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Abstract

We study the asymptotic behavior of an incompressible fluid around
a bounded obstacle. The problem is modelled by the stationary Navier-
Stokes equations in an exterior domain in R™ with n > 2. We will show
that, under some assumptions, any nontrivial velocity field obeys a
minimal decaying rate exp(—Ct?logt) at infinity. Our proof is based
on appropriate Carleman estimates.

1 Introduction

Let B be a bounded domain in R" and Q = R*\ B with n > 2. Without
loss of generality, we assume 0 is in the interior of B and B C B;(0) = {xz :
|z| < 1}. Assume that Q is filled with an incompressible fluid described by
the stationary Navier-Stokes equations

(1.1)

—Au+u-Vu+Vp=0 in Q,
V-u=0 in .
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We are interested in the following question: under some boundedness assump-
tion on wu, what is the minimal decaying rate at infinity of any nontrivial u
satisfying (1.1)?

To put the problem in perspective, we first mention some related results.
In three dimensions, Finn [3] showed that if u|pp = 0 and u = o(|z|™!), then
w is trivial. In the same setting and assuming, additionally, that u is C?
bounded, Dyer and Edmunds [2] proved that if u = O(exp(— exp(a|z|?))) for
all @ > 0, then w is trivial. We remark that in Finn’s result u is required to
satisfy the homogeneous Dirichlet condition on B and a decaying condition
at infinity, while in Dyer and Edmunds’s result, with the assumption of C?
boundedness, only the local behavior of u at infinity is needed. We showed
in an early paper [6] that for n = 2 or 3, if u is bounded in 2, then any
nontrivial u of (1.1) can not decay faster than certain double exponential at
infinity (see [6, Corollary 1.6] for details). In the present paper, we improve
significantly on that result, and the result of [2] by showing that the minimal
decaying rate of any nontrivial u is close to exponential in dimension n > 2.
We now state the main theorem of the paper.

Denote

M(t) = inf / lu(y)|dy.
ly—z|<1

|z|=t

Theorem 1.1 Let u € (H. (Q))™ be a nontrivial solution of (1.1) with an

appropriate p € H}. (). Assume that
[ullLe) <A if n=2, (1.2)

or
[ull o) + IVl <A if n >3, (1.3)

Then there exist C' > 0 depending on X\, n, and t > 0 depending on \, n,
M(10) such that

M(t) > exp(—Ct?logt) for t>t.

Remark 1.2 [t is interesting to compare our result with a similar result for
the Schridinger equation proved by Bourgain and Kenig [1] (see also [5]). In
[1], they considered the Schrédinger equation

Au+V(z)u=0 in R™
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Under the assumption that |V | <1, |ug| < Cy, and u(0) = 1, they proved

inf sup |u(z)] > Cexp(—R*?logR) for R>>1.
|zo|=R B(z0,1)

We prove our results by using appropriate Carleman estimates. We will
use weights which are slightly less singular than negative powers of |z| (see
estimates (2.1)). The method of obtaining a decaying rate is a detour from
that of deriving three-ball inequalities using Carleman estimates.

This paper is organized as follows. In Section 2, we reduce the Navier-
Stokes equations to a new system by using the vorticity function. Then we
state some suitable Carleman-type estimates. A technical interior estimate
is proved in Section 3. Section 4 is devoted to the proof of Theorem 1.1.

2 Reduced system and Carleman estimates
Fixing o with |zo| =t >> 1, we define
w(x) = (at)u(atr + x0), p(z) = (at)’p(atz + o),

where a = 8/s and 0 < s < 8 is a small constant which will be determined
in the proof of Theorem 1.1. Likewise, we denote

From (1.1), it is easy to check that

—Aw+w-Vw+Vp=0 in €, (2.1)
V-w=0 in Qt- .
In view of (1.2) and (1.3), we have that
|lw|| ooy < atA (2.2)
or
Jw][reeo) < ath  and ||Vl peq,) < (at)’A. (2.3)

To study the Navier-Stokes equation, it is often advantageous to consider
the vorticity equation. Let us now define the vorticity ¢ of the velocity w by

1
q = curlw := E(&w] — 8jwi)1§i7jgn.
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Note that here ¢ is a matrix-valued function. The formal transpose of curl is
given by

1
(curl "v)1<icp == 7 Z 0j(vij — vji),

1<j<n

where v = (v;;)1<i j<n- It is easy to see that
Aw = V(V - w) — curl curlw
(see, for example, [8] for a proof), which implies
Aw+curl'g=0 in €.
On the other hand, we observe that
w- V= V(gfuf?) ~ Va(urlw)w = V(3 fwf’) — vagu.

