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ABSTRACT. We prove for a two dimensional bounded domain that the Cauchy data for the
Schrédinger equation measured on an arbitrary open subset of the boundary determines
uniquely the potential. This implies, for the conductivity equation, that if we measure the
current fluxes at the boundary on an arbitrary open subset of the boundary produced by
voltage potentials supported in the same subset, we can determine uniquely the conductiv-
ity. We use Carleman estimates with degenerate weight functions to construct appropriate
complex geometrical optics solutions to prove the results.

1. Introduction

We consider the problem of determining a complex-valued potential ¢ in a bounded two
dimensional domain from the Cauchy data measured on an arbitrary open subset of the
boundary for the associated Schrodinger equation A 4+ ¢. A motivation comes from the
classical inverse problem of electrical impedance tomography. In this inverse problem one
attempts to determine the electrical conductivity of a body by measurements of voltage and
current on the boundary of the body. This problem was proposed by Calderén [9] and is also
known as Calderéon’s problem. In dimensions n > 3, the first global uniqueness result for
C?-conductivities was proven in [28]. In [25], [5] the global uniqueness result was extended
to less regular conductivities. Also see [14] for the determination of more singular conormal
conductivities. In dimension n > 3 global uniqueness was shown for the Schrodinger equation
with bounded potentials in [28]. The case of more singular conormal potentials was studied
n [14].

In two dimensions the first global uniqueness result for Calderén’s problem was obtained
in [24] for C?-conductivities. Later the regularity assumptions were relaxed in [6], and [2].
In particular, the paper [2] proves uniqueness for L*°- conductivities. In two dimensions a
recent breakthrough result of Bukhgeim [7] gives unique identifiability of the potential from
Cauchy data measured on the whole boundary for the associated Schrodinger equation. As
for the uniqueness in determining two coefficients, see [10], [18].

In all the above mentioned articles, the measurements are made on the whole boundary.
The purpose of this paper is to show global uniqueness in two dimensions, both for the
Schrodinger and conductivity equations, by measuring all the Neumann data on an arbitrary
open subset T of the boundary produced by inputs of Dirichlet data supported on I. We
formulate this inverse problem more precisely below.
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Let Q C R? be a bounded domain with smooth boundary which consists of N smooth
closed curves v;, 0§) = Ué-vzyj, and let v be the unit outward normal vector to 9€2. We denote
9u = Vu-v. A bounded and non-zero function v(z) (possibly complex-valued) models the
electrical conductivity of 2. Then a potential u € H'(Q) satisfies the Dirichlet problem
(1.1) div(yVu) = 0in Q,

g = J,

where f € H2(09) is a given boundary voltage potential. The Dirichlet-to-Neumann (DN)
map is defined by
ou

(12) M) =75

The inverse problem is to recover v from A,. This problem can be reduced to studying
the set of Cauchy data for the Schrédinger equation with the potential ¢ given by:

_ AV
(1.3) q= o

More generally we define the set of Cauchy data for a bounded potential ¢ by:

(1.4) C, = {(mm,% m) [ (A+q@u=00nQ, ue Hl(Q)}.

We have C, C H2(99) x H™2(99).

Let I' C 09 be a non-empty open subset of the boundary. Denote 'y = 92 \ r.

Our main result gives global uniqueness by measuring the Cauchy data on . Let q; €
C*(Q), j = 1,2 for some a > 0 and let g; be complex-valued. Consider the following sets
of Cauchy data on I

0 : ,
(1.5) Cy = {(u’f’ﬁ_Z‘f) | (A4 ¢;)u=0inQ, ulp, =0, ueHl(Q)}, j=12.
Theorem 1.1. Assume C;, = Cy,. Then q1 = qo.

Remark. As far as a reqularity of the potentials q; is concerned we have to assume C*T
reqularity only in a neighborhood of the boundary OS2.

Using Theorem 1.1 one concludes immediately as a corollary the following global identi-
fiability result for the conductivity equation (1.1). This result uses that knowledge of the
Dirichlet-to-Neumann map on an open subset of the boundary determines v and its first
derivatives on ' (see [22], [29].)

Corollary 1.1. With some a > 0, let v; € C*T%(Q), j = 1,2, be non-vanishing functions.
Assume that

A (f) =AM, (f) onT for all f € H%(F), supp f C T.
Then v1 = vs.

It is easy to see that Theorem 1.1 implies the analogous result to [19] in the two dimensional
case.
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Notice that Theorem 1.1 does not assume that {2 is simply connected. An interesting
inverse problem is whether one can determine the potential or conductivity in a region of
the plane with holes by measuring the Cauchy data only on the accessible boundary. This
is also called the obstacle problem.

Let Q, D be domains in R? with smooth boundaries such that D C Q. Let V C 952 be an
open set. Let ¢; € C?**(Q2\ D), for some o > 0 and j = 1,2. Let us consider the following
set of partial Cauchy data

~ ou ) — _
Cy, = {(ulv, $|V)‘(A +¢;)u=0in Q\ D, ulapuoy = 0,u € H'(Q2\ D)}.

Corollary 1.2. Assume C,, = C,,. Then q1 = g
A similar result holds for the conductivity equation.
Corollary 1.3. Let ; € C***(Q\ D) j = 1,2 be non vanishing functions. Assume
Ay (f) =A(f) on V' Yf € HE((Q\ D)), suppf CV
Then v1 = va.

Another application of Theorem 1.1 is to the anisotropic conductivity problem. In this case
the conductivity depends on direction and is represented by a positive definite symmetric
matrix

o=1{0"} in .
The conductivity equation with voltage potential g on 02 is given by

2
0 , ,;0u
ZJ— = 1
g axi(a &'Ej) 0 in €,

ij=1
U!aﬂ =g.

The Dirichlet-to-Neumann map is defined by

2
. OJu

As(9) = Z Juyi_é?m |60
J

ij=1
It has been known for a long time that A, does not determine ¢ uniquely in the anisotropic
case [23]. Let F': Q — Q be a diffeomorphism such that F(z) = z for x from 9£2. Then

AF*O’ = Am
where
(DF)ooo (DF)T 1
1. F.o= .
(1.6) 7 ( det DF] °

Here DF denotes the differential of F, (DF)T its transpose and the composition inside
parenthesis (1.6) is matrix composition. The question of whether one can determine the
conductivity up to the obstruction (1.6) has been solved in two dimensions for C? conduc-
tivities in [24], Lipschitz conductivities in [26] and merely L*> conductivities in [3]. The
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method of proof in all these papers is the reduction to the isotropic case performed us-
ing isothermal coordinates [27]. Using the same method and Corollary 1.1, we obtain the
following result.

Theorem 1.2. Let oy, = {alij} € C°(Q) for k = 1,2 and some positive . Suppose that oy,
are positive definite symmetric matrices on Q. Let I' C 9 be some open set. Assume

Ay (9)|r = Aoy (9)Ir Vg € H%(ﬁQ), suppg C .
Then there exists a diffeomorphism
F:Q—Q, Flog= Identity, FcC*"*(Q),a>0

such that

F*O'l = 029.

We mention that in [3] K. Astala, M. Lassas, and L. Paivéirinta have shown a partial data
result in the anisotropic problem in two dimensions for bounded measurable conductivities,
similar to Theorem 1.2, assuming that one knows both the Dirichlet to Neumann and Neu-
mann to Dirichlet map on T. On the other hand, to the authors’ knowledge, there are no
uniqueness results similar to Theorem 1.1 with Dirichlet data supported and Neumann data
measured on the same arbitrary open subset of the boundary, even for smooth potentials or
conductivities. In dimension n > 3 Isakov [17] proved global uniqueness assuming that T’y is
a subset of a plane or a sphere. In dimensions n > 3, [8] proves global uniqueness in deter-
mining a bounded potential for the Schrodinger equation with Dirichlet data supported on
the whole boundary and Neumann data measured in roughly half the boundary. The proof
relies on a Carleman estimate with a linear weight function. This implies a similar result for
the conductivity equation with C? conductivities. In [20] the regularity assumption on the
conductivity was relaxed to C%/2*® with some a > 0. The corresponding stability estimates
are proved in [15]. In [19], the result in [8] was generalized to show that by measuring all
possible pairs of Dirichlet data on a possible very small subsets of the boundary I'y and
Neumann data on a slightly larger open domain than 0Q \ I'y, one can uniquely determine
the potential. The method of the proof uses Carleman estimates with non-linear weights.
The case of the magnetic Schrodinger equation was considered in [11] and an improvement
on the regularity of the coefficients is done in [21]. Stability estimates for the magnetic
Schrodinger equation with partial data were proven in [30].

The two dimensional case has special features since one can construct a much larger set
of complex geometrical optics solutions than in higher dimensions. On the other hand, the
problem is formally determined in two dimensions and therefore more difficult. The proof
of our main result is based on the construction of appropriate complex geometrical optics
solutions by Carleman estimates with degenerate weight functions.

This paper is composed of four sections. In Section 2, we establish our key Carleman
estimates, and in Section 3, we construct complex geometrical optics solutions. In Section
4, we complete the proof of Theorem 1.1. In the Appendix we consider the solvability of
the Cauchy-Riemann equations with Cauchy data on a subset of the boundary. We also



PARTIAL DIRICHLET-TO-NEUMANN MAP 5

establish a Carleman estimate for Laplace’s equation with degenerate harmonic weights that
we use in the earlier sections.

