Determination of second-order elliptic operators in
two dimensions from partial Cauchy data
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We consider the inverse boundary value problem in two dimensions
of determining the coefficients of a general second-order elliptic op-
erator from the Cauchy data measured on a non-empty arbitrary
relatively open subset of the boundary. We give a complete charac-
terization of the set of coefficients yielding the same partial Cauchy
data. As a corollary we prove several uniqueness results in determin-
ing coefficients from partial Cauchy data for the isotropic conductiv-
ity equation, the so-called Calder6n’s problem [5], the Schrédinger
equation, the convection-diffusion equation, the anisotropic conduc-
tivity equation modulo a group of diffeomorphisms that are the iden-
tity at the boundary, and the magnetic Schrédinger equations mod-
ulo gauge transformations. The key step is the construction of novel
complex geometrical optics solutions using Carleman estimates.

partial Cauchy data, general second-order elliptic equations, complex geometrical op-
tics solutions

1 Main result

Let C R? be a bounded domain with smooth boundary
o0 = Uk 17vk, where v, 1 < k < N, are smooth closed
contours, and v is the external contour. Let I c 89
be an arbitrarily fixed non-empty relatively open subset of
89 Let v be the unit outward normal vector to 02 and let
61/ = Vu - v. We set i = /—1 and identify x = (z1,22) € R?
with z = z1 + ixz2 € C, and by Z we denote the complex
conjugate of z € C.
We consider a second-order elliptic operator:

L(x,D)u:Agu—i—QAg—Z—&—?B%—i—qu. [1]
Here g = g(z) = {gjr }1<j,k<2 is a positive definite symmetric
matrix in  and Ay is the Laplace-Beltrami operator associ-
ated to the Riemannian metric g:

A

0 ix O
= —(v/detg g’ —),
97 /detg j;l Dy (Vetg " 5 )
where we set {¢’"} = ¢g~'. Throughout this paper, we as-
sume that g € C™*%(Q), (4, B,q), (4;, Bj,q;) € C*T*(Q) x
ChT(Q) x C*T*(Q), j = 1,2 for some « € (0,1), are complex-
valued functions. We set

0 0
Li(z,D) = Ay, + 2Ak6 + 2Bkﬁ + qr.
We define the set of partial Cauchy data by
ou

Co.a,B.4 = {(ulg, Tygh:);
L(z, D)u = 0in Q,u € H' (), ulyo 1 = 0},

where ai =./detg Z]k 1g e 62
tive with respect to the metric g.

The goal of this paper is to determine the metric g and
coefficients A, B, ¢ from the partial Cauchy data Cg a,B,4. In
the general case this is impossible. There are the following
main invariants of the Cauchy data in the problem.

is the conormal deriva-

www.pnas.org/cgi/doi/10.1073/pnas.0709640104

® Conformal Invariance. Let 3 € C"7*(Q) be a strictly pos-
itive function. Then

Cg,A,B,q:Cﬁg’%,%yg. [2]

This follows since the Laplace-Beltrami operator is confor-

mal invariant in two dimensions:

1

B

® (Gauge Transformations. It is easy to see that the set of
partial Cauchy data of the operators e "L(z, D)e" and

L(z, D) are the same provided that 7 is a smooth complex-
valued function such that

Agg = =Ag.

o B
ne @), nlr= s =0. [3]
¢ Diffeomorphism Invariance. Let F = (F1,Fs) : Q — Q be

a diffeomorphism such that F|z = Id. The pull back of a

Riemannian metric g is given as composition of matrices
by

F'g=((DF)ogo (DF)T)o F* [4]
where DF denotes the differential of F, (DF)” its trans-
pose and o denotes matrix composition.

