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1 Introduction

In the 1780s, Lagrange invented a function that we now refer to as the arithmetic-geometric mean. Here is the defini-
tion:

Definition 1. Fix two nonnegative real numbers ay and by. Consider the sequences {a, } and {by}, defined by the rule

__ aptby
A+l =~ 75 (1)
bn+] = \/anbn.

If {a,} and {b,} converge to a common limit, then we call this limit the arithmetic-geometric mean of a and b and
denote it by M (a,b).

It is an exercise to show that the sequences {a,} and {b,} are convergent to the same limit, so that the arithmetic-
geometric mean is well-defined. This will be proven in the next section as Theorem 3.

A few years later, apparently independently, the mathematician Gauss, then 14 years old, re-invented the arithmetic-
geometric mean (“AGM”). Gauss apparently then stopped work on the AGM for nearly a decade, until he began
experimenting with it in the 1790s. He soon discovered, by numerical experiment, that

1 _ dﬁfz L dx
M(Lﬁ)_G_n/ 1—x* @

The number G, referred to as Gauss’ constant, is closely related to the arc length of the lemniscate, a figure-8 curve
that is, in turn, closely related to the arc length of the ellipse. Calculating the arc length of the ellipse was an enduring



thread of study in mathematics throughout the late 1700s and the first half of the 1800s, largely because the motion of
celestial bodies is elliptic. Gauss found this connection so striking as to write that the AGM “would surely open up
a whole new field of analysis,” and many of the entries in Gauss’ well-known diary during the years 1799 and 1800
concerned the AGM [14]. Gauss eventually managed to prove the equation

1 2 /7 do 3)
M (a,b)  7Jo \/a2sin0+ b2 cos2 6
relating the AGM with a complete elliptic integral of the first kind. (By modern standards, Gauss never proved this
rigorously, though a rigorous proof of (3) was produced by Landen only a few years after Gauss’ conjectured formula,
by a trigonometric substitution known as the Landen transformation.) Though Gauss completed in roughly 1800 a
long paper containing many results on the AGM, this paper was not published until 1866, when a large number of
Gauss’ unpublished works were published posthumously [13]. A much more detailed exposition of the history behind
the AGM is given in [1].

For more than one and a half centuries, AGM theory lay dormant. However, interest in the arithmetic-geometric
mean has been rejuvenated: in the early 1980s, a number of numerical analysts, including Jonathan and Peter Borwein
[8] [7], Eugene Salamin [16], Richard Brent [9], David Bailey [2], and Yasumasa Kanada [18], introduced the AGM
as an extremely effective method for numerically computing elementary functions and constants, such as sinx, cosx,
€*, logx, and m. The fast computation of elementary functions and constants is at the heart of numerical analysis, and
AGM-like iterations are emerging as one of the most powerful tools in this field.

The first goal of this thesis is to introduce two methods of studying iterative means that have come to prominence
in the last three decades. In §2, we introduce the theta-function approach, in which carefully-chosen compositions
of special functions are introduced to normalize an iterative mean — that is, to reduce the mean to a much simpler
iteration. In §3, we note the fundamental connection between the arithmetic-geometric mean and isogenies of elliptic
curves that was first proposed by Jean-Benoit Bost and Jean-Frangois Mestre in [15], and which is developed in greater
generality by Eleanor Farrington in [12]. This connection suggests an approach to iterative means from the point of
view of algebraic geometry, not analysis; for evidence of this, the reader is directed to [11].

A number of generalizations of the AGM and means related to it have been proposed. Examples include the
Schlomilch mean, described in [17], a quadratically-convergent Gaussian iteration defined as the common limit of the
sequences {an}, {bn}, and {c, } defined by

an+bp+c
An+1 = 3” 2,

/ anbn+ancp+bnc
bn+1 — nn rgn n n, (4)

Cn+1 = \/3 apbpcy,
which is the m = 3 case of the generalized AGM (“gAGM?”) that will be presented in the next section and which, as
is claimed in [8], “does not appear to have a closed form;” and another cubic analogue of the AGM, proposed in [6],
defined as the limit of the sequences {a,} and {b, } defined by

an+2by
3

ap+1 = )
2 anba b3 )
bn+1 = {/bn (a ¢ 3 1 ) .
In [4], Jonathan and Peter Borwein note that it is precisely because the AGM is a quadratically convergent algebraic
iteration with an identifiable nonelementary limit that it occupies such a central role in the computation of elementary
functions and constants, so any new iteration related to the AGM is potentially of interest. In the next sections, we
will define a family of compound means, indexed by m € N, in which the m = 2 case is the AGM and the m = 3 case
is the Schlomilch mean. A different type of generalization is formulated in [10], in which the AGM is extended to be
meromorphic on the entire complex plane.

