Symbol of I*]

Given a Riemannian manifold (M, g), we denote by T, M the tangent space at © € M,
and by T M, the dual space. The metric g defines the canonical isomorphism between
T,M and TM which is expressed in coordinates by the well-known rule of raising and
lowering indices of a vector: & = ¢;;&/ and & = ¢"¢;. The same rule applies to tensors.
Let S™7}; be the complex vector bundle of covariant symmetric tensors of rank m over M.
The fiber of the bundle over a point z € M is denoted by S™ (7T M). The scalar product
on S™(T:M) is defined in coordinates by (u,v) = uv; - the result is independent
of the choice of coordinates. The symmetric product uv = o(u ® v), where o is the
symmetrization, turns @&5°_,S™ (T M) into a commutative graded algebra. For £ € T M,
we denote by i¢ : S™(TFM ) — S™HY(T*M) the operator of symmetric multiplication by
¢ and by je : S™(TiM) — S™ (T M), the dual of .

For an n-dimensional Riemannian manifold (M, ¢) and a point x € M, by Q,M =
{¢ € T,M | |[€* = gij(x)€'¢? = 1} we denote the unit sphere in the tangent space
T,M. The Riemannian scalar product on T, M induces the volume form on €2, M which
is denoted by dw,(£). We introduce the volume form dX**~! on the manifold QM by



d¥?" Nz, &) = |dw,(§) A dV™(x)|, where dV™ is the Riemannian volume form on M. By
the well known Liouville theorem, the form d¥?"~! is preserved by the geodesic flow. The
corresponding volume form on the boundary 0QM = {(z,{) € QM | z € OM} is given
by d¥?""? = |dw, (&) A dV™ |, where dV™! is the volume form of OM.

Let (M,g) be a convex non-trapping Riemannian manifold. Introduce the space
L*(0,.QM) by

(o) oy = [ (& v(@)ple b, & dE (. ¢).
0+ QM
As has been mentioned in Section 1, the ray transform
I:L*(S™r5,) — L*(0,QM)

is a bounded operator. Now, we calculate its adjoint I*.
For f € L?(S™7};) and ¢ € L?(0,.QM),

(L. 0) o = [ (& V(@) Lf (e, () AT (e, ) =

aLQM

= [ e / Firion g O i2e(t) - A0 | P, §) a2 2(w,6). (2.1)

o, QM 7 (2.6)

Introduce the domain
G = {<w7£7t> ’ (xa’f) < aJrQMa 7-*<:U7£) st< 0} - 8+QM xR
and map
NiG = QM A &t) = (), Fee (1),

It is a diffeomorphism at least in the interior of G. It can be easily checked using Liouville’s
theorem that
N (dX?Y) = (€, v)dt A dXP2,

Changing variables with the help of A and using the latter equality, we transform (2.1) to
the following;:

([f w L2(8,. QM) /le zm ---fimw(%g(ﬂ(l}f))a%,&(ﬂr(maf)))dz%fl(iﬁ,f)-

If we denote by ¥ the extension of the function ¢ from 9, QM to QM such that the
function 1 is constant on every orbit of the geodesic flow, then

Y(2,€) = Y(Vae(T4(2, ), Yoe(T4(2,€))), and the previous formula can be written as
follows:

(ffaw)L%amM)Z/fn...im(l") /é“il---fi”@(w,&)dwx(f) AV (x) = (f, T"P) 12(smez,),s
M QM

where

()it (1) = / €1 gma(a, €) dwy (€). (2.2)

Qu M



Now, we calculate the composition I*1.

(L @) = [ €€ T (w,€) dun(€)
Q.M

T+ (2,8)
= [ [ g a0 L) dt den(€)
QM (2,6
T4 (2,8) ‘ A
= [ [ ) A di ()
Qo M 0

0
[ e [ Fsn Qe )A2(8) AT dE dusa(©)

QxM T— (:Cvé-)

Two integrals on the right-hand side coincide as is easily seen using the change ¢t =
—s, & = —n. Therefore

7+ (2,€)
Erprine =2 [ &g [ e ®) D). O dda o). (23)
QM 0

We change integration variables in (2.3) as follows. For a fixed point x € M, we
consider (¢,t) as polar coordinates in T, M and put v = t£. Then dv = |v|"~! |dt Adw,(w)]
and Y, ¢(t) = Jig v/ |v], where dv is the volume form on T, M and Jg, , : T.M —
Texp, oM is the parallel transport along the geodesic t +— exp,tv. After the change of
variables, (2.3) takes the form

im

* 1.0.bm vil ..U x j T im
([ If) ' (ZE) =2 / ijlmjm (eXpmv)(‘]expva)Jl Ce (‘]exvavy dv. (24)
T:M

The integration is taken over such v € T, M that exp,v is defined. We make below the
convention that an integrand depending on exp, v is assumed to be zero for the v such
that exp,v is not defined. With this agreement in mind, we can assume the integration
to be taken over whole of T, M in (2.4) and similar integrals below.

The parallel transport is defined on tensors as well as on vectors and agrees with the
inner product, i.e.,

fjl---jm(exva)(‘]exxpzvv)jl tt (Jemxpzvv)jm = (J;XPIUf(eXme))jlmjm Ujl e Ujm'
Therefore (2.4) can be rewritten as follows:

pimydt | pim

* 1.0.%m _ Uil t exp.,.v
(FLfyeim(e) =2 | S U (e, e (25)
ToM

We define the Fourier transform on 7, M as the linear operator F' : S'(T, M) —
S'(TM) on the space of temporary distributions. Introduce the notation

L _ i otmedt | gdm vi L utmedt | dm
21...9mJ1..-J _ —
AtmItdm (g £) = 28, [ [p[n+2m=1 ] =2F, ¢ [ |v[rt2m=1
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The latter equality holds because F is applied to an even function. By the inversion
formula for the Fourier transform,

vi L utmedt L dm -~ . L
Y = () [ Oy e ) de
T M

We substitute the latter expression into (2.5)

(I*If)zlzm (.CE) _ (27r)_n / / 6—i(v,§>)\i1...imj1...jm ($’ 5) (Jixplvf(exva))jl...jm df dv.
ToM T;M
By formulas (2.11.4)—(2.11.5) and Lemma 2.11.1 of [7],

720 (—m + 1/2) o*mg)Pm-t B
22m=2T(m +n/2 — 1/2) 0&;, ... 0&,, 0, ... 0&;,,

)\i1.-.imj1-~-jm(x’§) — (_1)m
m (2m = D2 A 2T (—m 4+ 1/2)
= (-1) 22m=2"(m +n/2 — 1/2) ) ’

where €7 (€) = ¢ — ¢ /|€)? and €™ (€) is the m-th symmetric power of the tensor £(€).
We have thus proved

Theorem 2.1 Let (M, g) be a CNTM of dimension n. The operator
I'1 . C>®(S™ry) — C=(S™1y;)
s given by the formula

(1)) = @0 [ [ e 0N (S flexp,0))dedv,  (26)
Ty M T3 M
where JyP=t o ST, M) — S™(T; M) is the parallel transport of tensors along the
geodesic t — exp,tv, the linear operator X\(x,&) : S™(TiM) — S™(T M) is defined in
coordinates by the formula (M@, &) )iy im = Niy v jroon (T ) f71Im with

o (2m — D220 (—m 4+ 1/2)

S iy v (RO 1)

Az, &) = (=1)

and €;;(&) = gi; — &&5 /1€

Remark. Our proof of Theorem 2.1 is a modification of arguments of Section 2.11 of
[7]. The main result of the section, formula (2.11.6), is equivalent to Theorem 2.1 in the
case of the standard Euclidean metric on R™. The operator I* is denoted by p™ in [7].

Theorem 2.1 suggests that I*I is a pseudodifferential operator of order —1. But
there are two main difficulties in considering I*I as a pseudodifferential operator. First,
pseudodifferential operators are traditionally defined on manifolds with no boundary; the
theory of such operators on manifolds with boundary has several additional features and
complications. Pseudodifferential operators satisfying the transmission condition is one
example of such a theory (see for instance chapter 5 of [2]). In fact I*I belongs to this
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latter class but we will not use this here. We will overcome this difficulty by embedding
our compact manifold M into a larger open (= noncompact with no boundary) manifold
M and considering all operators on M. The second more essential difficulty has to do
with conjugate points of the metric, i.e., critical points of the exponential map exp, which
appears in (2.6). In the presence of such points, the singular support of I*I f can be larger
than that of f; so I*I is not a pseudodifferential operator. We avoid the latter difficulty
by assuming ¢ to be a simple metric.

Let (M,g) be an open Riemannian manifold. It is said to be an open simple Rie-
mannian manifold if there exists a compact simple Riemannian manifold (M’, ¢') such
that M is the interior of M’, i.e., M = M’ \ OM’, and g = ¢'| ;. For such a snnple open
manifold (M ,g), we define the ray transform as the operator

I:C(S™Tyy) — C(0.0M).

Any compact simple Riemannian manifold (M, g) can be embedded into an open simple
Riemannian manifold (M, g) of the same dimension.

Corollary 2.2 For an open simple Riemannian manifold (M, g) and for any integer m >
0, the operator

I"I: Ce(S™ry) — C=(S™1y)
is the pseudodifferential operator of order —1 with the principal symbol \(x,§) defined by

(2.7).

