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Abstract

We study the inverse problem of determining an electrical inclusion from
boundary measurements. We derive a stability estimate for the linearized
map with explicit formulae on generic constants that shows that the problem
becomes more ill-posed as the inclusion is farther from the boundary. We also
show that this estimate is optimal.

1 Introduction

Electrical Impedance Tomography (EIT) is an inverse method that attempts to
determine the conductivity distribution inside a body by making voltage and cur-
rent measurements at the boundary. The boundary information is encoded in the
Dirichlet-to-Neumann map associated to the conductivity equation. More precisely,
let Q be an open bounded domain with smooth boundary in R% with d = 2 or 3. As-
sume that v(z) > 0 in € possesses a suitable regularity. The conductivity equation
is described by the following elliptic equation:

V-(y(x)Vu) =0 in Q. (1)

For an appropriate function f defined on 952, there exists a unique solution wu(z)
to the boundary value problem for (1) with Dirichlet condition u|sq = f. Thus, one
can define a map A, sending the Dirichlet data to the Neumann data by

Av(f):'Y%aQ-

The map A, is the Dirichlet-to-Neumann map associated with the conductivity
equation (1). It is worth to mention that even though the equation (1) is linear, the

*Department of Mathematics, Taida Institute of Mathematical Sciences, NCTS (Taipei), Na-
tional Taiwan University, Taipei 106, Taiwan. Email:nagayasu@math.ntu.edu.tw

tDepartment of Mathematics, University of Washington, Box 354305, Seattle, WA 98195-4350,
USA. Email:gunther@math.washington.edu

iDepartment of Mathematics, Taida Institute of Mathematical Sciences, NCTS (Taipei), Na-
tional Taiwan University, Taipei 106, Taiwan. Email:jnwang@math.ntu.edu.tw



map A, depends nonlinearly on . The famous Calderén problem [3] is to determine
7 from the knowledge of A,. The EIT problem is notoriously known to be ill-posed.
A log-type stability was obtained by Alessandrini [1] and, in fact, this estimate is
optimal [8]. A Lipschitz type stability estimate for the values of the conductivity
from the Dirichlet-to-Neumann map was proven in [9].

In several practical situations we only need to get partial information on the
conductivity. An important example is the determination of electrical inclusions.
In this situation, the conductivity function v(x) = ~o(x) + v1(x)xp, where D € Q
is called an inclusion and yp is the characteristic function of D. Here vy is the
background medium and ~;, D are the abnormalities. For this problem, assuming
7o is known. We are interested in determining the shape of D by the Dirichlet-
to-Neumann map, denoted by Ap. Under some natural assumptions on 7y and 4,
uniqueness was shown by Isakov [7]. Numerical methods based on special complex
geometrical optics solutions for V - 4oVu = 0 are given in [4], [10] (also see [5],
[6], [11] for related results). It has been observed numerically that the deeper the
inclusion, the worst the numerical reconstruction. See for instance [4], [10], and
[11]. In this paper we give a precise quantitative description of this phenomenon in
a model case.

We consider the problem in two dimensions, i.e., & C R%. Let k > 0, k # 1
and define Lpu := V - ((1 + (k — 1)xp)Vu). For any f € HY?(08), there exists a
unique weak solution to

Lpu=0in Q,
u = f on Of).

The Dirichlet-to-Neumann map is given by Ap : H/2(0Q) — H~'/2(0Q) as

ou
Apf=o

o9

where v is the unit outer normal of 9€2. The inverse problem is to determine D from
Ap. As mentioned above, the uniqueness for this problem is known [7]. A log-type
stability was obtained in [2]. More precisely, it was proved in [2] that under some
minor a priori assumptions on the inclusions, if ||Ap, — Ap, || zg1/2, g-1/2) < € with
e > 0, then the Hausdorff distance between 0D; and 0D, satisfies

dH(ODl, 0D2) < w(e),
where w(t) is an increasing function in [0, c0) and satisfies
w(t) < Cllogt|™ fort e (0,1).

The constants C' and 0 < n < 1 depend on the a priori data of the inclusions,
but their dependence is not explicitly given in [2]. As a matter of fact, to our best
knowledge, we do not know any available stability estimates for inverse problems
having explicit descriptions of the data-dependent constants.



