UNIQUENESS IN AN INVERSE BOUNDARY PROBLEM FOR
A MAGNETIC SCHRODINGER OPERATOR WITH A
BOUNDED MAGNETIC POTENTIAL

KATSIARYNA KRUPCHYK AND GUNTHER UHLMANN

ABSTRACT. We show that the knowledge of the set of the Cauchy data on the
boundary of a bounded open set in R", n > 3, for the magnetic Schrodinger
operator with L>° magnetic and electric potentials determines the magnetic
field and electric potential inside the set uniquely. The proof is based on a
Carleman estimate for the magnetic Schrédinger operator with a gain of two
derivatives.

1. INTRODUCTION AND STATEMENT OF RESULT

Let 2 C R", n > 3, be a bounded open set, and let v € C§°(£2). We consider the
magnetic Schrodinger operator,

n

Lag(x, D)u(x) := Y (D + A;(x))*u(z) + g(z)u(z)

j=1
= —Au(z) + A(z) - Du(z) + D - (A(z)u()) + ((A(@))* + q(2))u(2),
where D ="'V, A € L>*(Q,C") is the magnetic potential, and ¢ € L>(Q,C) is
the electric potential. We have Au € L>(Q,C") N E'(Q2,C™), and therefore,
Lag:C(Q) — H YR NE Q)
is a bounded operator. Here £'(2) = {v € D'(Q) : supp (v) is compact}.
Let us now introduce the Cauchy data for an H'(Q) solution u to the equation
Lp,u=0 in £, (1.1)

in the sense of distributions. First, following [1, 17], we define the trace space of
the space H'(Q) as the quotient space H(Q2)/H}(€2). The associated trace map
T:HY(Q) = HY(Q)/H} (), Tu = [u], is the quotient map. Here HJ () is the
closure of C§°(€) with respect to the H'(2)-topology.

Notice that if 2 has a Lipschitz boundary, then the space H'(2)/H} () can be
naturally identified with the Sobolev space H'/2(9€2). Indeed, in this case the

kernel of the continuous surjective map H*(Q) — HY2(09Q), u +— ulaq is precisely

Hj (), see [12, Theorems 3.37 and 3.40).
1
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For uw € H'(Q) satisfying (1.1), we can define N4 u, formally given by Ny ,u =
(Oyu+i(A-v)u)|sq, as an element of the dual space (H'(Q)/H}(Q)) as follows.
For [g] € HY(Q2)/H (D), we set

(Nagu, [9])a = /Q(Vu Vg +iA- (uVg — gVu) + (A + q)ug) dx. (1.2)

As u is a solution to (1.1), Na,u is a well-defined element of (H'(Q)/H}(9))'.

We define the set of the Cauchy data for solutions of the magnetic Schrodinger
equation as follows,

Caq={(Tu,Nayu):ue€ H(Q) and L4,u =0 in Q}.

The inverse boundary value problem for the magnetic Schrodinger operator Ly,
is to determine A and ¢ in 2 from the set of the Cauchy data Cj4 .

Similarly to [20], there is an obstruction to uniqueness in this problem given by
the following gauge equivalence of the set of the Cauchy data: if 1p € WH™ in a
neighborhood of Q and 9[sq = 0, then Ca, = Cayvyy, see Lemma 3.1 below.
Hence, the map A — A + V1 transforms the magnetic potential into a gauge
equivalent one but preserves the induced magnetic field dA, which is defined by

dA =Y (O, A — 0y, Aj)dx;j A day,

1<j<k<n

in the sense of distributions. Here A = (Ay,...,A4,). In view of this, one may
hope to recover the magnetic field dA and the electric potential ¢ in €2 from the
set of the Cauchy data Cy .

As it has been shown by several authors, the knowledge of the set of the Cauchy
data Cy 4 for the magnetic Schrodinger operator L4, does determine the mag-
netic field dA and the electric potential ¢ in €2 uniquely, under certain regularity
assumptions on A and ¢. In [20], this result was established for magnetic po-
tentials in W2, satisfying a smallness condition, and L* electric potentials. In
[13], the smallness condition was eliminated for smooth magnetic and electric
potentials, and for compactly supported C? magnetic potentials and L™ electric
potentials. The uniqueness results were subsequently extended to C' magnetic
potentials in [22], to some less regular but small potentials in [14], and to Dini
continuous magnetic potentials in [17].

The purpose of this paper is to extend the uniqueness result to the case of mag-
netic Schrodinger operators with magnetic potentials that are of class L*. Our
main result is as follows.

Theorem 1.1. Let Q@ C R™, n > 3, be a bounded open set, and let Ai, Ay €
L>(Q,C") and q1,q2 € L®(Q,C). If Ca,q = Cayg, then dA; = dA; and
@ = q2 1 L
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Notice in particular that in Theorem 1.1 no regularity assumptions on the bound-
ary of () are required.

