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ABSTRACT. We study the local behavior of a solution to the Stokes system with
singular coefficients in R™ with n = 2,3. One of our main results a the bound
on the vanishing order of a nontrivial solution u satisfying the Stokes system,
which is a quantitative version of the strong unique continuation property for
u. Different from the previous known results, our strong unique continuation
result only involves the velocity field u. Our proof relies on some delicate
Carleman-type estimates. We first use these estimates to derive crucial optimal
three-ball inequalities for u. Taking advantage of the optimality, we then derive
an upper bound on the vanishing order of any nontrivial solution u to the
Stokes system from those three-ball inequalities. As an application, we derive
a minimal decaying rate at infinity of any nontrivial u satisfying the Stokes
equation under some a priori assumptions.

1. Introduction. Assume that 2 is a connected open set containing 0 in R™ with
n = 2,3. In this paper we are interested in the local behavior of u satisfying the
following Stokes system:

Au+ A(z) - Vu+ B(x)u+Vp=0 in €, (11)
V-u=0 in 9, '
where A and B are measurable satisfying
[A(@)] < Ailz[THlog 2| 7%, |B(2)] < Ailz|2[log a7 Vz € Q (1.2)
and A-Vu=(A-Vuy, -, A Vuy,).
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For the Stokes system (1.1) with essentially bounded coefficients A(x), the weak
unique continuation property has been shown by Fabre and Lebeau [6]. On the
other hand, when A(z) satisfies |A(z)| = O(|z|~17¢) with € > 0, the strong unique
continuation property was proved by Regbaoui [20]. The results in [6] and [20]
concern only the qualitative unique continuation theorem and both results require
the vanishing property for v and p. In this work we aim to derive a quantitative
estimate of the strong unique continuation for u satisfying (1.1) with an appropriate
D.

For the second order elliptic operator, using Carleman or frequency functions
methods, quantitative estimates of the strong unique continuation (in the form of
doubling inequality) under different assumptions on coefficients were derived in [4],
[7], [8], [15], [17]. For the power of Laplacian, a quantitative estimate was obtained
n [18]. We refer to [17] and references therein for development in this direction.

Since there is no equation for p in the Stokes system (1.1), we apply the curl
operator Vx on the first equation and obtain

Ag+V-F =0, (1.3)

where ¢ = V x u is the vorticity and for n = 2, V X u = Oyus — druy. For
n = 3, V- F is a vector function defined by (V - F); = Z?Zl 0;Fi, i =1,2,3,
where F;; = Zi,l:l flijkg(a:)ﬁkug + Ei:l Bijk(x)uk with appropriate fliju(x) and

Biji(x) satisfying
| Aijre(2)] < Collog ]| *|z| ™, | Biji(2)| < Collog ||| *|2|™> VzeQ. (14)

When n = 2, V- F is a scalar and we simply drop the suffix ¢ in the definition
above. Now we define V+ x G = V x G for any three-dimensional vector function
G and V* x g = (0a9, —019) for a scalar function g if n = 2. It is easy to check
that Au = V(V -u) — V+ x (V x u) and thus we have

Au+VEtxg=0 (1.5)

if V-u = 0. However, equations (1.3) and (1.5) do not give us a decoupled system.
The frequency functions method does not seem to work in this case. So we prove our
results using Carleman inequalities. On the other hand, since the coefficient A(x) is
more singular than the one considered in [20]. Carleman-type estimates derived in
[20] can not be applied to the case here. Hence we need to derive new Carleman-type
estimates for our purpose. The key is to use weights which are slightly less singular
than the negative powers of |z| (see estimates (2.4) and (2.15)). The estimate (2.15)
is to handle (1.3) and the idea is due to Fabre and Lebeau [6].

We can derive certain three-ball inequalities which are optimal in the sense ex-
plained in [5] using (2.4) and (2.15). We would like to remark that usually the
three-ball inequality can be regarded as the quantitative estimate of the weak unique
continuation property. However, when the three-ball inequality is optimal, one is
able to deduce the strong unique continuation from it. It seems reasonable to expect
that one could derive a bound on the vanishing order of a nontrivial solution from
the optimal three-ball inequality. A recent result by Bourgain and Kenig [3] (more
precisely, Kenig’s lecture notes for 2006 CNA Summer School [14]) indicates that
this is indeed possible, at least for the Schrédinger operator. In this paper, we show
that by the optimal three-ball inequality, we can obtain a bound on the vanishing
order of a nontrivial solution to (1.1) containing ”nearly” optimal singular coeffi-
cients. Finally, we would like to mention that quantitative estimates of the strong
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unique continuation are useful in studying the nodal sets of solutions for elliptic or
parabolic equations [4], [9], [16], or the inverse problem [1].