Our concern here is to understand how the stability estimate depends on the
depth of the inclusion. In this paper, we consider the linearized map of Ap around
a known inclusion. We believe that, either from numerical or theoretical viewpoint,
the stability estimate using Ap should behave similarly to the estimate using the
linearized map of Ap. To set up our problem, we let Q@ = {|z| < R} and B = {|z| <
r}, where 0 < r < R. We introduce a smooth function

Y:0B —R

in order to describe a perturbation B, of the domain B, namely, the boundary 0B
of the domain B is described by the image of

y=Fy(z) :=x+ sy(z)v,(x), =€ IB,

where v, (z) is the unit outward normal vector to OB at x € dB. For f € H'/?(9Q),
let up be the solution to the problem

LBUO =01in Q,
_ (2)
ug = f on Of.

Likewise, let ug be the solution to the problem

Lp,us =0in €,
~ (3)
us = f on OSL.

The linearized map of the Dirichlet-to-Neumann map at the direction 1 (x), denoted
by dAg(1), is formally defined by

dAB(’QD) = hm l(ABs — AB)

s—0 S

We will show that dAp(v) is legitimately defined in the later section. We now state
our main theorem.

Theorem 1. Let k > 0 satisfy k # 1. Let m > 0. Given My, rg > 0 and Xog > 1.
Assume that

R
M > My, r<ry, — =X
r
Then for any ¥ € H™(OB) satisfying
[l gmos) < M and  [|dAp(¥)||z <1,

the following estimate holds:

R\ 1™ —m
ol < 31 [tog (£) ] pog lann(elle] ™ (@

where a positive constant C' depends only on k,m, My, rq, Xo.



Here || - ||z denotes the operator norm on the space of bounded linear operators
between H'/2(9Q) and H~'/2(9€). Moreover, this estimate (4) is optimal in the
sense of Propositions 12 and 13 (See Section 4).

Remark 2. Estimate (4) clearly indicates that the determination of an inclusion
by boundary measurements is getting more ill-posed when the inclusion is hidden
deeper inside of the conductor, i.e., R/r becomes large.

The paper is organized as follows. In Section 2, we discuss the linearized map
dAg(v) of the Dirichlet-to-Neumann map. In Section 3, we state some technical
lemmas which we need and then we prove our main theorem. In Section 4, we
discuss the optimality of the stability estimate.

2 The linearized map

In this section, we discuss the linearized map dAg(1)) of the Dirichlet-to-Neumann
map Ap. We first remark that it is known that the map v — A, is bounded and
analytic in the subset of L*>°(D) consisting of functions which are real and have
a positive lower bound (see [3]). We now introduce polar coordinates (p, ), that
is, z = p(cos®,sinf) € R? in order to express the linearized operator explicitly
as the solution to some transmission problem. We put J(@) = (rcosf,rsind)
and 1 = fo% (0) e ™ df for a function ¢ € L*(@B). We remark that ¢(6) =

(27?)_1 ZZGZ e,
10172 0m) = — Z [ and - [¢l5mom) = LZ(l + 1) ]2, (5)

27 2
lEZ €T

Let f(A) := f(Rcos, Rsinf) and f; = fOZW F(0) e df for a function f defined
on 0f) in the same way. Throughout this paper the subscripts + (respectively —)
denote the limit from outside (respectively inside) the inclusion.

Lemma 3. The linearized operator dAg() satisfies

ou

dAB(w)(f) = E

o9
for any f € HY?(0), where U is the solution to the problem

(AU =0 in Q\ 9B,

U|+—U|_:ﬂ¢% on OB,

) k ov |, (7)
8U 6U 2 e

| e = (1= k) 0y ((6) Opuol ) on OB,

| U =0 on dQ

and uyg is the solution to (2).



Proof. The solutions ug and us to the problems (2) and (3) satisfy

[ Aug=01in Q, ([ Au, =0in Q,
U+ = up|— on OB, Us|+ = us|— on OB,
R I R EIA AT,
o |, ov | _ ov |, ov |_
| uo = f on 00 | us = [ on 0K,

respectively. Now we put

U(x) :=lim M.

and formula (6) is obvious. Moreover, if we write y = Fy(z), we have

Sl = (o)) = U)ls + (o) G2to)| and

1 /0u ou ~ ~

- - S ——— — QU ()|« — r~20"(0) Ogug () |+ 0) O%uy(x
(G| - 52| ) = Ul =0 )]+ 50) ol

on 0B as s — 0. Thus we prove this lemma by using

1
Do) |+ = —=Byuo(x) | — —05u0(w) |«

on 0B. O

Using Fourier series, we can write the linearized operator dA g (1)) more explicitly.