Corollary 2.2 follows from Theorem 2.1 using the arguments presented in Section 3 of
[9], see the discussion of the relation between Wy, (X, V) and W™ (X) before Lemma 3.1
of the latter article. Actually, Theorem 2.1 implies the following stronger statement. In
terms of [9], A(z, &) is the full geometric symbol of the operator I*I. In particular, I*] is

h
a pseudodifferential operator with constant coefficients because VA(z, &) = 0.
Formula (2.7) implies the following important properties of the symbol A:

Aw,&)ie =0, jeA(,) = 0. (2.8)

3 Parametrix construction

In this section, M is a simple compact Riemannian manifold which is assumed to be
a compact subset of a larger open simple Riemannian manifold M. All operators are
considered on M. We denote the principal symbol of a pseudodifferential operator A of
order m by o,,(A). From the definitions of d and J, we have o1(d) = tig, 01(0) = iJe,
where 7 is the imaginary unit. Recall that dd is an elliptic operator, i.e., 03(dd) = —jeie
S™(T*M) — S™(T*M) is an isomorphism for any & # 0; see Lemma 3.3.3 of [7]. The
principal symbol A(z, &) = o_;(I*I) of the operator I*I will be, for the most part, denoted
by A(§) because its dependence on z is not relevant for us.

Theorem 3.1 Let S be a parametrix of the operator dd. There exists a pseudodifferential
operator P of order 1 on the bundle S™Ty, such that

E=PI"I +dSs + R, (3.1)

where E is the identity operator and R is a smoothing operator.
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The operator S is uniquely determined by formula (3.1), i.e., the following statement
is valid: if an operator S satisfies (3.1) for some P, then S is a parametrix for dd. Indeed,

assume (3.1) to be valid. Choose v € C§°(S™"'7%,) and apply (3.1) to the field dv

dv = PI"Idv + dSddv + Rdv.

Since Idv = 0, this gives dSdédv = dv — Rdv. Applying the operator § to the latter
equality, we obtain ddSdd = dd — 0 Rd. This implies that S is a parametrix for dd.

The arguments of the previous paragraph show that I*Id = 0. So, the operator I*[ is
not elliptic and has no parametrix in the case of m > 0. Nevertheless, PI*"If = f — Rf
for any solenoidal field f. Therefore we call the operator P the parametriz of I*I on the
space of solenoidal fields.

We will first reduce the theorem to the following weaker statement.

Lemma 3.2 There exist pseudodifferential operators P, and B of orders 1 and —1 re-

spectively such that
E=PI'I+dSé+ B. (3.2)

Proof of Theorem 3.1. Assume Lemma 3.2 to be valid. We multiply (3.2) by d
from the right and then use that S is a parametrix of dd and I*Id = 0. We obtain

Bd =R, (3.3)

with a smoothing operator R;.
C = >2,B" is a well defined pseudodifferential operator of order 0 and it is a
parametrix for £ — B. Rewrite (3.2) as

PI'lI+dSé=F—-B

and compose on the left the latter equality with C'
CPI*I+dS6+ > B*dS6 = C(E— B)=E+ R,
k=1

with a smoothing Rs. By (3.3), the last sum on the left-hand side is a smoothing operator.
We have thus obtained (3.1) with P = C'P;.

Proof of Lemma 3.2. First of all we observe that the statement is of a pure algebraic
nature. Let p(§) = o1(P;) be the principal symbol of the operator P, we are looking for.
Equation (3.2) is equivalent to the following one:

E = p()NE) + ie(jeie) e

So, we have to find an operator p(€) : S™(T*M) — S™(T:* M) such that

f=pONEVS +ie(feic) " Je f (3.4)
for any f € Sm(T;M) and for any 0 # £ € T;M. The point = € M is fixed in the proof.

Since i¢ and je are dual to each other, any tensor f € S™(T M) can be uniquely
represented in the form

f=F+icv, jef =0
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with f € S™(T*M) and v € S™ 1(T*M). Substituting the expression into (3.4), we have

F4iev = p(ONE)(f + igv) + ie(jeie) " je(f + iev).

Since A(€)ig = 0, the latter formula is equivalent to

f=pEAE)/S.

In other words, the operator p(§)A(&), restricted to the space

ST M) = {f € S™(T; M) | jef =0},

must be the identity.
By (2.8), A(€) maps S™(T*M) to S (TrM [). Therefore the existence of an operator
p(§) satisfying (3.4) is equivalent to the statement: the operator

ME) ST M) — S (T M)

is an isomorphism for any & # 0. The latter statement is proved in Theorem 2.12.1 of
[7]. It does not matter that the case of Euclidean space is considered there because, for a
fixed point = € M, we can identify 17 *M with R™ with the help of an orthonormal basis.
The lemma is proved.

In Theorem 2.12.1 of [7], the following explicit formula for p(§) is obtained:

m/2)
= [¢] Z (k. m,n)ig jy, (3.5)

where j, is the contraction with the metric tensor g, i. is the symmetric multiplication
by the tensor € = (g,;(£)), n = dim M, and the coefficients are expressed by

T(n/2—1/2)  (n+2m— 2k —3)!!
o /m(n — 3)IT(n/2)  26k!(m — 2k)!

Observe that our proof of Theorem 3.1 gives an explicit procedure for constructing the
parametrix P as in (3.1). Indeed, we first construct the operator P; with the principal
symbol p(§) defined by (3.5)—(3.6). Then we define the operator B by formula (3.2) and
construct C' = Y32, B*. Finally, we set P = CP;.

Multiplying equation (3.1) by ¢ from the left, we obtain

c(k,m,n) = (—1) (3.6)

OPI"I = Ry

with a smoothing operator R;. This means that the tensor field PI*If is solenoidal, up
to a smooth field, for any f. Let f be the solenoidal part of f € L?(S™r},). Later, in
Section 5, we will show that the difference PI*If — f is smooth on M \ OM. This gives
the explicit formula for reconstructing the wave front set

F(flanom) = WE(PI'Iflanon).
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4 Tensor field-distributions
and the transmission condition

Let (M, g) be an open Riemannian manifold. By D(S™7;,) we denote the space C5°(S™r}))
endowed with the corresponding topology, and by D’'(S™7;,) we denote the dual space.
Elements of D(S™7};) are called test tensor fields while elements of D'(S™7j;) are called
(symmetric covariant) tensor field-distributions of rank m. The value of a functional
f € D'(S™r};) on a test field u € D(S™7};) is denoted by (f |u). The notations D(S°7%,)
and D'(S%7};) will be abbreviated to D(M) and D’(M) respectively. The embedding
C>*(S™1y;) C D'(S™1;) is defined by

(flu)= [(rayav"  (ueD(s™ri))), (4.1

M

where dV™ is the Riemannian volume form. For f € D'(S™7};) and u € C*(S™7};), the
dot product (f,u) € D'(M) is well defined.

If (z',...,2") is a local coordinate system with the domain U C M, then the coor-
dinates f;, i, € D'(U) are defined for f € D'(S™7};). Formula (4.1) can be written in
coordinates as follows:

(f|u)y = /fil._.l-mu““"'m\/ﬁdxl .odz” (u € D(S™1y), suppu € U),
U

where g = det (g;5).

Let I' be a smooth hypersurface in M which is considered as an (n — 1)-dimensional
Riemannian manifold with the metric induced from M, and S™7};|r be the restriction of
the bundle S™7;, to I'. Define the operator

D'(S™1ylr) = D(S™7y),  fre f®dr

by the formula
(f@delu) = [(faav  (ueD(s" ),

r

where dV"~! is the Riemannian volume form of I'. In semigeodesic coordinates (such that
|z"™| coincides with the distance from z to I') this operator looks as follows:

(f @ )iy i = firin (@' 2" D) p(2™),

where d, stands for the Dirac delta function.

We will use the transmission condition in the following weak form, compare with
Section 2 of Chapter 5 of [2]. A classical pseudodifferential operator A of order m is said

—o0
to satisfy the transmission condition if, in the asymptotic expansion o(A) ~ Y a;j(z,§)
j=m

of the full symbol, each term a;(z, &) is a rational function of £ which is homogeneous of
degree j.

The following two lemmas coincide, up to nonrelevant details, with Theorems 2.2 and
2.4 of Chapter 5 of [2].

12



Lemma 4.1 Let 2 C M be an open reqular domain bounded by a smooth hypersurface
['=0Q, and let A : C3°(S™1r,) — C®(S™77,) be a classical pseudodifferential operator
on the bundle S5, satisfying the transmission condition. If a compactly supported field-
distribution u € D'(S™7y;) satisfies u|q = 0, then (Au)|q has restrictions of all orders to
r.

The latter statement should be supplemented with the following definition. In the
setting of the lemma, a distribution v € D'(Q) has restrictions of order k to I' if the
restriction v|y; to the domain U C Q of any semigeodesic coordinate system (x!,... z")
with 2" = dist(x,T) is a C*-function of ™ > 0 with values in the space of distributions
of variables (z!,... x"™1).

Lemma 4.2 (Boundary regularity of a surface potential). Let 2 C M be an open reqular
domain bounded by a smooth hypersurface I' = 02, and let A : C§°(S™1r,) — C(S™75/)
be a classical pseudodifferential operator of order u satisfying the transmission condition.
Then

1. The operator K defined by K f = [A(f ® or)]|q is continuous from C§*(S™7|r) to
C*(S™13/la)-

2. The operator

C: C(S™yr) — C(S™1a/Ir), Cf=(Kf)lr

is the pseudodifferential operator of order p+1 on T'.