The key ingredient in the proof of Theorem 1.1 is a construction of complex
geometric optics solutions for the magnetic Schrodinger operator Ly, with A €
L>(Q,C") and g € L*>*(92,C). When constructing such solutions, we shall first
derive a Carleman estimate for the magnetic Schrodinger operator L4 ,, with a
gain of two derivatives, which is based on the corresponding Carleman estimate
for the Laplacian, obtained in [19]. Another crucial observation, which allows
us to handle the case of L*° magnetic potentials is that it is in fact sufficient to
approximate the magnetic potential by a sequence of smooth vector fields, in the
L? sense.

We would also like to mention that another important inverse boundary value
problem, for which the issues of regularity have been studied extensively, is
Calderén’s problem for the conductivity equation, see [4]. The unique identifia-
bility of C? conductivities from boundary measurements was established in [21].
The regularity assumptions were relaxed to conductivities having 3/2 + ¢ deriva-
tives in [2], and the uniqueness for conductivities having exactly 3/2 derivatives
was obtained in [15], see also [3]. In [8], uniqueness for conormal conductivities
in C*¢ was shown. The recent work [9] proves a uniqueness result for Calderdén’s
problem with conductivities of class C' and with Lipschitz continuous conduc-
tivities, which are close to the identity in a suitable sense.

The paper is organized as follows. Section 2 contains the construction of com-
plex geometric optics solutions for the magnetic Schrodinger operator with L™
magnetic and electric potentials. The proof of Theorem 1.1 is then completed in
Section 3.

2. CONSTRUCTION OF COMPLEX GEOMETRIC OPTICS SOLUTIONS

Let Q C R", n > 3, be a bounded open set. Following [5, 11], we shall use the
method of Carleman estimates to construct complex geometric optics solutions
for the magnetic Schrédinger equation Ly ,u = 0 in €2, with A € L>(Q,C") and
q € L>*(Q,C).
Let us start by recalling the Carleman estimate for the semiclassical Laplace
operator —h?A with a gain of two derivatives, established in [19], see also [11].
Here h > 0 is a small semiclassical parameter. Let {2 be an open set in R™ such
that Q CC Q and let ¢ € C*(£,R). Consider the conjugated operator

P, =eh(=h*A)e 7,

with the semiclassical principal symbol

Po(1,6) =2 +2iVyp- €~ |Vy|?, 2€Q, ¢cR™
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We have for (z,§) € Q x R, [¢] > C > 1, that |p,(z,8)] ~ [€]* so that P, is
elliptic at infinity, in the semiclassical sense. Following [11], we say that ¢ is a

limiting Carleman weight for —h2A in Q, if Vo # 0 in Q and the Poisson bracket
of Rep, and Im p,, satisfies,

{Repy, Imp,}(z,6) =0 when py(z,6) =0, (z,€) € Q x R™.

Examples of limiting Carleman weights are linear weights p(z) = a -z, a € R",
la| = 1, and logarithmic weights ¢(x) = log |x — ¢, with z¢ & Q. In this paper
we shall only use the linear weights.

Our starting point is the following result due to [19].
Proposition 2.1. Let ¢ be a limiting Carleman weight for the semiclassical

Laplacian on §2, and let p. = ¢ + 2}1—8302. Then for 0 < h < e <1 and s € R, we
have

Het2 ey S Clle?=/"(=h2A)e=#=/hy)

h
%||U| HS, (R™) C > 0, (21)
for all uw € Cg°(Q).

Here

[l 22

scl

&) = [[KhD)Y ull2mny,  (€) = (1+ €12,
is the natural semiclassical norm in the Sobolev space H*(R"), s € R.

Next we shall derive a Carleman estimate for the magnetic Schrodinger operator
La, with A € L>*(Q,C") and ¢ € L>(£,C). To that end we shall use the
estimate (2.1) with s = —1, and with £ > 0 being sufficiently small but fixed, i.e.
independent of h. We have the following result.

Proposition 2.2. Let p € C‘X’(Q,R) be a limiting Carleman weight for the

semiclassical Laplacian on Q, and assume that A € L>®(Q,C") and g € L>(, C).
Then for 0 < h < 1, we have

hHUHHSlCl(R") < CHew/h(thA,q)e_Wh“HHS;ll(Rn)a (2.2)

for all uw € C°(Q).