We would like to thank the referee, Mikko Salo, and Leo Tzou for very helpful comments
on a previous version of the paper.

2. Carleman estimates with degenerate weights

Throughout the paper we use the following notations.

Notations.

i =1, 21,29,&1,& €RY, 2 = 2y +ixg, ( = & + i€, Z denotes the complex conjugate
of z € C. We identify z = (z1,2,) € R? with z = zy + izy € C. 9, = (95, — i0s,),
&z = %(am +Zam2)7 D = (%aiml’ %8112)75 = (51752)7 |B| = 61 "‘ﬁ% Dﬁ = (1‘%1;;?11 ’ ’%238:52) The
tangential derivative on the boundary is given by 0z = Vga%l — Vlaim, with v = (v, 1) the
unit outer normal to 99, B(Z,0) = {x € R*||x — 7| < §}, f : R? — R!, f” is the Hessian
afjng . L(X,Y) denotes the Banach space of all bounded linear operators
from a Banach space X to another Banach space Y.

Let ®(2) = (1, 2) +it(z1, 15) € C?(Q) be a holomorphic function in  with real-valued

@ and 1:
(2.1) 0:0(2) =0 in .

matrix with entries

Denote by H the set of critical points of the function ®
H = {z € Q0.9(z) = 0}.

Assume that ® has no critical points on f, and that all the critical points are nondegenerate:
(2.2) HNOQ\Ty= {0}, 9®(z)#0, VzeH.
Then we know that ® has only a finite number of critical points and we can set:
(2.3) H=A{Z1,...., 74}

Consider the following problem
(2.4) Au+qu=f inQ, ulp, =0y,

where v is the unit outward normal vector to 9f2.
Assume that ® satisfies

(2.5) Lo C{z €09Q|(v,Vy) =0}.
We have

Proposition 2.1. Let gy € L>(2). Assume (2.1), (2.2), (2.5). There exists 19 > 0 such
that for all |T| > 19 there exists a solution to problem (2.4) such that

(2.6) lue™™|l2@) < CUlfe 2 @A 7] + [lge™ [l 2wy))-
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The proof of this proposition given in the appendix.
Let us introduce the operators:

z _% QC_Z

c— g,

o lg = b g9(¢, C)dC/\ ac = — /Q(C Od&d& 0-1g.
Q

2mi Jo C— 2

See e.g., pp.28-31 in [32] where 92! and 9, ! are denoted by T and T respectively. Then we
have (e.g., p-47 and p.56 in [32]):

Proposition 2.2. A) Let m > 0 be an integer number and o € (0,1). Then 97,071 €
E(Cm—f—a(ﬁ) Cm-‘roz-i—l(ﬁ))_
B) Let 1 <p<2and1<~y<3zZ Thend;' a7 € L(L(Q), L7(2)).

We define two other operators:
(2.7) Ry g=c¢" 7(®(2)- (Z))a (ge” (<I>(Z)—<I>(Z)))’ éng — (@ D(z)— é(z))a (geT(q>(z)—q>(z))).
We have

Proposition 2.3. Let g € C*(Q) for some positive a. The function Rerg is a solution to

(2.8) O:Re 9 — 7(0.P(2))Rorg =g in S
The function ﬁng solves
(2.9) 0:Ro -9+ 7(0.9(2))Rorg =g in Q.

Proof. The proof is by direct computations:

azﬁ@,rg + 7—6(18),(22) éq)ﬂ_g = az(e‘r(mfcb(z))a;l(geT(q’(z)fw)))
00(2)

1r o (€T(¢(z)—¢(z))a;1(gefvb(z)—@(z)))):
_732(2) (€7 @E-2E) g1 (4m@H-BEN)) 4 (7@ -2 (o7 @() -2
z
0P
Ty aiz) (e7 () 2D g1 geT(®() (D)) = ¢

Using the stationary phase argument we show

Proposition 2.4. Let g € L'(Q) and function ® satisfy (2.1),(2.2). Then

lim|T|_,+oo/geT(q’(Z)¢(z))dx =0.
Q
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Proof. Let {gx}32, € C5°(2) be a sequence of functions such that g, — g in L'(Q). Let € > 0
be an arbitrary number. Suppose that j is large enough such that [|g — gA.||L1(Q < 5. Then

[ 0T al < [ (9= g™ T e] 5| [ e T,
Q
The first term on the right hand side of this inequality is less then €/2 and the second goes
to zero as |T| approaches to infinity by the stationary phase argument. O
Denote
O, = {x € Qldist(x,00) < €}.
We have

Proposition 2.5. Let a > 0, g € C'(Q) and glp, = 0. Then
(2.10) |Ro-g(2)| + |Rarg(@)] < Cligllrva@/ITl Vo € O,
IfgeC®(Q). g

o. =0 and gy =0, then

- 1
(2.11) HR@,TQHCO(@) + HP@,TQHCO((T%) = 0(;)
Jor all x € Oj,.

Proof. Denote g(x,&;,&) = —%%. Let x = (x1,22) be an arbitrary point in (’)—% We set
z = x1 + ix3. We prove (2.10) and (2.11) for the function Rg ,g. Proof of the estimates for
the function Rp,fg is exactly the same. Let us prove (2.10) first. Let 6 > 0 be sufficiently
small and e, € C5°(B(Zy,0)) such that ex|p@a,,s/2) = 1. We decompose

(2.12)
¢

I(7) = / Ger P e, de, = Z / ; exge” P de de, + / (1= ew)ge P de des.

Q k=1
By the stationary phase argument we can estimate the second integral on the right hand
side of in (2.12) as

CHQHCHQ(Q)
7]

(2.13) I[a-3 > exlie* Piidealoner, <

In order to estimate the first term on the right hand side of (2.12) we use that

l
(2.14) > / exge” P dédé, =
k=1 v B(@k,9)

l ~ ~
Z {/ ek <§ + EM) 6T(¢—5)d§1d€2 _ / e 1 g(xk) 6T(<I>—<I>)d€1d€2} )
— UB@0) T(—=z B TC—2

Applying the stationary phase argument to the second term in (2.14) again we get

1g(& Cllgllcoa
(2.15) [ / e LI @B e | oy < IO
B(Ere) TG

T(—2z 5) |7
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In order to estimate the first term on the right hand side of (2.14) we observe

Z/ (~ 1 g(jk)> 67(@—5)d€1d€2 —
B(Z,9) C -
, N
1 _
> i, [ e (34 280 ) v Dy, -
&'=+0 Bz, 6)\B(@s.6") Tz
, .
‘ o Lg(E)) 1 -5
lim / e (9 + ——) —8,267“1’ q))df d&s =
Z &' —=+0 ) B(a},,0)\B(&5,8") ’ m¢—z) 70 o
. _
' _ o lg@k), 1 ) -
~Y" lim / Oz <€ g+ - 7 g dg
Z '=+0 J B(@1,8)\B(@x.6") . ™ Z)Tazq) o

(2.16) 3 lim /S(x o 25,(51— gg)ek( 12’(_ )) 1@67(¢_¢)d§1dfg.

6'—40

Note that for each fixed z from O¢ function ex(&1,82)(9 + %gc(f’;)) € O (Q) and (§ +
lM)(x,ik) = 0. Thus

T (—z

. 1 g( ) 1 T(®—®) _
5/11—>r£1r0 (T8 20’ (51 —i&)en(d (¢ — z)az_cbe derds; = 0.

By (2.2) there exists a constant C' such that

lgllcr+a@
1) <oy e,
Using these inequalities we pass to the limit in (2.16) and we obtain

L

- 19_=W (@) _1 lM) L) (@)
Z/ek( )e d&d@—T;/BM@( (g+ T o) Ve

This inequality and (2.13),(2.15) imply (2.10).
Now we prove (2.11). Thanks to the improved regularity of the function ¢ similarly to
(2.16) we have

C
(2.17) II/ (1-— Gk ger(®=®) d51d§2||00 ) S T
Og) = |72
By (2.17) and the assumption that g|H =0 we get
! end - 1
2.18 I(r) = 0.(—2 )™ =P g, d ).
(2.18) =3[ ol P o)

Consider the radial cut off function x € C5°(B(0,1)) such that

x>0, xlpoz =1

1
'3)
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Then by (2.18)

0 ~
(0= [ oS0 - aulnlr)e® Pgids, +

[ 0= (e - af ) Pdeidsa + of ) =

k
3 [0 (G i el ) @ Fagde +

70,9 " 710,P
k=1
‘ exg 1
(2.19) S [ gl = i) Py + o).
k=1 " 2Tk z

Using the inequalities

L 0y e — o) 3

ol Q

and
;

S oS e - e ey

k=1 Y B(@k.9)

\\IQ
MN

/ e = e Vil = o)

ZE|2_O‘

we get (2.11).

Denote
r(z) =i_(z — Zx) where H = {F1,..., %}, Zx = T1.4 + iTo.
We have

Proposition 2.6. Let a be some positive number g € C*T*(Q) and glo, = 0. Then for each
d € (0,1), there exists a constant C'(§) > 0 such that

(2.20)

|1 Bo.r (r(2)9)llze) < CO)llglersa/IT1™,  1Rar(r(2)9)lz2@) < CO)llgllorsa/I7I.