5 Regularity of nontrivial ghosts

In this section M is again a simple compact Riemannian manifold with boundary embed-

ded into a simple open Riemannian manifold M. The interior ]\04 = M\ OM of M is the

open regular domain in M bounded by the smooth compact hypersurface 9 M = 0M C M.
First of all we prove smoothness of a ghost in ]\04 )

Theorem 5.1 Let f € L*(S™7},) satisfy [f =0 and 6f = 0. Then f is C*°-smooth in
]\04 and f|]‘o4 has restrictions of all orders to OM .

Proof. Extend f by zero to M \ M and denote the extension by f°. Then at least
fo e L*(S™7%,). The extension is still in the kernel of the ray transform, I f° = 0, where

I is now the ray transform on M. Apply Theorem 3.1 to f°
fo=dS6f°+ Rf°. (5.1)

& f° is the tensor field-distribution on M supported on M. Therefore the restriction

of the first term on the right-hand side of (5.1) to M is smooth. The second term is
smooth on the whole of M. Now (5.1) implies smoothness of folj\} =f |1\°4 This proves

the first statement of the theorem.
The operator dS satisfies the transmission condition. By the hypothesis of the theorem,
(§f°)|]\o4 = ((5f)|]\o4 = 0. Applying Lemma 4.1, we see that (defO)]]\} has restrictions of

any order to dM. By (5.1), the same is true for f|]\04 The theorem is proved.

13



To finish the proof of Theorem 1.1, it remains to prove smoothness of the trace
tr|oarf = floamr. To this end we first calculate 6 f°.

Lemma 5.2 Let f € L2(S™73%,) satisfy [f =0 and 6f = 0, and let f° be the extension
of f to M as zero outside M. Then

0f° = juflom ® dom, (5.2)

where v is the unite inner normal to the boundary.

Proof. By Theorem 5.1, the trace f|gas is a well defined tensor field-distribution on
OM. For a test field u € D(S™'77),

(67 Ju) = =(f° | du) = = [ (f.du) V™

M

By Green’s formula (see Theorem 3.3.1 of [7]),

Jsday + of.andv = - [ Gof.adve
oM

M

Since df = 0, then the last two equations give

GF 1wy = [ G @AV = Gifloas & donr ).

oM
The lemma is proved.

Remark. The hypothesis I f = 0 of Lemma 5.2 can be replaced with f € H'(S™75,).
The trace flon € L*(S™73;|oar) is well defined under the latter hypothesis, and the rest
of the proof is the same.

Proof of Theorem 1.1. Let f € L2(S™73,) satisfy 6f = 0 and If = 0, and f° be the
extension of f to M, as zero outside M. Substituting the value (5.2) for 6 f° into (5.1),
we obtain

fo=dS(juflomr ® dons) + Rf°. (5.3)

By tr |gas we mean below the limit value from the inner part of M. We apply the operator
Jutr [oar to (5.3)

Juflone = Jutt lanedS (G flons @ donr) + Jutr o Rf°.
We rewrite this equality in the form
juf|6M = A(]Vf|8M) + jutr |8MRfo7

where the operator

A C°(S™ 5 o) — C(S™ i o)

is defined by
Au :j,,tr|aMdS(u®5aM). (54)
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By Lemma 4.2, A is a pseudodifferential operator of order 0 on M. We have thus proved
that the field h = j, f|on satisfies the equation

(E— A)h = jytr o Rf°

with a smooth right-hand side, where F is the identity operator. The ellipticity of £ — A
would imply the smoothness of h = j, f|sas. If this is the case, using equation (5.3) and
Lemma 4.2, we would then prove smoothness of the field f°|on = flon-

Thus, Theorem 1.1 is reduced to the following

Lemma 5.3 The operator
E—A:C®(S™rylom) — C(S™7ylonm)
is elliptic for any integer m > 0. Here E is the identity and A is defined by (5.4).

The following statement is the basis for the wave front set reconstruction procedure
that has been discussed in Section 3.

Theorem 5.4 Let P be the operator constructed in Theorem 3.1. For f € L*(S™1},), if
f=Ff+dv, 6f=0, v|opy=0

is the decomposition into solenoidal and potential parts, then the field P[*If—f 18 smooth
m M.

Proof. Extend f, f,v by zero to M \ M and denote the extensions by feo, fo,0°
respectively. Then [f° = If and the difference h = f° — f° — dv° is a tensor field-
distribution supported in M. Apply Theorem 3.1 to f°

fe=PI"If+dSof°+ Rf°.
Substitute the expression f° = f° + dv°® + h into this equation
fo4+dv° +h=PI'If +dS6(f° + dv° + h) + Rf°.

Since dSddv® coincides with dv°® up to a smooth field, the latter equation is simplified to
the following one: ) 3
fe—=PI'If=dS6f° — h+ dS6h + Ry f°,

where R; is a smoothing operator. Take the restriction of the latter equation to ]\04 .
Restrictions of all terms on the right-hand side are smooth. So we have obtained that
(f°— PI*If)|Ao4 =(f— PI*If)|]\o4 is a smooth field. The theorem is proved.

The rest of the article is devoted to the proof of Lemma 5.3.
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6 Symbol of the operator A

Here we calculate the principal symbol A = 0¢(.A) of the operator A. Choose a semigeo-

desic coordinate system (z!,...,2") in a neighborhood U C M of a point zo € M such
that |2"| = dist(z,0M) and 2" > 0 in UN M. In such coordinates
Af =, Jim dS(f © doa"). (6.1)

where v is the inner unit normal to OM and ¢ is the Dirac delta function.
Let b(x,&) = o(dS) be the full symbol of dS in the chosen coordinates, and b_; =
o_1(dS) be its principal symbol. Since S is a parametrix of dd,

m—+1 Z?]?
0 5(S) = —(Jeig) " = — Z (k n 1) RSk

where (7,'::11 is the binomial coefficient. The last equality is written using Lemma 7.6

that will be proved later. From the latter formula,
m m + 1 Zk‘+1j
boy=—iy (—1)F § -8 6.2
1 Z];)( ) <k+1>|€|2k+2 ( )

Let f € C§°(S™75|an) be supported in U NAM. By the definition of a pseudodifferential
operator

AS(f @ do)(@) = (2m) ™" [ o Ob(r,€)f @ dolE) de.

In what follows we use the notation { = (£',&,) with &' = (&, ..., &,-1). Since f@&o(f) =
(&), the previous formula can be rewritten as follows:

AS(f © 8)(@) = (2m)' ™" [ &) (;ﬂ [ e dfn) fieae.

—00

This means that the symbol b of the operator f — [dS(f ® do(2™))]|,,, 15 given by

oo

b, €)= Jim o [ 6 de, (6.3)

Let A be the principal symbol of A. Formulas (6.1)—(6.3) imply that

k+1

A(E) =3, Y _(-1) (k + 1) zgl_rﬂo 27”'700 € wzmz dg” (6-4)

k=0

We are going to evaluate the integral in (6.4) by the method of residues. To this end
we consider f(&,) = it jE/|€|*T? as a function of the complex argument &,. It is the
meromorphic functlon in the half-plane Im &, > 0 with the unique pole at &, = i|{’| of
order k + 1. By the Jordan lemma,

1 ¥ e, lg+1‘75 N lg+1j£
2m’_/ € REEE dén, = Res < n‘§| 2k+2 )
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for 2" > 0. We use the following rule for evaluating residues: if f(2) = p(2)/(¢(2))* 1,
where ¢(z) and 1(z) are holomorphic functions in a neighborhood of zy with ¥ (zy) = 0
and ¢'(z9) # 0, then
1 (k)
Res l SO(Z)k 1] 1 oW(z)
(W),

k(Y (20) )
Applying this rule, we obtain from (6.5)

1 / e & JE e 1 d (ea"enib 18] '
2 |E[2E2 5 kI(24] ¢ |)RH dek & I8 g —ije
This implies
o0 k+1 -k
1 Je 1 d*

1. i / 1 Ep § n = . .
Ao ) ¢ e % kxmmqw+ugg(% jfﬂ@:mq

Substituting this value into (6.4), we obtain the final formula for the principal symbol A
of the operator A

NN (D) m+1 1 d* /o
a6y =5 S (0 e @0 (6.6

Formula (6.6) has a pure algebraic character. Indeed, since i = i + &,4, and je =
Jer + &nJu, the product i’g“ jf is a polynomial of degree 2k + 1 in &, with operator-valued

coefficients.

7 Decomposition of a tensor

The rest of the paper is of a pure algebraic nature. We will analyze the operator (6.6) at
a point x € M which is fixed from now on so that we will omit all the dependence on z.
Our goal is to prove that

E— A€) : S™(T*M) — S™T* M) (7.1)

is an isomorphism for any covector 0 # ¢ € T*M which is orthogonal to the vector v. We
denote V = T, M and identify V' with its dual V* using the Riemannian scalar product.
Thus, V' is an n-dimensional real vector space endowed with a scalar product (-, -) and the
corresponding norm | - |. A unit vector v € V is distinguished which is the inner normal
to the boundary. Let S™ = S™(V') be the space of complex symmetric m-tensors on V.

In this section we will establish some commutator formulas for the operators involved
in (6.6), and will return to analyzing operator (6.6) in the next section.

Lemma 7.1 Given two vectors u,v € V, the formula

min(k,m m l
Juiy = fj) W(

hoppri=kp (7.2)
p=max(0,k—1) ( k )

u,v)

s valid on S™ for k <m+ 1.
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For k£ = 1 we obtain

Corollary 7.2 For two vectors u,v € V', the formula

. l g moo .
]uli) = m +Z<U,U>'&£) ! + T%]u

is valid on S™ if m+1 > 0.
Corollary 7.3 If (u,v) = 0, then the formula
0 for k>m,

Julo = () 4.
(Sn’j)l) iLi® for k<m
k

holds on S™ if k < m +1.
Corollary 7.4 If j,f =0 for f € S™, then

0 for k>1I,
Juinf =1 ()
(€

Sketch of the proof of Lemma 7.1. In the case of £ = [ = 1 formula (7.2) looks
as follows: (. v)

.. u,v m.