Thus, applying curl on the first equation of (2.2), we have that

—Aq+ Q(qg)w+q(Vw)" — (Vw)g' =0 in €,

where

(QQw)i; = Z (0jGik — 0sqji) Wi

1<k<n

Now for n = 2, due to V- w = 0, it is easily seen that
¢(Vw)" = (Vw)g" = 0.

Therefore, we will consider the system

—Aq+Q(g)w+ q(Vw)" — (Vw)g" =0 in €, (2.4)
Aw+curl'¢g=0 in .
for n > 3, and
—Aq¢+Q(Qw=0 1in €,
Pw=0 (25)
Aw+curl ¢g=0 in

for n = 2. In order to prove the main theorem, putting together (2.4), (2.5),
and using (2.2), (2.3), it suffices to consider

{ —Ag+A(x)-Vg+ B(x)g=0 in €, (2.6)

Aw+curl'¢g=0 in Q
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with
“AHLOO(Qt) S at\ and HBHLOO(Qt) S (at)Q)\.

For our proof, we will apply Carleman estimates with weights o5 =
pp(x) = exp(—)(x)), where § > 0 and ¢(z) = log|z| + log((log|x[)?).

Lemma 2.1 There ezist a sufficiently small number r1 > 0, a sufficiently
large number By > 2, a positive constant C, such that for all v € U,, and
6 > (1, we have that

[ e3(log |z])*(Bla|* " Vu]* + B2|z]*"|v|*)de < C [ w3(log |x|)*|x]*"|Av[*d,
(2.7)
where U,, = {v € C°(R™\ {0}) : supp(v) C B,, }.

Lemma 2.1 is a modified form of [7, Lemma 2.4]. For the sake of brevity,
we omit the proof here. Applying Lemma 2.1 with § = § + 1, we have the
following Carleman estimates.

Lemma 2.2 There exist a sufficiently small number r1 > 0, a sufficiently
large number 3y > 1, a positive constant C, such that for all v € U,, and
B > [1, we have

[ Shttogal) el " (Bla Vo + oo < C [ el (ol | )
(2.8)

3 Interior estimates

In addition to Carleman estimates, we also need the following interior in-
equality.

Lemma 3.1 For any 0 < ay < ay such that B,, C §y, let X = BCLQ\Ba1 and
d(z) be the distance from x € X to R"\X. We have

/Xd($)2|Vw|2da:+/Xd(:)s)4|Vq|2d93+/Xd(:v)2|q|2d$
< Clat)? /X w|2dz. (3.1)

where the constant C' is independent of v, a, t and (w,q).
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Proof. By elliptic regularity, we obtain from (1.1) that v € H?_.(Q) and
hence w € H?*(€Y;). It is trivial that
[0l @y S 1A L2@n) + (vl 22@n) (3.2)

for all v € H?(R"). By changing variables z — E~'z in (3.2), we obtain

Y o<1 EX D ]| 2y S (1A L2y + E*[[0]| 2@y (3:3)

for all v € H?*R™). To apply (3.3) to w, we need to cut-off w. So let
£(z) € C3°(R™) satisfy 0 < &(x) <1 and

(1 jel<1/4
So) = { 0, |z >1/2.

Let us denote &, (z) = £((x—y)/d(y)). Fory € X, we apply (3.3) to &,(z)w(x)
and use the second equation of (2.6) to get that

EQ/ |Vw|?dz
lz—y|<d(y)/4

C’l/ |Vq|2dx+01/ d(y)?|Vw|*dz
lz—y|<d(y)/2 |lz—y|<d(y)/2

LY (B + d(y) ) / w[2dz. (3.4)

lz—y|<d(y)/2

IN

Now taking ' = M?3d(y)~! for some constant M > 1 and multiplying d(y)*

on both sides of (3.4), we have

MPd(y)? / Vwldz
lz—y|<d(y)/4
e / d(y)| Va2 + C, / d(y)?| Vs
le—y|<d(y)/2 le—y|<d(y)/2
+C (M2 4 1) / lw|?da. (3.5)

lz—y|<d(y)/2



Integrating d(y) "dy over X on both sides of (3.5) and using Fubini’s
Theorem, we get that