Lemma 4. For f € H/2(0Q) we have

dAp(¥)(f)(Rcosf, Rsinf) = Z el

leZ

where we put \g := 0 and

k—1

Al 2 (Rr)_lsl Z Sp {(k + 1)¢—l+pf—p + (k - 1)¢—l—pfp} )
p=1

™

A = k7r_2 1 (Rr)_lsl Z Sp {(k‘ + 1)¢l_pfp + (k - 1)¢l+pf—p} )
p=1

[

S )R = (k)R

for any positive integer [.



Proof. Note that the solution to the problem (2) is expressed as follows:

up(pcosd, psinf)

% Z%{(k‘— rlo™t = (k+Dr o'} (Fae ™ + fie™) + fo| , < p <R,
% —22 N Zle—Fflezw)—Ffo ,0<p<7“.

In particular, the right-hand sides of the transmission conditions on dB in (7) can
be written as:

k (9u0

(1-
T¢—

_TZZS (Vprjfoi + p-jfi)e o,

peEZ j=1

r=2(1— &) 0y (9(6) dpual ) = U %2 S S Sy )

peEZ  j=1
Hence, the solution to the problem (7) is given by
U(pcosf, psinb)
( o0
2 -1 Sl —l 1
Gt R 2T 2

=1

3 Sk Dt 1 ™)
: + (k= D)Woimpfre™ + i fpe™)}, T <p <R,
- (@np
x i Sp{ B (W ipfpe ™ + 11y fre™)

+ RlT_Ql(¢_l_pfp€_il6 + wl+pf—p€il9)}

2 B oo
F (LT S ), 0<p <
\ —
We then finish the proof of the lemma using formula (6). O

With the help of Lemma 4, we can given an estimate of the size of dAp(¢)) in
terms of r and R.



Lemma 5. The operator dAg(z)) : HY?(0Q) — H~Y2(0R) is a bounded linear
operator. In particular, we have the following estimate:

A5 () ()| g-172(00)
232k — 1| 1
— (k+Dm (1= (r/R)*)?

i 1/2
ZZ<T> ZJ( ) ([—izs 1 + [0 + [ [P + |t )]
=1

XA f 17200 (8)

Proof. We first remark that

(Br)™!

1= o () e < e ()
"TE+1\R) 1—((k-1)/(k+1)(r/R)? " k+11—(r/R??\R/ "
So, it follows from Lemma 4 that

|k — 1] 1
(k+ 17> (1= (r/R)?*)?

<1 (4 )Zp( ) (Wsr-pllfol + Wostiall o)

[Asr] < (Rr)~

for any positive integer [. Hence we have

A B (WD) () F-1/200) = 27R Y (L4 ) 2N < 27R Y T (IN] + [A])?

leZ =1
2k — 12 1 T >
< l
(k+1)273 (1 — (r/R)?) ; ( )
2

Zp( ) Qpl ol + aspl )+ g1l + Tl 1)




We immediately obtain this lemma since we have

2
[ZP( ) WJ = p||fp| + W l+p’|f—p’ + W)l p||fp| + |¢l+p||f—p|)]
< [Zp( R A R AR )]

’ [Zp (2 + 1=l + 1l + 'f—p'g)]

= Zp( ) (-l + Taapl® + [ + Wspl?) | x 2D Il
Lp=1 J PEZ
< 2 2 Ao
< Zp T (Wil + W+ T + ) | 7 1200
L p=1 4
by the Schwarz inequality. O]

Remark 6. By changing the index, we can write the term on the right-hand side
of (8) as follows:

Zl ( ) Z ‘ (%)2j (|to—igs1? + [P + s + [ )
7j=1

—a - )0 A

30 [Pl 2= 2 ot )+ (] (),

where we put s := (r/R)? for simplicity.
Corollary 7. We have the estimate

8|k — 1| 1 y
m2(k+1) {1 — (r/R)?}*
Proof. We obtain this corollary by Lemma 5 and the estimate |1;|* < (27 /r) |2 ||? 12(0B)
since we have » 7, jt/ = (1 — )%t for [t| < 1. O

”dAB(quJ)HE < QR_SH@DHLZ(QB).

In the following corollary, we consider a particular case, which will be needed in
the proof of the optimality of the stability estimate (see Section 4).