Moreover we introduce the functions: Ar = {(4 +

B)(§5 822 )+i(B—A) (G- —iS2) o F~ |det DF |, Bp =

oz [) 5 Oz Oxo 5 5
{(A + B)(a:i + 'Laff) + i(B — A)(ai; afz)} °
F~Ydet DF7Y|,qr = |det DF~'|(qo F™'). Then
Cy.4,B,¢ =CF*g,Ap,Bp.ap- (5]

We show the converse, namely, a complete list of invari-
ants of the problem. We have
Theorem 1. Suppose that for some a € (0,1), there exists
a positive function 8 € C"T*(Q) such that (g1 — Bg2)lg =
M‘ = 0. Then Cqy,41,B1,01 = Cga,45,B,q2 if and only
if there exist a diffeomorphism F € C¥T*(Q), F : Q@ — Q satis-

fying F|z=Id, a positive function (3 € C™*(Q) and a complex
valued function n satisfying (3) such that

Lo(z,D) =e "K(x,D)e"
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where

0 0 1
K(z,D) = Agprg, + (AlFa +BlFaz)+5fJ1p-

g

2 Calderon’s problem and other

applications

2.1 Calderon’s Problem. The question proposed by
Calderén [5] is whether one can determine the electrical con-
ductivity of a medium by making voltage and current mea-
surements at the boundary.

In the anisotropic case the conductivity depends on direc-
tion and is represented by a positive definite symmetric matrix
{¢7%}. The conductivity equation with voltage potential f on
012 is given by

2
0
2 50,

J,k=1

jk ou

o) =0 uloa = f € H? (9Q).

We define the partial Cauchy data by

2
, )
Vo = { f|f7 Z U]k Ja$k’ ‘ Z 8$] Jk ;;)

J,k=1

(6]

inQ, ue  HY(Q), uloa = f, suppfcf}.

It has been known for a long time that V, does not determine
o uniquely in the anisotropic case [10]. Let F : @ — Q be a

diffeomorphism such that F(z) = « for z on T'. Then
V|det DF-1l|F*o = Vo,

where F*o is given by (4).

In the case of full Cauchy data (i.e., I' = 99), the question
whether one can determine the conductivity up to the above
obstruction has been solved in two dimensions for C* conduc-
tivities in [11], Lipschitz conductivities in [13] and merely L™
conductivities in [3]. See also [2]. The method of proof in all
these papers is based on the reduction to the isotropic case
using isothermal coordinates [1].

We can prove the uniqueness for Calderén’s problem with
partial Cauchy data:

Theorem 2. Let 01,02 € C7T*(Q) with some a € (0,1) be posi-
tive definite symmetric matrices on Q. If Vs, = Vo, then there
exists a diffeomorphism F : Q — Q satisfying Flg = Id and
F € C*T*(Q) such that

|det DF ™ |F* o1 = 0.

For the isotropic case this result was proven in [8] and
in fact follows from Theorem 1 in the case where g = I and
A = B = 0. We mention that [7] has proven a similar result
for general Riemann surfaces in the case where g is not the
identity but fixed.

2.2 Case where the principal part is the Laplacian.In the
rest of section 2, we assume that the principal parts of second
order elliptic operators under consideration are the Laplacian:
g=1I={0;x}.

For the case when A; = Az, B1 = Bz and full data this
result was proven by Bukgheim [4].

2 | www.pnas.org/cgi/doi/10.1073/pnas.0709640104

Theorem 3. If Cr a,,B,,q; = CI,A5,Bs,q2, then

Al = AQ, Bl = BQ on f, [7]
and in the domain Q we have
1o}
—25(141 — A2) — A1B1 + A2 By + (1 — ¢2) =0, [8]
0
_2£(Bl — By) —A1B1+ A2B2+ (1 — ¢q2) = 0. [9]

Corollary 4. The relation Cr a,,B,,qs = Cr, Az B2,z holds true
if and only if there exists a function n € C°T(Q) satisfying

nlz = 92|z = 0 such that
Li(z,D) =€ "Ly(z,D)e" [10]

Proof of Corollary 4. We only prove the sufficiency since the
necessity of the condition is easy to check. By (8) and (9), we

have (A1 Ag) = %(31 — Bs). This equality is equivalent
to
dA—-B) 9(B+A o

(8I1 ) =1 (8;; ) Where (A, B) = (A1—A2,Bl—BQ).