Jute = T B i, (7.3)
where FE is the identity operator. The latter formula is proved by a straightforward
calculation in coordinates. For u = v, this calculation is presented at the end of Section
3.3 of [7]. Starting with (7.3), one easily proves (7.2) for £ = 1 by induction on I, and
then proves (7.2) by induction on k in the general case.

(u, VY¥il7kF for k<.

Lemma 7.5 Let u and v be two nonzero vectors in 'V which are orthogonal to each other,
(u,v)y = 0. Any tensor f € S™ can be uniquely represented in the form

f= > wiifrs (7.4)
r+s<m
where f.s € S™TT7% satisfies
jufrs = jvfrs = 0. (75)

The summands of (7.4) are orthogonal to each other. In other words, we have the orthog-
onal decomposition
= P S(u,v)

r4+s<m

where S (u,v) is the subspace of S™ consisting of tensors f that can be represented in
the form f =1i,1;g with some g € S™ "% satisfying jug = jung = 0.
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Proof. We first prove uniqueness of the representation (7.4). Fix some 79, sg and
apply the operator j0j to (7.4)
33 = D B0 iy frs (7.6)
r+s<m

Let us recall that the operators i, and i, commute for any u and v, as well as j, and

Ju» commute.
In the expression 3707504, f.s from (7.6), we first transpose the operators j5° and i,
m—S
")

Since (u,v) = 0, Corollary 7.3 gives

Now, we transpose the factors j7° and ¢; in the expression j;°i’ f,.s using Lemma 7.1

jZO (JSOZZ)ZifTS = JZOiZjioiifrs- (7~7)

min(sg,m—r—s)

(so) ( m—r—sg )

£50 78 _ p) \m—r—s—p L pts—sg -

]vOZUfTS - Z —r |v|2(30 p)Zg Ojgfrs-
p=max(0,50—s) ( s )

If sg > s, then the summation is over the positive values of p, and all summands on the
right-hand side are equal to zero by (7.5). If so < s, then the right-hand side contains
one nonzero summand corresponding to p = 0. We have thus obtained

0 if so> s,

jsoisf — m—r—s
v “vJTS <’<"")é('))|vl2soif,sofrs if So S S.

m—r
S

We substitute the latter expression into (7.7) to obtain

0 if sp>s,
o s0T s £
Ju I Zuzvfrs = (m_so)(m._j_so) e .
Tm mi'r‘so |U|280]17/:07’27’f}780f1"5 lf 80 S S.
(1))
Now, we transpose the factors j° and 4, in the expression j,°i; "% f.;. By Lemma
7.1,

(7.8)

min(ro,m—r—=sg) (m*T*SO>( 7‘_)
(Jate )iy frs = > T T g S
p=max(0,ro—r) ( 0 0)
By Corollary 7.3, the operators j? and i~*° commute up to a scalar factor. Together with
(7.5), this implies that jPi5~% f.. = 0 for p > 0. Therefore there can be only one nonzero
summand corresponding to p = 0 in the latter sum. We have thus obtained

0 if rg>r,
J'Zoizif;_so frs = ( " )

-0
D)
We substitute the latter value into (7.8) to obtain, after the cancellation of factorials in
the binomial coefficients,

|u|?rogr=rogs=so f i g <7

2S0 T 08

-ro
.]’U, jU Z’U,Z’L) |

rolso!(m—ro—so)! (7 2r 2807 —T0;5—S5 :
e |ul?ro|y|?sogr=rogs=so f o if g <, so < s.

0 if ro>r or sy>s,
frs -
m!
(7.9)

s
50
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We substitute the latter expression into (7.6)

Lso!(m—ro—s0)! r\ (s
S = et (T (2 iy,
m:

r+s<m
r270,5250

In the latter sum, we distinguish the summand corresponding to (r,s) = (rg, o) and
obtain the recurrent formula

m! ro S r S\ g rs—s
fTOSOZ juojvof_ Z ( >< >Zu OZU OfTS

ro!s0!(m—ro—s0)!|u|?70 |v|2%0 To So

ro+so<r+s<m
r2>10,8250

which determines uniquely all tensors f,.

Let us show that the summands of the decomposition (7.4) are orthogonal to each
other. Let (r,s) # (70, so) and let, for example o > r. Then

<Z TS?ZZOZ'UOf?”()S()> <ju jio :L f)f’l“S? fT050>

By (7.9), the right-hand side of the latter formula is zero.

Finally, we prove the existence of representation (7.4). Let us complete the pair (u, v)
to form an orthogonal basis (e, e9,€3,...,€,) = (u,v,es3,...,e,) of the space V. Any
tensor f € S™(V') can be represented in the form

[= Z Ja€® = Z foaran€lt . ..enn

lal=m lal=m

with some coefficients fa € C. This can be rewritten as follows:

f = Z u v Z f%%_nanegﬁ .. 6%” = Z izif)frsa

r+s<m asz+...+ap=m—r—s r+s<m

where

- f as a
frs - Z f?“socg...an €3” ... en”,
a3+...+an:m77-75

Obviously, j.frs = Jofrs = 0.

Lemma 7.6 For a nonzero vector § € V', the operator jeig : S™ — S™ is the isomorphism
whose inverse is given by the formula

y u + 1Y igje
0™ = g 20 (11 e

Proof. By Corollary 7.2,

€J*

E
m+1 +m+1

Jete =

where E is the identity. The operator i¢j¢ is a nonnegative symmetric operator because
it is the product of two operators that are dual to each other. Therefore the operator
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on the right-hand side of the latter formula is a positive symmetric operator, so it is an
isomorphism.
To prove the second statement we have just to check that the operator

. 'k ok m k+1
Jele gy [+ 1 e w1 deie e
= —1 7.10

k=0

coincides with the identity operator. To this end we transpose the factors je and zk“ on

the right-hand side of the latter equality using Corollary 7.2

k+1 —k
(J&ZSH)J? |5|2 te] 5 + o 1Z§+1]§+1

We substitute the latter expression into (7.10)
57,5 Z m—+1 Zg]g _
€1 = k41 [¢]*
_i”: ck+1 [(m+1 i§j£+2( 1)km k{im+1 k+1]§:+1
! m—|—1 k+1) 2 m+1\k+1) [g+2°
The term corresponding to & = m in the second sum can be omitted since ]m+1 =0 on

S™. Changing the summation index k := k — 1 in the second sum and dlstlngulshing the
first term of the first sum, we obtain

Jelte m+ 1) i
€ 2= 0 () -
_E+; m(—l)k [(k+1)<7:+1> —(m—k+1)<m;1>] el

m+17 +1 ]2k

The coefficient in the brackets is equal to zero. We have thus concluded that

Jele m+1\ 1)
|s|2Z <k+1>|f|2k

The lemma is proved.

8 Invariant subspaces for the operator A

We return to considering operator (6.6). Recall that the operator is considered for vectors
0# ¢ €V =TrM which are orthogonal to a distinguished unit vector v € V.
By Lemma 7.5, there is the orthogonal decomposition S™ = @, ,<,,, Si%, where SI =

Sm(&' v) is the subspace of S™ consisting of tensors f which can be represented in the
form f =igijv with v € S™7"° satisfying jev = j,v = 0.

Theorem 8.1 For any 0 < [ < m, the subspace S|" = @, ,—; Sy of S™ is invariant
under the operator A('), so we have the orthogonal decomposition S™ = @[, S into
invariant subspaces. Any tensor f € S can be uniquely represented in the form

l
=i il (8.1)
j=0

21



with v; € S™7 satisfying jev; = j,v; = 0. The operator A(£') acts on the space S as
follows. If f € S]" is represented in form (8.1), then

!
A =i il (8.2)
=0
with 0; = Z a k)vk, where
) I ek ke
g = e (8.3)
and
SO (=P (s 1) (2p—t+ 1\ ™2 1\ (p+1
= 2 il > o ) (8.4)
p=max(0,t—1) p p g=max(0,—t) q q

The number ¢t is well defined for r > 0,s >0, and —r <t < s+ 1.

Corollary 8.2 Given an integer | > 0, define the (1+1) x (I +1)-matriz A = ( yk)); k=0

by
l
al) = i (8.5)

where ¢, are given by (8.4). Let ly < +oco be the minimum of such | that E — AW is q
singular matriz, where E is the unit matriz. Then the operator (7.1) is nondegenerate for
any m < ly and for all & # 0, and degenerate for any m > l.

Proof of Corollary. The operator £ — A(¢’) : S™ — S™ is degenerate if and only if
its restriction to S;" is degenerate for some [ < m. The latter happens if and only if the

System
!

> ( Jk—a]kvk—o 0<5<)
k=0

has a nontrivial solution (vo, .,v;). This is equivalent to degeneracy of the matrix
E — AW where A = (g jk).

Comparing (8.3) and (8. 5) we sce that the matrices £ — A® and E — A® are related
by the formula d;;, — a§l,§ = (05 — ayk)), where a; = (i|¢'|)77(j + 1) # 0. This means
that the matrix £ — A® is obtained from E — A® by multiplying every j-th row by

«; and multiplying every k-th column by (aj;)~'. So, these matrices are degenerate or
nondegenerate simultaneously.