Corollary 8. Let a > 0 and p be a positive integer. Let 1;(9) = 2acos uf. Then we
have the following estimate:

sl < Co™ s (1) () ©

where the positive constant Cy depends only on k.




Proof. By Lemma 5 and Remark 6, we get that

[dAB (V)|
8alk — 1| 1 [T\
S Thr (1 (T/R)2}2(RT) (E)

u36—N 19 (1 — (%)4)3 (%)4 {,u{l — (%)4} + {1 + (%)4}}] 1/2
because of ¢, = 2ra and ¢ = 0 for [ # 4. This corollary follows from
(@) @ @ @]
< (1 —~ <%>4>_3 (%3 +2(u+2)) < %7/f’ (1 - (%>2>_3,

where the constant Cy = (37/6)Y/2- 8|k — 1|/(k + 1). O

X

3 The proof of the stability estimate

In this section, we prove our main theorem. We first state some useful identities.

Lemma 9. For f, g € H/2(0Q) we have the identity

/a dhp(w)() g do

(k) L[, ow
=—(1-k) <7’ 8B?/130U0\+3900|+d0+k an By

81}0

L

da) . (10)

where ug and vy are the solutions to the problem (2) with the boundary conditions
up = f and vy = g, respectively.

Proof. Applying Green’s formula yields

0:/ AUvodx—/ U Avg dx
Q\B O\B

oU 3@0

= dA da—/—vda—i—/U—

[ arsrngio— [ G wlao [ 01 Ge)

Oz/AUUOd:E—/UAUde:/ 8—U v0|_da—/ U|_%
B B oB OV |_ OB ov

where U is the solution to the problem (7). Using these identities and the transmis-
sion conditions for U and vg, we obtain this lemma. O

do and

do,




Lemma 10. Let g; on 98 be given by g; = €% for any integer j, where i = \/—1.
Then we have

/asz AN (V) (g41) gap do = 4(1 — k)*r ' S1Sptr(4p)s (11)
/8 dp(0)(g11) gy do = (1= K)(1+ DSy (12)

for positive integers | and p.

Proof. We first remark that the solution g to the problem (2) with the boundary
condition uy = g4 is

S .

Tl (k—=1)r'p™ = (k+1)r 'p'} e r<p<R,
up(psind, pcosf) = s, .

_ QTT—lplezl:zw’ p<r

for any positive integer [ and in particular we have

5u0

——| = —2kr 1S, and Yol _ F2iG,eti
dp |,

a0 |,

on dB. So, by taking f = g4, and g = g4, (or g = g+,) and applying Lemma 9, we
obtain this lemma. O

Now we denote X := R/r. It is important to estimate each v; in view of formula

(5).
Lemma 11. We have that
o] < C? XP|ldA ()|, || < Crr*X*|dAs(¥)| .

and o
|| < TITQXIHHCZABW)HLI

for any integer 1 > 2, where the positive constant C depends only on k.

Proof. We first note that ||| g1/290) = (1 + 12)/*R"Y? for any positive integer .
It is easy to see that

/aQ dAg(1¥)(g5) gy do| < ||dAB(w)(gj)||H*1/2(BQ)||gj’||H1/2(8Q)

< HdABW)||£”9j”H1/2(aQ)ng’HH1/2(aQ)
= (141 + ()R dA ()]l
= (L+ )1+ ()Y X dAs(¥) .

10



for any integers j, j # 0. On the other hand, we have

1 k+1, k—1/1\"] _2k+1),
S iy ¢ (N ) g S 2 'L
1S l [ k—i—l(X) - l

By taking [ = p =1 in the identity (12), we get

T 1
1 —k|(1+ k) S?

1/2
_ 2V (k+ 1)

2y3
=T k] r" X°||dAp(¥)]|c.

ol =

/ A (0)(91) g1 do
o0

Likewise, taking [ = 2 and p = 1 in the identity (12) gives

10Y4(k + 1)

X4 dA .

11| <

On the other hand, taking p = > 1 in the identity (11), we obtain

1
[Vra| = ﬁs—? /m dAs(¥)(g+1) g+ do

(k+1)2 (1+1%)'?
“(1-k2 P
252(k+1)% 1

<o o X sl

P X dAB ()] o

In the same way, taking [ > 1 and p = [ + 1 in the identity (11), we get

2-10Y4(k+1)2 1

’w:t(2l+1)’ < (1 _ k)2 20 + 1712X(2l+1)+1 HdAB(w)HE'

The proof of the lemma is complete. n
We now prove our main theorem.