Applying Lemma 1.1 (p.313) of [14], we obtain that there ex-
ists a function 7 in the domam Q° which satisfies

f=mn0+h,VijeC®T*(Q), Ah=0 inQ° [11]

[h]|s, are constants, [;T*d g, = 2|, =0 Vke{l,...,N}

and A
(i(B + A), (A - B)) = Vi
Here Q° = Q\ T is simply connected where ¥ = Ujkv:_llEk,
¥, NXY, =0 for j # k, Xy are smooth curves which do not
self-intersect and are orthogonal to 9€2. We choose a normal
vector v, = vg(z), 1 <k <N —1 to Xk at x contained in the
interior 39 of the closed curve X;. Then, for z € %Y, we set
[h](.’B) = limyﬂz,(z_ﬁ,uk)>0 h’(y) - limyﬂz,(z_y',uk)<0 h’(y) where
(+,-) denotes the scalar product in R?. Setting 21 = —iij we
have A A
((B+ A),i(B—A)) =2Vn.
Therefore by (8)

on on on on
gy 8_+28 As +26_B
The operator L1 (z, D) given by the right hand side of (10) has
the Laplace operator as the principal part the coeﬂiments of

5o 18 A2+ Ba+257L " , the coefficient of 57 is i(B2— A2)+2 TR
and the coefﬁment of the zero order term is given by the right-
hand side of (12). By (7) we have that ” Iz =0and 5|z =C
where the function C(z) is equal to a constant on each con-
nected component of I'. Let us show that the function n is
continuous. Our proof is by contradiction. Suppose that
1 is discontinuous say along the curve X;. Let the function
uz € H'(Q) be a solution to the following boundary value
problem

Q=g+ An+4- [12]

La(z,D)uz =0 in Q, [13]
Assume in addition that us is not identically equal to zero
on X;. Let I'; be one connected component of the set I’ and
C ‘Fl = (. Without loss of generality, we may assume that
C = 0. Indeed if C # 0 we replace 1 by the function 1 — C.
Since the partial Cauchy data generated by the operators
Li(z,D) and La(z, D) are the same, there exists a solution
u1 to the following boundary value problem

UQ‘[‘O =0.

Li(z,D)us =0 in Q, on )y, — = —

Ul = U2

Footline Author



Then the function v = e "usy verifies

Li(z,D)v=0 inQ° w|r, =0.

Since n = % =0 on f‘l, we have that v = w1. On the other
hand, u; € H' (©2) and v are discontinuous along one part of
3, and we arrive at a contradiction.

Let us show that C = 0. Suppose that there exists another
connected component of I's of the set ' such that C|1:2 # 0.
Assume that uy, us satisfy (13), (14).

Then the function v = e~ "ug verifies

Li(z,D)v=0 in€Q, wv|r, =0.
Moreover, since n = % =0 on I';, we have that
v=u 9 _ 0w on T
R )% 1'

The uniqueness of the Cauchy problem for the second-order
elliptic equation yields v = . In particular v = u; on Is.
Since u; = ugz on 9€, this implies that e™"|z_ = 1. We arrived
at a contradiction. The proof of the corollary is completed.
(|

Next we apply Theorem 3 to several cases and state
new results on the unique identifiability, modulo the natu-
ral obstructions, of some important inverse boundary value
problems with partial Cauchy data arising in Mathematical
Physics .

2.3 The magnetic Schrodinger equation. We consider the
case of the magnetic Schrédinger operator.
Denote A = (A1, As), where A; are real-valued, A =

i T A _ 94y 94
A1 ’LAQ, rot A = o Dy

operator is defined by

The magnetic Schrodinger

2
it i)+
=1

Let us define the followmg set of partial Cauchy data
~ ou .
Caq=(uls, 3 |5); L7,4(z, D)u=0in €,
upo\F =0, u € H'(Q)}.

