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Abstract

In this work we study the inverse boundary value problem of determin-
ing the refractive index in the acoustic equation. It is known that this inverse
problem is ill-posed. Nonetheless, we show that the ill-posedness decreases
when we increase the frequency and the stability estimate changes from log-
arithmic type for low frequencies to a Lipschitz estimate for large frequen-
cies.

1 Introduction

In this paper we study the issue of stability for determining the refractive index in
the acoustic equation by boundary measurements. It is well known that this in-
verse problem is ill-posed. However, one anticipates that the stability will increase
if one increases the frequency. This phenomenon was observed numerically in the
inverse obstacle scattering problem [5]. Several rigorous justifications of the in-
creasing stability phenomena in different settings were obtained by Isakov et al
[6,7,8, 10, 11]. Especially, in [8], Isakov considered the Helmholtz equation with
a potential

—Au—kKu+qu=0 in Q. (1.1)
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He obtained stability estimates of determining g by the Dirichlet-to-Neumann map
for different ranges of k’s. All of these results demonstrate the increasing stability
phenomena in k. For the case of the inverse source problem for Helmholtz equa-
tion and an homogeneous background it was shown in [3] that the ill-posedness
of the inverse problem decreases as the frequency increases.

In this paper, we study the acoustic wave equation. Let {2 C R" be a bounded
domain, where n > 3. Let 0€) be smooth. We consider the equation

(A+K*q(z))u(z) =0 in Q, (1.2)

where the real-valued ¢(z) is the refractive index. Assume that the kernel of the
operator A + k?q(z) on H} () is trivial. Associated with (1.2), we define the
Dirichlet-to-Neumann map (DN map) A : H/2(9Q) — H~/2(952) by
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where w is the solution to (1.2) with the Dirichlet condition v = f on 0f2, and v
is the unit outer normal vector of 9€2. The uniqueness of this inverse problem is
well known [13]. This inverse problem is notoriously ill-posed. For this aspect,
Alessandrini proved that the stability estimate for this problem is of log type [1]
and Mandache showed that the log type stability is optimal [9]. In this paper, we
would like to focus on how the stability behaves when the frequency £ increases.
Now we state the main result.

Theorem 1.1. Assume that q,(z) and qx(x) are two sound speeds with associ-
ated DN maps A1 and A,, respectively. Let s > (n/2) + 1, M > 0. Suppose
@l ms) < M (I =1,2) and supp(q: — q2) C S0 Denote q a zero extension of
q1 — qo. Then there exists a constant C', depending only on n, s, and (), such that

ifk* > 1/(C1M) and | A1 — Asl|« < 1/e then

c 1 —(2s—n)
alg—smn) < — A)[IA; — A * +log ————
@l < 15 SP(CR)|AL = Aol + C (’“ o8 HAl—AzH*)

(1.3)
holds, where C > 0 depends only on n, s,Q, M and supp(q; — qo). Here ||-||« is
the operator norm from HY/?(0Q) into H=/2(0Q).

Remark 1.2. 1. The estimate (1.3) consists two parts — Lipschitz and logarithmic
estimates. As k increases, the logarithmic part decreases and the Lipschitz part



becomes dominated. In other words, the ill-posedness is alleviated when k is
large.

2. We would like to remark on the constant C exp(Ck?)/k? appearing in the Lips-
chitz part of (1.3). 1/k? comes from k*q in the equation, which appears naturally,
while, exp(Ck?) is due to the fact that we use the complex geometrical optics so-
lutions in the proof. Even so, we expect that the there is an exponential growth of
the constant with frequency since we do not assume any geometrical restriction
on q(x) other than regularity. For the wave equation it has been shown by Burq
for the obstacle problem [4] that the local energy decay is log-slow and this is due
to the presence of trapped rays. Notice that in our case we can have trapped rays.
For the case of simple sound speeds we expect that there is no exponential increase
in the constant. In [12] a Holder stability estimate was obtained for the hyperbolic
DN map for generic simple metrics. For very general metrics there is not known
modulus of continuity for the hyperbolic DN map, see [2] for convergence results.

However, in practice, k is fixed and so is the constant. Therefore, one should
expect to obtain a better resolution of q from boundary measurements when the
chosen k is large.

3. Unlike the result in [8, Theorem 2.1] (for equation (1.1)) where the stability

estimates were derived in different ranges of k, estimate (1.3) is valid for all range
of k provided k* > 1/(C1M) .

The proof of Theorem 1.1 makes use of Alessandrini’s arguments [1] and the
CGO solutions constructed in [13]. The main task is to keep track of how £
appears in the proof of the stability estimates.

2 Complex geometrical optics solutions

In this section, we construct CGO solutions to the equation (1.2) by using the idea
in [13]. The main point is to express the dependence of constants on £ explicitly.
We first state two easy consequences from the results in [13].