Proof. In order to prove the estimate (2.2) it will be convenient to use the fol-
lowing characterization of the semiclassical norm in the Sobolev space H ! (R"),

Ua¢R"
ol = sup Ltz

v, $hn] (23
sel orvecs @) [¥llm @n)

where (-, -)gn is the distribution duality on R™.
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Let . = o+ 2h—E<p2 be the convexified weight with ¢ > 0 such that 0 < h < ¢ < 1,
and let u € C§°(€2). Then for all 0 # ¢ € C§°(R™), we have

[(e?</"h2A - D(e=%=/"u), ¢)gn| < / hA - ( — U(l + g%ﬁ) Dy + hDU)¢
< O(h)||ull g2

scl

dx

&) 1Yl a1, @n)-

cl

We also obtain that
\(e%/hlfD . (Ae_‘pf/hu), P)re| < / |h2Ae_“DE/hu . D(e“"g/hwﬂdx

< O lull g, @y 1901 1, emy -
Hence, using (2.3), we get
||6<Pe/hh2A.D(e_%/hu)+@<Ps/hh2D.(Ae—soe/hu)HH;ll(Rn) < Oh)||ull g @y (2-4)
Notice that the implicit constant in (2.4) only depends on || Az, ||¢]lL=@)
and || Dy|| (). Now choosing ¢ > 0 sufficiently small but fixed, i.e. independent

of h, we conclude from the estimate (2.1) with s = —1 and the estimate (2.4)
that for all A > 0 small enough,

|ee/M(—=h2A)e=?/Mu 4 e#=/"h2 A - D(e=?/"u) + e?</"h*D - (Ae""g/hu)HH—ll(Rn)

h
Z 5||u||Hslcl(Rn)’ C > 0.

(2.5)
Furthermore, the estimate
HhQ(AZ + CI)U”HS;}(Rn) < O(hz)”UHH;d(Rn)
and the estimate (2.5) imply that for all A > 0 small enough,
- h
Using that
o/l — e—w/he—sﬂ/(?a)u’
we obtain (2.2). The proof is complete.
0

Let ¢ € C®(,R) be a limiting Carleman weight for —h2A and set L, =
e?/M(h?L 4 ,)e™#/". Then we have

(Lou,v)q = <U,LT¢U>Q, u,v € C°(92),

where L} = e*‘P/h(hZLZ@)e‘f’/h is the formal adjoint of L, and (-, -)q is the distri-
bution duality on 2. We have

L3 CR(Q) — H'(R™) N E'(Q)
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is bounded, and the estimate (2.2) holds for L7, since —¢ is a limiting Carleman
weight as well.

To construct complex geometric optics solutions for the magnetic Schrodinger
operator we need to convert the Carleman estimate (2.2) for L7, into the following
solvability result. The proof is essentially well-known, and is included here for
the convenience of the reader. We shall write

HUH%V;CI(Q) = HUH%?(Q) + HhDUH%%Q)’
(v, V)al
olporgy = sup  Aw¥al
Hea ) o pecze@ 1Yl o)

Proposition 2.3. Let A € L>*(Q,C"), q € LOO(Q,SC), and let ¢ be a limiting
Carleman weight for the semiclassical Laplacian on 2. If h > 0 is small enough,
then for any v € H~Y(Q), there is a solution u € H'(Q) of the equation

e?M(W2Lag)e P Mu=v in Q,

which satisfies

el 2

scl

C
@ < E“UHHQ(Q)-

Proof. Let v € H~*(2) and let us consider the following complex linear functional,
L:L,CR(Q) = C, Liww— (w,V)q.

By the Carleman estimate (2.2) for L7, the map L is well-defined. Let w €
C°(92). Then we have

| L(Lyw)| = [(w, D)al < [lwllm @ |v] g-1q)

< ﬁ||U||HS;11(Q)HLZ;wHHS’CIl(R”)'

By the Hahn-Banach theorem, we may extend L to a linear continuous functional

Lon H™! (R™), without increasing its norm. By the Riesz representation theorem,
there exists u € H'(R™) such that for all » € H~1(R"),

L) = (¢, Wzn, and |ullm

scl

Let us now show that L,u = v in Q. To that end, let w € C§°(£2). Then

C
®n) < EHUHHS_CII(Q)'

(Lou,w)q = (u, L:;UJ)Rn = L(L:;w) = (w,V)q = (v, W)q.
The proof is complete. [l
Let A € L*>*(Q,C™). We shall extend A to R" by defining it to be zero in R™\ €,

and denote this extension by the same letter. Then A € (L> N &) (R™,C") C
LP(R",C"), 1 <p < 0.
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Let ¥, (x) = 77"¥(z/T), 7 > 0, be the usual mollifier with ¥ € C°(R"), 0 <
¥ <1,and [Wdz =1. Then A* = Ax ¥, € C°(R",C") and

A — A*| p2gny = 0(1), T — 0. (2.6)
A direct computation shows that

[0%AH| pony = O(771)), 7 =0, forall «, |a]>0. (2.7)

We shall now construct complex geometric optics solutions for the magnetic
Schrodinger equation

Ly,u=0 1in £, (2.8)

with A € L>(2,C") and ¢ € L>(f2, C), using the solvability result of Proposition
2.3 and the approximation (2.6). Complex geometric optics solutions are solutions
of the form,

u(@, ¢ h) = e Ma(w, G h) +r(z, G h), (2.9)

where ( € C", (- ( =0, || ~ 1, a is a smooth amplitude, r is a correction term,
and A > 0 is a small parameter.