We now state the main results of this paper. Their proofs will be given in the
subsequent sections. Assume that there exists 0 < Ry < 1 such that Br, C .
Hereafter B, denotes an open ball of radius » > 0 centered at the origin.

Theorem 1.1. There exists a positive number R <1, depending only on n, such
that Zf 0< Ri <Ry <R3 <Ry and Rl/Rg < RQ/R3 < R, then

1—71

/ lu|?dz < C (/ |u|2d:c> (/ u|2dx> (1.6)
|z|<R2 |z|<R1 |z| <R3

for (u,p) € (HY(Bg,))"! satisfying (1.1) in Bg,, where the constant C depends
on Ro/Rs3, n, and 0 < 7 < 1 depends on Ry/R3, Ra/Rs, n. Moreover, for fized Ry
and Rg, the exponent T behaves like 1/(—log Ry) when Ry is sufficiently small.

Remark 1.2. [t is important to emphasize that C is independent of Ry and 7 has
the asymptotic (—log Ry1)~t. These facts are crucial in deriving an vanishing order
of a nontrivial (u,p) to (1.1). Due to the behavior of T, the three-ball inequality is
called optimal [5].

It should be emphasized that three-ball inequalities (1.6) involve only the velocity
field w. This is important in the application to inverse problems for the Stokes
system, for example, see [2] and [10]. Using (1.6), we can also derive an upper bound
of the vanishing order for any nontrivial u satisfying (1.1), which is a quantitative
form of the strong unique continuation property for . Let us now pick any Rs < Rg
such that Rs < Ry and Ry/Rs < R.

Theorem 1.3. Let (u,p) € (HY(Bg,))"*! be a nontrivial solution to (1.1), then
there exist positive constants K and m, depending on n and u, such that

/ |u|?dz > KR™ (1.7)
|z|<R

for all R with R < R,.

Remark 1.4. Based on Theorem 1.1, the constants K and m in (1.7) are given by
K= u|?dx
‘I|<R3
and I uf
- ul*dz
m = Clog ( [l= R ) )7
f|m\<R2 |u|?2dx

where C is a positive constant depending on A1, n and Ry /Rs.

From Theorem 1.3, we immediately conclude that if (u,p) € (HL.(2))" ! satis-
fies (1.1) and for any N € N, there exists Cy > 0 such that

/ lul?de < Cyr?,
|z|<r

then w vanishes identically in €2. Consequently, p is a constant in 2. This is a new

strong unique continuation result for the Stokes system with singular coefficients.
By three-ball inequalities (1.6), one can also study the minimal decaying rate of

any nontrivial velocity u to (1.1) with a suitable assumption on the coefficients A
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and B (see [3] for a related result for the Schrodinger equation). Consider (u,p)
satisfying (1.1) with Q = R™, n = 2,3. Assume here that
llull oo mny + | Al Loo ) 4 [| B Loo mry < Ao (1.8)
Denote
M,.(t) = inf [u(y)|*dy.

=t ly—z|<r
Then we can prove that

Theorem 1.5. Let (u,p) € (HL.(R™))"*! be a nontrivial solution to (1.1). Assume
that (1.8) holds. Then for any r < 1, there exists ¢ > 0 such that

Mr(t) 2 ch(l#»%)’

where ¢ depends on A2, n, fl lul?dz and ¢ = 1+ 2C log(1/r) with C' given in

Remark 1.4.

z|<r

We can apply Theorem 1.5 to the stationary Navier-Stokes equation.

Corollary 1.6. Let (u,p) € (H}.,
Navier-Stokes equation:

—Vu+u-Vut+pu+Vp=0, V-u=0, in R
with n = 2,3. Assume that

(R™))" L be a nontrivial solution of the stationary

1wl oo ny + llpll oo (rny < As.
Then for any r < 1, there exists ¢ > 0 such that

~ t
Mr(t) > rcc(lJrT)’

where ¢ depends on A3, n, cmdfl |u|*dx.

z|<r

This paper is organized as follows. In Section 2, we derive suitable Carleman-
type estimates. A technical interior estimate is proved in Section 3. Section 4 is
devoted to the proofs of Theorem 1.1, 1.3. The proof of Theorem 1.5 is given in
Section 5.