Proof of Theorem 8.1. Fix nonnegative integers r, s, and m such that r +s < m.
Choose a tensor v € S™ "¢ satistying

Jev = jyv =10 (8.6)

and let f = igd;v. Our goal is to represent the tensor A(¢')f in the form (8.2) with
l=1r+s.
By (6.6), for f = ig,z'f,v

&)f = Z

k=0

m+1 1 ; dk k—i—l kT s
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Here & = & + &, s0 (6,€) = €2 and (€,v) = &,

First we transpose the factors jg and g in the expression i’g“ jé“ig,iﬁv. By Lemma 7.1,
min(k,m—r) (M—T r
N B ( p )(k—P) 112(k—p) ;p+tr—Fk :p s 8.8
(35 Zf’)zuv - Z m |€ | Zf/ jgzuv' ( . )
p=max(0,k—r) (k)

Next, we transpose the factors jf and 4;, in the expression z?’ ok jéisv. By Corollary 7.4,

0 if p>s,
p4r—k

s
Ter Jein)v = s B
e U (n(f)T) PiptT Ry i p <,

P

We substitute the latter expression into (8.8) and apply the operator i’g“ to the resultant
equation

min(k,s) S r
AR DS WK’W‘P)&Z@'? i, (8.9)
p=max(0,k—r) (k)

Here we have used the equality min(k, s, m —r) = min(k, s) that follows from r + s < m.
Since i¢ = i¢r + &ply, We have

. . . MU+ 1\,
Zngrl _ (Zgl + énzy)kJrl _ Z ( l )&ﬁ@? l+1zf/_

=0

We substitute the latter expression into (8.9) and differentiate the resultant equality

min(k, kil s r k+1
ik(z“f“j%tf@ = >l i BT oo |/ [PRmp) gprizplr=liljstl=p,,
&y £ e p=max(0,k—r) I=k—p (7,?) (p+1—k)! " ¢ Y

We set &, = i|¢’| here and apply the operator j, to the resultant formula

d" i
Jv d—gk(zg nggﬂiv)

gn:i‘g'
min(k, s T k+1

. (k:2) R (p) (kfp)( l ) PR (pr)lgl e pr—I+1 -s+1—p

= > > - ' i i Py, (8.10)
p=max(0,k—r) l=k—p (k) (p+i=k)!
Next, we transpose the factors j, and z";rr_lﬂ in the expression jyié’ﬁ_lﬂz’i“*pv. By
Corollary 7.3,
b=l s +l—p MAL=T" =D piri41 - oty

(Juig YisT Py = m——l—llg/ Juin P, (8.11)

Then, we transpose the factors j, and i57'~P on the right-hand side of (8.11). By Corollary
7.4,

ptr—l+1, . stl—p

. SHI—=D i1 sy
ng (]uZV )U: ZerT‘ + ,Sj+l p—1

/ 1 V.
m4l—r—pt
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Combining the latter formula with (8.11), we get

o=l stiop, s+l—p p+7“ I+ s+1—p—1

jV.E’ v m+1 6/ v v.

Substituting the latter value into (8.10), we obtain

Sn:i\£’|

Jy ——= e (zlg“jgzg,zsv)

min(k,s) k+1

_ Z Z (S)( ’ )(k+ ) PR (sH—p) (p+1)!¢/ | pr—‘,-r l+125+l p—1

3 v v
p=max(0,k—r) I=k—p (k) (m+1)(p+i—k)!

Finally, we substitute the latter expression into (8.7)

min(k,s) k+1 s T k+1\ (p+l pHl—1(g1 ] ril—p—1
R TR v e e N,
=0 2k+1(k41)
p=max(0,k—r) I=k—p
(8.12)
In order to simplify formula (8.12), we remind that the summation indices satisfy the
inequalities | > k —p, s > p, k > p which imply [ > p — s. Moreover, the term
corresponding to [ = p— s is equal to zero because of the presence of the factor (s+1—p).
Therefore we can assume that [ > p — s + 1, and formula (8.12) can be written in the

more precise form:

AlE)f =
e QT ey

ok +1 (k1) v

V.
k=0 p=max(0,k—r) l=max(p—s+1,k—p)

Next, we replace the summation index [ witht =p—1+1

oy 28 R ) o () () ) e

zg, 1, .
2k+1 (k1)

k=0 p=max(0,k—r) t=p—k

(8.13)
Since the term zgfrtzs ‘v in (8.13) is independent of the indices k and p, it is quite

natural to change the order of summations in (8.13) in such a way that the summation
over t would become the most exterior summation. Inequalitiest >p—kand p >k —1r
imply ¢ > —r. Thus, the limits for the exterior summation over ¢ are determined by the
inequalities —r < t < s. To determine the limits for £ and p when ¢ is fixed, we write
down the system of inequalities

0<p<k, k—r<p<s, p—k<t<2p—-Fk+1

which is equivalent to the system

1
0<p, k—r<p, §%+t—0§m p<s, p<k, p<k+t.

Therefore the limits of summation over k and p are determined by

0<k<m; max(0,k—r,(k+t—1)/2) <p<min(k,s, k+1).
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Implementing the change, we obtain

s

A(E ) (igazo) = Y &Gl i, (8.14)
t=—r
where
m min(k,s,k+t) (—1) s T k+1 2p—t+1
do=(s—t+1)> - 3 B0 (o) (7 ) (8.15)
ok+ k+1
k=0 p=max(0,k—r,(k+t—1)/2)

In particular, formula (8.14) proves the first statement of the theorem.

Next, we change the summation order in (8.15). The index p must satisfy inequalities
0 < p < s. Beside this, the inequalities 2p > k+t—1 and k > p imply p > t — 1. So, the
summation limits over p are determined by max(0,t — 1) < p < s. In which limits does k
vary for a fixed p? To answer the question we write down the system

0<k<m, k—r<p<k, (k+t—-1)/2<p<k+t
which is equivalent to the following one:
p<k, p—t<k; kE<r+p k<2p—t+1.
Thus, the summation limits over k£ are determined by
max(p,p —t) < k <min(r+p,2p —t +1).
Implementing the change, we obtain

L s g\ min(r+p2p—t+1) (ki )( EFL) (2p—kt+1>
d=(s—t+1) Z(ﬂ%) S b |

p=max(0,t—1) 2k+1(k + 1)

k=max(p,p—t)
Then we use the fact that

k41 (2p—t+1 2p—t+1\ [ p+1
p—t+1 k o P k—p+t

E+1 p+1

?

and replace the summation index k with ¢ = k — p to obtain

s —1)p(#) (2P~ t+1) min(rp—t+1) (7) (P+1
it —(s—t+1) Z ( )(p)( p ) Z (q)(q+t>.

s 2+1(p+1) 24

p=max(0,t—1) g=max(0,—t)

Finally, we transform the formula to the final form

—t+1 s —1)r 1\ [(2p — t 4 1) ™inCeth 1
e S O R TE S (")) 816)
s+1 2+l \p+1 P 29\q) \q+t

p=max(0,t—1) g=max(0,—t)

Let a tensor f € S be represented in the form f = 3! _ 02 Fikop with v, € Sm
satisfying je vy = jyvp = 0. Setting v =v;, r=1—k, s=kin (8 14), we have

k !
A i b)) = D7 &, (G1E) T F i Z LY R iy
t=k—1 j=0

25



Therefore

l l l l
AN =YD am e Mg e = 3 i i (D &GS o).
§=0 k=0

k=0 j=0

This can be written in the form
l
A f =Y i i, (8.17)
=0
where 7; = Y24, bé-kvk and

b = GIET ™8 e (8.18)
Formulas (8.16)—(8.18) are equivalent to (8.2)—(8.4). This finishes the proof.

9 Preliminaries on binomial coeflicients

The goal of the section is Lemma 9.3 below. Before proving the lemma, we remind some
basic formulas about binomial coefficients. The most of these formulas are known, see for
example [4] or [6].

Binomial coefficients are correctly defined by the formula

T\ ['(z+1)

n) T+ 1)(z—n+1)
in each of the following two cases: (1) x ¢ {—1,—2,...} and n is an arbitrary complex
number; (2) n is a nonnegative integer and x is an arbitrary complex number. In the

latter case the formula
v\ zx—-1)...(r—n+1)
n n!

holds which shows that (i) is a polynomial of degree n in z with a nonzero leading

coefficient. In other words, the family {(2) | n=20,1,...} is the basis of the vector space
of polynomials of the variable x. The multiplication table in the basis is given by the

formula
)72 () G o1

Note that the coefficient

(k fm) @ ~ (k—m)\(k - ff)!(k —m —n)

of the formula is symmetric in (m,n). The formula can be easily proved by induction on
n.
The following formula is an analog of Newton’s binomial formula

<x 5 y> B Z (n - k) @ (9:2)
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It is enough to prove the formula for integer x > 0. Indeed, both parts of the formula are
polynomials of x. If they coincide for integer values of z, then they are equal identically.
For integer = > 0, the formula can be easily proved by induction on z. Formula (9.2) has

the following corollary:
- x - 1 for n=0,
Z(n—k><k>_{0 for n > 0. (9-3)

k=0
The following formula is valid for nonnegative integers m and n:
”_ w(n\(r—k\ [0 for m <n,
S D e

The formula is proved by induction on n on the base of the Pascal equation

<nz1> _ (Z) N (k " 1) for k> 0. (9.5)

Formula (9.4) admits the following generalization: for nonnegative integers m,n and I
" k\ (n\ [z —k 0 for m+Il<n

-1 = W\ ( a-n \ 9.6

S ) el o msisa ©9

The latter formula can be reduced to (9.4) with the help of the identity

()G)=C)6=)

Formula (9.4) has one more useful corollary:

)£l

Again, it is enough to prove the formula for nonnegative integers x and y. In the latter
case it can be obtained by setting n = y and m =z — n in (9.4).
Finally, we will need the formula

- x r—1
—1)" = (-1)" :
> -0() = (7)) 99
which can be obtained by setting y = —1 in (9.2) and using the relation (_kl) = (—1)k.