Proof. Denote v = Rq . (r(z)g). By Proposition 2.5

(2.21) [0llz20,2) < Cligllorea@/I7l-
Then by Proposition 2.3 we have
0 0P —
a—z + T,V = r(z)g in
There exists a function p such that
0 0P
L T (2) = in

0z * 0z
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and there exists a constant C' > 0 independent of 7 such that

(2.22) I1pllz2@) < Cllvllzz -

Let x be a nonnegative function such that x = 0 on O< and x =1 on Q \ Oc. Setting
p = xp and using g|p, = 0, we have that

/Q H(2)gpd — /Q el = /Q (2)gp

and

op  00(z) - ox .
2.2 _2p — v —pX Q.
(2.23) 5 T, P=Xv—p in
Then
(224 ol = [ o ng+/ ASHN

Applying to equation (2.23) the operator we have

00dp 0 0D(z) _ ox, . ~
_Eg_ﬁz( "0z P Xy paz) in & Plog =0.

The classical a-priori estimate for the Laplace operator yields

2) ox
Bl < 25— 0 192z

Then by (2.22)

(2.25) 1Pl 0y < Cllrllplz@ + loll2@) < Clrll[vlle ).
Taking the scalar product of (2.23) and riz () )g we get
r(z) _( op <I> r(z) ( X )
E—— + 7 v —p=— |dzx.
/Q azq)(z)g< oz ) 00002\ oz

Then

T/Qg_lr(z)ﬁd:c—/%?(XU—Pgé)dm—/% (8%2?) pdz.

By (2.25) and the Sobolev embedding theorem, for each € € (0, 1), we have

(2.26) 9 (B 2 paa| < / ()82(1’ r(z) 6g~
00z \ 0,9(z) ~ |Ja (0.9(2))? Q 0.9(2)
1 ~ ~ é
< Cligllcrram ’m o) lelﬁ;g(m < Cllgllcrsa@llpll ey < Cllgllorra@ 1@ 0]l 2@

2—¢

Here we choose d3(€) > 0 such that d3(¢) — +0 as € — +0 and H®*©(Q) C L1=¢(Q).
Therefore

(2.27) ’ /Q gr(=)jdz

< CliglervalrI™ O Nvllz2@)  as d5(8) — +0.
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By (2.21)

ox _
(2.28) '/ngvdﬂs < Cllpllzz@ vl 20¢) < Cligllerra@llpllzz@ /I7]

By (2.22), (2.27) and (2.28) we obtain from (2.24)

[011720) < Cllgllerea (7170l 2) + Il 2@/ 17]) < ClrI7 @ lgllcrva V]l 2.

The proof of the proposition is complete. OJ
We have

Proposition 2.7. Let a > 0, g € C?T*(Q), g

o. =0 and glpy =0. Then

~ 1
J =0 (—) as || — +oo.
L2(Q) g

FRarg = 70,

+
L2(Q)

(2.29) '

R<I>,Tg +

70,P

Proof. By (2.2) and Proposition 2.5

~ 1
(2:30 Rosslloniog) + IRscsllesiop =o (1)

Therefore instead of (2.29) it suffices to prove

[N

g
70,P

g
70,

X1Rorg —

X1Re -9 +

(2.31) ‘

"

1
=0 (—) as |T| — 400,
L2(Q) ’

where y; € C§°(2) and XllQ\OE/2 = 1. Denote w = XI}N%q),Tg — %. Here we note that

525 € L*(Q2). This follows from (2.2), g € C'(Q) and gl = 0. Then (2.9) and g|e, = 0
yield

L2(Q)

(2.32) O.w~+ 7(0,P)w = —0, (@L@) - (szl)ﬁq)ﬁg in Q, w|spg =0.

Note that by (2.2) and the fact that gl = 0, we obtain

9 \| _
()|~

Consider the radial cut off function x € C5°(B(0,1)) such that

(2.33)

2
0.9 g GZCD‘ - C

9.9 9.90.0| ~ Ii_ |z — T

X > 07 X‘B(O ) — L.

1
2

By (2.33) and Proposition 2.2 B),

¢
o ~ g : 2
(2.34) Rg (kEZI X(|z —zi| In|7])0, (82_<I)>) —0 in L7(Q) as |7| = +oo.
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In fact, fixing large |7|, small § > 0 and p > 1 such that p — 1 is sufficiently small, we apply
Proposition 2.2 B) and (2.33) to conclude

Ra.. (Z x|z = Z4/In |)2; (afq>)>

¢

< e ([ e-zmphr o
Z ( B(zy, 5)

k=

L2(Q)

» 1
g P
(o] =)
¢

1
~ 1 P
< C'/||9||01+a(§) Z (/BC 5 Ix(|x — Z|In |T’)‘pmdx)
Tk,

k=1

)
< lgllorem / x(oln [7)PoPdp).
0

Thus we obtain (2.34) by the Riemann-Lebesgue’s lemma.
By Proposition 2.6, we obtain

(2.35) ﬁ@n— ((1 — ZX |z — 2y 1n|7‘|)> (89(1))) — 0 in L*Q) as |7| — +o0.

In fact the function (( — > x(|lz — T In 7)) ) )) i € C*(Q) for any nonzero

7. Short calculations give the estimate

(s
((1—Zx x—xk|1n|7|> )i)ucm < Clr)3.
|

So by Proposition 2.6
g
0,

|Ror | ( ( <1 —ZX |z — | In | 7]) )

Therefore (2.34) and (2.35) yield

@

(2.36) RI,,T (@ (i)) =o(l) as|r| — +o0.
0:%/) /@)
Denote w = w + %Xlﬁcp,r(az(az%)).
By (2.36), it suffices to prove
~ 1
(2.37) W]l z2) = 0 <;> as | 7] — +o0.

In terms of (2.32) and (2.9), observe that
(238) o,w + T(@ZCD)vE =f in €, wlag =0,
where f = (f)le)RéT(az(az%)) + (0.x1)Ro.+g. By (2.36) and (2.30) we have

1
(2.39) | fll2@) =0 (;) as |7| — +oo.
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Applying Proposition 5.2 to equation (2.38) we get

100, (€7@ |22y + 7 / (Ve

0 0
TP 2
#ie [ i (g = g ) @) To + 100l Dy = 111

Thanks to the zero Dirichlet boundary conditions for the function w we obtain

102, (€™ ®) [ 72() + 105 (€7 @) 1220y = I fll72(0)
Poincaré’s inequality implies
[l @) < Cllf 2.
From this and using (2.39), we obtain (2.37). As for the first term in (2.29), we can argue
similarly. The proof of the proposition is completed. 0J

3. Complex geometrical optics solutions

In this section, we construct complex geometrical optics solutions for the Schrodinger
equation A + ¢; with ¢ satisfying the conditions of Theorem 1.1. Consider

(3.1) Liw=Au+qu=0 1in Q.
We will construct solutions to (3.1) of the form

(3.2) wi(2) = e (a(2) + a(2)/7) + €D (a(z) + a1(2)/7) + € Pun + € Pura, |, =0.
The function ® satisfies (2.1), (2.2) and

(3.3) m ®|r, = 0.

The amplitude function a(z) is not identically zero on  and has the following properties:
(3.4) a€C?(9Q), 0:a=0, Realr, =0, a(2)|lxnoa = 0-a(z)|nnsa = 0.

The function uy; is given by

(35) un = — 6™ Ra - (e2(05 (ag1) — M(2)) — 3¢~ ™ Ra +(e1(27 @) — M(=)

B e es (07 (afh) M (z)) B e~ 62(821(G(Z)Q1) — M;3(%))

T 40, T 40D

= wie ¥+ wee ¥,

where the polynomials M;(z) and M3(Z) satisfy
(3.6) (0 (aq) — My(2)) =0, x€H,j=0,1,2,

(3.7) (07 (aq))(z) — M3(2)) =0, x€H, j=0,1,2.
Note that by (3.4)
(3.8) Ok (07 aqy) — My(2)) =0, x€HNOIN, j kec{0,1,2},and j+k <2,
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(3.9) KO (aq)(z) — M3(Z)) =0, z€HNI, j,kec{0,1,2}, and j+ k < 2.

The functions e, e, € C*°(€2) are constructed so that

(3.10) e1 +e; =1 on , e, vanishes in some neighborhood of H \ 02
and e vanishes in a neighborhood of 0f)
and we set
w1 = =3¢ Rar(e1(05 (0q) — My(2)) — 3¢ Ra +(e1(07 @) — M (=)
and 7 L
w0y — M ea(0 (aqr) = Mi(2) €™ ea(07 (a(z)ar) — My(Z))

T 40,0 T 40,9

Finally ag, a; are holomorphic functions such that

(a0(2) + @@, = & <aqig;b M) | (@

Then, noting that 9:® = 0,®, (2.8) and (2.9), we have
Aw, = 40,05w,
= =00, R (e1 (07 (aqr) — Mi(2))) + (10:9)e™ Ra - (e1(92 (aqr) — My(2))
— 0.(7"0=Ro, 1 (e1(0 (@qr) — Ms(2))) + +(70.0)e ™ Ro,r(e1(97 @q) — Ms(2)))
= —0:(e™e1(0z (aqy) — My(2))) — 0:(e""e1 (0 (@q) — Ms(Z))).