Mﬁ/ / y)* " |V dydx
lz—y|<d(y
<alf 0 V(o) Pdyds
lz—y|<d(y
C’l/ / d(y)* " Vw|*dydx
|lz—y|<d(y)/2

120, M2 / / y)"wPdyda. (3.6)
lz—y|<d(y)/
Note that |d(x) —d(y)| < |z —y|. If |z —y| < d(x)/3, then
2d(z)/3 < d(y) < 4d(x)/3. (3.7)
On the other hand, if |z — y| < d(y)/2, then
d(z)/2 < d(y) < 3d(x)/2. (3.8)

By (3.7) and (3.8), we have

{ Jo-yi<aa 49y = G/A™ 1o y<ays A®) My Z 87 [0 dy
Jo—i<a2 QW)Y S 27 fiy iy pa d2) Ty < (3/2)" ]y <o dy.
(3.9)
Combining (3.6)—(3.9), we obtain
M6/ d(x)*|Vw|*dz
X

< C’g/ d(x)2|Vw(x)\2dx+C'2/ d(x)4\Vq|2dx+C'2M12/ lw|*dz.
b'e b b

(3.10)
On the other hand, we have from the first equation of (2.6) that
E2/ |Vq|*dx
lz—y|<d(y)/4
< Gl@fdw)) [ (e
lz—y|<d(y)/2

HCO(EY + d(y)~ + (at)) / lg[2de. (3.11)

lz—y|<d(y)/2
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Now taking F = Md(y)~' and multiplying d(y)® on both sides of (3.4), we
have

) [ Vqltds
lz—y|<d(y)/4
< Cyl(at?d(y)® + 1) / d(y)* |V de
|lz—y|<d(y)/2

+C3(M* + 1+ (at)4d(y)4)/ d(y)?|q)*dz.  (3.12)

|z—y|<d(y)/2

Repeating the arguments in (3.6)~(3.10), we have that

M? / d(z)*|Vq|*dx
b

IA

Cy /X((at)Qd(:c)2 + 1)d(x)*|Vq|*da

+C1 [ 41+ @) (@) el da

IN

Cs /X (at)?d(x)? + 1)d(x)*|Vq[*dx
+C'5/ (M* 41+ (at)*d(z)*)d(z)?| Vw|*dz. (3.13)

Combining (3.13) and (3.10), we obtain that if M > M, for some My > 1
then

M4/Xd(x)2|Vw|2da:—l—MQ/Xd(x)4|Vq|2d:p
< 06/}(((at)4d(x)4)d(:c)2|Vw(x)]2dx
+C’6M12/X|w|2dm+C'ﬁ/X((at)Qd(x)2)d(x)4|Vq|2dm.
(3.14)

Note that B,, C ; and therefore

1 1
diz) < ———= < L
a at



Taking M = (Ce+1)at, one can eliminate [ d(z)*|Vq|*dz and [ d(z)?|Vw(z)[*dz

on the right hand side of (3.14). Finally, we get that

mféammmmm+éa@mmmx

< C’7(at)12/ lw|*dz. (3.15)
b

It is no harm to add f d(z)?*|g|*dz to the right hand side of (3.15) since
[ d(z)?|q*dx < [, d( |Vw|2dzv We then obtain (3.1). O

4 Proof of Theorem 1.1

This section is devoted to the proof of the main theorem, Theorem 1.1.
Since (w,p) € (H'(%))"™, the regularity theorem implies w € HZ_ ().
Therefore, to use estimate (2.7), we simply cut-off w. So let x(z) € C§°(R")
satisfy 0 < x(z) <1 and

07 |$‘ — 4at’
X(I) = 17 2at < |I| < a ;)t’
0 lalzt-2

at”’

It is easy to see that for any multiindex «a

Dox| = O((at)ll) it
Dox| = O((at)ll) it

g~

<

If we choose s < 8rq, then supp (x) C B,,, where r; is defined in Lemma 2.1.
Therefore, applying (2.8) to yw gives

L <
L 0 (4.1)
at

[\
IA @lH
81
|

7|
<z

IS

EYIS

/ (log |2) 23| (8122 V () + 57w ) de

< C/go%]x\ﬂx!‘lm(xw)\zdx. (4.2)

Here and after, C' and C denote general constants whose value may vary
from line to line. The dependence of C' and C will be specified whenever



necessary. Next applying (2.7) to v = xq yields that
[ ehttog el 2l "BV () + o5 el
< ¢ [ Flogal)al" | (v o (43)
Combining (4.2) and (4.3), we obtain that
| toglaly 2 2lal " (BlaP IVl + #luf)da