Given an integer k > 0, we define the linear functional L; on the space of polynomials

f(z) by )
Lilf(a)] = (-1 (k N l>f(p)- (9.9)

p=0 p+l

Lemma 9.1 Let a polynomial f(z) satisfy f(—1) = 0. The degree of f is smaller or
equal than d > 1 if and only if L[f] = 0 for k > d. If such a polynomial is represented in

the form f(x) = Xi_o fu(*5"), then fo =0 and fy = (=1)*"'La_1[f].
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Proof. Represent f as f(x) = X fa (90:21) The condition f(—1) = 0 is equivalent to
n>0

fo = 0. Therefore
nin =X ho|(711)]

n>1 n

On using the equalities
I z+1\| [0, if 0<n<k+1,
FIV o T ) (=D, i n=k+1,
which can be easily proved, we obtain

Lk[f] = (_1)kfk+1 if fk+2 = fk+3 =...=0.

Therefore the condition fy11 = fare = ... = 0is equivalent to Ly[f] = Las1[f] = ... =0.
The lemma is proved.

Let P be the space of polynomials (with real coefficients) of two variables = and y.
Given an integer d > 1, we define the subspace P; C P as follows: a polynomial f(z,y)
belongs to Py if

(1) the degree of f(z,y) with respect to (z,y) is not more than 2d — 1;

(2) the degree of f(x,y) with respect to y is not more than d — 1;

(3) the degree of the polynomial f(z,z — x) with respect to = is not more than d.

Lemma 9.2 The system of polynomials

g 1
) (z,y) = (wj )(xjy> (0<i<d, 0<j;<d-1) (9.10)

is the basis of the space Py.

Proof. It is clear that all ¢¥) belong to P;. Setting 1) (x, 2) = @) (2, z — 2), we
obtain the system of polynomials

r+1
7

w(ij)(a:,z)=< ><Z> (0<i<d, 0<j<d-1),

J

which is obviously linearly independent. Therefore system (9.10) is also linearly indepen-
dent.

Let us show that any f € P, is a linear combination of system (9.10). Let g(x,z) =
f(z,z — ). By the definition of P, the degree of g(x,z) with respect to z is not more
than d, and the degree of g(x, z) with respect to z is not more than d — 1. Therefore the

representation
d d—1

g(xv Z) = Z Z gijw(ij)(l‘a Z)
i=0 j=0
exists. It implies
d d—1 -
fla,y) = glz,x+y) =D g9 (x,y).
i=0 j=0

The lemma is proved.
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We define the involution I : P — P of the space of polynomials of two variables as
follows. Every f € P can be uniquely represented as a finite sum

Fe.) = 3 fom o0

By the definition

IN@ ) = 3 (-1 fo, ( * 1) (y)

m,n>0 m n

Lemma 9.3 (1) The space Py is invariant under the involution I.
(2) Let a polynomial f € Py satisfy f(—1,y) = 0. Expand it in the basis (9.10)
d d-1 -

i=0 j=0

Let h(z,y) = (If)(x,z —x). The leading coefficient of the representation

e 2) = Y In2) (5’“" ' 1) 9.12)

is expressed by the formula

ha(z) = (1) Z faj i(—l)ﬂ (d B 1) (Z —d 1). (9.13)

= j—p p

Proof. To prove the first statement, it is enough to check that Ip(@) € P, for all
elements of basis (9.10). To prove the second statement, we have to find the leading
coefficient of the decomposition

Ve 2) = (162 =) = 3 ( : 1). (9.14)

Both statements are obvious in the case d = 1. Therefore we assume d > 2 in the proof.
We start the proof of the statement o) € P; with considering the case of i = 0.

O (2,y) = (xjy> 0<j<d-1)

is a polynomial of degree j in (x,y) admitting the representation
(07) _ op (T + 1) (v

0<m+n<j m n

Therefore

Tz y) = 3 (—1)npl) (x + 1) <y>

0<m+n<j m n
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For j < d—1, each term of the latter sum obviously belongs to P;. Moreover, the degree
of (Ip®))(z,x — z) with respect to x is not more than d — 1. This means, in notations of
formula (9.14), that

y=0 (0<j<d-1). (9.15)

From now on, in the proof, we consider the case 7 > 0.
First of all we will find the coefficients of the decomposition

i = 3 a0 (1) (9.16)

m,n>0 m n

By formula (9.2),

(57 -5 -2 0 -5 )z ()

Substituting the latter expression into definition (9.10) of the polynomial ¢(*), we obtain

o) (2. g) = XJ: zk:(_1)k+n <:r + 1) Gj,i) <y>

k=0 n=0 ¢ n

(x—i—l)(x—i—l)_ ka (j—k)( m )(:c—i—l)
U j_k m=max(¢,j—k) m—i ]_k m .

Substituting this expression into the previous formula, we get

) = 33 (-1 gk (i;i) (; Tk) (137‘; 1) (3)

k=0n=0 m=max(%,j—k)

By (9.1),

After changing the summation order, the formula takes the form

F ) = (1S ) o) (917

n=0 m=i m n

where
i+

B J
e = 3

—-m
k=max(n,j—m

ke
(—1)’“<] )(mk> 0<n<j i<m<i+j—n).
) m—1)\j—

We will simplify the latter formula. First we change the summation index as k := j—k
min(m,j—n) L
(1) — (—1)J —1)* m )
=y e, ()

Using the equality



we transform the formula to

P — (—1) (2”) mi:g'_;)(_l)%m Z_ k;) = (—1)itm (T) k_max(%i;wn—j)(_l)k(]i).

If m+4+n—j <0, then the sum in the latter formula equals zero. If m +n — j > 0, we
continue our transformations as follows:

Pl — (—1)itm (T) XZ: (—1)F <z _Z k> = (—1)FHiHm <T:L> i+j§_n(—1) (;)

k=m+n—j k=0

We changed again the summation index as k := k —m — n + j on the last step. Finally,

applying (9.8), we obtain
g — 1
) — (_pyn(™ i .
P = (1) (i)(i—i—j—m—n)

This formula is valid in the case of m+mn—j < 0 too because the right-hand side vanishes
in the case.
Substituting the latter value into (9.17), we obtain

e EE N e

n=0 m=i

Observe that the summation limits in (9.18) are determined by the summand. Indeed,

the factor (T) is not zero only if ¢ < m, and the factor (z +ji:n11_n

m < i+ j—n. Inequalities i < m < i+ j —n imply n < j. Therefore formula (9.18) can
be simplified to the following one:

Py = 3 (T) (Z . ]Z:; - n) (x;; 1) (i) (9.19)

We apply the involution I to (9.19)

(I (z,y) = 3T (—1)mn (T) <z +ji__7; B n) <x;; 1) (Z) (9.20)

We have to prove that (@) € Py for 0 <i < d,j <d— 1. It is clear from (9.20) that

(IpD)(z,y) is a polynomial of degree < i + j < 2d — 1 with respect to (z,y) since the
i—1
i+j—m—n -
m+n <i+jimply n < j, i.e., (I¢™)(z,y) is a polynomial of degree < j < d — 1 with

respect to y. It remains to prove that

(e, 2) = [N (2,2 —2) = 3 (—1)m* <m> ( i—1 ) <a: + 1> <z - :c)

M0 ? 1+ —m—n m n

(9.21)

) is not zero only if

factor ( ) can be nonzero only for m +n <+ j. Second, inequalities i < m and

is a polynomial of degree < d with respect to x.
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Observe that (@) (—1,2) = 0 for i > 0 because only positive values of m participate in
sum (9.21). Thus, Lemma 9.1 can be applied. By the lemma, the statement deg, x) < d
is equivalent to the following one:

Lilx"(z,2)] =0 for k>d.

Hereafter, the functional L; acts with respect to the variable x while z is considered as a
parameter. The latter equality should be valid identically in z.