Moreover
Awsy = 40,05ws
= =07 (e2(0;  (aqr) — Mi(2))) — 07" ex(0;  [@ar) — Ms(2)))
. <e2<a;1<aq1> - M1<z>>> N <e2<a;1<@@ - M3<z>>> |
470,P 470,
Therefore
(3.11) Alune™) = Awy + ws) = —aqe™® — agre™
A <e2<a;1<aq1> - M1<z>>> N (ez@%ﬁg - Mg(?))) |
470, P 479.P
By (3.4) and (3.3) observe that
(3.12) (" Pa(z) + e™*Pa(2)) |, = 0.
Let w15 be solution to the inhomogeneous problem
(3.13) A(ui2e™) + qruize™ = —qrui€’ + hie™  in Q,

1

(3.14)  wz =7 Ro(e(07 Hagi) — Mi(2))) + iRa—r(el(a;l(@%) — M;5(z))) on Ty,
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has a solution where

by A (e2<a;<a<z>ql> S P (ez@—%mqo - M3<z>>>

470,P 470,
(3.15) —aoqle”w/T — a_lqle_mp/T.

By (3.4) and (3.11) - (3.15), we conclude that (3.1) is satisfied.
By Proposition 2.1 there exists a positive 7y such that for all |7| > 7, there exists a solution
to (3.13), (3.14) satisfying

1
(3.16) w12 r2(0) = 0(;) as T — +00.

This can be done because
_ 1
lgrun + hallz2) < CO)/|71'° Vo € (0,1); [lunl|rzo0) = o(~)
and (Vy,v) = 0 on I'y. The latter fact can be seen as follows: On 02, the Cauchy-Riemann
equations imply
_
or’
which is the tangential derivative of ¢» = Im ® on 9f). By (3.3) the tangential derivative of
1) vanishes on T'y.

(VQO, I/) = Vlam(P + VQamQSD = I/laxgw - Vanlw =

Consider now the Schrodinger equation
(3.17) Lov = Av+qu=0 in (.

We will construct solutions to (3.17) of the form

(3.18)
v(x) = e o) (a(z) + bo(2)/7) + e*Tq’(Z)(a(z) +b1(2)/7) + e v + e Pue, v, =0.

The construction of v repeats the corresponding steps of the construction of u;. The only
difference is that instead of ¢; and 7, we use ¢ and —7 respectively. We provide the details
for the sake of completeness. The function vq; is given by

(319) v = — ™ Rao(e1(05 (@2a(2) —~ Ma(2)) — 3¢ Ba (6125 (gsa(2)) —~ M ()

L0 a) — Mal2) | e eald Mol )) — M(2)

T 40, T 40D ’
where
(320) 02(82_1((1(]2) - MQ(Z)) = 07 T € H> .7 = Oa 17 27
(3.21) L0 (ag) — Ma(2)) =0, z€HNOIN, jke{0,1,2}, k+j<2,
(3.22) IO (ag)(2) — My(2)) =0, ze€™H, j=0,1,2,

(3.23) AL (age)(2) — My(Z)) =0, x€HNIY, jkei{0,1,2}, k+j<2.
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Finally by, b; are holomorphic functions such that

(0= (ag2) — My(2)) (0 (a(2)q2) — Ma(2))

(bo +b1)lry = = 40,9 10,9
Denote
_rivp 2005 (a(2)g2) — Ma(2)) rivn [ €2(07 (a(2)as) — Ma(2))
hg e A < 47’82@ +e A 47-@_(1)

balz . bi(z ;
0( >q26717¢(z) . 1( )q2e“'7/’(z)_
T T

The function v is a solution to the problem:
(324) A(Ulge_ﬂp) + QQU12€_T(‘O = —QQUHG_T@ — hge_ﬂp in Q,

(325)  violr, = 1 Rar(ea(05 (@a(2) ~ Ma(2))) + { Ba (6105 (g5(2)) — M(2))

such that

1
(3.26) |vi2|l L2 = o(;) as T — +00.

4. Proof of the theorem.

We first apply stationary phase with a general phase function ® and then we construct an
appropriate weight function.

Proposition 4.1. Suppose that ® satisfies (2.1),(2.2) and (3.3). Let {Z1,...,T;} be the set
of critical points of the function Im®. Then for any potentials qi,q2 € C*T*(Q), a > 0

with the same Cauchy data on L. For any holomorphic function a satisfying (3.4) and
M, (z), Ma(2), Mg(Z) M,y(Z) as in Section 3, we have

ir Ima(z%)
q\a! (T1)Ree? / o
4.1 2 + alag + by) +ala; + by))dx
(4.1) E (det Im®")(73)[3 QCJ( (a0 + bo) +a(@ + b))
1 07 (aga) — Mo(z) _07 M (qea) — My(Z)
1), (q“ X X ) o
1 (07 '(aq) — My(2)) | (9. (aq) — Ms(z)) _
_ Z/S; <qa 82¢ -+ qa azq) dr = 0, T > O,
where
q=4q1 —ga.

Proof. Let u; be a solution to (3.1) and satisfy (3.2), and uy be a solution to the following
equation
Aug + qoue =0 in Q,  us|gn = u1|sn.

Since the Dirichlet-to-Neumann maps are equal, we have

Vus =Vu; onT.
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Denoting u = uy; — ug, we obtain
. ou
(4.2) Au+ gou = —quy in Q, ulsg = 5\f = 0.

Let v satisfy (3.17) and (3.18). We multiply (4.2) by v, integrate over 2 and we use
vlr, = 0 and 2% = 0 on I' to obtain [, quyvdz = 0. By (3.2), (3.16), (3.18) and (3.26), we
have

0= / quivdr = / g(a® + @ + |a?e™®®) 4 |a|?e” @)
Q Q

1 _ _

—|—;(a(a0 +bo) +a(a, + 1)) +upe™ (ae” ™ +ae ")

- 1
(4.3) —i—(aeTq’ + 6674’)1}116’”’)&6 +o0 (—) ., 17>0.
T

The first and second terms in the asymptotic expansion of (4.3) are independent of 7, so
that

(4.4) /Qq(a2 +a?)dz = 0.

Using stationary phase argument (see p.215 in [13]. cf. [16]) and functions ey, es defined
in (3.10) we obtain

[ attae P e e = [ erglafter® 4 joe @)
% Q

+ /62Q(’CL|26T(¢_¢) + |af?em®®))da.
Q

By the Cauchy-Riemann equations, we see that sgn(Im ®”(z;)) = 0, where sgn A denotes
the signature of the matrix A, that is, the number of positive eigenvalues of A minus the
number of negative eigenvalues (e.g., [13], p.210). Moreover we note that

det Im @ (2) = —(95,05,)° — (07, ¢)> # 0.

To see this, suppose that det Im ®”(z) = 0. Then 0,,0,,¢0(Re z,Im z) = 92 p(Re z,Im z) =
0 and the Cauchy-Riemann equations imply that all second order partial derivatives of
functions ¢, at the point 2z are zero. This fact contradicts the assumption that critical
points of the function ¢ are nondegenerate.

Using stationary phase (see p.215 in [13]. cf. [16]), we obtain

_ _ ¢ 2~ 2rilm @&
(4.5) / elq(|a|2€r(<1>—<1>) + |a’2er('1>—<1>))dx _ 22 7TQ’CL| (Qik)Ree _ 1( k) ‘o (l) ‘
Q = T|(detIm ®")(z})|2 T
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Let Z1,...xp be the set of critical points of the function ® on I'y. Integrating by parts we
have

/62(](’&|267(¢_¢)+|a‘2€7—(¢_¢))daﬁ
Q

(V), Ver @) (Vip, Ve (=)
- /ezq!a\2 ’» - d
Q 2iT| V) |? 2iT| V) |?

. o [ (V, Ver@=2)) (V) Ver(®-P)
= lim eaqlal : = : 5 d
0=40 JO\UE. | B(ay.0) 2iT| V| 2iT|V|

ZV o -
= lim —/ div (M) (67'(‘1:‘*‘1)) o eT(‘b*‘I’))dx
o0 UL, B(@1.0) 27| V1|

(V,v) <vw>) _
+ e az(_ - = )
/mg_lsm,@ 209\ S vep 2P

. €2C]|a|2 Vi (@—9) (®—-®)
=  — [div| =72 ) (¢ 7 d
/Q v (22’7’|V¢|2 (e e ) X

glal®  0Y (®—T) (@)
I R T _ T d
N /m 2T | VO v e )do

. 629|a|2v¢) - -
= - div (— (e @) _ oT(®=®)) gy,
[uppez 27/7'|V1p|2

In the last equality, we used that e™(®=® —7(®=%) — () on 'y which follows since Im ® = 0 on

Ty, and ¢ = 0 on I and (3.4) in order to show that div (?@.‘ﬂfgﬁf > and % are bounded
functions. The latter fact follows from the unique boundary determination of potentials from
the Dirichlet-to- Neumann map (see for instance [12], [29]). Applying Proposition 2.4 we

obtain

- - 1
/ eaq(lal?e™ =) 4 |af?e™ ) dr = 0(;) as |7| — +o0.
0

Therefore

T

- - 1
(4.6) / q(|a>e™®=®) 4 |a|?e™ " dz = o (—> :
0
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We calculate the two remaining terms in (4.3). We have:

(4.7) /QqulleT“"(ae_Tq)—i—ae_T@)dx
= —1 | a{erRarter(ez wa) — M)

+ e Ry (e1(7 (@q) — Mg(Z)))}(ae”@—F@e*T@)dx

e ey(07 (aq) — Mi(2)) | €™ ex(9; (a(2)q) — M3(2)) N
"A<7' 40,P T 40, P )“% ae)de

= 1 ] (0Fa (0" (am) = M=) + iR (e (0 @) — V()

1

-7 /Q (q@Re 7 (e1(95 ' (aqn) — My(2)))e™ ™ + qaRg,(e1(0; [@aq1) — Ms(2)))e ™"~ )d

eT(@-®) g, aes aqy 1(z eT(P—®) aes a(z2)
_/Qq< (0" (aa) — Mi(2)) (0 (@(2)ar) - <>>)dx

T 40, + T 40, P

aex(07 ' (aqn) — Mi(2)) | @es(9] (_?_5 1) — Ms(2))
N LQ<T 40,3 7 40,0 )m

L4+T,+ I+ I,

We estimate [; and I, separately. Using Proposition 2.7, (3.6) and Proposition 2.4 we get

(4.8) I = _411 /Q (qaRo.(e1(0z (agr) — My(2)))e™®~®)
+ qaRo_.(e1 (07 (aq) — M3(2)))e ™ @) da

1 . .
_ __/Q <fEQZ)(a 1<aq1) M1<Z))62”Imq>+%(a 1(aq1) M3(5))€2271m<1>) dr

1 1
+ o(—-)=0(—-) as|r|— +o0.
T T

By Proposition 2.7, we obtain
(4.9)

_ 1 0z (aqi) — Mi(2)) (9" (aq) — Ms(2)) 1
L = i Qel (qa 00 + qa X dx+o - as || — +o0.

By Proposition 2.4 (4.6), we conclude that

1
(4.10) Iy =0 (—) as |7| — 4o0.
T
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Similarly
Joquiie ™ (a e™® + ae™® qu{ _TCPR@ _(e1(0z (agz) — My(2)))
+ e‘T‘qu)T(el(@ L(Ggs) — M4(z)))} (ae™ + @e™®)dz

482 T 40, P
—1 [y (qaRe —-(e1(95 (age) — Ms(2))) + qaRe -(e1(0;  (dgn) — Ma(2))))dx

—1 [ lq@e™® ) Ry _ (e1(0- " (agz) — Ma(2))) + qae™® P Ry (1 (0 (6“12) My(Z)))]dx
)

+ fQ q (e*ﬂf ®) Gea (92" (Zgz) 2(2))) + eT<‘1:‘I’) ae2(97 (aigzqz) ) dr

e aqz)— z @ e2(07 M (a(z)ga)— z
+ﬁﬂ<““6(ﬁgM“””+%“@(i£§Ah”»dx

=i+ Jo+ J3+ Jy

By (3.20) and Proposition 2.7, we have

(4.11)
_ 0 '(ags) — Mp(2) 0. '(agz) — Mu(Z) 1

Jy = E/Qel (qa 00 +qa X ) dx +o (;) as |7| — 4o0.
Proposition 2.4 , (3.20), and Proposition 2.7 yield

(4.12)

1 -y 1
B [ R (05" (a1) - Male)) a0 R (a0 ) = o (1),
Q

By Proposition 2.4 we see that
1

(4.13) J3=o0 <—) as |7| — 4o0.
T

Therefore, applying (4.6), (4.8), (4.11), (4.12), (4.10) and (4.13) in (4.3), we conclude that

¢ ~ irIma(zy,)
7(qla)?)(Tx)Re €2 k / I
25 . + [ qla(ag + by) + a(a; + by))dx
[(det Im®" ) ()| o 1000+ bo) + (@ + b))

k=1
1 0;'(a(2)g2) — Ma(2) | 07 (gea(2)) — Mu(2)
+ Z/ﬂ(qa 9.0 +qa X5 )dm
(414) _}l/g (qaaz_ (qlaa)zq_) Ml(z) +qaaz <QI@8)Z(I) M3(2)> dl‘:O(l)

as T — +oo. Passing to the limit in this equality and applying Bohr’s theorem (e.g., [4],
p-393), we finish the proof of the proposition. O

We need the following proposition in the construction of the phase function .

Let gOaglv s 7gm € Q2 and gm-{-la s 7gm+ﬁz € 1—‘0~
Denote by R = (R(1)s- -+ s R(Um), R1(Ym+1)s - - - » R1(Ym+m)) the following operator:

R(Gx)g = (u(@r), 0:u(Us), 02u(Gr)), Ri(ix)g = Rew(dy), du(fy)/ (v +iry)),
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where

(4.15) O:u=0 inQ, Reu(y)=0, Imulp,=0, Imulg=y.

For any g € C3°(T') problem (4.15) has at most one solution. We have

Proposition 4.2. The operator R : D(R) C C5°(T) — C3™ x R2™ satisfies ImR = C¥™ x
R,

Proof. We note that Im R = C3™xR?™ if and only if the closure of ImR is equal to C3™ xR?*™.
This follows immediately from Corollary 5.1. Let H be an arbitrary element of the space
C3™ x R?™. Consider the problem (5.17) where

j;lzgj ]E{l,,?ﬂ}, fi’m—‘,—l:g()?

Co,1 = hi, 11 = ha, C21 = hs, ... Com = ham—2, Cim = ham—1, Com = ham, Co,m+1 = 0.

Taking into account that d,u|r, = (v2 + iv1)0zRe u, we take a function b such that

b(Um+1) = P15 070(Ums1) = P2, - -+, 0(Gmssnn) = Pontom—1, O70(Jmssnn) = Pomrom-

According to Proposition 5.1 (5.17) with such initial data can be solved approximately. If
necessary we can add to these solutions a real constants such that u.(gp) = 0. The proof of
the proposition is complete.

O

End of proof of Theorem 1.1

Proof. We will construct a complex geometrical optics solution of the form (3.2) where ®
and a satisfy (2.1), (2.2), (3.3) and (3.4).

Let © be a bounded domain in R? such that  C Q, Lo Cc 99, 90NT = 0. Let T be
an arbitrary point in €2. By Proposition 4.2 and Proposition 5.1 there exists a holomorphic
function u € C2(Q) such that

(4.16) Imulp, =0, Imu(Z)#0, d.u(@) =0, and &?u(T) # 0.
Olmu , ,
In the case Int ((0Q2\ o) N7;) =0 then{x € v;|0zRew =0} = {y14,v2,},
(4.18) and 02Reu(y; ;) #0, 02Reu(ys;) # 0.

Here v, y2; are of maximum and minimum points of the function Rew on the boundary
contour ;. In fact, the existence of such u is proved as follows. By Proposition 5.1 and the
Cauchy-Riemann equations, there exists a sequence of holomorphic functions wu. in €2 such
that

Uz € C’Q(ﬁ)7 Im uc|r, =0,
Olm u,

v
(4.19) In the caseInt ((9Q\ o) Nv;) =0 thenReu, — b; in C*(v;),

|FOT’Y]' < O/ < 0, if Int ((09 \ Fo) N ’Yj) 7é @
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where b; € C2(;) is a function such that
{a € 7510:b; = 0} = {y15, 42,5}, and 82b;(y15) # 0, O2b;(ya) # 0.

Imu.(Z) — 1, Ou.(T) :=c. —0, u(r)—1 ase— 0.

Let R be the operator similar to one introduced in Proposition 4.2:

Rg = (u(@), 0.u(@), 0Zu(1)),

where
dzu=0 inQ, Reu(wy) =0, Imulp, =0, Im ufyenp, =9

and xy € , xy # &. Obviously we can consider it as operator from the space D(R) C
C3(T') — C3. We have (e.g., p.79 in [1]) that there exists a mapping M : C* — C3(T') such
that RM = I and

IMyll s < Clyl, yeC?
with some constant C' > 0. We consider the sequence y. = (0, —c.,0) € C3. Let g. =
M(y.) — 0 in C3(T'). Denote by w, the function which satisfies

dw. =0 inQ, Re we(zg) =0, Imw.|r, =0, Imwglaﬁ\ro = g,
w.(7) =0, Ow.(T)=—c., O’w.(T)=0.
Hence Im (u. + w.)(Z) — 1, 9.(u: + w.)(Z) = 0 and 9?(u. + w.)(Z) — 1 and
w, — 0 in C*(Q).

Hence u. + w, is the function which we are looking for provided that ¢ is sufficiently small.
In general, the function w may have critical points on the part of the boundary 9 \ T'.
Next we construct a holomorphic function p € C?(Q) such that u + ep does not have

critical points on 92 \ I'y for all sufficiently small positive ¢ and Im p|r, = 0.

If u does not have critical points on 902\ 'y we set p = 0. Otherwise, since u is holomorphic
in  the number of such critical points on 9 \ Ty is finite and the function |Vu|? has zero
of finite order at these points. By using a conformal transformation, if necessary, we may
assume that 99\ T is a segment on the line {z5 = 0}. Let {(yx, 0)}_, be the set of critical
points of the function u on the boundary o€ \ I'y.