2. Carleman estimates. Similar to the arguments used in [11], we introduce polar

coordinates in R™\{0} by setting = rw, with r = |z, w = (w1, ,w,) € S" L
Furthermore, using new coordinate ¢ = logr, we can see that
0

oz, =e (w0 +Q;), 1<j<n,

where (2; is a vector field in S"~1. We could check that the vector fields ; satisfy

ijQj:O and Zijj:n—l.
j=1 j=1

Since r — 0 iff t — —oo, we are mainly interested in values of ¢t near —oo.
It is easy to see that

9? _ '
axjaxe =e 2t(wjat —w; + Qj)(&)g@t + Qé), 1<j,0<n.

and, therefore, the Laplacian becomes
A =02 + (n—2)0 + A, (2.1)
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where A, = ¥7_;QF denotes the Laplace-Beltrami operator on S™~'. We recall that
the eigenvalues of —A,, are k(k+n —2),k € N, and the corresponding eigenspaces
are Fy, where Fj is the space of spherical harmonics of degree k. It follows that

// AuvlPdide = 3" k2 (k +n — 2)? // (g Pdtdes (2.2)

k>0

Z// Qu[Pdtdw =Y " k(k+n—2) // |vg| 2dtdw, (2.3)

k>0
where vy, is the projection of v onto Ej. Let
(n—2)?
4

then A is an elliptic first-order positive pseudodifferential operator in L2(S™~1). The
eigenvalues of A are k + %‘2 and the corresponding eigenspaces are Ef. Denote

and

A= _va

n—2

LT =9, + +A.
Then it follows from (2.1) that
e'A=LTL" =L L".

Motivated by the ideas in [19], we will derive Carleman-type estimates with
weights o3 = pg(z) = exp(—B1(z)), where 3 > 0 and ¥(z) = log |z|+log((log |x|)?).
Note that g is less singular than |z|=#, For simplicity, we denote 1 (t) = t + log t?,
i.e., ¥(x) = Y(log|z]). From now on, the notation X <Y or X 2 Y means that
X < CY or X > CY with some constant C' depending only on n.

Lemma 2.1. There exist a sufficiently small 7o > 0 depending on n and a suffi-
ciently large Bo > 1 depending on n such that for all uw € Uy, and B > By, we have
that

ﬂ/@%(log|$|)72\$|7”(|$|2|VU|2+|u\2)d$§/@%\$|7”|z|4|ﬁu|2d% (2.4)
where U,, = {u € C§°(R™\ {0}) : supp(u) C Byy}-

Proof. Using polar coordinates as described above, we have

[ hlalt-"upd

= // e 20V M) 4| Al didw

= / le=PY® 2t Ayl dtdw. (2.5)

If we set u = ¥y and use (2.1), then

e PP Ay = 920 + by + av + Av =: Pgo, (2.6)
where a = (14+2t71)232 +(n—2)3+2(n—2)t"13—-2t"2B and b = n—2+26+4t713.
By (2.5) and (2.6), (2.4) holds if for ¢ near —oo we have

3 ﬁHUHaD//|t|*2|ag'mv\2dtdwgél/ \PyolPdtde,  (27)

JjH+lal<1
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where C is a positive constant depending on n.
From (2.6), using the integration by parts, for t < tg and 8 > [y, where to < —1
and By > 0 depend on n, we have that

//|ng\2dtdw
= //|8t2v\2dtdw+//|b@tv|2dtdw+//|av|2dtdw+//|va\2dtdw
7//8tb|8tv|2dtdwf2//a|8tv|2dtdw+/ d2alv|?dtdw

—//at(ab)|v\2dtdw+22//\8tﬂjv|2dtdw
J
+Z//8tb|ij\2dtdw - 22//@\ij|2dtdw
J J

// |A v dtdw + //{b2 — 0;b — 2a}|0pv|2dtdw

+ {01 — 2a}|Qv|*dtdw + {a® + 02a — 0;(ab)}|v|*dtdw
3 e (e

|A v dtdw + {—4t723 — 2a}|Q,v|*dtdw
/! > a

—l—//{a2 + 11t7263}|v|2dtdw+/ B|0pv|? dtdw. (2.8)

v

Y

In view of (2.8), using (2.2),(2.3), we see that

//|va|2dtdw - 22//a\ﬁjv|2dtdw+//a2|v|2dtdw
J

= Z//[a—k(k+n—2)]2|vk|2dtdw. (2.9)

k>0

Substituting (2.9) into (2.8) yields
/ | Pgv|?dtdw

Z/ {11t726% — 4t 2Bk(k +n —2) + [a — k(k +n — 2)]*} | dtdw

k>0

+/ 2|0 dtdw

= > + > ) / {11t726% — 4t72Bk(k +n — 2)
kk(k+n—2)>282  kk(k+n—2)<282

+la — k(k +n — 2)]?}Hux|*dtdw + / 32|02 dtdw. (2.10)

v

For k such that k(k +n — 2) < 232, we have
116723 — 4t 2Bk(k +n —2) >t 23> +t2Bk(k +n — 2). (2.11)
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On the other hand, if 23? < k(k+n—2), then, by taking ¢ even smaller, if necessary,
we get that

—4t72Bk(k+n—2)+[a—k(k+n—2)]* 2t 2pk(k +n —2). (2.12)
Finally, using formula (2.3) and estimates (2.11), (2.12) in (2.10), we immediately
obtain (2.7) and the proof of the lemma is complete. O

To handle the auxiliary equation corresponding to the vorticity ¢, we need an-
other Carleman estimate. The derivation here follows the line in [20].