Theorem 3 implies
Corollary 5. Let real-valued vector fields AV, A® ¢ C5+*(Q)
and complez-valued potentmls M, e C’4+°‘( ) with some

€ (0,1), satisfy CA<1) s = C’A(z) a2 - Then g P =gq?,
mtg(l) =10t A® and AV = A® onT.

We mention that this result is new even for the case of full
data. In this case, [12] proved a uniqueness result assuming
that both the electric and magnetic potentials are small. Still
in the case of full data, [9] proved a uniqueness result for a

special case of the magnetic Schrodinger equation, namely the
Pauli Hamiltonian.

2.4 Laplace equation with convection terms. Another appli-
cation of Theorem 3 is to the Laplace equation with convection
terms. For real-valued a, b, and complex valued ¢, we define
the following set of partial Cauchy data

- ou
C‘vaq = {(u‘r" 8 ‘ ) u‘aﬂ\F = 0 u e H (Q)

ou ou
Au+aa—1+ba—2+qu—01n9}

Footline Author

Then

Corollary 6. Let a € (0,1), ¢ € C*T*(Q), and (a9),0Y)) €
C¥HQ) x C°F Q). If Compry = Co@pe g then
(a(l),b(l)) = (a(2>,b<2)).

This corollary generalizes the result of [6] where the

uniqueness was proved assuming that the measurements are
made on the whole boundary.

We also mention that Theorem 3 implies that partial

Cauchy data on arbitrary r uniquely determine any two coef-
ficients of the triple (A, B,q). A particular case is:

Corollary 7. For j = 1,2, let (Aj,Bj,q) € C°T*(Q) x
CPTe(Q) x C(Q) for some « € (0,1) be complez-valued.
We assume either A1 = Az or By = By in Q. Then
Cr.a1,B1,a1 = C1,45,B5,q; 1mplies (A1, B1,q1) = (A2, B2, q2).

3 Sketch of Proof of Theorem 3

The key of the proof is the constructions of families of 7-
parameterized solutions u1 = wi(7r)(z) and v = v(7)(z)
with 7 € R satisfying Li(xz,D)u1 = 0, uilr, = 0 and
Ly(z,D)*v = 0, v|r, = 0. Here Lo(z,D)* is the adjoint to
La(z,D) and Ty = 0Q \ I'. By u2 we denote the solution to
La(z, D)uz = 0 with uz|sq = uilse. Then the coincidence
of the partial Cauchy data yields Vui(7) = Vug(r) on T
Therefore integration by parts gives

0= /ﬂ Lo (z, D)(ur — us)da = / (2(Ar - Aﬂaaif

Q

aU1
2(B1 — Ba)— — q2)u1)vdzx.
+2(B1 = B2) 5 + (01 — @2)w)
Then the proof relies on the constructions of suitable u; and
v which are complex geometrical optics solutions.
Complex geometrical optics (CGO) solution. We
look for the geometrical optics solution u; of the form:

[15]

ui(z) = aT(z)eA“LT(I’+d7(2)661+76+u1167“’+u126w. [16]

The phase function. Let the holomorphic function
d = ¢ + 1) satisfy

P

Im@\p(,:O, HNOQ C T, ﬁ

(2) #0,Vz € H, [17]
where H = {z € (; 22 = 0}. The critical points of the func-
tion ® play important role in the proof. The proposition be-
low shows that the union of the sets of critical points of the
functions satisfying (17) is dense in Q.

Proposition 8. Let T be an arbitrary point in Q. There exists
a sequence of functions {®c}tee(o,1) satisfying (17) such that
there exists a sequence {Z.},e € (0,1) and

Te € He = a(I)E(z)ZO}, Ze — T ase— +0.
0z
Moreover for any j from {1,..., N} we have
HeNvyy =0 ify;NT#0,
HeNy; CTo if'yjﬂf:@,

Im®c (%) ¢ {ImPc(x)|x € He \ {@Te}} and ImP(Te) # 0.