We divide the set {yk}kN , into two sets O; and O, in the following way: Let us fix

some point y;. By Taylor’s formula 813;36“(951,0) = ci(z1 — yr)™ ™ + o((xy — yp)™ ™) and
dgﬁ“(x 0) = co(my — )™ +o( (21 —yp)™ ") with some (1, ca) # 0. If ¢p # 0 and Ky < Ky,
then we say that y, € O;. If ¢; # 0 and ko > K1, then we say that y, € O,.

Now we construct a set of S open in C?*(Ty) x C%(T'y) such that if (by,by) € S and the
holomorphic function p which satisfies Im p|r, = by, Imp = by (if such function p exists) then

the function u + ep does not have critical points on I for all small positive e.

Let us consider the two cases. Assume y;, € O;. If ks is odd, then we take Cauchy data

such that the holomorphic function p satisfies the following: b, is small and % is positive

near y; if ¢y is positive, % is negative near y if ¢y is negative and small on 9 \ ['y. If ko
is even and K1 # k2, then we take Cauchy data such that 22(y,) — 1, 22(y;) — 1 are small

) 8"
b 10b
and otherwise 01 2 (k) # 55 (yn).
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Assume y;, € O,. If k1 is odd, then we take the Cauchy data for the holomorphic function

p such that % is positive near y; if ¢; is positive, 2% is negative near y; if ¢; is negative.

If k1 is even, then we take 22 (y,) — 1, 22(y,) — 1 1?(; be small. Now we have finished the
construction of Cauchy data on I’y and in a neighborhood U of the set {(yy,0)}Y_,. On the
part of the boundary 002 \ (I'y UU) we continue functions by, by as smooth functions. By
Proposition 5.1 and general results on solvability of the boundary value problem for 0; (see
e.g. [32]) there exists a holomorphic function p which satisfies the above choice of the Cauchy
data. For all small positive € the function u + ep does not have critical points on 92\ ['y.
Denote by H,. the set of critical points of the function u+e€p in €2. By the implicit function
theorem, there exists a neighborhood of Z such that for all small € in this neighborhood the

function u + ep has only one critical point Z(e), this critical point is nondegenerate and

(4.20) z(e) > Tas €—0.

Let us fix a sufficiently small €. Let H, = {&y }1<k<n(). By Proposition 4.2, there exists
a function w holomorphic in €2, such that

(4.21) Imw|r, =0, w n =0, 0w

He = sz He 7é 0.

Denote ®5 = u + ep + dw. For all sufficiently small positive constants d, we have
He C Gs = {z € Q0,Ps(x) = 0}.

We show now that for all small positive §, the critical points of the function ®; are
nondegenerate. Let T be a critical point of the function u + ep. If ¥ is a nondegenerate
critical point, by the implicit function theorem, there exists a ball B(z,d;) such that the
function @ in this ball has only one nondegenerate critical point for all sufficiently small
d. Let ¥ be a degenerate critical point of u + ep. Without loss of generality we may assume
that Z = 0. In some neighborhood of 0, we have 0,%s = > ;7 cx2"™ — 657 bp2" for
some natural positive number k and some ¢; # 0. Moreover (4.21) implies b, # 0. Let
(x16,225) € Gs and z5 = 1,6 + iwa5 — 0. Then either

(4.22) 25 =0 or z§ = 0by/c1 + 0(9).

Therefore 92®(z;5) # 0 for all sufficiently small 4.
Observe that by (4.16) Im ®5(Z(¢)) # 0. Moreover, without loss of generality we may
assume that

(4.23) Im ®5(z(e)) # Im Ps(x) Vo € Gs such that Z(e) # .

To see this we argue as follows. If (4.23) is not valid, then we add to the function ®;5 a
function 6,w such that §; is a small parameter and @w holomorphic in €2, such that

Im@|r, =0, Imw(Z(e)) = 1, w|g,\ [z} = 0:Wlg, =0, O2w|g, # 0.

Since the function ®; was constructed as the approximation of the function u, by (4.17),
(4.18) we have

Olm (I)(;

(4.24) 5

|W <ad’ < 0, if Int((&Q \ FO) N ’Vj) 7’é 0.
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In the case Int ((0Q\ T'o) Nv;) =0 then {z € v;|07Re @5 = 0} = {y1,;(0),y2,;(0)},
(4.25) and 9ZRe ®5(y1 ;(8)) # 0, 92Re ®5(ys,5(8)) # 0.
Thanks to (4.25) we can claim that all critical points of ®5 are nondegenerate.

By (4.24), (4.25) we can apply Proposition 4.2. Hence there exists a function as € C%(Q)
such that

O:as =0 in Q, Reas|r, =0,
and
as5(z)|gsnon = 0-a5()|gsnan = 0, as(i.) # 0.
Hence we can apply Proposition 4.1 to conclude
> alw)e(a)e ™M = O(g).
z€Gs

By (4.1) ¢(Z(e)) is not equal to zero.
Since the exponents are linearly independent functions of 7, thanks to (4.23), we have
q(z(e)) = 0. Thus (4.20) implies ¢(Z) = 0. Thus the proof is completed. O

5. Appendix.

Consider the Cauchy problem for the Cauchy-Riemann equations

0 oY 0 0
G Lo = (e - 2l ) 0 w0 (90)]n, = (). (o)

(@ + ) (&) = cogy 0@+ i)(15) = cryy O2(d+iW)(&) =25 Vj€E{L...N}

Here z1,...2Zx be an arbitrary fixed points in 2. We consider the pair by, by and complex
numbers C' = (¢g 1,11, €21, -- - CoN, C1N, C2,nv) as initial data for (5.1). The following propo-
sition establishes the solvability of (5.1) for a dense set of Cauchy data.

Proposition 5.1. There exists a set O C C%(Ty)? x CN such that for each (by, b, é) €0,
(5.1) has at least one solution (¢,v) € (C%(R2))? and O = C*(T')? x C3N.

Proof. Denote B = (by, by) an arbitrary element of the space C3(Ty) x C3(Ty). Consider the
following extremal problem

1
(5:2)  Jdlo.0) = (6 0) = Bl gy +ell(6,0) + — |AL(6,9)l[1s(0

1*
: B, ()

N 2
+ 31056 + i) (d5) — ey — int,

j=1 k=0

(5.3) (p,9) € X.

Here X = {8 = (51,62)|5 € W3(Q), ALS € L*(Q), Ld|on = 0,8]p0 € Bf(agz)}, and Bl de-
notes the Besov space of corresponding order.
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For each € > 0 there exists a unique solution to (5.2), (5.3) which we denote as ((}56, "@E)
This fact can be proved using standard arguments. We fix € > 0. Denote by U, the set of
admissible elements of the problem (5.2), (5.3), namely

Usa = {(, ) € X[Je(0,1)) < o0}

Denote J, = inf (g pyex Je(o, ). Clearly the pair (0,0) € Uag. Therefore there exists a mini-
mizing sequence {(dx, Vy) Y, C X such that

J.= lim J.(¢n, ).

k——+o0

Observe that the minimizing sequence is bounded in WP (Q). Indeed, since L(¢x, ) is
bounded in L*(Q) and thanks to the zero Dirichlet boundary conditions for the function
L(ér, ), the standard elliptic estimate implies that the sequence { L(¢y, %)} is bounded in
the space W2(€2). Taking into aciount that the the sequence traces of the functions (¢, %)

is bounded in the Besov space B,! (092) and applying the estimates for elliptic operators one
more time we obtain that {(¢y, ¥x)} bounded in W} (). By the Sobolev imbedding theorem
the sequence {(¢x, ¥)} is bounded in C*(Q). Then taking if necessary a subsequence, (which
we denote again as {(¢y,¥x)} ) we obtain

11
4

(¢k7 ’l/}k) - ((Zeu {p\e)weakly in WZLB(Q)7 (¢k7 wk) - (&567 {p\e) Weakly in B4 (aQ)a

9% (¢ + iv))(&5) — crj — Chyjies

AL(¢r, i) — re weakly in L*(2),  L(¢g, ¥x) — 7 weakly in W7 (Q2).
Obviously, r. = AL(QZE, @//J\E),ﬁ = L(QASG, ’I:Z)\E) Then, since the norms in the spaces L*(2) and
11

1 1
B, (092), By* (I'y) are lower semicontinuous with respect to weak convergence we obtain that
Je(pe, V) < kEToo Je(Pr, ) = Je.

Thus the pair (¢, ) is solution the extremal problem (5.2), (5.3). Since the set of an
admissible elements is convex and the functional J, is strictly convex this solution is unique.
By Fermat’s theorem (see e.g. [1] p. 155) we have

J(6e 00 =0, Ve X.
This equality can be written in the form

(5.4) Iy (fes 0e) — B)[O) + elho((De, 00))[6] + (pe, ALS) 120y

N 2 - _ _ ~ ~
23 (05 + ithe) (35) — crg) (01 + 102) (5) + (95 (e + 1) (&) — x,j)OE (81 +ib2) (37) = 0,

=1 k=0

N —

where p, = 2((A(22: —2e))3 (A (2e 4 OUey)3), If.. () denotes the derivative of the functional

. € Ox1  Oza Oxo ' Ox1
w— |lw|” 1 at space element .
B

(T
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Observe that the pair J, (56,126) < J.(0,0) = HBH2 L + Z;V L S0% o lexj|?. This implies
0

that the sequence { (¢, )} is bounded in B4 (Ty), the sequences {08 (e + ith) (& i) — it

are bounded in C, the sequence {e(qﬁe, )} converges to zero in B4 (092). Then (5.4) implies
that the sequence {p.} is bounded in L3(Q).