2 The theta-function approach

The foremost problem in studying iterative means is the lack of a unified method for characterizing an iteration in
terms of known special functions — or even of determining whether such a characterization exists. One promising



avenue is the so-called theta-function approach, which Jonathan and Peter Borwein apply in [8], to give another proof
of (3), and in [5], to characterize a certain specialization of the Borchardt mean. The method is, in principle, simple:

e Uniformize the iteration — i.e., make a simplifying change of variable in terms of theta functions (or, more
generally, in terms of some known special functions). The difficulty in this step is cobbling together theta-
function identities to yield a workable uniformization.

e Produce a functional equation involving the iterative mean by applying this uniformization.

e Characterize the iterative mean in terms of the theta functions used in the first step by applying the inverse
function theorem.

This procedure will likely seem vague and murky to the reader, so after deriving the necessary theta-function identi-
ties, we illustrate the applications of the theta-function approach mentioned above. Finally, we illustrate an unusual
application of the method, in which the first step is reversed: instead of beginning with an iteration and finding the
correct identity to produce an appropriate uniformization, Borwein and Borwein begin with an identity and construct
an iteration that yields to this identity!

2.1 Some theta-function identities

For a complex variable z € C and a real variable ¢ € (0, 1), define three theta functions by

oo

2 N 2
01 (2,9) % —1 Y (—1)qlnt2) iz gy (2,q) L Y g(rhR)  Crt e ©6)

n=-—oo n——oo0

03 (z,9) = Z 61”262"%7 04 (2,9) def Z (—1)"q”262"’z.

n=—oo n=—o0

With one exception, we work only with 81 (0,¢), 62 (0,¢), 83 (0,¢), and 64 (0,q); for convenience, these quantities will
be denoted by 01(q), 02(¢), 03(q), and 84(q), respectively. By the usual complex-analytic arguments, these functions
are complex-analytic when treated as functions of z, and real-analytic when treated as functions of g. We now prove
some theta-function identities that we will need for the analysis of a number of iterative means.

Identity 1. Forall g € (0,1), 83(q) +04(q) =263 (¢*).

Proof. This is nearly immediate:

o =

6:(q)+0s(q) = ¥ (" +(-1)'0") =2 ¥ ¢* =26:(¢"). )

n—=—o0 n—=—oo

Identity 2. Forall g € (0,1), 83(q)*+04(q)2 = 205 (42)°.

Proof. To prove this identity, we use a small amount of number theory. Let r,(n) denote the number of ways to write a
nonnegative integer n as a sum of squares, where we distinguish both sign and permutation (so there are eight different
way to write 5 = (£2)% + (£1)? = (£1)? + (£2)? as a sum of squares). Then

0:(9)°= Y ¢ =Y nhq, ()= Y (—1)"™g" T = ¥ (<)) (®)
mp=—oo n=0 m,n=—oo n=0
It follows that - -
03(q)°+04(9)° = Y (n(n)q"+(=1)"ra(n)g") =2 Y. ra(2n)g™ )

To finish the proof, we need an invariance property of ;.



Lemma 1. For all nonnegative integers n, r,(n) = r(2n).

Proof of lemma. Fix some n > O Define A to be the set of all integer pairs (a,b) with a®> +b* = n, and B to be the set
of all integer pairs (c,d) with ¢? +d? = 2n. We define two functions ®,® from A to B and from B to A, respectively.
Let © send (a,b) to (a+b,a—b); since (a+b)* + (a—b)* =2 (a* +b2) the i 1mage of O really does lie in B. Let @
send (c,d) to (<52, C;) The equation ¢ +d? = 2n gives ¢ = d mod 2, and (C+d) + (%)2 = #, so the image
of @ really does lie in A. Finally,

b —b b)—(a—b
(q>o®)(a,b):q>(a+b,a_b):((a+ )er(a )7(a+ )Z(a ))Z(mb), (10)
c+d c—d c+d c¢c—d c+d c—d
©od)(cay=0 (5450 = (T4 L)~ an
so A and B are in bijective correspondence. This proves that r,(n) = |A| is equal to 2 (2n) = |B|. w

By this lemma and the work above,

03(¢)2 +64(q)? =2 Z ra(2n)g¥" =2 i () =205 (¢2)°. (12)

n=-—oo n=-—oo

Identity 3. Forall g € (0,1), 83(q)04(q) = 64 (¢*)".