PNAS | Issue Date | Volume | Issue Number | 3



Let 7 be a tangential vector field to 9€2. In order to prove (7),  Let e;(z), e2(z) be smooth functions such that e; + ez = 1, e2

we use the phase function:I) given by the following lemma. vanishes in some neighborhood of H \ I'o and e; vanishes in
Proposition 9. Let I'. CC T" be an arc oriented clockwise with some neighbo?hood Of 8@-
left endpoint x_ and right endpoint x. For any T € IntT., The function w11 is given by
there exists a function ®(z) which satisfies (17), Im®|sonr, = uin = —e TYR_r 4, {er(g + /7)) —
0 and ( gl) -
_irp €2(g1 + - e "7 e
aImQ e P - 4 27[11(1,7 D) ( 291)
zegG={zel.| 57 (z) =0}, cardG < oo, 270.® 4720, P 9.
T TS ~
—"™ Ry {e1(g2 + 62/7)}
all the critical points of Im® from 4the set 'g \'{ac,,mur} are e ea(ga + 972) . Qi Li(@.D) €292
nondegenemz?e, and the left or the right derivative of Im® of 279, 17200 ! 9.0 )
order seven is not equal to zero at x+. . .
The functions Ay, By € C®T%(Q) are defined by 26(54;1 — Construction of the correction terms as,(z) and
’ * dQYT(E).

_ H — OBy _ : _
Ar in @, ImAifr, =0, 2%+ =-B1 inQ, Im ljl \(1;? - Observe that the following asymptotic formulae hold true
0. The amplitudes are of the forms a-(2) = a(z) + “* +  for any point on the boundary of 2 :

‘”%;Z), d.-(z) = d(z) + dl( ) 4 b2 T(z), where @ is a holo- 1 e2imv=2imv(@)
morphic function and d is "an antlholomorpic function such R_ra,{e191} = 372 ol + Wr 1,
that a(z)e + d(z)eP* = 0 on I'g. Here and henceforth, if T |detp”(Z)|2
9za(z) = 0, then we call a antiholomorphic. 1 e 2T A2iTY(@),
Let & be some fixed point from H \ 9. In addition the Re.5y {erg2} = 9,2 ﬁ + W2,
functions a and d have the following properties |det 9" (Z)]2
where ¢1,51, m1,m1 are some smooth functions, py(z) =
k k Ay [ o1(@) my (&) _ B[ 51(®) mi(®) ) z _
%‘Hr}ag =0, %b{mag =0 Vke{0,...,5}, € ((z )2 + G— z)) —(z) = e ((2—?)2 + (?—5)) y 2=

Z1 4 9@%2 and Wr 1, Wi 2 satisfy

alr\(zy = dlry(zy = 0, a(Z) # 0, d(Z) # 0. 1
| . o Wil g gy + Wl o) = 0(5) aslr] = oo,
We introduce the following operators Tpg = €~ * (e ™" g) We define the functions s+ (z) € C2(Q) and da.+ (%) €
and Pag = eAagl(eng) and the operators C*(@) satisfying ’ ’
Rrag = 1eAeT@_q))@z_l(96_“467@_6))7 a2’i(2)eAl * dZ’i(z)egl =p+e onlo.
2 Let
Rong = LeBer@-0)p-1(goBer(e-)) o= Pl =25 — 4 B1)g) — My (a)e
2 > 20, ’
Here 26“4 = —A, 266 = —-B, ImA|r0 = ImB|r, = 0, g = 5, (2 7286';1 — A1Bi)g2) 7M6(§)681
Olg= b [, 1) ey, 99 = 015,C = €1 + 6 20:®

Denote g1 = TBl((q1*26aE;1 CALB1)deP ) — Mo (2)ePt, go = Here Mj(z)’MG(E) are polynomials suf:h that.g5|H = gs|ln =
94, A A, Vgs|n = Vge|n = 0. Let a holomorphic function as,¢ and an
Pa, (1 —2% —Ai1Br)ae™" )= Mi(z)e™,  where Mi(z) and antiholomorphic function ds ¢ satisfy