As we know, x“)(z, 2) is a polynomial of degree < i + j, i.e., Ly[x")(z,2)] = 0 for
k > i+ 7. So, it is enough to consider the case of d < k < 7+ j. The question is thus
reduced to the statement

Lilx"(z,2)] =0 for d<k<i+j, 0<i<d, 0<j<d-—1. (9.22)

The case of k = d — 1 is also of some interest for us because we want to find the leading
coefficient of decomposition (9.14).
Let
1<d-1<k<i+yj 0<i<d, 0<j53<d-1. (9.23)

By definition (9.9) of the functional Lj and formula (9.21),

r=sor (1) s e () (T ) 0 )

The term of the sum can be nonzero only if ©+ < m < p+ 1. Therefore the summation
with respect to p can be restricted to the limits + — 1 < p < k, and the summation with
respect to m can be restricted to the limits ¢ < m < p+ 1. We rewrite the formula in the
more precise form

o= £ or(E) () ) )

Changing the summation order, we have

1= s e (M) ), (9:24)

m=t n>0

2= co() ) L) (9.25)

Formula (9.25) can be simplified. Indeed, using the equality

b)) = CG=050)

we transform the formula to the form

o= (2) £ en 1))

32

where



Then, changing the summation index as p := p + m — 1, we have
k1) e k— 1\ (z— 1-—
At = o () S ap (P (P ),
m =0 P n

The sum on the right-hand side of this formula has the same structure as the left-hand
side of (9.4). Applying the latter formula, we obtain

4 [0 for n<k—m+1,
mn(z) - (_1)m+1 (k:;l) <m+zn—_kk_1) for n 2 kE—m + 1.
We substitute the latter value into (9.24)
y k1 — 1 k+1 z—k
L] — (™ !
kD] ;img_;nﬂ( ) (z it+j—m-—n m m+n—=~k—1
and replace the summation index n with r =m +n
k+1 .
g -1 k+1 z—k
L (i5) _ -1 mar [ TV t )
w=-5 s e () ()00

The summation in the inner sum can be restricted to the limits k+1 < r <7+ j because
the factor (Zfr;ir) equals zero for r > i+ j. Changing the order of summation, we rewrite

the latter formula in the form

L[y @] = —bi i (—1)’“( i )(r f;f 1), (9.26)

r=k+1 ity
where it
; m(m\ (k+1
i= S () () 0

We transform formula (9.27). Using the equality

(=)0

the formula takes the form

b k+'1 A, (i)
(T e (5

m=1 m—1
Changing the summation index as m := m + 1, we see that

E4+1\ P (k—i+1 0, if i<k+1,
- ) > (=) T (=DEY i =k 41

m=0

bl = (—1)’
= (" ’
Together with the latter relation, formula (9.26) gives that

Lix"] =0 for i<k+1 (9.28)
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and

Jk+1 v —
Lk:[X(k-i_l’j)] = (_1)k —E_ (_1)r< . " ) (7‘ —k ﬁ 1)' (9'29)

Recall that the values of 7, j and k are assumed to satisfy the inequalities (9.23). If
k> d, theni < d < k+1, and formula (9.28) gives (9.22). This proves the first statement
of the lemma.

If kK =d—1, then (9.28) and (9.29) give

Liax"=0 for 0<i<d (9.30)

id d—1 \(z—d+1
L. d]) d+1 '
a-lx Z <d+j—r>< r—d )

Replacing the summation index r with m = r — d in the latter formula, we have

L@ == Sy (Y2 (P, (9.31)

J—m m

and

We can now finish the proof of the second statement of the lemma. If a polynomial
f(x,y) satisfies f(—1,y) = 0, then the coefficients fy; in representation (9.11) are equal
to zero. In decomposition (9.12) of the polynomial h(x, z) = (I f)(x, z—x), the coefficient
ho(z) is also equal to zero as one can easily see. Therefore Lemma 9.1 can be applied to
h(z,z). By the lemma,

hq(z) = (=1)" Lg_y[h(z, 2)]. (9.32)

On the other hand, applying the involution I to equality (9.11), we have

d d-1

(), y) =D fi;(1e ) (z,y).
=1 j=0
Set y = x — z here
d d—1 -
h(z,2) =33 fixP(, 2).
i=1j=0

Apply the operator Ly_q to the latter equality
d d—1 -
Laa[h) =33 fiiLaa[x'"]
i=1j=0
and use (9.32) and (9.33)

Luslh Zfdjz (;i—ﬂll><z—d+1>'

m=0 J— m

Comparing the latter formula with (9.32), we obtain (9.13).
The lemma is proved.
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10 The matrix £ — A" is nonsingular

By Corollary 8.2, to finish the proof of Theorem 1.1, we have to demonstrate that the

matrix £ — A® is nonsingular for any . We remind that the matrix A® = (a§2)§7k:0 is

defined by l .
af) =i (10.1)

where ¢t are given by (8.4).

Theorem 10.1 The numbers

= [22% @ - (j)} (0<j<i) (10.2)

are eigenvalues of the matriz AWV,

Note that )\y) # /\;” for j £k, 0< )\g-l) < 1, and )\gl) =1- )\l(l_)j. Thus, the spectrum
R {)\y) | 0 < j <1} of the matrix AY consists of [+ 1 different eigenvalues, lies in the
interval (0, 1), and is symmetric with respect to the point A = 1/2. Therefore the matrix
AW is diagonalizable and the matrix £ — A® has the same spectrum A®). In particular,
E — AW is a nonsingular matrix.
Define the matrix UY = (i)} ,_, by the equality

i = (k i 1). (10.3)

j+1

Note that U® is an upper-triangular matrix with units on the diagonal and the inverse
matrix (UW)~! = (v;;) is given by

PR
vjp = (—1)71* (j N 1). (10.4)

Theorem 10.1 is the obvious corollary of the following statement

Lemma 10.2 The product (UD)"*AOUWY is a low-triangular matriz with the numbers
A, A on the diagonal
0 sy gonal.

Written in components, the statement of Lemma 10.2 looks as follows:

0 for j <k,
)\,(f) for j=k.

l
l
S vjaug, =

r,s=0

We substitute values (10.1), (10.3), and (10.4) into the latter formula and replace the
summation index r with ¢ = s — r to obtain

k k+1\ = s—t+1 0 for j <Kk,
Z(_ Z t . Cll‘/fs,s: _1\k @ y_
s+1),2, Jj+1 (=1)*A," for j=kF.

s=0 =s—
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Comparing the latter formula with definition (9.9) of the functional Lj, we see that the
statement of Lemma 10.2 is equivalent to the following one:

0 for 1<j<k
Lilg\(s)] = o= 10.
klg; " (5)] { (DR for j=k+1, (10.5)
where -
s s—t41
TACE SN (A O
t=s—1

Taking the convention ¢, = 0 for t < —r and ¢ > s+ 1, the latter formula can be written

in the simpler form

s—t+1
J

where the summation is performed over all integers t.
Comparing (10.5) with Lemma 9.1, we see that Lemma 10.2 follows from the next
statement.

g0(s) = Z(—l)t(

t

)cf_&s, (10.6)

Lemma 10.3 Defined by (10.6), the function gj(l)(s) is a polynomial of degree < j in s
for any 0 < j <1+ 1. The polynomial satisfies gj(l)(—l) = 0. In particular, g(()l)(s) =0.

The leading coefficient of the decomposition

() = 3 g () (10.7)

: (10.8)

using the convention )\(_l)l =0.

Remark. The statement “g](-l)(s) is a polynomial in s” is not trivial since the number

of nonzero terms in sums (10.6) and (8.4) goes to infinity as s does. The simplest example

of such a phenomenon is presented by the formula 2° = 37, (‘z) Each term of the sum
depends polynomially on s but the sum is not a polynomial.
We will reduce Lemma 10.3 to the following statement.

Lemma 10.4 For 0 <j <[+ 1, the function

£P(s) =S (-1)" (t)cf_s,s (10.9)

t J

is a polynomial of degree < j in s satisfying f](l)(—l) = 0. In particular, fél)(s) =0. The
leading coefficient of the decomposition

() = 3 40 ( ; 1) (10.10)

n=0 n

15 given by

i1 :
1 = —Z(—l)p<pi 1) AD. (10.11)



Proof of Lemma 10.3. We will express g](l)(s) through the functions f,gl)(s) (0 <
kE <1+ 1). To this end we write using (9.7)

SR e )

Substituting this value into (10.6) and comparing the result with (10.9), we obtain
J
l s—k +1 1
QV@=§]—D%:j_k)ﬁN$- (10.12)
k=0

Assuming the validity of Lemma 10.4, we see that every term of sum (10.12) is a polyno-

mial of degree < j in s vanishing at s = —1. Therefore the same is true for g](-l)(s). This

proves the first statement of Lemma 10.3. It remains to calculate the leading coefficient
of the decomposition (10.7).
Deleting all terms of degree < j, we write (10.12) as follows:

o(s+1 ! wen s+ [(s+1
g :2:_1
g]]( j ) kzo( )fkk j—k? k +

Here and in the next formula, the dots stand for a polynomial of degree < j in s. By

(9.1),
s\ (s 1) _ (3 (s+1)
j—k E )] \k j
Substituting this value into the previous formula, we have
0 _ ¥ NEAW0)
955 = Z(‘l) (k) kk -
k=0
Insert the value (10.11) for f,gQ into the latter equality
j N\ k-1
o _ k(J o[ F 0)
g ==Y (-1 < )Z(—U ( )A :
Y k=1 k p=0 p+1)7
After changing the summation order, this formula takes the form

j—1

g =3 BIAD, (10.13)
p=0
where .
B} = (-1 - :
P hpi1 kE)\p+1

The last formula can be simplified. First, with the help of the equality
N(kY_( 3 \(i-p-1
EJ\p+1 p+1 j—k )
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we transform the formula to the following one:

5= (7)) > ()

k=p+1

Then we replace the summation index k£ with r =j — k

. j—p—1 . . .

J _ (_1\itp+1 J . T]_p_l o 07 if p<3_17
By =(=1) <p+1> Z%( 1)< r Sl L, it p=j-—1.
(O )\(l)

i ;21 This finishes

Substituting this value into (10.13), we arrive to the equality ¢
the proof of Lemma 10.3.

The rest of the section is devoted to the proof of Lemma 10.4.
Substituting value (8.4) for ¢j_, , into (10.9), we obtain

po-E S es s
where ; N /9 faq
FO(p.q) = (-1)7 321 (j) (f; L)( e ) (10.15)

The idea of the proof is to separate variables p and ¢ in the function FY)(p,q), i.e., to
represent the function in the form FU)(p,q) = ¥, Gr(p)Hi(q). After such a separation,
the right-hand side of (10.14) will be factorized to a product of two sums, over p and ¢
independently, which can be easily calculated.