Proof. This is a result of Identities 1 and 2:

03(0)64(9) = 1 (65(0) +04(0)” — » (Bs(a)” + Bu(a)?) 2205 (¢*) 03 (")’ Z0s()’. (13
w
Identity 4 (“Jacobi’s identity”). Forall g € (0,1), 84(q)* +02(q)* = 63(¢)*.
Proof. As in the proof of Identity 2,
03(0)° 03 (1) = ¥ '~ ¥ nng”
n=—oco n=—oco
= i r(n)q" — i ra(2n)g™"
n=—oo oo
= i ra(2n+1)g*" !
N oo
D (14)
k+1=1 mod 2

By settmgz = l+k Land j def 1_5_1,We can write k and [ as i — j and i+ j+ 1, respectively. Moreover, if (i, j) # (7, j'),

then (l*],l+j+ 1) # (i’ —j,i' + j+ 1), so by the above work,

=

00 -0 () = Y, T Y gy ()RR g 22 s

k+I=1 m0d2 i, j=—o0 i, j=—oc0

Upon rearranging, we have
2 2
03 (4°)" +62 (%) =03(q). (16)



Multiplying this equation by — 1 and replacing the right-hand side via Identity 2 yields —85 (¢2)° =85 (¢%)” = 84(¢)* —
203 (qz)z; rearranging, we have
2 2
03 (qz) —06, (qz) = 94(q)2. (17

2 2
Multiplying these last two displayed equations together and replacing ¢ by q% gives 03(¢)* —02(q)* =03 (q%) 03 (cﬁ) ;
applying Identity 3 to the right-hand side and rearranging terms finally yields

84(q)* +02(q)* = 03(¢)". (18)
w
Identity 5 (“The cubic modular equation™). For all g € (0,1), 84(¢)04 (¢°) +02(¢)82 (¢°) = 63(¢)63 (¢°).
Proof. We begin by separating even and odd powers in a certain difference of theta functions:

05(¢)03 (q3) —04(¢)04 (q3) _ ( Z qk2+312 + Z qk2+312> . ( Z qk2+312 . Z qk2+312>
k+1=0 mod 2 k+I=1 mod 2

k+I=1 mod 2 k+1=0 mod 2

-2 Z l+]+1 j)z. (19)

i,j=—00

Note that (i+j+1)2 +3(i— j)2 = (2i— j+1)*+3 (j+1)’. Every integer pair (m,n) with m+n = 0 mod 2 can be
written in exactly one way as (2i — j, j), and the equivalence (2i — j) 4+ j = 0 mod 2 is always satisfied, so in fact

> A 2 c a2 L 2 1 2
03(9)05 (¢7) —04(q)0s () =2 Y HF B =g Y glma) () (20)
i,j=—00 m+n=0 mod 2
Since
0:(q)02(¢") = Y qntd) P0d)

mp=—oo

(2 REI RV NSV SE (0
m+n=0 mod 2 m+n=1 mod 2

LY el Y e e’
m~+n=0 mod 2 m+n=1 mod 2

) Z q(m+%)2+3("+%)27 1)
m+n=0 mod 2

we have 03(¢)03 (¢°) —04(¢)04 (¢°) = 02(¢)6, (¢°); rearranging, we may conclude that

04(¢)04 (¢°) +62(9)82 (¢°) = 83(9)03 (¢°) - (22)

Identity 6 (“The septic modular equation”). For all g € (0,1),

V()04 (47) + /02002 (¢7) = /03(0)03 (g (23)

Proof. w




Identity 7. Define K (k) for k € [0,1) by

3 do
= [ ———— (24)
) /0 1 —k2sin’0
Then o ( )2
2 2(q 2
—-K =0 25
p <93(q)2> 3(q) (25)

Sforall g € (0,1).