M>(Z) are polynomials such that
azo(z)e™ +dao(2)e” = % 2576(1) onIo.

b 20, P .
" g1 8 g2 .
5k = F57In=0 Vke{0,...,5} Finally we set
4 do 4 e2T@) d277672i7w(i)
Thanks to our assumptions on the regularity of A;, B1 and ¢ 2,7 = @20 F 2]det ¢ (7)| 3
the functions g1, g2 belong to C%*(Q). i (3 2ir(E
The function a1(z) is holomorphic in  and di (%) is anti- o = g 4 22HE @) 4 g, e~ 2TY(E)
holomorphic in Q and 27 2,0 2|det 1/)”(5)\%
N — B g1 g2 Construction of the correction term wuwi2. We look
ar(z)e”™ +di(Z)e” " = 2%9.% + 29. onl'o. for the function w12 in the form w12 = u—1 + ug. The function
z B u_1 is given by
Construction of the correction term ui;. Let ”w e Y
" U1 = Rrp{e1gs} + R_r.a,{e1g6}

n=Ts, (1 — 2% — A1B1)d1€PY) — My(z)eP?, +€2g56 w eagee Y
# 27—28z¢ 2728Z© '
94 We set ¢ = Re ® and O. = {z € Q; dist (z,9Q) < e}. For
g2 = Pa, (1 ) Y A1B1)CL16 1) — M1( )e A1 , the construction of wug, first we consider the following bound-
0z ary value problem
~ ~ TP . T
where Mi(z) and M>(Z) are polynomials such that L(z,D)w = fe'"in Q,  wlr, =qe™"/7 (18]
g 8
0 P ke 00
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Lemma 1. A) Let & > 0 be small such that O N (H \ To) = 0,
feL?P(Q) withp > 2 andq € H%(Fo).
tion of (18) satisfying

There exists a solu-

71V we™ |2 + 712 (Vw)e™ | 2q)
T I(Vw)e ™ llr20, + I7lllwe™ 2 0.)
< Culllfller @) + llall ) V7| = 7o

HZ (Do)
B) Let f € L*(Q) and q = 0. There exists a solution of (18)
satisfying

Y2 lwe™ " p2 gy + 71 (Vw)e”

< Cl”f||L2(Q) v|r| = 0.

Here C1 > 0 does not depend on the choices of 7, f,q.

Let w = aT(z)eAlJ“T<I> + dT(E)<381+T<I> + (u11 + u—1)e"?. Ob-
serve that the function e™"¥Lq(x, D)w can be represented as
a sum of m;(7,-) where

I7| WHL2(Q>

1 1
Hm1||L2<Q) = O(;) ||m2HL4(Q) = 0(;)

and
dist (supp mz, 9Q) > C3 > 0.

Moreover |le”"%w|| = 0(Z%). Then the correction term

H3 (o)
up can be constructed using Lemma 1.
Carleman estimate. Lemma 1 is derived from the fol-

lowing Carleman estimate with a degenerate weight function.

Lemma 2. Suppose that ® satisfies (17). Then there exist To
and C' independent of w and T such that

O e 2

o
[|ue ¢||H1(Q) + || Ty T T2||§U€T¢||2L2(Q)

2
< cz<||eWL<x,D>uuiz<m+|T| [|5e) a0 119)
T

for all w € HY(Q) and all |7| > 10.

CGO for the adjoint equation. The operator
Li(z, D)* has the form of the operator Li(z, D) with different
coefficients for the first and zero order terms. Similarly to u,
we construct the complex geometrical optics solution

v(z) = I’T('74')6827Tq> +cr(2)e Ax—T® +viie ¥ +uge” ¥

Here the functions Ay, By € 5+« (ﬁ) satisfy 28“42 =
A3,2%2 = B, inQ, ImAslr, = ImBalr, = o, and
br(2) = b(z) + 2 4 255 e (2) = ofz) + 2 4 25D,
The smooth holomorphic function b(z) and the antiholomor-
phic function ¢(z) have zeros of order five on H \ {Z}, are
not equal to zero at & and satisfy the boundary condition
b(z)eB? 4 ¢(Z)e*? = 0 on T.