Lemma 2.1 (see [13, Proposition 2.1 and Corollary 2.2]). Let s > 0 be an integer.
Leteg > 0. Let £ € C" satisfy € - £ = 0 and || > €o. Then for any f € H*(Q)
there exists w € H®(§) such that w is a solution to

Aw+¢-Vw = fin)



and satisfies the estimate

Co
s < —
(@) < ‘€|||f|

[w] H3(Q)>

where a positive constant Cy depends only on n, s, €y and §).

By using this lemma, we can obtain a solution to the equation

Ap+E-Vip+gy=f 2.1)
satisfying some decaying property as in the following lemma.

Lemma 2.2 ([13, Theorem 2.3 and Corollary 2.4]). Let s > n/2 be an integer:
Leteg > 0. Let £ € C" satisfy - € = 0and |&| > €. Let f,g € H*()). Then
there exists Cy > 0 depending only on n, s, ey and () such that if

€l > Cillg|
then there exists a solution \p € H*(S2) to the equation (2.1) satisfying the estimate

20
@ < 2215
@ < Tl

Ho(Q)

[4]

H3(Q)»

where Cy is the positive constant in Lemma 2.1.
The needed CGO solutions are constructed as follows.

Proposition 2.3. Let s > n/2 be an integer. Let ¢g > 0. Let & € C" satisfy
§-&=0and |£| > eo. Define the constants Cy and Cy as in Lemma 2.2. Then if

€l > kg

H#(9Q2)

then there exists a solution u to the equation (1.2) with the form of

u(z) = exp (g : g;> (1+¢(x)), (2.2)

where ) has the estimate

2Ck?

||| ) < WHQHHS(Q)-

Proof. Substituting (2.2) into (1.2), we have
A+ € -V + B qp = —kq.

Then by Lemma 2.2, we obtain this proposition. [
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3 Proof of stability estimate

This section is devoted to the proof of Theorem 1.1. We begin with Alessandrini’s
identity.

Proposition 3.1. Let u; be a solution to (1.2) with q = q;, then we have

kQ/(% — qu)urup dx = <(A1 — Ag)urlaq, U2|aQ>'
Q

Now we would like to estimate the Fourier transform of the difference of two
¢’s. We denote F( f) the Fourier transformation of a function f.

Lemma 3.2. Let s > (n/2) + 1 be an integer and M > 0. Assume ||q|| ) <
M, supp(q1 — q2) C Q and k* > 1/Cy M, where C is the constant defined in
Lemma 2.2 corresponding to ¢y = 1. Let q be a zero extension of ¢ — q» and
ag > Cy. Suppose that x € C§°(2) satisfies x = 1 near supp(q; — q2). Then for
r > 0and n € R™ with |n| = 1 the following statements hold: if 0 < r < agk*M
then

e
+ — exp(Cagk® M)[[Ay — Asfl. (3.1

i) < Sl
Fqrm] < =2 O Gy + 7

holds; if r > C1k*M then
CME*||x|

C
—5 exp(Cr)[|A; — Agls (3.2)

Hs(Q2
2w +

holds, where C' > 0 depends only on n, s and €.

[ Fq(rn)| <

Proof. In the following proof, the letter C' stands for a general constant depending
only on 7, s and 2. By Proposition 2.3, we can construct CGO solutions u;(z) to
the equation (1.2) with ¢ = ¢; having the form of

wn(z) = exp (% . :1:) (1+i(2))

for [ = 1, 2, and we have

/Q(CIQ — q1) exp (%(51 + &) - -CE) (1441 + o + 1ypo) do

1
= ﬁ<(/\1 — Ao)uilaq, U2|BQ> (3.3)



from Proposition 3.1, where v; satisfies

Ck2
V|l s () < ||z
@ =Ty
if § € C™ satisfies & - & = | > 1 and
&l > Crik ||l (o) (3.4)

We remark that |||

ms() < C also holds. Indeed, we have

Ck*lqill s () < Cklqllgs@  C

si) < < = — =C.
e & Cik|allms)  Ch

141]

Now, let r > 0, and ) € R™ satisfy || = 1. We assume that v, { € R" satisfy
a-n=a-(=n-C=0and (] = |a]> + 1. (3.5)
Define &; and &; as
& =C+ia—irn and & = —(—ia—irn.
Then we have
§-6=0, & =[¢]* + |af* +r* =2|¢] (1 =1,2) and (51 + &) = —irn.