To prove this identity, we will need to consider the functions 6, (z,q), 62 (z,9), 83 (z,¢), and 64 (z,q), which are
dependent on both the argument z and the nome g. For the rest of the section, the dependence of the theta functions
on the nome will often be suppressed. From now on, we will let T, a complex number lying on the ray [0, +ie0), be
defined by the equation g = ¢™*. The four theta functions behave nicely when the argument is translated by one of the
periods T and 7T, and for this reason they are referred to as quasi doubly periodic functions. For instance,

9 (Z+7561 Z q eZm T _ Z C] eZmz 93 (Z q) (26)

n=-—oo n—-—oo

05 (z+71T,q) Z en Wt 2m(zAnT) _ -T2 i e(n+1)2rr,ez(n+1)zz _ q71672l193 (2.q).

n——oo n——o0

We refer to the quantities 1 and g~'e™2% as the two multipliers of 83, corresponding to the periods 7 and 7t. Similar

calculations produce the following table of multipliers.

6 0, 03 04

7167211 7187211 7167211 _ 716721z

T | —q

Using these quasiperiodicity properties, we prove a lemma about the relationship between the theta functions and their
derivatives.

Lemma 2. If 0 is any one of the four theta functions, then for all 7 € C,

0'(z+m) () o'(z+mt)  O(2)
6(z+m)  6(z)’ 8(z+nt)  6(z)

—21. 27)

Proof. We prove the claim for 0,; the proofs for the other functions are nearly identical. For any z € C,

8i(z+tm)  —01(z) 8i(2) ’8
Bi(z+7m)  —0i(z) 6i(z)’ 28)
O (z+mt) (g 'e01(2)  2ig7 e >0 (z) —q e 0 (2)  6)(2) Y
01(z+mt) —gle220(z) —qle220,(7) ~01(2) '



Rational compositions of theta functions can be formed that have multipliers 1 and 1, in which case these com-
positions are doubly periodic meromorphic endomorphisms of C, or elliptic functions. Elliptic functions have many
special properties; we collect some of these properties here. Given an elliptic function with periods 2m; and 2w;, the
cells of this function are those parallelograms with vertices z (“the base point”), z+ 21, z+ 201 + 20;, and z+ 2,
for z € C and n,m € Z, with the restriction that poles of f must not lie on the boundary of a cell. Note that every
elliptic function has at least one cell, since the period parallelogram with base point O can always be perturbed to yield
a cell, using the fact that the singularities of a meromorphic function have no accumulation point.

Lemma 3. Each of the four theta functions has exactly one zero inside each cell.

Proof. Let 6 be one of the theta functions and U be a cell with base point z. It follows from Lemma 2 and the residue
calculus that the number of zeroes of f inside U is equal to

1 f(Z) do— 1 </z+7t+ z+n+m:+ Z+mT +/z >f(Z) dz (29)

2 Jou f(z)  2m +n cintme Jrim) f(2)

LR et L e ) fetw)
_2m/Z (f(z) f(z+m)>dZ Zm/z (f(Z) f(erTt)>dZ

1 Z+T
:—/ 2i=1.
21 J;

w
In fact, we can be more explicit about the zeroes of the four theta functions. Note that
01(0.q)=—1 Y, (~1)q(""2) (30)
N——o0
—1 1\2 oo 122
=1 Y (=1ygUs) Y (—1yrgntd)
n=-—oo n=0
S (_1)*m71q((*m*1)+%)2 -y (_1)"q("+%)2 -0,
m=0 n=0
and that, as an easy computation shows,
1 1 1 1 1, 1
01(z)=—-0,(z+ Sn) = —1g%e"0; | 7+ ETH— Jrt) = —1q%e"0, | z+ JrT) 31)

It follows from the last lemma that the zeroes of 61, 6,, 83, and 04 are, respectively, those points congruent to 0, %n,
%n + %m, and %m modulo the periods 7 and 7T.

Corollary 1. On the real line, the zeros of 01 (u,q) are the points nm,n € Z and the zeros of 0, (u,q) are the points
(n+ 3)m,n € Z. The theta functions 63 (u,q) and 84 (u,q) have no real zeros. For every g € (0,1), 0;(q) is zero, while
02(q), 03(q), and 04(q) are strictly positive.