It will be convenient to introduce the following bounded operator,
ma: H'(Q) = HYQ), ma(u) =D - (Au),
where the distribution m4(u) is given by

(ma(u),v)g = —/QAu - Dvdx, v e Cyr(Q).

Let us conjugate h2L, by e®¢/". First, let us compute e~ /" o h2m 4 o e=¢/".
When v € H*(Q2) and v € C5°(Q2), we get

(7" B2 my (e M), v)g = — / W2 Ae™ M - D(e™/ M) da
Q
= /(hz( - Auv + h*Au - Dv)d,
Q
and therefore,
e o WPmy 0 e/ = —hiC - A+ h®my.
Furthermore, we obtain that
e o (—h2A) 0 e®¢/" = —h2A — 2ih( - D,
e ™Mo h?(A-D)oe™" = h*A- D — hiC - A.
Hence, we have

e Mo 2Ly ot = —h2A—2¢hg~D+h2A.D—2mg-A+h2mA+h2(Az+q)).
2.10
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We shall consider ¢ depending slightly on h, i.e. ¢ = (o + ¢ with (o being
independent of h and ¢(; = O(h) as h — 0. We also assume that |Re(y| =
|Im (o| = 1. Then we write (2.10) as follows,

e o B2, 0 e = — B2A = 2ihy - D — 2ih¢; - D + h*A - D — 2hi(, - A
— 2hiCy - (A — A¥) — 2hi(y - A+ h®my + h*(A? +q).

In order that (2.9) be a solution of (2.8), we require that
G-Da+¢-Aa=0 in R" (2.11)

and
e "ML e = —(=h?Aa + h*A - Da + h*ma(a) + h*(A% 4 q)a) (2.12)
+ 2ih¢y - Da+ 2hily - (A — ADa 4 2hi¢, - Aa=:g in Q.

The equation (2.11) is the first transport equation and one looks for its solution
in the form a = ¢®*, where ®¢ solves the equation

(- VO +ily-A*=0 in R™ (2.13)

As (p-¢p = 0 and |[Re {p| = [Im {y| = 1, the operator N, := (,-V is the d-operator
in suitable linear coordinates. Let us introduce an inverse operator defined by

(Nc_lf)(x) 1 f(x —y1Re(p — y2Im )

T om Je Y1 +1y2
We have the following result, see [17, Lemma 4.6].

Lemma 2.4. Let f € WE2(R"), k > 0, with supp (f) C B(0,R). Then ® =
Ng_olf € Wk’oo(Rn) satisfies Ne,® = f in R", and we have

1l ooy < CILf lwtoe @, (2.14)
where C' = C(R). If f € Cy(R"), then & € C(R™).

dyrdya, f € Co(R").

Thanks to Lemma 2.4, the function ®*(x,(y;7) = Ngol(—z{o - A% € C=(R")
satisfies the equation (2.13). Furthermore, the estimates (2.7) and (2.14) imply
that

|0%®| oo gy < Cour ™, forall a, |af > 0. (2.15)

Owing to [21, Lemma 3.1], we have the following result, where we use the norms

By = [ 1+ o 1@

Lemma 2.5. Let —1 < 6 < 0 and let f € L3, | (R™). Then there exists a constant
C > 0, independent of (y, such that

ING Fll 2@y < Cllfllzz,, -
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Setting @ (-, (p) := Ngol(—z'go - A) € L*(R"), it follows from Lemma 2.5 and the
estimate (2.6) that ®(-, (o; 7) converges to ®(-, () in L _(R") as 7 — 0.

loc

Let us turn now to the equation (2.12). First notice that the right hand side g of
(2.12) belongs to H~(€2) and we would like to estimate ||gHH;11(Q). To that end,

let 0 # ¢ € C3°(Q2). Then using (2.15) and the fact that (; = O(h), we get by
the Cauchy—Schwarz inequality,

[(R*Aa, ¥)a| < O(W?/7%) [0l 120) < OB /7)[¥] 1, 0,
[(h*A - Da,v)o| < O /7)Yl )
[(2ih¢y - Da,v)al < O /7)1l )
(2hiCy - Aa, ¥)al < O[] 11 (@)
Using (2.6) and (2.15), we have
[(2hiGo - (A — A¥)a, o] < Ol e |4 — 4% 2oy 6] 220y
< O(h)07—>0(1)|’¢||H;d(Q)-
With the help of (2.6), (2.7), and (2.15), we obtain that

|[(W*ma(a))al <

/ h?A*a - Dipdx
Q

+‘/h2(A—Aﬁ)a-Dwdm
Q

aS + O(W)[|A = A¥|| 20y |ADY | 120

/Q hA(D - (A*a))pdx

< (O(h?/7) + O(h)or—o(W)I¥ | 2, (0)-

We also have ||h?*(A% + q)al|12@0) < O(R?). Thus, from the above estimates, we
conclude that

19l 5-10) < O(R*/77) + O(R)or0(1).
Choosing now 7 = h? with some o, 0 < 0 < 1/2, we get
191l -1 () = o(h) as  h—0. (2.16)

Thanks to Proposition 2.3 and (2.16), for A > 0 small enough, there exists a
solution r € H'(Q) of (2.12) such that [|r||g ) = o(1) as h — 0.