Therefore, there exist B € B4 (o), Coj, C1j,Coj € C and p = (p1, po) € L3(Q) such that
(5.5) (G b) — B —B weakly in Bj (Ty), p. —p weakly in L3(Q),

(5.6) O (e +ithe) (&) — ey — Cry; ke{0,1,2},j€{1,...,N}.
Passing to the limit in (5.4) we get

(5.7) [’FO(B)[S]+(p,AL5)Lz(Q)+ReZZC,H (01 +i02)(2;) =0 Vo € X.

7=1 k=0

Next we claim that
(5.8) Ap=0 inQ\UY,{i;}
in the sense of distributions. Suppose that (5.8) is already proved. This implies

(p, ALS) 20 +ReZZ(Jk] (01 +i02)(2;) = 0 Vo1, 05 € CF(9).

7j=1 k=0

If p= (P17P2)7 denoting P = p; — ips, we have

2Re (AP, 0-(8, +ids)) 12 + Re ZZ% (1 +165)(25) =0 ¥d1,05 € C5°(€).

7=1 k=0
Since by (5 8) supp AP C U {Z;} there exist some constants mg; and {; such that AP =
ijl ZIB|=1 mg ;DP 5(:6 — Z;). The above equality can be written in the form

2
—QZmﬁjaDéx—xj :Z )FC 086 (2 — 35).
|8]=1 =0
From this we obtain
(59) COJZCLJ':CQ,J':O jE {1,,N}
Therefore
(5.10) Ap=0 1in Q.
This implies
~ ~ 3 ~ LS
(p, ALO) 2y =0 V0 € Wi(Q), Lloa = a—|8ﬂ 0.

This equality and (5.7) yield

- - L
(5.11) If, (B)[o] =0 Vo€ W}Q), Ld|sq = ng =0.
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Then using the trace theorem we conclude that B = 0. Using this and (5.5) we obtain

~

(5.12) (Gus ) — B —=0 weakly in B (Ty).
From (5.6), (5.9) we get
(D + i) (3) — ey ke{0,1,2), je{l,...,N}.
By the Sobolev embedding theorem Bij1 (Ty) cC C?(Ty). Therefore (5.12) implies
(5.13) (bep,e,) — B — 0 in C*(Ty).

Let the pair (¢, , %) be a solution to the boundary value problem
(514) L(&eka 1;616) = L(éeka '@ek) in Qv T;E,Jasz = w;

Here 1} is a smooth function such that ¥ |r, = 0 and the pair (L(¢e, e, ), 7 ) is orthogonal
to all solutions of the adjoint problem (see [32]). Moreover since L(e, , %, ) — 0 in W2(1)
we may assume 7 — 0 in C*(99Q). Among all possible solutions to problem (5.14) (clearly
there is no unique solution to this problem) we choose one such that fQ ¢, dx = 0. Thus we
obtain

(5.15) (Gerr e,) = 0 in WH(9Q).

Therefore the sequence {(g?sek — gzgek, {Z)\ek — 1/~)€k)} represents the desired approximation for the
solution of the Cauchy problem (5.1).

Now we prove (5.8). Let T be an arbitrary point in Q\ UY,{Z;} and let X be a smooth
function such that it is zero in some neighborhood of T'g U U {&;} and the set A = {z €
Q|X(x) = 1} contains an open connected subset F such that T € F and T N F is an open
set in 0. By (5.7) we have

0= (p, AL(X0))12(2) = (Xp, ALS) 20 + (9, [AL, X]0) 12(0)-
That is,
(5.16) (Xp, ALS) 120y + ([AL XI"p, 0) 2y = 0 Vo € X.

from this we conclude that xp € W1i(Q).
3

Next we take another smooth cut off function x; such that supp x; C A. A neighborhood
of T belongs to A; = {x|x; = 1}, the interior of A; is connected, and Int 4; N T contains
an open subset O in Jf2. Similarly to (5.16) we have

(X1 ALS)LQ(Q) + ([AL, x1]"p, S)LQ(Q) = 0.
This equality implies that Yip € W2(2). Let w be a domain such that w N Q = 0,
3

Ow NI C O contains an open set in O€).
We extend p on w by zero. Then

(A(ilp)v LS)L2(QUw) + ([ALa %1]*])7 S)LQ(QUw) = 0.
Hence
L*A(x1p) =0 in Int A; Uw, pl,=0.
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By Holmgren’s theorem A(X1p) |1t 4, =0, that is, (Ap)(z) = 0. O

Consider now the Cauchy problem for the Cauchy-Riemann equations

0 oY 0 0
(5.17) L) = (5 = oo 22+ 20 =0 i, (60) |, = (2),0)

(¢ + i) (&5) = cogy  O=(P+ W) (&) = c1j, P+ i)(8)) = oy VjeE{L,...N}.

Here %,...%y5 are arbitrary fixed points in 2. We consider the function b and complex

numbers C = (co1,C115C21,---CoN,C1N,Con) as an initial data for (5.17). We get as a
corollary of Proposition 5.1 the solvability of (5.17) for a dense set of Cauchy data.

Corollary 5.1. There ezists a set Oy C C*(To) x C3N such that for each (b,C) € Oy, (5.17)
has at least one solution (¢,) € (C2(Q))? and Oy = C*(Ty) x C3V.

We have
Proposition 5.2. Let ® satisfy (2.1) and (2.2). Let f € L2(2) and ¥ be a solution to
(5.18) 20.0 — T(0.9)0 = [ in Q

or v be a solution to

(5.19) 200 —71(0:P)v = f in Q.

In the case that v solves (5.18) we have
00, (e ™D ey = 7 [ (T[T
20
(5.20) +Re/ i (-2 = i )5 5dor + 10, (=78 |2arcy, = 112
: 50, 281‘1 181’2 z2 L2(Q) L2(2)

In the case that v solves (5.19) we have

192, (€7) | 22 — T/ (Ve v)[0Pdo + Re/ i <(_yzi Fr ) 57) vdo
20 90 dxy Oy

(5.21) |0, (€702 () = 11720
Proof. We prove the statement of the proposition first for the equation 22—2 — gfv = f
Since 25 g T‘ZS = (6%1 - z'g—;z’lT) + (& - g—iT), taking the L?— norms of the right and the

left hand sides of (5.18) we get

(2 2ol (2 20) (2 255)
axl 5$1 L2(Q) 81'1 ox 7 8272 81‘2 12(Q)

2
~ — | F2
H (_Zax2 - ax ) v - Hf”L2(Q)

L (Q)
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Since the commutator vanishes[(:2- — i2%7), (-2- — 227)] = 0, we obtain

oz oz
2
i 5 o .~ (0 o\
H (8_931 a Za_:vlT) ‘ 2@ i ((6_9:1 a Zﬁ_:slT) “ (_WQU>>L2<59) " (W}’ (_25_932 - 5_5327) U> 12(09)

|z

= HfH%Q(Q)'
L2(Q)

This equality implies

2
~ oY oY , 0 d \~\=
H <3$1 N ZaﬁlT) ‘ L2(Q) - T/39(3$2V N Oy VQ)‘U’ dot /aQZ ((Vzaxl - V18x2> U) oo

o ) 12
lm— +—7T |V = 2
o) iz * 327 7., =190
Finally by (2.1) we observe that
oY Oy oy 8g0
5.22 o _ 90 d 9Y _
( ) aZEQ 8x1 a 81’1 81‘2
Thus (5.20) follows immediately.
Now we prove the statement of the proposition for (5.19). Since 2 — T?;E = ( 821 +
2L SoT) + (7 — —T) taking the L?— norms of the right and left hand sides of (5.19) we
1012
get

g oY \ .
"(0_3:1—'—28_:&7—)“

2
+ 2Re ((— + za—wT) v, (zi — 8_¢T) '17>
12(Q) 8:51 8:)31 6332 81'2 L2(Q)

2

= HfH%Z(Q)

L2(Q)

. B
Since [( -+ Zam 7), (18132 + a;i

2
(et ()
L2(Q) 8.271 81‘1 L2(9) (9:1:2 8x2 L2(9Q)

= ”in%Q)-
Q)

)] = 0, we obtain

This equality implies

2
_ o O , , 9 9\ -\ =
(e i37) 7,y 7 Lo~ gt [ (v + g ) 7)o

00w
8.232 8%2

L2(Q)

= 1/1Z2@-

Thus estimate (5.21) follows immediately from the above equality and (5.22), finishing the
proof of the proposition. O

Now we prove a Carleman estimate for the Laplace operator.
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Proposition 5.3. Suppose that ® satisfies (2.1), (2.2), (2.5). Let u € H(Q) N H*(Q) be a
real valued function. Then there exists 7o such that for all |T| > 19 we have:

ou

T T T a® T
|7[[|ue™ 122 () + Nue™ 13 o) + H—e #11Z2(r0) +72H\ !ue 11220
(5.23) < O (AW ey + |7 /F @Pewda)_

Proof. Without loss of generality, we may assume that 7 > 0. Denote v = ue™, Au = f.
Observe that A = 422 and (21, 2) = 1(®(2) + ®(2)). Therefore