+ / (log |22l (Blz )| Val® + [26|q|?)dz
w

IN

/ 2 (log 2])2 || (Bl PV (w) P + B xwl?)de
+ / (log [2) %3 || (Bl ¥ (xa) > + 5| |xal?)da
¢ [ el el A (w)Pds

e / 2 (1og []) 2]~ A (xg)[Pde, (4.4)

IA

where W ={z: 55 <|z| <2 =2} Define Y ={z: & = 1= < |2] < 55 =

2tand Z={o: 1 -3 <[z <1—-2} By (206) and estimates (4.1), we
deduce from (4.4) that

/W (log [2])~ 23 || ™ (B2 IVl + 6 wl?)da

+ / (log |z)2 |z (Blz || Val® + [26|q|?)dz
w

IN

¢ [ el el VaPds
W
e /W (log a2 ] [2[((at)|g]? + (at)*|Va]?)da
+C(at)4/ Al | T2 de
YuZz
+C(at)? / (log z]) g2 > Pd, (4.5)
YuZz
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where |U(z)|? = |z|*|Vq|>+|z|?|q|>+|z|?| Vw|*+|w|? and the positive constant
C only depends on A and n.

It is easy to check that there exists Ry > 0, depending on n, such that
for all 3 > 0, both (log |z])~?|x|"p3(|x|) and (log |z])*|x|"p3(|x|) are de-
creasing functions in 0 < |z| < Ry. So we choose a small s < 8min{ry, R}
Now letting 3 > 3 with § = C(at)?+1, then the first two terms on the right
hand side of (4.5) can be absorbed by the left hand side of (4.5). With the
choices described above, we obtain from (4.5) that

B3(b1) " (log by) 2 @3(b) / w2

1
E<|$I<b1

IN

5 / (log [2]) 2R la| " w|*dz
w
< Clat)’ / (log |]) 2] | T 2da
YUz

< Clat)!(logby) b3 g2 (be) /|U| da

+C(at)*(log bs)*b3 ™5 (bs) / U *dz, (4.6)
where by = i - %, by = 4at and b; = é - at
Using (3.1), we can control the |U|? terms on the right hand side of (4.5).
Indeed, let X =V; :={z: & < |z| < L}, then we can see that

d(x) > Clz| forall ze€Y,

where C' an absolute constant. Therefore, (3.1) implies
[ (P19l + o194 + laPlaf) do
< C [ ([@aPITul +d@) (VP +dwFlaf) do
f
< C(at)12/y lw|*da. (4.7)
i

On the other hand, let X = Z; := {z: o~ < |z[ <1 — L} then

d(z) > Ct |z forall z€ Z,
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where C' another absolute constant. Thus, it follows from (3.1) that
[ (P10l + fal'[VaP + o) do
< Clan)' [ (d@PIVol? +d(@) [VaPds + d(lg) do
< Clat)'® | |w|*da. (4.8)
Combining (4.6), (4.7), and (4.8) implies that

b2 " (log by )12 / lw|*dx

£<|I‘<b1

< C(at)'p; %" " (log by) "+ | w|?dx
+C(at)® b3 " (log bg) = [ |w|?d. (4.9)
Replacing 25 4+ n by (3, (4.9) becomes

b, " (log 61)2ﬂ+2n2/ |w|*dx

L<|$‘<b1

at

< C(at)wb;ﬂ(log b2)—2ﬁ+2n+4 |w|2dac
Y1

+C(at)®b; " (log bs) ~2+2+4 [ |w|d. (4.10)
Z1

Dividing b, ”(log b;)~2+2"=2 on the both sides of (4.10) and noting that 3 >
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n+2>n-—1ie, 20 —-2n+2 >0, we get

[ o lw@)Pds
|:c+40|<$

t

/1<| . lw(x)|?dx
< C(at)(log(4at))b(b1/by)" [ |w|*dx

Yy

+C(at)®°(by /b3)°[log by / log bs)*P =2 [ |w|*dx
Zy

< C(at)lﬁ(log(élat))ﬁ(élt)ﬁ/ \w(x)]Qda:+C(at)20(b1/b5)5 lw(x)|?d,

|$|<$ A

IA

(4.11)