Lemma 2.2. There exists a sufficiently small number ty < 0 depending on n such
that for allw € Vi, B> 1, we have that

> prreited //t*%p%mgmuﬁdtdwg //¢%|L’u|2dtdw, (2.13)
Jtlal<1

where Vi, = {u(t,w) € C§°((—o0,t9) x S"~1H)}.

Proof. If we set © = e?¥®)y, then simple integration by parts implies

// @%|L*u\2dtdw

= / 10,0 — Av + B + 28t v + (n — 2)v/2|*dtdw

//\atv|2dtdw+//|—Av+5v+2ﬂt*1v+(n—2)v/2|2dtdw

+5//t_2|v|2dtdw.

By the definition of A, we have

// | — Av+ Bu + 28t v + (n — 2)v/2|%dtdw

Z // | — kvy, + Bug + 26t Lo [Pdtdw

k>0

= > //(—k + B+ 26t 1) 2| [P dtdw,

k>0

where, as before, vy is the projection of v on Ej. Note that

—142 —2 1 —1y2 1 2
(—k+p+208t7 )2+ bt 2%(2& )+ﬁ(5_k)'

Considering 8 > (1/2)k and < (1/2)k, we can get that

// ¢%|L*u\2dtdw
// |0 dtdw + Si>0 //[(—k + B +26t1)? + Bt ?]|vg P dtdw
// |0 dtdw + Si>0 //(5—1t—2k(k +n —2) + Bt v Pdtdw.

(2.14)
The estimate (2.13) then follows from (2.3). O

Vv
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Next we need a technical lemma. We then use this lemma to derive another
Carleman estimate.

Lemma 2.3. There exists a sufficiently small number t; < —2 depending on n such
that for allu € Vi, g = (90,91, -+ »gn) € (Vi,)" ™! and B > 0, we have that

/ / SJulPdtdw < / / (L u+digo+ 3 50,1 + lg|?)dtdo.
j=1

Proof. This lemma can be proved by exactly the same arguments used in Lemma
2.2 of [20]. So we omit the proof here. a

Lemma 2.4. There exist a sufficiently small number r1 > 0 depending on n and
a sufficiently large number 81 > 2 depending on n such that for all w € U,, and

f = (fla"' afn) S (UTl)n7 6 2 61; we have that
/ 2 (log [2) (| [Vawl? + |2~ |w[?)da:

S ﬂ/@%(logIafl)4|x\2’"[(|$|2Aw+ j2|divf)? +[|f[*)dz,  (2.15)

where Uy, is defined as in Lemma 2.1.

Proof. Replacing 8 by 8+ 1 in (2.15), we see that it suffices to prove
/w%(log\ﬂ)*zﬂx?lvw? +[w[?) 2| " dx

< B / Gl Aw + |z|div f)? + |||z . (2.16)

Working in polar coordinates and using the relation e**A = Lt L™, (2.16) is equiv-

alent to
Z //52_2(j+‘a|)t_2g0%|8g§20‘u\2dtdw

Jtlal<1
S 0 [[ ATt Lws o win) + QLR+ s, (217)
j=1 j=1
Applying Lemma 2.3 tou = L~ w and g = (Z?Zl w;fis fi,-+, fn) yields

2 — 2
ﬂ//apﬁ|L w|*dtdw
< B / / L L w+ 0,3 wify) + S f[E + If12)dtdw.  (2.18)
j=1 j=1

Now (2.17) is an easy consequence of (2.13) and (2.18). O

3. Interior estimates. To establish the three-ball inequality for (1.1), the follow-
ing interior estimate is useful.

Lemma 3.1. Let (u,p) € (H} ()" be a solution of (1.1). Then for any 0 <

az < a1 < ag < aq such that By, C Q and |asr| < 1, we have

/ ol [Val? + falaf? + ol Vul?do < ¢ [ wPde (31)
ayr<|z|<azr

agr<|z|<asr

where the constant C' is independent of r and u. Here g =V X u.
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Proof. The proof of this lemma is motivated by ideas used in [12]. Let X =
Bg,r\Bayr and d(x) be the distant from = € X to R™\X. By the elliptic regularity,
we obtain from (1.1) that u € HZ _(Q\{0}). It is trivial that

ol ey S 1AV| 2@y + V] L2Rn) (3.2)

for all v € H?(R™). By changing variables x — E~'z in (3.2), we will have
o<t B2 ND | L2 @ny S (A0 L2 @n) + E2|0]| L2 ny) (3.3)
for all v € H2(R™). To apply (3.3) on u, we need to cut-off u. So let £(z) € C§°(R™)

satisfy 0 < {(z) <1 and
)1zl <1/4,
§a) = { 0, |z|>1/2.