Proof of Theorem 1. Note that the a priori assumption ||9||gm@p) < M is equiva-
lent to 5
S B < TR (13)
r
leZ

We first consider A := ||dAg(1)||% sufficiently small. Let 0 < t < 2- 372" xM?*r~!
be given. We remark that (2xM?/rt)'/?™ > 3. Let N be the minimum integer
satisfying 27 M2N~2mp—1 < ¢, namely,

o M2\ /A
N-1< (= < N. (14)
rt

11



One can see that N > 4. Using Lemma 11, we have

>l

I<N-1
N—-1

02
< CPrtXOdAs ()| + 20 XM|dAs (0)II2 +2 D 5 X2V ||dAs ()12

=2

N-1
1
< Ot <X6 +2X5 + 22X Y ﬁ) A< B5CHAXINVA.
1=2
On the other hand, we can estimate

2 2
Sl <@+ NS (B < 1+ N TR < N <
T T

B >N

by estimate (13). Combining the estimates above and (14), we get that

Z ‘1/11’2 < F<t)7

lEZ

where e
F(t) = 5024 x 2 Cmarn) Py gy

Now we would like to show the estimate
F(to) < CyM?*r~t(log X)*"(—log A)~*™ for some 0 <ty < 2-37*"xM?*r~t (15)
where the positive constant Cy depends only on £ and m. We choose t; such that

1/2m _1/2m
to

T4X2{(27TM2/7‘) +1}A = M* 1 (log X)*™(—log A)~2™,
i.e., we pick
to = 22" M2 (log X)?™ (log G(A, M, r, X)) ™,
where G(A, M,r, X) := A~ (—log A)~*™M?r—>(log X )?*™X 2. Then we have
F(to) = 5C2M?*r~!(log X)*™(—log A)~*™ + to.

Therefore, it is enough to estimate to. Now we fix n,n’ € (0,1) small enough such
that n + 2mn’ < 1 and put

Ay = [(en/)QmMQT,fS(logX)QmeS} 1/(1=n—2mn’) .
Let 0 < A < min{Ay, 1}, then we have

Alfanmn’ S A(l)fanmn’ _ (en/)QmM2rf5<lOgX>2mX78.

12



Consequently, we obtain

6

X
—_ —2m N\ — _n/'\2m _
G(A,M,r,X)> A""(—log A)~2 {(en) TA ’7} X0 > AX6 > {A‘"

since 0 < —logt < (en/)~'t=" for all 0 < t < 1. Thus we deduce that

—2m

to < 22" MPr (log X )™ (log A_”)
= 22l =2m 21 (Jog X)2™ (—log A) 2"

and
ty < 22" M2 (log X)*™ (log XO) ™" = 2. 372 n MY,

Summing up, we have proved that if 0 < A < min{A, 1} then the estimate (15)
holds with Cy = 5C% 4 22™rp=2™_ In other words, we obtain

1/2 12
T 2 r 1/2 02 m —-m
amy = | — < (- < (&2 _
9] 22(0B) (27r ZEEZ |9 > < (27TF(150)> < (zﬂ M (log X)™(—1log A)

for 0 < A < min{ Ay, 1}.
Next we consider the case where Ay < A < 1. Note that

Ay = [(en’)QmM%’%(logX)sz*S} 1/(1=n—2mn’") > CXfS/(17n72mn’)’

where ¢ := min{ [(en/)*™ Mgr;” (log Xo)*™] Y =2m) 1/2}. We remark that — log ¢ >
0. So we can estimate

|Vl z2@By < 1Wllam@m) < M
< (~ log A)" M (~ log A) ™" < C§"M (log X)"(~ log )"

for Ag < A < 1 since

/ 8
—log Ay < —log(eX—¥/U=n=2mn)y — _Joge4+ ————log X < Cyslog X,
1 —n—"—2mn
where C3 := (—logc)/(log Xo)+8/(1 —n—2mn’). Thus we obtain estimate (4) with
C = 27" min{(Cy/2m)/%, Ci"}. O

4 Optimality of the stability estimate

In this section, we discuss the optimality of the stability estimate in the sense that
the polylogarithmic order m in estimate (4) can not be improved. We divide our
discussion into two parts. For the first part, we fix the constants k, m, R,r, M > 0.
In Theorem 1, we derived the estimate

||| 208y < Cx|log HdABW)Her (16)

for any ¢ € H™(0B) satisfying |[¢| gm@s) < M and ||[dAp(v)|z < 1, where C, is
independent of 1. We now prove that the polylogarithmic order in (16) is optimal.