Hence by (3.3), we immediately obtain that
Firn) == [ (@2~ ) expl=irn - 2)(s +va + rvs) da
Q

1
+ ﬁ«f\l — Ag)uilaq, U2|aQ> (3.6)

provided || > 1 and (3.4) are satisfied. We first estimate the first term on the



right hand side of (3.6) by

(g2 — qu) exp(—irn - x)(11 + Yo + P1the) do
Q

Q(Qz — q1) exp(—irn - 2)x (V1 + 2 + 1thy) dx

< Nl@z = aull - || x (01 + w2 + P1es)| o)
<1l @y I s ) (1901 s () + 12l ars () + WlHHS(Q 12l 2s02))

2 2
< il oo (- 4 CF anlnﬂ
) Vai T e T f 2/¢|
_ CRlIxl o)

2
G0 -y Yl
Iq —

since X (1 + 2 + 1the) € HS(2) and s > n/2.
On the other hand, by taking R large enough such that 2 C Br(0), we have

[Re&|
HUZ‘GQ”LQQQ) < |aQ’1/2H’LLl“CO(Q) < ‘89’1/2 exp (TR (1 —+ leHLoo(Q))

< Cexp <|RZ&|R> (1+ [l

§C’exp(|RZ€l|R> (1+C)= Cexp<|g| >

Likewise, we can get that

o))

HVUZ|BQHL289 H ul+exp(% )V@bl
\/_|C| IS

L2(5Q)

Cexp ( |R) + |GQ|1/2 exp (|<| ) VY|l co)

<c<|exp(c7)+ p(58) 190l
r)ves

gcrqexp('C' ('C' >sz|
< Cexp(C[¢))

Hs—1 (Q)

Hs



since s — 1 > n /2. Consequently, we have

Hul|3QHH1/2(ag) < Cexp(CI¢]).

Therefore, we can estimate the second term of the right-hand side of (3.6) by

[((A1 = A2)wr]on, uolon)| < [[A1 — Asll u1|aQHH1/2(aQ)HU2|89HH1/2(39)
< Cexp(CIC]) A1 = Azlls.

Summing up, we have shown that for » > 0 and for n € R" with |n| = 1 if we
take o and ( satisfying the conditions (3.5), || > 27/2 and

¢ = 27 200k || s (3.7)
then
| Fa(rn)| < %HEI”H—S(R”) i”ﬁﬂ Hs(Q)
=1
+ S esp(CIC A — Aol (38)
holds.

Now assume that ||q|| =0y < M and k* > 1/C; M. Thus if
| > C1k* M (3.9)

holds, then (3.7) and [¢| > 27'/2 are satisfied. Pick ag > C). We first consider
the case where 0 < r < agk?M. By choosing « and ( satisfying

a-n=a-(=n-C=0, |C| = ak?M(>r) and |a| = \/(aok?M)? — r2

both (3.5) and (3.9) are then satisfied since aq > (. Hence we obtain (3.8), that
is (3.1). On the other hand, when r > C1k?M, we can choose &« = 0, 7-( = 0
and || = r. Then (3.5), (3.9) are satisfied and thus (3.8) holds and consequently
(3.2) is valid. O

Now we prove our main result.



Proof. As above, (' denotes a general constant depending only on n, s and 2.
Written in polar coordinates, we have

e = [ [ 7P+ s
0 77:1

aok?M
— C’(/ / |]:a(r77)|2(1 + 7"2)_57""_1 dn dr
0 In|=1
T
s [P
aok2M J|n|=1

/ / | Fq(rn)? 1—|—7’)5"1dndr)
[n|=1

= C(L + I, + 1), (3.10)

where ay > C; and T > aok®M are parameters which will be chosen later. Here

C) is the constant given in Lemma 3.2. From now on, we take k% > 1/(C; M),
Our task now is to estimate each integral separately. We begin with /5. Since

\Fq(rn)| < Cllar — @2l r20)> &1 — @2 € H§(Q2), and s > n/2, we have that

Is < C/ a1 = Gall 7oy (1 + )~ r" " dr < OT™™(|g1 — ¢al 720

T
2 )
He ()

<CT (5||Q1 - Q2||§{—s(n) + EH% — 2|

A[Q
<orm (quHH o —) G

for ¢ > 0, where m := 2s — n.
On the other hand, by Lemma 3.2, we can estimate

aok?M
I < C’/ (1+ 7’2)_87’”_1 dr
0

Xy exp(2Caok* M)
X [—a 19117+ gy + 1A = A2
0
> . c? exp(Cagk®M
<o [Tt | + S A ]
0 ap
CC2 Cexp(C’a k*M)
= 2 ey + 1A = Al (3.12)



where x € C§°(12) satisfies x = 1 near supp(¢2 — ¢1) and C,, = || x|
view of

H3(Q)- In

T T
/ (1+ 7"2)*37""’3 dr < / 253 gr < C(aokzM)’25+”’2

ok?M ok2M
< Clagk®M)2(CLEEM)™ <
> (ao ) ( 1 ) < a3k4M2
and
r T
/ exp(Cr)(1+7r3) " *r"tdr < eXp(CT)/ (1+7r2) =" dr
aok*M aok?M