The discussion led in this section can be summarized in the following proposition.

Proposition 2.6. Let Q@ C R", n > 3, be a bounded open set. Let A €
L>(Q,C"), g € L>*(Q,C), and let { € C" be such that (- =0, ( = (o + (1 with
(o being independent of h > 0, |Re(y| = [Im(y| = 1, and (; = O(h) as h — 0.
Then for all h > 0 small enough, there exists a solution u(z,(;h) € HY(Q) to the
magnetic Schrodinger equation Ly qu =0 in ), of the form

u(w, G h) = e (PO 4y, ¢ ).
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The function ®%(-,(p; h) € C®(R") satisfies |0°PF|| oo mn) < Cuh™0121 0 < 0 <
1/2, for all o, |a| > 0, and ®*(-, (o; h) converges to (-, () = N&)l(—ico -A) €
L®(R") in L (R") as h — 0. Here we have extended A by zero to R™\ Q. The
remainder r is such that ||r|| g1 ) = o(1) as h — 0.

3. PROOF OF THEOREM 1.1

Let us begin by recalling the following auxiliary, essentially well-known, result
which shows that the set of the Cauchy data for the magnetic Schrodinger opera-
tor remains unchanged if the gradient of a function, vanishing along the boundary,
is added to the magnetic potential, see [17, Lemma 4.1}, [20].

Lemma 3.1. Let Q C R" be a bounded open set, let A € L*(Q,C"), ¢q €
L>*(Q,C), and let yp € W in a neighborhood of Q. Then we have

G_iw ¢} Lqu o eitﬁ = LA+V1/},q- (31)
If furthermore, ¥|sq = 0 then
Cag = Catvug (3.2)

Proof. Let us notice first that the assumption that ¢ € W1 in a neighborhood
of € implies that ¢ is Lipschitz continuous on €2, so that 1|gq is well-defined
pointwise.

Since (3.1) follows by a direct computation, only (3.2) has to be established. To
that end, let u € H*(Q) be a solution to La,u = 0in Q. Then e %u € H'(Q)
satisfies Layvyq(e”™u) = 0 in Q. Let us show that T(e”™u) = Tu. In other
words, we have to check that

u(e™ — 1) € H}(Q). (3.3)

Since the function e=™ — 1 is Lipschitz continuous on ) and vanishes along 052,
we have |e” @) — 1| < Cd(z) for any € Q and some constant C' > 0. Here
d(z) is the distance from z to the boundary of Q. Then (3.3) follows from the
following fact: if v € H'(Q) and v/d € L*(Q), then v € Hj (1), see [6, Theorem
3.4, p. 223].

Let us now show that Nayvy,(e7%u) = Ny, u. To that end, first as above, one
observes that for g € H'(Q2), we have [g] = [e™g]. Thus,

(Natvygleu). [gD)a = (Narvpqle " u). [€¥g))a = (Naq(w), [g])e.
for any [g] € H'(Q)/H} (), and therefore, Ca, C Carvyy. The proof is com-
plete. 0

The first step in the proof of Theorem 1.1 is the derivation of the following integral
identity based on the fact that Ca, 4 = Ca, 4, see also [17, Lemma 4.3].



MAGNETIC SCHRODINGER OPERATOR WITH BOUNDED POTENTIALS 11

Proposition 3.2. Let Q C R", n > 3, be a bounded open set. Assume that
Ay, Ay € L®(Q,C") and g1, q2 € L>®(Q,C). If Ca, 4y = Cayq,, then the following
integral identity

Q Q

holds for any uy,uy € H'() satisfying La, gu1 = 0 in Q and Ly zus = 0 in €,
respectively.

Proof. Let uy,us € H'(Q) be solutions to Ly, g,u1 = 0in Q and Lz —us = 0in Q,
respectively. Then the fact that Cl4, ,, = Ca,,, implies that there is vy € H'(Q)
satisfying L 4, 4,v2 = 0 in {2 such that

Tuy =Tvy and Ny, g u1 = N, V0.