Let us denote &,(z) = &((z —y)/d(y)). For y € X, we apply (3.3) to &, (x)u(z) and
use equation (1.5) to get that

EZ/ \Vu|?dx
lo—y|<d(y)/4

< C’{/ |Vq|2dx+C’{/ d(y) 2| Vul|*dx
|z—y|<d(y)/2 |lz—y|<d(y)/2

LB + d(y) ) / luf2ds. (3.4)

|z—y|<d(y)/2

Now taking E = Md(y)~! for some positive constant M and multiplying d(y)* on
both sides of (3.4), we have

M2d(y)? / Vuldz
|z—y|<d(y)/4

< ¢ / d(y)!|Vadz + C, / Ay |Vul*dx
|lz—y|<d(y)/2

|z—y|<d(y)/2

+C1(M* + 1)/ lu|?dz. (3.5)

|z—y|<d(y)/2

Integrating d(y) "dy over X on both sides of (3.5) and using Fubini’s Theorem,

we get that
MQ/ / d(y)*~"|Vul|*dydz
le—y|<d(y)/4

cif | V) Va(o)Pd(y) " dyd
|z— y|<d(y)/2

+Cl/ / d(y)* " Vu|?dydx

lz—y|<d(y)/

+20y M* / / lu|?d(y) " dydz. (3.6)
lz—y|<d(y)/2

Note that |d(z) — d(y)| < |z — y|. If |x — y| < d(x)/3, then

2d(x)/3 < d(y) < 4d(x)/3. (3.7)
On the other hand, if |z — y| < d(y)/2, then

d(z)/2 < d(y) < 3d(z)/2. (3.8)
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By (3.7) and (3.8), we have

{ Jiami<aia @) "y = B/A)" fio_yycaqay s @) "dy = 87 [, o dy,
Jami<at2 @) "y <27 [l ey @)y < (3/2)" [, <1 dy

(3.9)
Combining (3.6)—(3.9), we obtain
M2/ d(2)2|Vul2de
b's
< Cé/ d(z)2|Vu(:c)|2dx+Cé/ d(a:)4|Vq|2d:c+C'§M4/ lu|?dz.
b's b's b's
(3.10)

On the other hand, we have from (1.3) that

/ &) Vaildr =Y / Vai Vg 32 [ &vaaive,ds

< oy / (divwzqidﬂ 3 / 1€,V4 - V€, |do
=1 =1
n n 1 n B
< Y [ YR o@adel+ 1Y [l6Valdo v [ d(y)?lafda
i=1 j=1 i=1 le—y|<d(y)/2
1 n
< ¢ / FPd+~ 3 / &, Vail2dz + C / d(y)~2lq[*de
e—y|<d(y)/2 4~ |e—y|<d(y)/2
1 - / 2 i —2 2
A5 e, Valtde + ) / d(y)2|ql?dz.
4 ; ! o —y|<d(y)/2
(3.11)

Therefore, we get that

/ Vq|*dx
|e—yl<d(y)/4

[16,@vaiz

cg.,/ |F|2dx+cg/ d(y)~2|q2da.
lz—y|<d(y)/2 lz—y|<d(y)/2

IA

IN

(3.12)

Multiply d(y)* on both sides of (3.12), we obtain that

/ d(y)*|Vq|*dx
|z—y|<d(y)/4

< c / d(y)*| AP Vul2dz + C / d(y)*| B updz
lz—y|<d(y)/2 |z—y|<d(y)/2

+C’é/ d(y)?|q|*dz. (3.13)
le—y|<d(y)/2
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Repeating (3.6)~(3.10), we have that
/ d(x)*|Vq|*dx
X

< c;/Xd(x)ﬂA\?\vu\?dx+C§/Xd(x)4|é|2|u|2dx

—|—C§/ d(x)?|q|*dz. (3.14)
X
Combining K x(3.14), (3.10) and [, d(x)?|g|*dz, we obtain that
M2/ d(z) |Vu|2dx+K/ Y4Vl dx—i—/ d(z)?|g|2dz
X X
< /(Cg ()? + C4Kd(x)*|A]?)|Vu(z )|2dm+C7K/ )| B ul*dz
X