< exp(CT) / (1+r3) 5" Ldr
0

< Cexp(CT),
we have that
T
o < OMPR o Wl [ (L)
aok?M
C A A 2 T 2\—s. .n—1
—4|| 1— Aaolls exp(Cr)(1 4 r°)*r" " dr
aok2M
cc? C
< Xl F-s@ny + 77 exp(CT)||AL — Aglf2. (3.13)
a? k
Combining (3.10)—(3.13) gives
17— gy < C(I + Io + I3)
ccs C exp(Cagk* M)
S 2 s @l s ey + k40 A1 — Aslf?
0
ce? C
+ —2 NGl ) + 75 exp(CT) [ A1 — As12

4
a? k

m M?
+CT <5H‘JHH s(Rr) T _)

C2C?
- (v e e

0

CM?
-,

C
+ ﬁ(exp(C’aokQM) +exp(CT)) || A1 — Ao +
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where positive constants Cy and C5 depend only on n, s and (2.
Now we pick a( and ¢ as

m

T
ag = 2CQCX Z Cl and € = 4_6'3

(if needed, we take C5 large enough). We then obtain that

c o
||Zﬂ|?rs(w) < = [exp(2C2CCK* M) + exp(CT)] [[Ar — Aoff + CT =" M?
C

= exp(Cak®) A+ C®(T) (3.14)
for T' > apk? M = 2C,C k*M = ak?, where

1

O(T) = = exp(CyT)A + M*T~>™

A=||A; — A2, a := 2C>C,,M? and C, > 0 depends only on n, s and 2.
To continue, we consider two cases:

1
k2 < plog — 3.15
ak” < plog (3.15)

and ]
ak? > plog i (3.16)

where p will be determined later (see (3.24)).
For the first case (3.15), our aim is to show that there exists 7' > ak? such that

—2m
®(T) < 205 (k2 + log %) : (3.17)

Substituting (3.17) into (3.14) clearly implies (1.3). Now to derive (3.17), it is
enough to prove that

1 1\ "
= exp(CyT)A < Cs (k2 + log Z) (3.18)
and )
1 —Zm
M?*T2™ < C5 <k2 + log Z) . (3.19)

11



Remark that (3.19) in equivalent to

_ 1
T Z 05 I/Qli/’m (kQ +10g Z) :

which holds if 1
T > OV ptm (1 + ]3) log (3.20)
a

because of (3.15). Setting 7' = plog(1/A) (> ak? by (3.15)), then (3.20) holds
provided

p > GV (1 + g) . 3.21)

Now we turn to (3.18). It is clear that (3.18) is equivalent to
1 9 1 9 1
Cyplog 1 <log C5 + 2log k= + log Vi 2mlog | k* + log 1 (3.22)
since 7" = plog(1/A). It follows from (3.15) that
1 1 1 1
log (k2 + log Z) < log (g log 1 + log Z) = log (g + 1) + loglog R
Hence (3.22) is verified if we can show that

1 1 p 1
— < _ — _ £ —
Ciplog - < log G5 — 2log(MCy) + log - — 2m (log (a n 1) + log log A) ,
1.e.
(1= Cup)log ~ — 2mloglog ~ + log Cs — 2log(MC}) — 2m 1o <9+1)>0
i) log glog - +1log G5 — 2log(MC) g( >

(3.23)
for log(1/A) > 1. Now we choose

p=— (3.24)
Then (3.23) becomes

1 1
log a1~ 4m log log 1 + 2log C5 — 4log(MCY) — 4mlog (B + 1) > 0. (3.25)
a

12



Notice that

1 1
inf <log i 4m log log Z) = gﬁ(z — 4mlog z)

0<A<l/e

e
> ] _ — =
> gg(z 4mlog z) = 4mlog .

Hence if we choose C'5 such that
om [ 4 2m
G5 > (e (24 1) (—m> (3.26)
a e

then (3.25) follows. Finally, we take

4m\ 2" Py 2m
Cs:= mauX{C'I2 (—) , ]9_27"}]\42 <1+—> ,
e a

which depends only on n, 2, s, M and x. With such choice of (5, the conditions
(3.26) and (3.21) hold, and thus estimate (3.17) is satisfied.
Next we consider the second case (3.16). By (3.14) with T' = ak?, we get that

C C o
11—y < o exp(Cak?)A + o exp(Cyak®)A + CM?(ak?) ™

C
< e exp(Cak?)A + CM?*a ™ k=™,

Hence it remains to show that

1 —2m
fAm < k% +log —
1.e.

_ 1
K> ot (k:2 + log Z) . (3.27)

Since

1
k* +log — < <1+2) k>
A p

by (3.16), we have (3.27) if we take Cy large enough so that

2m
Cs > <1+9) )
p

The proof is completed. ]
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