This together with (1.2) shows that

(Nayg s [@])a = (Nay 0,02, [W2])o = (N, g2, [02))a = (N gua, [w])o-

Then the integral identity (3.4) follows from the definition (1.2) of Ny, 4 u; and
Nz; zzu2. The proof is complete. U
We shall use the integral identity (3.4) with u; and us being complex geometric
optics solutions for the magnetic Schrodinger equations in €2. To construct such
solutions, let &, py, pg € R™ be such that |p]| = |pe] = 1 and pg - po = p1 - € =
w2 - € = 0. Similarly to [20], we set

ih ] 2 ih . ?
C1=7§+,u1+z 1—h2%ﬂ27 CQ:—;—NI—H 1—h2%ﬂ2, (3.5)

so that (;-¢; =0, j =1,2, and ({; + (2)/h = i€. Here h > 0 is a small enough
semiclassical parameter. Moreover, (; = py+ius+O(h) and (o = —py+ipe+O(h)
as h — 0.

By Proposition 2.6, for all A > 0 small enough, there exists a solution u;(x, (1; h) €
H'(Q) to the magnetic Schrodinger equation L4, 4, u; = 0 in ©Q, of the form

wr(w, Gy h) = €M (M @m T L (2,3 ), (3.6)
where ® (-, 11 + ipo; h) € C®(R™) satisfies the estimate
[0 || oo gy < Cuh ™0l 0 <0 < 1/2, (3.7)

for all v, || > 0, ®%(-, g + ipe; h) converges to
D (-, g1 +ip2) = N (—i( +ipn) - Ay) € L°(R™) (3.8)
(R™) as h — 0, and
[rillm @ =o(1) as h—0. (3.9)

. 2
in Ly,
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Similarly, for all 4 > 0 small enough, there exists a solution uy(z, (o;h) € H'(Q)
to the magnetic Schrodinger equation L —us = 0 in ), of the form

ug(z, (o3 h) = e””'@/h(eég(m’_”’l““%h) + ro(x, (o3 h)), (3.10)
where ®4(-, —puy + ipg; h) € C®(R™) satisfies the estimate
|0° @4 || Lo gy < Couh ™0l 0 <0 < 1/2, (3.11)
for all «, |a] > 0. Furthermore, (Pg(-, —p1 + ipo; h) converges to
Dy, —pun +ipiz) = N2y g, (—i(— g+ ipz) - As) € L¥(R™) (3.12)
in L2 (R") as h — 0, and
72l @) =o(1) as h—0. (3.13)

We shall next substitute u; and usg, given by (3.6) and (3.10), into the integral
identity (3.4), multiply it by h, and let h — 0. We first compute

huy Vg =Coe™ S (e®17%2 + e®irg + e + 173)
; # oF # vy
+ he™ 5 (e®1Ve®? + e®1VT; + 1 Ve 4+ 1 Vig).

Recall that ( = —p; — ipg + O(h). We shall show that
(p1 +ipo) - /(A1 — Ag)eim'feéhjdm — (1 +ip) - /(A1 — Ag)eimEetitOzgy
Q Q

as h — 0, where ®; and @, are defined by (3.8) and (3.12), respectively. To that
end, we have

o 4oh <1>1+<1TzH
< Clle € L2(Q)

(k1 +ip2) - /(z‘h — Ay)e™t (6@14—;% — P12 gy
Q

< O 0 + @ — @) — By| 2 — O,
as h — 0. Here we have used the inequality
le* — e¥| < |z — w|emax®ezRew) 5 4y e C, (3.14)
obtained by integration of e* from z to w, and the fact that ®,, <I>§- € L>®(R™),
j=1,2, and H<I>§-||Loo(Rn) < C uniformly in h.

Now using the estimates (3.7), (3.9), (3.11) and (3.13), we get
‘ /Z(Al — AQ) . 661133{(6@%@ + Tleq)g + T1T_2>d1’
Q

# _ o _
< ClJ Ay = As|l e ([le® | 272l 2 + a2 €2 22 + [ ll 272l 2) = (1),
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as h — 0. We also obtain that

‘ / hZ(Al — AQ) . eim'é(eﬁVe;g + ('34)’i VE + T1Vegg + T1Vr_2)dac
Q

< Oh)(h™ + b o(1) + o(1)h ™ + o(1)h~1) = o(1),

as h — 0. Here 0 < 0 < 1/2. Furthermore,

’h / (AT = AZ+q - Q2)6m5(6¢§+@ﬁ2 + 6¢’§r_2 + 7"161’i¢2 + rrp)dx| = O(h),
e

as h — 0. Hence, substituting u; and ug, given by (3.6) and (3.10), into the
integral identity (3.4), multiplying it by h, and letting h — 0, we get

(p1 +ipg) - / (A — Ay)ettetilmamtie)r@a(emmtinz) gy — (), (3.15)

where

Py = N, i (=i +ipn) - Ay) € L=(R™),

By = N 4y (—i(—p + i) - A3) € L(R").

Notice that the integration in (3.15) is extended to all of R", since A; = As =0
on R™\ Q.