+C’§M4/ |u|2dx+C§/ d(x)* |Vq\2d;v+(C§K+l)/ d(x)?|q|*dx.
X X X
(3.15)

Taking K = 2Cj, one can eliminate [, d(x)*|Vq|?dz on the right hand side of
(3.15). Observe that

/ d(z)?|q*dx < C’é/ d(x)?|Vu(z)|*d.
X X

So, by choosing M large enough, we can ignore [y d(z)?|Vu(x)|>dz on the right
hand side of (3.15). Finally, we get that

M2/ d(z) |Vu|2d:c+K/ |Vq|2da:+/ d(2)?|g2dx

< 09/ lu|?dzx. (3.16)
We recall that X = B,,,\ Ba,» and note that d(z) > Crifze Bayr\Ba,r, where C
is independent of r. Hence, (3.1) is an easy consequence of (3.16). a

4. Proof of Theorem 1.1 and Theorem 1.3. This section is devoted to the
proofs of Theorem 1.1 and Theorem 1.3. To begin, we first consider the case where
0< Ri < R < R<1and Bg C . The small constant R will be determined
later. Since (u,p) € (H(Bg,))""!, the elliptic regularity theorem implies u €
H? (Bg, \ {0}). Therefore, to use estimate (2.4), we simply cut-off u. So let
x(z) € C§°(R™) satisfy 0 < x(z) <1 and

0) |$| S R1/€7
x(z)=4 1, R1/2<|z| <eRy,
0; |{E| > 3R2;

where e = exp(1). We remark that we first choose a small R such that R <

min{rg,r1}/3 = Ry, where 79 and r; are constants appeared in (2.4) and (2.15).

Hence Ry depends on n. It is easy to see that for any multiindex «
{|Dax| = O(R;'™) for all Ry/e < |z| < Ry/2

4.1
|Doy| = O(RQ_IQ‘) for all eRy < |x| < 3Rs. 4
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Applying (2.4) to xu gives

€19 [ oglal) efol " (aIV ()P + [xul)ds < [ ol "laf|A(xu) P

(4.2)
From now on, Cq,Cs, - -- denote general constants whose dependence will be spec-
ified whenever necessary. Next applying (2.15) to w = xq and f = |z|xF, we get
that

02/@%(bg|$|)2(|$|47"|V(XQ)|2+|33|27"|XCJ|2)d33
2 4y 12=n7),.2 . 2
< ﬂ/%(log\ﬂ) |27 (|2 A(xq) + ||div(|z[xF)]"dz
48 [ 5 (log o) *la > el F | da. (13)
Multiplying by M; on (4.2) and combining (4.3), we obtain that

My (log [2]) 2Bz~ (|2*|Vul* + |uf*)dz
R1/2<|£U‘<ER2

+/ (log |2])*@5la| ™" (|z[*|Val* + |z |*|g|*)dz
R1/2<‘Z|<6R2

IA

M3 / B (log ) "2l (|22V (xuw) 2 + |xul2)da

+/(10gI’Jfl)QSO%I%I*"(Ix\‘*IV(XQ)|2 + ]zl xql?)dz

IA

MiCa [ GBlal ol A s

+6C5 /(log |x|)4¢%|x|7”[|x|3A(Xq) + |z A div(|z|x F))>dx

+8Cs [ (1ogol)* el "o [P (4.4
By (1.2), (1.3), (1.4), and estimates (4.1), we deduce from (4.4) that

M (log [2]) 2Bz~ (|2*|Vul* + |uf*)dz
R1/2<|$‘<€R2

+/ (log [2])* @5l " (|z[*|Val* + |2|*|g|*)dz
R1/2<\w|<eR2

IN

CuMy / GBla| " 2]V 2da
R1/2<‘I|<6R2

+C4f (log [2]) 2|z~ (|2*|Vul* + |uf*)dz
R1/2<‘I|<6R2

+C4M1/ phlz| " U] da
{R1/e<|z|<R1/2}U{eR2<|z|<3R2}

+CuB / (log |z)) 62 |a| "0z, (4.5)
{Rl/e§|w\§R1/2}U{6R2§\az|§3R2}

where |U(z)[? = |z|*|Vq|? + |z|?|q|? + |#]|?|Vu|? + |u|? and the positive constant Cy
only depends on n.
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Now letting M; = 2 + 2Cy, B > 2 4+ 2Cy, and R small enough such that
(log(eR))? > 2C4My, then the first three terms on the right hand side of (4.5)
can be absorbed by the left hand side of (4.5). Also, it is easy to check that there
exists R; > 0, depending on n, such that for all 3 > 0, both (log lz]) 72|z | "3 (|])
and (log |z])*|x|~"¢3(|x|) are decreasing functions in 0 < [z] < R;. So we choose
a small R < Ry, where Ry = min{exp(—2v2C;M; — 1), R1/3, Ro}. It is clear that