Using the phase function ® constructed in Proposition 9
we compute the right hand side of (15) up to the terms of
order %

1
OZO(;)+TF1+F0+

e(B1+Az—27iv) (2)

27 1
D (g ) @By — B o) ——

e(Al +Ba+27i)(x)

Footline Author

Here Fy and Fi are independent of 7. This immediately im-
plies (7). Moreover the equation Fi = 0 implies that there

exist a holomorphic function ® € H %(Q) and an antiholo-
morphic function © € Hz (€2) such that

I

9|f‘ — ew‘\l-‘w‘TZ é|f _ eB1+572 [20]

and

BrtBrg _ Mt A28 — 0 on Ty, [21]

Computing the asymptotic formula of the right hand side of
(15) with an error up to the order o(%) and using (20), (21)
we have

3
-)= ZT2_kﬁk+

k=1

_g {Q+age(A1+?2+2Tiw) n Q,d(‘;e(B”“T?‘Q”W} (@)

[22]

—2iTY(T) ~ . _
_ 2me i 994(%) e B2 (46) (2)
rldety” (2) 5 02
2me 2@ 9gy ()
7ldety” (7)|2 0%
2rP(E) P (AY
_ 2me . 893 (1}) e—AQ(x) (a@)(i)

rldety” (z)]2 9%
Ie2iTV(E)

e 1) (20)(7)

N

Jr

992(2) —B1(3) 6)(3
r|dety” (7)|z 0% (tO)@):

where Q+ = —(Bl — BQ)A1 — (Al — AQ)BQ — (Al AQ)
((n —q2), Q- = —(A1 — A2)B1 — (B1 — Bz)Az - 2 = (B1 —
B3) + (q1 — ¢q2) and F} are some constants 1ndependent of 7.

Let n be a smooth function such that 7 is zero in some
neighborhood of 99 and n(Z) # 0. Observe that the par-
tial Cauchy data of the operator L2(z, D) and the operator
e °"L1(z,D)e’" are exactly the same. Therefore we have
the analog of (22) for these two operators with A; and B
replaced by A; — snp and By — 377 The coefficients A1, By
should be replaced by A; + 258 , B1 + 255 87’ . The functions
Q4 will not change The function ¢1 should be replaced by
q1 + sAn + s |V77|2 + 254, 6” + 2s5B; 8’1 This immediately
implies that (Q4ab)(z) = (Q-de)(Z) = 0. By Proposition 8
we construct the set of functions ®. satisfying (17) such that
the union of the sets of the critical points of these functions is
dense in Q. This finishes the proof of (8) and (9). The proof
of the theorem is completed. [J

4 Sketch of Proof of Theorem 1

For simplicity we restrict ourselves to the case that € is simply
connected. Suppose that the two operators

0 0

2B;
8z oz
generate the same partial Cauchy data. Multiplying the met-
ric g2, if necessary, by some positive smooth function 3, we
may assume that

Lj(z, D) = Ay, + 24, +q;

84
By [(gl _92 )|f:07£€{071}

Observe that without loss of generality, we may assume that
there exists a smooth positive function pe such that g» =

[23]
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p2l. Indeed, using isothermal coordinates we make a change
of variables in the operator La(x, D) such that go = pal.
Then we make the same changes of variables in the oper-
ator Li(z, D). The partial Cauchy data for both operators
obtained by this change of variables are the same.

Let w be a subdomain in R? such that Q Nw = 0,
OwnoQ =T and the boundary of the domain Q= Int(QUw)

is smooth. We extend p2 in Qasa smooth positive function
and set g7 ! = 712[ in w. By (23) g1 € C*(Q).