The next step is to remove the function e®'+® in the integral (3.15). First using
the following properties of the Cauchy transform,

N f=N'f, NZf=-NZ'f,

we see that
q)l -+ (I)Q = Nil (—Z(/,Ll —+ ZILLQ) . (Al — Ag)) (316)

p1tipe
We have the following result.

Proposition 3.3. Let &, g, 2 € R™, n > 3, be such that |p1| = |pe] = 1 and
M1 - o = L1 f = /,625 =0. Let W € (Looﬁgl)(Rn,Cn) and¢ = N;ll_H#Q(—Z(/,Ll‘i‘
ip) - W). Then

(pe1 +ipg) - W (z)e™$e?@dr = (117 + ips) - W (z)e™dx. (3.17)
Rr Rr

Proof. The statement of the proposition for W € Cy(R",C") is due to [7], with
similar ideas appearing in [20]. See also [18, Lemma 6.2]. For the completeness
and convenience of the reader, we shall give a complete proof of the proposition
here.

Assume first that W € C3°(R™,C"). Then by Lemma 2.4 we have
6 = N (=il + i) - W) € C=(RY) (318)

1
1+ipe
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We can always assume that gy = (1,0,...,0) and ps = (0,1,0,...,0), so that
£=1(0,0,¢"), & € R" 2 and therefore,
(Op, +102,)0 = —i(py +ip2) - W in R™

/

143 _ T/ _ " —2
Hence, writing « = (2/,2"), ' = (21, 22), " € R" 2, we get

(p1 +ipa) - W (z)e™$e? @ dr = z/ e ey, + i0,,) (1) da

Rn n
. ix' & " "
= 2/ e h(z")da",
Rn—2

where

h(z") = /R 2(6901 +i0,,)e?@dy’ = lim (8, + 0y,)e? @ da’

= lim e?@ (1) + i1y)dSg ().

R—o00 ‘QTI‘ZR

Here v = (v4,14) is the unit outer normal to the circle |2/| = R, and we have

used the Gauss theorem.

It follows from (3.18) that |p(a’, 2")| = O(1/|2'|) as |z'| — oco. Hence, we have
¢*=1+0+0(¢f") =1+ ¢+ 0(2'| %) as [|2'| = 0.

Since

/ (1 + in)dSg(z') = / (Op, +104,)(1)dz' =0,
|z’|=R

[z'|<R

<OR') as R— oo,

’ / O(|2'|7) (v + in)dSg(2)
|2/|=R
we obtain that

h(z") = lim é(x) (11 + irn)dSg(z’) = lim (O, + 102, ) () da’

R—o0 |CC/|:R R—o0 lII‘SR

= —/ i +ipz) - W(z)de',
R2

which shows (3.17) for W € C§°(R"™,C").

To prove (3.17) for W € (L>*NE’)(R™, C"), consider the regularizations W; = x;*
W e C5°(R™). Here x;(x) = j"x(jx) is the usual mollifier with 0 < y € C§°(R")
such that [ xydz =1. Then W; — W in L*(R") as j — oo and

IWill ooy < IWllzoe@m IXi 1 @ry = (W lloo@ny, 7 =1,2,.... (3.19)

Furthermore, there is a compact set X CC R” such that supp (W;),supp (W) C
K. j=1.2,....
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We set ¢; = N\ . (—i(py +ipe)-W;) € C°(R™). Then by Lemma 2.5, we know

p1+ip2
that ¢; — ¢ in L2 (R") as j — oo. Lemma 2.4 together with the estimate (3.19)

loc
implies that

165ll o @ny < ClIWillLoo@ny < ClIW[Loo@n), 7 =1,2,.... (3.20)
For j =1,2,..., we have
(1 +ipz) - / Wi(x)e™ e W de = (u + ips) - / Wj(z)e'¢dz. (3.21)
K K

The fact that the integral in right hand side of (3.21) converges to the integral
in the right hand side of (3.17) as j — oo follows from the estimate

(1 + ipia) / (Wj(x) = W(x))e*dz| < ClIW; = W) = 0, j — 0.
K

In order to show that the integral in the left hand side of (3.21) converges to the
integral in the left hand side of (3.17) as j — oo, we establish that I; + I — 0
as j — 00, where

L= (ot i) [ (W) = W) éelda,
K

Iy = (p +ipz) - / W (z)e™$(e?1@) — @) dy.
K
Using (3.20), we have
11| < Celldilleo@n / \Wi(z) = W(z)|de < C||W; = W|2xy =0, J — o0.
K

Using (3.14) and (3.20), we get
’[2| < CHW”LOO(R'(L)||€¢J(I) — €¢(x)”L2(K) < C||¢] — (bHLQ(K) — O, j — OQ.
Here we have also used (3.20) and the fact that ¢; — ¢ in L (R™) as j — oo.

loc

Hence, passing to the limit as j — oo in (3.21), we obtain the identity (3.17).
The proof is complete. 0