Rg depends

on n. With the choices described above, we obtain from (4.5) that

R;™(log Ra) 2% (R) / uf?dz
Ry /2<|z|<R2

< / (log |2]) 23 || " u[*dx
R1/2<|I|<€R2
< 08 / (log ]} 3|z |0 *dx
{Ri/e<|z|<Ri/2}U{eR2<|z|<3R2}
< CaBllo(Ra/0)(Ra/) "G (Ra/e) [ 0

{R1/e<|z|<R1/2}

+O5B(log(eRy)) (eRa) "G} (cRy) / T[2da. (4.6)
{CRQS‘ZClS?)RQ}

Using (3.1), we can control |U|? terms on the right hand side of (4.6). In other
words, it follows from (3.1) that

IN

R3207" (log Ry)~49-2 / luf2da
R1/2<‘:E|<R2
Ca2 ™ (log (R fe)) (R fe) " Fu ) | o
{R1/4<|z|<R1}
+06225+"(log(eRg))‘l(eRg)_”(p%(eRg)/ |u|?dx
{2R2§|3¢|§4R2}
Ca2 ™ log(Ra )4+ (Ryfe) 2 uf?dz
{R:1/4<|z|<R1}

+C’622'6+"(log(eRg))*4ﬁ+4(eR2)*257"/ lul?dz.  (4.7)
{2R2<|z|<4R,}

Replacing 28 + n by 3, (4.7) becomes

Ry (log ) 2422 | juf2da
R, /2<|z|<R2

< Cr2P(log(Rufe) IRy Je) P /{ RN

+C728 (log(eRy)) 2P 204 (e Ry) =P / lu|?dz. (4.8)
{2R2<[z|<4R2}
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Dividing R; " (log Ry)~28+27=2 on the both sides of (4.8) and providing 8 > n + 2,
we have that

/ lu|?dx
Ry /2<|z|<R2

< Cy(log By)%(2¢Ry/ Ry )° / luf2de
{R1/4<|z|<R:1}
+Cs(log R2)%(2/e)?|(log Rz/log(eRg))2]ﬁ_"_2/ lu|?dx
{2R2<|z|<4R2}
< Cg(log R2)6(26R2/R1)6/ |u|?dx
{R1/4<|z|<R1}
+Cs(log R2)6(4/5)5/ lu|?dz. (4.9)
{2R2<[z|<4R2}
In deriving the second inequality above, we use the fact that
log Ro
— =1 R 0
log(eRs2) T e
and thus
2 log Ry < 4
e log(eRs) 5

for all Ry < R, where Rj is sufficiently small. We now take R = min{f{g,}?g}7
which depends on n.
Adding [, g,/ |u|?dx to both sides of (4.9) leads to

/ lul?dz < Cg(logR2)6(2eR2/R1)B/ lul?dx
|JJ‘<R2

|z| <Ry
+Cy(log 32)6(4/5)ﬁ/ B lul?dz. (4.10)
It should be noted that (4.10) holds for all 5 > B with 3 depending only on n. For
simplicity, by denoting
E(R;, Rs) =log(2eRy/Ry1), B =log(5/4),
(4.10) becomes

/ lu|?dx
‘(L‘|<R2

< Co(log Rz)6{ exp(Ef) /

|z| <Ry

[ul?dz + exp(—B) /

|u|2dx}.
|z|<1

(4.11)

To further simplify the terms on the right hand side of (4.11), we consider two
cases. If [, _p. |u|?dx # 0 and

exp (Ef) /

lu|?dz < exp (—BB)/ lul?dz,
|JJ‘<R1

] <1

then we can pick a 8 > 3 such that

exp(Eﬂ)/ |u|?dz = exp (fBﬂ)/ lu|?dz.

|z|<Ry |z|<1
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Using such /3, we obtain from (4.11) that

/ lu|?dx
|z|<R2

20y (log Ry)® exp (Eﬁ)/ lu|?dx
|$|<R1

F¥B =g
2Cy(log Ry)® (/ . |u2dx> (/ 1u|2d:r> . (4.12)
x| <Ri x| <

If flw\<R1 |u|?dz = 0, then letting 3 — oo in (4.11) we have f|m\<R2 lu|?dz = 0 as
well. The three-ball inequality obviously holds.
On the other hand, if

exp (—Bp) /

lz]<1

/ |u|?dx
\w\<R2
BB BB
/ |u|?dx / lu|?dx
lz|<1 lz|<1
< exp(Bp) / lu|?dx / |u|?dx . (4.13)
|z|<R1 |z|<1