Proof of corollary. The characterization of the zeroes of the theta functions is an immediate consequence of the pre-
vious paragraph. To see that 0;(¢) = 0, simply note that
ko 2
01 (z,q) =1 Y (~1)7q(") s (32)
N——o0

=)

= (_l)nq(n+%>2e(2n+l)lz — Z (—1)"q(n+%)ze(2"+l)lz

n=0 n=-—oo
- (—l)nq(’H'%)ze(szrl)lZ +1 Z (—l)nq(”+%)2e*(zn+l)lz
n=0 n=0
o 2
—2 Y (~1)"¢(""2) sin((2n + 1)2).
n=0



That 0,(g) and 03(q) are strictly positive is obvious. Since 684(g) has no zeros, is continuous on [0, 1), and satisfies
04(0) = 1, 04(q) is positive on (0,1). w

Lemma 4. The sum of the resides of an elliptic function f(z) at its poles in any one cell is zero.

Proof of lemma. Fix a cell with base point z; call its boundary C, and assign to C the usual orientation. By Cauchy’s
theorem, the sum of the residues of f inside C is equal to

1 1 74201 74201 +2m, 7420 Z
—/f(z)dzz — (/ +/ +/ +/ )f(z)dz (33)
2m Jc 2m \J; 420, 204200 JzH2m,

L G0 reram d o [T 0 - per20n)

T2
=0.

w

Lemma 5. If f(z) is an elliptic function with the property that for some cell U, f is bounded in modulus on U, then f
is constant on C.

Proof. This is an immediate (but useful!) consequence of Liouville’s theorem. w

Corollary 2. Say that f(z) is an elliptic function with the property that for some cell U has at most one pole within
oU, counting multiplicity. Then f(2) is constant.

Our first application of these general properties of elliptic functions is the derivation of several relations among
the squares of the four theta functions. The functions 81 (z)?, 82(z), 83(z)%, and 84(z)? are quasi doubly periodic
functions with periods 7 and 7t and corresponding multipliers 1 and ¢~ 2e~*%, so for all a,b,c,d € C, the quotients

a01(2)% 4 b04(z)? 01(z)> +d04(z)?

NO 03022 4

are elliptic functions. Moreover, by Lemma 3, in every cell the denominators have exactly two zeros, counting mul-
tiplicity. It follows that for the correct choice of a, b, c,d, with at least one of a,b and and least one of ¢,d nonzero,
these quotients will be elliptic functions with at most one zero in each cell, thus, by Corollary 2, constant.

The multipliers of 0;(z) and of 04(z) are different, so these two theta functions are not linearly dependent over
C. Tt follows that a8 (z)> + b04(z)* and 0 (z)> + dB4(z)?, for (a,b),(c,d) nonzero, are not identically zero, so the
quotients displayed above are each equal to a nonzero constant. It follows that there exist relations of the form

92(2)2 =ab (1)2 +b64(z)2, 03 (Z)2 =0 (Z)2 +d94(z)2. 35)

Straightforward manipulations yield the identities

0, (;m> = zq_%64(0), 0, (;m> :q_%ﬂg(O), 03 <;m) = q—%ez(O), 04 (;m> =0. (36)

Setting z = %TC‘C in (35) and applying these formulas yields

2 2
:_w7 c:_92<0) , (37)
04(0)2 04(0)2
Setting z = 0 (35) and noting that 6 (0) = 0 yields
_ 6:(0)° _ 63(0)?
b= 07 = 607 (38)



We have now derived the equations
04(0)*62(2)* = 2(0)°64(2)* — 03(0)*61(2)*, 04(0)*03(2)* = 03(0)*64(2)* —62(0)*61(2)>.  (39)

Next, we use these relations to construct a solution of a differential equation that is intimately related to the elliptic
integral K. It follows from the table of multipliers recorded above that the function 0;(z)/604(z) has multipliers —1
and 1 with respect to the periods  and 7t; the derivative of this quotient must, therefore, have the same periodicity
factors. The quotient 8,(z)03(z)/04(z)? has the same multipliers, so if

def 67(2)04(2) —61(2)0}(2)

z ; (40)
o 0:90:(2)
then ¢(z) is an elliptic function. Moreover applying the identities
1 1 1 1
0; <z+ 2m> =1q 4e “04(z), O <z+ 27:1:) =g %e "03(2), 41
1 1 1 _1
03 <Z+ 27‘5’5) =q %e 1192(1)7 04 <z+ 27‘5’5) =1q “e 1291(Z)
and the consequent identities
1 1
0 <z+ 2m) = q*%e*’z (04(z) +104(z)), 65 (z+ 275’5) = q*%e*’z (—103(z) +65(2)), (42)
1 1
0h (24 3m8) = he (o) +05(0). O (2 3me) =g te T (0104161 (0)
yields
1
) (z+ 2751:) =0(2). 43)