By Proposition 3.3 we conclude from (3.15) and (3.16) that

(1 + ipa) - /H(Al(x) — Ay(x))e™ dx = 0. (3.22)

It follows from (3.22) that u~(//1\1 &) —121\2(5)) = 0 whenever p, ¢ € R™ are such that

-~

p-& = 0. Here A; is the Fourier transform of A;, j = 1,2. Let p;1,(§) = &;er —&xe;
for j # k, where ey, ..., e, is the standard basis of R”. Then p,,(§) - £ = 0, and
therefore,

&AL k(€)= Agp(€)) — &x(A1;(€) — Ay (€)) = 0.
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Hence, 0p; (A1 x — A2x) — O, (A1; — Az ;) = 0 in R™ in the sense of distributions,
for j # k, and thus, d(A; — A) = 0 in R™.

Our next goal is to show that ¢ = ¢ in Q. First, viewing A; — Ay as a 1—
current and using the Poincaré lemma for currents, we conclude that there is
1 € D'(R") such that dyp = Ay — Ay € (L*NE)(R™) in R, see [16]. It follows
from [10, Theorem 4.5.11] that 1 is continuous on R", and since v is constant

near infinity, we have ¢ € L>°(R"). Therefore, ¢» € WH>(R"), and without loss
of generality, we may assume that there is an open ball B such that 2 CC B and

supp (¢) C B.

We want to add Vi to the potential Ay without changing the set of the Cauchy
data for L4, 4, on the ball B. To that end, we shall need the following result,
which is due to [17, Lemma 4.2].

Proposition 3.4. Let Q,Q C R™ be bounded open sets such that Q CC €Y. Let
Ay, Ay € LY, C™), and q1,q2 € L>®(Y,C). Assume that

A=Ay and q=q in Q\Q (3.23)
If Caygp = Cagg then Cy = CY, ., where C7y - is the set of the Cauchy data
for Ly, q inQY, j=1,2.

Proof. Let u} € H' () be a solution to La, ,u) = 0 in Q" and let u; = u}|g €
HY(Q). As Ca, 4, = Ca,.g, there exists us € H'(Q) satisfying La, gu2 = 0 in Q
such that

Tuy =Tuy and Ny, gus = Na, gup in
In particular, ¢ :=uy —uy € Hy(Q) C Hg(Q'). We define

=+ € H(QY),

so that uy, = uy on €. It follows that Tufy = Tu) in .
Let us show now that L4, 4, u5 = 01in €. To that end, let ¢ € C§°(€Y'), and write

(L 4y g0t V) :/ ((Vu’l + Vo) - Vi + Ay - (Duf + Dcp)w) dx

U

b (=49 Do+ (434 )+ 0
Using (3.23), we have

(L 4y gotin, V) = /(Vuz -V + Ag - (Dug)p — Agug - D + (A3 + go)ugt))da
Q
T / (VAd, - T+ Ay - (D)o — Ared, - Do + (A + g l)d
Qe

n / (V- Vi + Ay - (Db — Avp- Db+ (A + q1)ib)
QN\Q
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As p € H} (), we get
| (VoS0 a1 (D) = A Do+ (4 + @)gt)de =0
oN\Q

This together with the fact Ny, 4,42 = Ny, o 11 in Q implies that
(Laggtty, V) = (Naggotiz, [¥]0])a
+ /Q,\Q(Vu’1 -V + Ay - (DU — Ayl - DY + (AT + q)ui)da
= (L, gy, ¥)er = 0,

which shows that L4, 4, ub =0 in €.

Arguing similarly, we see that Na,gu, = Ny, ,u) in €, which allows us to
conclude that C, .~ C 7, .. The same argument in the other direction gives
the claim. O

Let us extend ¢;, 7 = 1,2, to the open ball B by defining ¢; = 0 in B\ Q. Then
using Proposition 3.4, Lemma 3.1 and the fact that ¢|sp = 0, we obtain that

/ L v _ v
OA1,q1 - CA2,q2 - CAz-l—VwﬂJz - CALQQ'

This implies the following integral identity,
/(Ch — @2)urUgdr = 0, (3.24)
B

valid for any wuy,us € H'(B) satisfying La, ,,u1 = 0 in B and L u2 = 0 in B,
respectively.

Let us choose u; and us to be the complex geometric optics solutions in B,
given by (3.6) and (3.10), respectively. In this case, it follows from (3.16) that

D% (-, g + iptg; h) 4+ 5 (-, —puy + ipia; h) converges to zero in L2 (R") as h — 0.

loc

Plugging u; and uy into (3.24) gives

i t b iz B el _
/(q1 — q)e et gy = — / (1 — q2)e™ (P75 + r1e®2 4 ri7)da.
B B

Letting h — 0, and using (3.7), (3.9), (3.11), and (3.13), we get

/(Ql — o)t dr = 0,
B

and therefore, ¢ = g9 in €). The proof of Theorem 1.1 is complete.
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