Putting together (4.12), (4.13), and setting 1o = max{2Cy(log R2)®, exp (3log(5/4))},
we arrive at

B E
E+B E+B
/ luldz < Cio (/ |u|2dcc> (/ |u|2d:p> L (1)
|z|<R2 z| <Ry z|<1

It is readily seen that ﬁBB ~ (log(1/R1))~! when R; tends to 0.
Now for~the gene{al case, we consider 0 < Ry < Ry < R3 < 1 with R1/R3 <
Rs/R3 < R, where R is given as above. By scaling, i.e. defining u(y) := u(Rsy),

p(y) := Rsp(R3y) and A\(y) = A(R3y), (4.14) becomes

ay)l? 1 a(y)|dy)” ay)2dy) T, .
/yl<R2/R3| (y)|Pdy < C (/|y<Rl/Rg| (y)|*dy) (/ a(y)[2dy) (4.15)

lyl<1

IN

s <exp(ED) [ P
|I‘<R1

then we have

IA

A

where
T = B/[E(Rl/Rg,RQ/RS) + B]’

C11 = max{2Cy(log Ry /R3)%, exp (Blog(5/4))}.
Note that C1; is independent of R;. Restoring the variable x = R3y in (4.15) gives

/ luf2dz < CH(/ |u\2da:)f(/ luf2dz) ="
|1}‘<R2 |x\<R1 |CE|<R3

The proof of Theorem 1.1 is complete.
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We now turn to the proof of Theorem 1.3. We fix Ry, R3 in Theorem 1.1. By

dividing f\m\<Rz |u|>dz on the three-ball inequality (1.5), we have that

1< / luf2dz/
|z|<R1
Raising both sides by 1/7 yields that

/ luf2de < (/ luf2d)(C luf2dz/ uf2d)t/T. (417
‘:C‘<R5 ‘$‘<R1 |z|<Rs |z|<R2

|u\2d:v)7(/ luf2dz/ luf2dz)'=". (4.16)
|z| <R3

\z\<R2 ‘ZE|<R2

In view of the formula for 7, we can deduce from (4.17) that
[ Pde<(f juPdn)a/ RS s e 4 T 409, (41g)

where C' is a positive constant depending on n and Ry/Rs. Consequently, (4.18) is

equivalent to
([ wparr< [ P
|z|<Rs |z| <Ry

for all Ry sufficiently small, where

f|517\<33 u|2dx)
|u2dz/

m = C'log <f|x<R2

We now end the proof of Theorem 1.3.

5. Proof of Theorem 1.5. We prove Theorem 1.5 in this section. Let us first
choose a > max{2, R*1}7 where R is given in Theorem 1.1. By doing so, we can
see that if we set Ry = ar and Rz = a’r, then Ry/R3 < R for r > 0. Now
let 0 < r < 1 and define Ry, R3 accordingly. Let |Z| = ¢t. We pick a sequence
of points 0 = g, x1,--- ,xny = & such that |xj41 — ;| < r. We shall prove the
desired estimate iteratively. To see how the iteration goes, let us assume that
f\az—wz|<r |u|>dz > r™ for some m; > 0 since u is nontrivial. By Theorem 1.3 and
Remark 1.4, we have that

/ lu|?dz > / |ul|?da - ™, (5.1)
|z—zi41|<r lt—x;41|<R3
where )
_ A f|17*11+1|<R3 |ul*dz
m=Clog (f |u|2dg:)'
|t—z;41|<R2

Using the boundedness assumption of u (see (1.8)) and r < 1, we can deduce that
|u|>dx

|u|?dx

f\E*IH—lKRs

< a2n>\§rn7ml < poSTU (52)
-ﬁ$7$l+1‘<R2

for some s depending on A2 and n. Note that we can assume s < m; by choosing a
larger my. It follows from (5.2) that

rmo> rC’(s—i—m;)log(l/r) > T2ml(~3'10g(1/r)' (53)

/ lu*dx > / lu|?dz.
lt—z;41|<R3 |le—z | <7

It is clear that
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Thus, combining (5.1) and (5.3) yields that

/ |u|2dx > Tml[l-i—QC_’log(l/'r)] > rmm? (54)
|(I)—$l+1|<'r

where ¢ = 1 + 2Clog(1/r). Now starting from 0 and iterating N steps with N <
[t/r] +1 <t/r+ 1, we obtain that

[ uldaz s s,
lz—Z|<r

where mg satisfies

/ |u|?dx > r™o.
|z|<r

We now take ¢ = mg, which depends on Ay, n, and fler |u|?dz. The proof is
complete. O
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