There exists an isothermal mapping x1 = (x1,1, x1,2) such
that the operator Li(z, D) is transformed to the following
form:

0 0
Qi(y, D) = *A+201*+2D1 -+

g 93 , [24]

y € x1(Q)

where p1 is a smooth positive function in x1 (Q) and Cy, D1,711
are some smooth complex valued functions. Consider a solu-
tion to the problem

Q1(y,

of the form (16) with the holomorphic weight function ®;.
Then the function w1 (xz) = w(x1(x)) satisfies

Dyw=0 inx1(Q), wly g =0

Li(z,D)u1 =0 in Q, u1|r, = 0.
Since the partial Cauchy data for the operators Li(z, D) and

Ly (z, D) are the same, there exists a function us such that

. 8U1 8u2
La(x, D)us = Q - - __o
2(x,D)us =0 inQ, wus2lr, =0, (6Vg1 e, )g=0
[25]
Using (23) and (25), we extend u2 on 2 such that
’LL1|w :UQ‘W. [26]
Let 2 be the harmonic function in Q such that
%M:O, wngeq)loXl in 8Q\F0.
We claim that
p2=Re®iox1 inw. [27]

Thanks to the Carleman estimate (19) there exists 70 =
To(€) such that

5\\‘

lle™ 2 uzll L2,y < Colre Vir| = 7o, (28]

where Cy = Coy(e) is independent of 7 and dc — 0 as
e — 0. On the other hand w; = eTRe@loXl(a eClHTImq)l +

bre 1*”Imq)1)ox —|—O( )). Here 2‘9661 = —01,288731 =—Ds,
ImCi|r, = ImDilp, = 0. Then by (26) the following holds
true:

- Ree ci+irlme
T<P2(e ﬂpzu2) =" 10X1( 1+4T 1

e (are [29]
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This equality implies (27) immediately. Indeed, let for some
point & from w

p2(Z) # Re®1 0 x1(Z).

Then there exists a ball B(z,6') = {z € R
such that

[30]

ile—2l<éd'}Cw

|p2(z) —Re®ioxi(x)] >’ >0 Vze B(#,6). [31]
Let us fix positive €1 such that B(%,6") C Qe and 26, < .
Form (29) by (28) and (31) we have

C'e T Vol(B(,8)2

T(Reqnoxﬁwz)((( Ci+irlm e, +bTeD7iTIm<I>1

IA

e
1
Oz

lle™ ™2 uall L2(ps,57)) < Colrle’!,

are )OXI

+

where 7 > 70 if p2(2) < Re®y o x1(2) and 7 < —71p if
p2(Z) > Re @1 0 x1(&). The above inequality contradicts (30).
Let E = x1,1+%x1,2.- Using the Cauchy-Riemann equations
we construct a harmonic function %2 such that the function
By = @y + ithy is holomorphic in . Moreover we take the
function ®; which may be holomorphically extended to some
domain O such that x1 (Q) C O. Observe that @3 = ®; 0= in
w. Then E = @1—1 o ®5 in w. The function = may be extended
up to a single valued holomorphic function = in €2 such that
£ — xa () and E(2) = xa1 ().
In 2, consider the new infinitesimal coordinates for the
operator L, given by the mapping = lo E(z). In these coor-
dinates, the operator Li(z, D) has the form

[I]

~ 0 0
D —A 24— +2B1— + Gi. 32
Q(z, D) = T +t2415-+2B15-+ @ [32]
Since 27! o Id, the partial Cauchy data for

o E(@)lr =
(z,D) and Q(z, D) are exactly the same.
The operators La(z, D) and Q(x, D) are particular cases of
the operator (1). Since (2 — fu1)|g = 0, the Cauchy data
Cus1,A3,B5,q2 a0d C 1 1, 5, 4, are equal. We multiply the op-

the operators Lo

erator Q(z, D) by the function fi1/p2 and denote the result-
ing operator as Q(z, D) = %Q(m,D)‘ Therefore by Corol-
lary 4 there exists a function n which satisfies (3) such that
La(z, D) = e "Q(z, D)e". The proof of the theorem is com-
pleted. OJ
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