Whereb4:é—£andb5:£—

we use the fact that

6 o . . . .
-~ In deriving the third inequality above,

b5 log bl 2

( <1

b3 log b3
for all t > ¢/ and s < Ry, where ¢} and R, are absolute constants. So we pick
s < min{8r1,8Ry, Ry} and fix it from now on. We observe that s depends
only on n.
From (4.11), (2.2) and the definition of w(x), the change of variables
= atx + x¢ leads to

M(10) < Ct'(log(4at))’(4t)? /| )Py O
y—xo|<1
< ca® [ )Py + cevn( )
ly—zo|<1 t+2
< can® [ jul)Pdy+ o) (4.12)
ly—zo|<1 t+2

where wy, is the volume of the unit ball and thus C' depends on A, n. It should
be noted that (4.12) holds for all t > ¢, 8 > B(> 22), where t{; depends only
on n. For simplicity, by denoting

t+2

A(t) =2logdt, B(t) = log( ;

),
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(4.12) becomes

M(10) < C{ exp(ﬁA(t))/

ly—zo|<1
Now, we consider two cases. If

exp(FA()) / u(y)Pdy > £ exp(—BB(2)),
ly—zo|<1
then we have

| Pl = e exp(-3A) - 5B()

-A .

> (4)7%7 > exp(—Ct* logt),

where C' depends on A and n and ¢ > ¢
On the other hand, if

exp(BAW®) [ fuly)Pdy < £ exp(~BE(),
ly—zo|<1
then we can pick a 8 > 3 such that

exp(BA(L)) / )Py = £ exp(—BB(1).

ly—zo|<1

Using such 3, we obtain from (4.13) that

M(10) < Cexp(BA(H)) / u(y) 2dy

ly—zo|<1

- o[ Py @

where 7 = A(t)B-‘y(-%(t)' Thus, (4.15) implies that

£204n o\ V7
t20+n§(/ wly Qdy)( ) ‘
|y75130|<1| ( )| M(]'O)

14

[u(y) Py + 4" exp(—BB(1) | (4.13)

(4.14)

(4.15)

(4.16)



In view of the formula for 7, we can see that

1 2O\ 2log(4t) + log(1 + (2/t)) 20400 )
©8 (M(lO)) log(1+ (2/t)) lo <M(10)) <p

for all ¢t > ¢. Tt suffices to choose t > max{t,ty,ty'}. It is obvious that #
depends on A, n, and M(10). Therefore, we get from (4.16) that

[ty > e ep(-cr), (417)
ly—wo|<1

where C' depends on A and n. Theorem 1.1 now follows from (4.14) and
(4.17). 0
Acknowledgements

Lin and Wang were supported in part by the National Science Council of Tai-
wan. Uhlmann was partially supported by NSF, a Chancellor Professorship
at UC Berkeley and a Senior Clay Award.

References

[1] J. Bourgain and C. Kenig, On localization in the continuous Anderson-
Bernoulli model in higher dimension, Invent. Math. 161 (2005), 1389-
426.

[2] R.H. Dyer and D.E. Edmunds, Asymptotic behavior of solutions of the
stationary Navier-Stokes equations, J. London Math. Soc., 44 (1969),
340-346.

[3] R. Finn, Stationary solutions of the Navier-Stokes equations, Proc.
Symp. Appl. Math. Amer. Math. Soc, 17 (1965), 121-153.

[4] L. Hoérmander, ”The analysis of linear partial differential operators”,
Vol. 3, Springer-Verlag, Berlin/New York, 1985.

[5] C. Kenig, Lecture Notes for 2006 CNA Summer School: Probabilistic
and Analytical Perspectives on Contemporary PDEs, Center for Nonlin-
ear Analysis, Carnegie Mellon University.

15



[6]

C.L. Lin, G. Uhlmann and J.N. Wang, Optimal three-ball inequalities
and quantitative uniqueness for the Stokes system, to appear in DSDS-

A, A special issue dedicated to Professor Louis Nirenberg on the occasion
of his 85th birthday.

C.L. Lin, G. Nakamura and J.N. Wang, Optimal three-ball inequalities
and quantitative uniqueness for the Lamé system with Lipschitz coeffi-
cients, to appear in Duke Math Journal.

M. Mitrea and S. Monniaux, Maximal regularity for the Lamé sys-

tem in certain classes of non-smooth domains, J. Evol. Equ., DOI
10.1007/s00028-010-0071-1.

16



	Introduction
	Reduced system and Carleman estimates
	Interior estimates
	Proof of Theorem 1.1