We transform formula (10.15). We replace the summation index t with k =t + ¢ and

use the equality
k—q I —q\ [k
() =502)0)
J = \J—i)\i
that follows from (9.2). We obtain
J
: —q K\ (p+1\[(2p4+q—k+1
F(”(p,q)=2<. ) Z(—l)’“(.)( >< . (10.16)
—\J—i) 7 i k D
The inner sum in (10.16) can be calculated using (9.6):
E\{p+1\(2p+q—k+1 0 for +=0,
—1)* — ,
SO ) A e oo 000

This means, in particular, that F°(p,q) = 0 and, consequently, f(®(s) = 0 as stated
in Lemma 10.4. Therefore we will consider only the case of 7 > 0 in what follows.
Substituting value (10.17) into (10.16), we obtain

FO)(p, q) = zj:(_l)i (pf 1) < 4 ) (fj ‘f) (10.18)

i=1 t J -t
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It is clear from (10.18) that F)(p,q) is a polynomial in (p,q) and satisfies
FU(-1,q) =0. (10.19)

The degree of F'9)(p, q) with respect to (p,q) is equal to 25 — 1, its degree with respect

to ¢ is not larger than j — 1, and the degree of the polynomial F(j)(p,l — p) with respect

to p is not larger than j. This means that FV)(p, ¢) belongs to the space P; introduced

before Lemma 9.2 (where z,y, 2 and d are replaced with p, ¢, and j respectively).
Represent the polynomial FU)(p, q) as

Fi(p,q = Y FY). <p+ 1) <n> (10.20)

m,n>0 m

substitute this expression into (10.14), and write the result in the form

mzn;OF 0 A, ()Bu(l — 5). (10.21)
e A= ST .
and Bl s) - q; (_2}1)4 (l ; s) <Z> (10.23)

Formulas (10.22) and (10.23) are equivalent to

A (s) = D <S * 1) (10.24)

23+1 m

and

ol=s n

respectively. We will present the proof only of the first of these formulas because the
second one is proved in a similar way. Changing the summation index in (10.22), we
write the formula as follows:

Ap(s) == (_2}10),, <S N 1) (p>. (10.26)

p>0 p m

Bl —s) = S (l - 8) (10.25)

In the larrer formula, m is a nonnegative integer and s is considered as a complex variable.
Consider the function u(z) = (1 — 2/2)*™ of the complex argument x normalized by
the condition u(0) = 1. It is a holomorphic function in the disc |z| < 2 with the Tailor

(1—x/2)" = Z(—2110)7’<S+ 1>xp.

p>0 p

Applying the operator -1 to the latter equality we get

ld'm

Sl (S - 1) (1 ajypet =y (5 . 1) (j;) o

p=0
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Setting x = 1, obtain

Z(_1>p s+1\(p) ()" (s+1
>0 2P p m) 25t m
Together with (10.26), the latter formula gives (10.24).
Substituting values (10.24) and (10.25) into (10.21), we obtain

Wy L Cymin Gy (ST (1=
16 =5 2 (1 0 0) (10.27)
Comparing formulas (10.20) and (10.27), we see that
FO(s) = =L (TP (5,1 — 8) (10.28)
J 2[+1 9 ) .

where [ is the involution of the space of polynomials of the variables p and ¢ defined in
the previous section. By Lemma 9.3, the polynomial (1 F@))(p, q) belongs to the space P;.
Now, formula (10.28) shows that fj(l)(s) is a polynomial of degree < j in s. This proves
the first statement of Lemma 10.4.

It remains to calculate the leading coefficient of the polynomial f;l)(s). To this end,
according to the second statement of Lemma 9.3, we have to find the expansion of the
polynomial FU)(p, q) in the basis

P (p,q) = (p;'1> (p;q) (0<a<j 0<p<j—1) (1029)

of the space P;. In the expansion

| i il
FOp,q) = 3 F9p@D(p,q) (10.30)
a=0 =0

we are interested only in coefficients rY) wp With = j.
Using (9.2), we can write

(j—_qZ) _ <(p +1) +j(:zz —q- 1)) _ i;o (p ;r 1) ( jp_ Zq_—71>

Replacing the second factor on the right-hand side of (10.18) with the latter value, we

I e e

Every term of the latter sum is the product of a polynomial of degree i +v < j of p and
a polynomial of p + ¢q. We are interested only in those terms for which ¢ 4+~ = j. Thus,

we can write e zj:(—ni <p+. 1) <? + 1) (fj f) o (10.31)

1 J—1

where the dots stand for a linear combination of those ¢(®?(p, ¢) for which a < j.
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By (9.1),

(-0 )

where the dots stand for a polynomial of degree < j in p. Substituting this expression
into (10.31), we have

FO(p, q) = g(_l)iG) <P JJF 1) (fjf) +

Replacing the summation index ¢ with § = ¢ — 1 and comparing the resultant formula
with definition (10.29) of ¢ (p, ), we see that

F9(p.q) = —ji(—l)B(ﬁil)so(m)(p’ Q)+,

where the dots stand for a linear combination of those ¢ (p, q) for which o < j. We
have thus proved that

F}%) — (—1) (ﬁil), (10.32)

We conclude from (10.32) with the help of Lemma 9.3, that the leading coefficient of
the representation

(IFD)(s,1 — s) th <5+ 1) (10.33)

j—1 . 8 . '
(D) = (17 5 ) <ﬂ+1>;]( 1) <5_7>< ),

Comparing this formula with (10.28), we obtain

- E ()5 ()

3=0 v

18

We recall that f](jl) is the leading coefficient of representation (10.10).
It remains to prove equivalence of formulas (10.11) and (10.34). Let us temporary
denote the right-hand side of (10.11) by f

JJ’
~ ']7 )
7 :—zmw(ﬁ L

=0

Substituting the value (10.2) for )\g) into the latter formula, we conclude

s Z (6 ; 1) 2p§0 <1l9> ) (é)] ' (10.35)

We have to prove that fJ(Jl) = fg? To this end we will transform both formulas (10.34) and

(10.35) to get representations for fj(é) and fﬁl]) as linear combinations of the polynomials
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(li) of the variable [, and then we will prove that these two linear combinations have the
same coeflicients.
We start with transforming formula (10.35)

x50 50w 5 () ()

We change the summation order in the first term on the right-hand side and replace the
summation index § with p in the second term

=35 () 20 s 5o 1)()

The inner sum of the first term can be easily calculated using (9.8):

R R )

Substitute the latter value into the previous formula

S50 s v (L))

Uniting two sums on the right-hand side and using the Pascal relation
(,1)=(,)+(2:}), we obtain

LA (=1 (i-1)] (!
fjj _21+1 p;o( 1) l<p+1> ( P >‘| <p> (1036)

Now, we transform formula (10.34). First we write using (9.2)

() =502)0)

Insert this expression into (10.34) and change the summation order in the resultant sum

-G Eser( )z (G E)6)

Replacing the summation indices 3 and v with ¢« = 3 — p and k = v — p respectively, we
finally get

oSS [E LR

p=0 =0

Comparing (10.36) and (10.37), we see that the statement f](jl) = fgl]) is equivalent to
the system

_1)j+pj§::(—1)i<z. +;+ 1) kz;)(—l)k(g:;) (1 ;j> - (gjo:L 1) B (j ; 1)
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for 0 <p<j—1. In order to simplify the formula, we slightly change notations as
follows. First replace the variable 7 with m = 57 — 1, and then replace p with ¢ = m — p.
In such the way obtain

qg <m+21>£(—1)k<iTk><_;">:@)—((JTJ for 0<qg<m.

(10.38)

The next transformation is used to simplify the right-hand side of (10.38). Choose p

satisfying 0 < p < m and take the sum of equations (10.38) over ¢ in the limits 0 < g < p.
In such the way we obtain the equivalent system

qng(—l)qg(—Ui(?f;) kz;(_l)k(i Tk> (‘;") — (’;) for 0<p<m.

Next, we change the summation order on the left-hand side of the latter formula

i(—nk(_;) i(—w(i T_”k) i(—1)4<m * 1) - <m> for 0<p<m. (10.39)

k=0 i=k q=i q—1 p

The inner sum can be easily calculated on the base of (9.8):
() =g () =)

—1)F S = (=1 (1) = (-1) .
(3 7)) = o e (") = ()

Substitute this value into (10.39) to obtain

()5 () v

Change the summation order

) () ) oo

replace the summation index &k with j =4 —k

FEEIEAN) ) o

and change again the summation order to obtain

_1)pjz;(_1)j (7) Z: (p“j Z) ([_””3) _ (Z) for 0<p<m. (10.40)

We emphasize that the systems (10.38) and (10.40) are equivalent, i.e., system (10.40)
is still equivalent to the equality f;;) = fg? for j = m+ 1. At a first glance there does
not seem to be any progress in going from (10.38) to (10.40) because these systems seem
to have almost the same structure. However, there is the following crucial difference
between these systems. All summands of the inner sum in (10.38) are positive (take the
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sign (—1)* of the factor (7,;”) into account). On the other hand, the summands of the
inner sum in (10.40) have alternating signs and they cancel each other, as is shown in the
next paragraph.

We calculate the inner sum of (10.40). To this end we replace the summation index ¢

with ¢ = ¢ — j and use (9.3)

~( ™ —m _pij m —m\ | 1 for j=p,
;<p_i><i_j>_qz_(:)<l7—j—q><q>_{0 for j <p.

Substituting the latter value into (10.40), we arrive to the identity

()=0)

This proves validity of (10.40).
Lemma 10.4 is proved.
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