13



Proposition 12. Let k,m, R,r,M,c > 0 be fized. Assume k # 1 and R > r. Then
there exists no positive constant C' which is independent of 1 such that the following
estimate holds:

[l 20m) < C'|log [dAB(¥)]lc] ™ (17)
for any v € H™(OB) satisfying
[ zrmomy < M (18)
and
ldAs(¥)]lc < 1. (19)

Proof. We prove this proposition by contradiction. That is, we assume that there ex-
ists C" which is independent of ) such that (17) holds for all 1) € H™(9B) satisfying
(18) and (19). Let u be a positive integer. Put a, = 27 1x~1/2p=1/2(1 4 12)=™/2 M,
Define a function ¢ on 0B by J(@) = 2a,, cos puf. Then we have

[llmos =M and  [$llz2es) = (1 +4?) "/ M. (20)

So, the function 1 satisfies the condition (18) in particular. Moreover, using Corol-
lary 8, we can see that

1 T\
< 3/2 -1 ("
laAs()lle < Coaup®* e (R) ()
- oy-m/2,3/2 (" \* _ v —mrsje (T
Co(L+p°) " p (R> < Cyp (R) , (21)

where C}) := 2" \r=1/2CoM R=\r=3/2 {1 — (r/R)?>}""/*. Note that the constant C}, is
independent of p. Hence the function ¢ satisfies the condition (19) when pu is large
enough. Consequently, the estimate (17) holds for p sufficiently large. By (20), (21)
and (17), we then obtain

(1+p?) ™2 M = ||| r20m) < C'|log |dAs() ||
e I —m+3/2 1 12 —m—e
< (e {cu (F)'})
3 —m—¢
= (—10gC’6+<m—§) logu—i—,ulogX) ,
ie.,
3 —m—e
M < C'(1 4 p?)m? (—log Cy + (m - 5) log i + ulogX) (22)

for > 1. Recall that X := R/r. However, the right-hand side of (22) tends to
zero as 1 — +o00. This is a contradiction. 0

14



In the second part, we discuss the dependency of the constant C, in (16) on R
and r. Fix ry > 0 and X, > 1. We have shown in Theorem 1 that C, in (16) satisfies

c, <, [1og (R)r (23)

r
for R,r > 0 with r <17y and R/r > X, where Cy depends only on k, m,re, Xo, M.

Similar to Proposition 12, we can prove that the polylogarithmic order in (23) is
optimal, at least, when the constant R and the ratio R/r are large.

Proposition 13. Let k > 0 satisfy k # 1, m >0, and M > 0. Given Ry > 0 and
Xo > 1. Let ¢ > 0. Then there exists no positive constant C", depending only on
k,m, Ry, X9, M and ¢, such that for any

R > Ry, g > X (24)
and for any ¥ € H™(OB) satisfying
[Pllm@my < M and [|dAp(¥)]c <1, (25)
the following estimate holds:
ollzom < € fiog (F)] fog fanatone] ™ (26

Proof. We also prove this proposition by contradiction. We assume that there exists
a positive constant C” which depends only on k, m, Ry, Xy, M and e such that for
any R,r > 0 satisfying (24) and for any ¢ € H™(0B) satisfying (25) the estimate
(26) holds.

Define a function ¢ on 9B by ¥(8) = 2aycos20, where ay := 2715™/2 x
7= 12p=1/2[. Then we have that

[llz2om) = 5""2M,  [Yllmos) = M

and

ldA ()2 < %M}%W {1 _ <%>2}—7/2 <%>1/2 <y (%)1/2

for r, R > 0 satisfying (24) as in the proof of Proposition 12, where
Cy = 21/27r_1/25_m/200MR55/2(1 — X0_2)_7/2.

We remark that the constant Cj is independent of r, R > 0. Thus, the conditions
in (25) hold whenever R/r is large enough. By the assumptions, the estimate (26)
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holds for R/r > 1. It follows that

£

—m 1 R " -m
57"°M = [l 20m) < C [bg(;)] [log 1dAs (¢4)lc|

cofm(®)] (-l )

m—¢g 1 —m
=" {log (E)} {— log (§> —log C’g] — 0 as R — 400,
r 2 r r

which leads to a contradiction. The proposition is now proved. O
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