0 od ., 0 0P 0 ob 0 0P
AT =2— —17—)(2— — )10 =02—=—-—7—)2=— —17—)0 = fe'*.
AT = 2 m T Pgs T T = g T ) sV = e
Denote w;, = Q(z)(Qg, ‘g‘f)v Wy = Q(2)(22 — 792)0, where Q(z) € C*(Q) is an
holomorphic function in Q. Thanks to the zero Dirichlet boundary condition for u we have

i ]on = 2Q(2)0:0lon = (1 + in)W%’aﬂa Walo = 2Q(2)0:0lon = (11 — ir2)Q(2 )?!an

By Proposition 5.2 we obtain

0w 9 -
(5 = iyl — 7 | (Ve QP Pdo +Re [ il = vy yon)do +
0 oY

(5= — ir 5 ) i |72y = 1@ 1220

(91'2 81'2

(5 + i)l ey — 7 / (Ve, )IQ|| "Pdo + Re / i((—vasy— + 11— )ia)iador +
T T o o0

ox T1 (933’2
0 0 .
+H(6_x2 + ZTa_xQ>w2H%2(Q) =[|Qfe WH%%Q)
821 2 8? )iy )wido. We recall that © = ue™ and

W lon = Q(2) (11 + iyg)% = Q(z)(yl + zug)—e”’ Denote A +iB = Q( ) (1 + ivg). We get

We simplify the integral Re: faQ Vo

0 0 —
Re/ Z(<V28_131 — axz)wl)wlda =

Re/ 1(1/2i - — 0 J(A+ Z'B)g—ew](A - iB)?ewda =

0r, 0o v v
Re/ z[(yzi—yl 0 —)(A +iB)]|g—v|2(A—iB)da+

0xy 0xy
0 g . 0v
L2 2 _ 2
1:{6/8Q 2(14 + B >((V2_ax1 Vlax )’—| do =

v
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Now we simplify the integral Re [, 00 2'((—1/26%1 + Vlaim)ﬁ}g)’w_gda. We recall that v = ue™
and sl = (11 — i10)Q(2) 5L = (1 — i) Q(2)2%e™. A straightforward computation gives

ov
. 0 [N —
Re /BQZ((_VQ_a:El + Vl—axZ)’LUg)/UJQdO_ =
0 0 ou ou
S 7 s T . _ TP —
(5.24) Re /891( o + 1y 8x2>[<A zB)&/e J(A+ zB)aye do
, 0 0 g 00 :
Re [ il(=vag+ mg (A= B (A + iB)do -

Loz B (2 0 9P 2y —
Re/aQZ(A +B )(<V28x1 V18x2)|ay| do =

v
/6 (0:AB = 0:BA)| 5 o

Using the above formula we obtain

o o ., N 1 N 200 5
(G + izl + i + Vil =27 | (0 Vo)lQPIg P
0 Oy 0 o .
+H(8_x1 - Za—xlT)UhH%m) + H<8_x2 - a—@T)UJlH%m)
9o .
(5.25) +2/m(a?143 —0:BA)| S [do = 21 QF¢ [

We can rewrite (5.25) in the form
0 . 0 . o0v

— T~ 2 —ipT 2 2 2
I + Iy — 27 [ (01 Vi)IQPI P

(700 aggy + e ()|
a_l’l (& w1 L2(Q) 8—1;2 (& w1 L2(Q)

ov
(5.26) 2 / (0:-AB — 0:BA)| 0_ Pdo = 2Qfe™ 3oy
15)9)

At this point, in order to estimate the integral [,,(9zAB — 0zBA)|%2|*do, we have to make
a choice of the holomorphic function ). If € is simply connected, after an appropriate
conformal transformation to the ball, we can take () = 1. Then the function (0zAB — 0zBA)
will be positive.

In the general situation, using Proposition 5.1 we choose the holomorphic function Q(z)
such that (0-AB — 0zBA) is positive on T'y. Such a function can be constructed in the
following way. Let 7; be a contour from 0€). We parameterize it by the smooth curve
z(s) : [0,4;] — ~;, satisfying |2/(s)] = 1 and 0zA = LA o z(s). We take now A o z(s) =
Uisin(s/l;), B o x(s) = {jcos(s/{;). Then

(0AB — 0zBA) ={; on ;.

Taking into account that A +iB = Q(z)(v; + ive) we set
U;sin(s/l;) — iljcos(s /L) } by — T {Ejsz'n(s/éj) — iljcos(s/l;) } |

(vy —ivy) o x(s) (11 — in) o x(s)

(5.27) by = Re{
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We take @) as a solution to problem (5.1) with the initial data close to one given by (5.27).
Then we have the estimate

(5.28) /|—+w<uwﬁwm +H/¢—wa

The function @(z) which allowed us to establish the estimate (5.28) might be equal to zero
at some points of 2. Thus, from now on , we take Q(z) = 1. Of course (5.26) is valid.

Since ¢ is a harmonic function we have [, g—fda = 0. By (2.1), (2.2) the function ¢ is
not constant, so the set 9Q2_ = {z € 9Q|(v, Vy) > 0} is not empty.

We now establish a Poincaré type inequality with boundary terms. Let ', be some open
subset of 9. Observe that the functional [|[VW || 12(q)+||W||z2(r,) is the norm on the Sobolev
space H'(2). In order to prove this it suffices to establish the existence of constant C' such
that

(5.29) IWls@) < CUVW 2@ + W) VW € H'(9).

Suppose that (5.29) is false. Then there exists a sequence {W,} C H'(Q) such that
HWkHL2(Q) =1 and
(5.30) IVWellL2@) + [[Well 2.y — 0.

On the other hand the sequence Wy is clearly bounded in H'(Q). So taking a subsequence
and using the compactness of the embedding of H'(Q) into L?*(2) we see that there exists
W € H'(Q) such that

(5.31) Wy — W in L*(Q).

By (5.30) W = const. On the other hand, by (5.30) W|p, = 0. Therefore W = 0 and we
have the contradiction with (5.31) and the fact that |[Wy]|12(0) = 1.
Thus, by (5.29) there exists a positive constant C, independent of 7, such that

1, - . 1, 0 —ir 1, 0 —ivr s
ﬁM%@HM%mﬁﬂy%w D220 ﬂ%(w)h
ov
—T v, V)| —|*do
| wvaig
1.0 1.0
S zw’r"“ = “/’T"’
(532) 45l 5 (T + 5l 5 (T
Since v is a real-valued function we have
0 oY ov o . -
25+ Tl + 2 = 70l < Coll@nlle) + el
Therefore
ov 0 W 0 an ~9 8¢~ 2
P 2 - 2 - d D 2
|| $ ||L T axl 81‘2 81'2 al'l)v T+ ||7—83§'2U||L ()
oY

(5.33) +4H !hz +HT——IMhpm)EZCNHwﬂ@%Qy+H@ﬂ@%QQ-
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Now we claim that there exists a constant C5 independent of 7 such that

- . 0P _
(5.34) IT1811z20) < Collolim ) + Il 5 19l 22():

It suffices to prove inequality (5.34) locally assuming that suppv € B(y,d) where y € 'H
and the radius § can be taken sufficiently small. If y € H N OQ by (2.2) one can take &
such that v|sonp(y,s) = 0. Moreover, if y € H is an arbitrary point we may assume, without
loss of generality, that y = 0. Since all critical points of the function ® are assumed to
be nondegenerate there exists a holomorphic function ¥(z) such that 0.®(z) = 2V¥(z) and
U(0) # 0. Thus for some positive § there exists a positive constant Cy such that

10,®| < Cs]z] V(Rez,Imz) € B(0,9).

Then there exists a positive constant Cy4 such that

/ |v]2dr = /(azz)]v|2dx = —/ 2(v0,v + vO,v)dxr < C’4/(|Vv]2 + 2w |?)da.
Q Q Q Q

By (5.33), (5.34) there exists a positive constant C5 such that

- . o0 _ N N
(5.35) 2122 + 181172 @) + 7 N1 5 - 1BlIz20) < Cs(ll@illza) + @2l1z2)-

By (5.35) we obtain from (5.26), (5.32) that there exists a positive constant C such that

1 2|||0(I>

. . . v
Z sy + Wil + 2115 00 =7 | (0 Vi)l P

ov ov
2(0-AB — 0-BA)|—|*do < || fe™*|3 / —|*do.
+ [ oo < 11y + 171 [ 10 Vo)l P
This estimate and (5.28) concludes the proof of the proposition. U
Now we give the proof of Proposition 2.1.

Proof. Let us introduce the space

H = {v € Hy(Q)| Av + qov € L*(9), %|i . 0}

with the scalar product
(v1,v9) g = / > (Avy + qovr ) (Avg + qovs)d.
Q

By Proposition 5.3 H is a Hilbert space. Consider the linear functional on H : v — [, vfdz+
fFo g%da. By (5.23) this is the continuous linear functional with the norm estimated by a

constant C(|| fe™|| 12 /72 + ||ge™| 12(ry)). Therefore by the Riesz representation theorem
there exists an element v € H so that

/vfdx+/g@dcr:/e2w(A@+ qo0)(Av 4 gov)dz.
Q rov Q

Then, as a solution to (2.4), we take the function u = e*™?(Av + ¢g0). O
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