On the other hand, we know from the work immediately following Lemma 3 that the only possible poles of ¢(z)
are simple poles at points congruent to %n and %n + %m modulo © and wt. It follows that ¢(z) is periodic with
periods © and %m:, and that the only possible poles of ¢(z) are simple poles at points congruent to %n modulo
%n. We may conclude from Lemma 2 that ¢(z) is constant. Since 6;(0) = 0, this constant must be equal to
0] (0,4)04(0,9) /62(0,9) 63 (0,q). We prove another identity, another remarkable result of Jacobi, in order to work
this constant into a simple form.

Identity 8. The equation

holds.
Proof. Soon to come! w

It follows that ¢(z) is identically equal to 64 (0, q)z. We may conclude that

d (61(z)\ 02(z,9) 03 (z,9)
dz (94(Z)> =6:(0.9)° 04(z,q) 04 (z,9) @)

An application of (39) yields the differential equation

dei(z9)\ 01(2)\° 01(2))’
(foc) = (wor-0or (G5)) (sor-wor(53) ) @




This equation can be put into a cleaner form by the obvious change of variables. Indeed, we see that if we define

- 01 . 7,9
sn (u,q) déf 63 (qu) (93<qu> ) (47)

82(0,9) g, (793<3,q>2 ,q) ’
th
" d 2 2 6(0,9)* 2
(clusn(u,q)> = (l—sn(u,q) ) I—W-sn(u,q) . (48)

Our notation here is not entirely standard: most authors write the Jacobi sine function sn(u,k) as a function with

parameter k o, (0,9)* /03 (0,4)*. For explicitness, we regard sn (i, ¢) as a function with the nome g as its parameter.
As the last step in our preparation for the proof of Identity 7, we prove that the Jacobi sine function inverts the
incomplete elliptic integral of the first kind.

Proposition 1. For all 0 < u < 3703(q)?,

} sn(u,q) dt 49
B /0 2 020 2\ @
CRIC5)

Proof. This is a direct consequence of (48). We begin by proving that sn (1,q) maps [0, %7593 (q)z] onto [0, 1], and that

d
du

sn (u,q) does not vanish on the first interval, except at the right endpoint. By (45),

d (00 ® (ste9) | _® (aitr9) o (stra) 0sta?

du | u o)
u Z(q) 94 <W7q) eZ(q)e3(q)e4 (93(11)2 ’q)

d
2 on(uq) = 50

It follows from Corollary 1 that %sn(u,q) is continuous and nonzero on [0, %n93 (¢)*). Moreover, %sn (u,q) is

obviously equal to 1 at 0, so by the intermediate value theorem, “Zsn(u,q) is strictly positive on [0, 173(¢)?).
Similarly to (36), the identities

1 1

9] <Z+ 27’574) - 92 (Z7q)7 92 (Z“F ZTCaCI) = —91 (Z7q)a (51)
1 1

03 <z+2n,q> =04(2,9), 04 (z+ 2mq) =03(z2,9)

follow from a short computation, so sn (%n63 (q)z,q) = 1. Since 0; (0,q) =0, sn(0,g) = 0. This shows that on the
interval [0, %n93 (q)z] , sn (u,q) increases from O to 1, and has positive derivative everywhere on this interval but at the
right endpoint.

It follows from this work, along with (48), that

%sn(u,q) - ((1 _Sn(u,q)z) (1 - gjg;j;:tv)% (52)

forallu € [O, %63 (q)z), where the right-hand side is, by (48), the square root of a nonnegative quantity, and is, by the
previous paragraph, to be interpreted as a nonnegative quantity. It follows that

d i) dr d 1
5/0 o' o)) : (WSH(M)> 2 (1 tala)* ENTH B
(0 (-52ie) (o) (1~ 3t

10



Since sn (#,¢) = 1, we may conclude that for all u € [0, 703(q)?),

sn(u,q)
u= | dt y (54)

w
By Proposition 1,
%n%(q)z: lim (55)
uﬂ%ﬂ:%( )
| /sn(uq) dt
= 1m 1
i (e (-5
= lim ’ dat
_y—>1* 0 4 3
(0= (1= )
1 dt

A change of variables shows that

1 dt 7 de
/ T — /2 g (56)
0 " 6(q)* 2 0 8(@)* ;. 2q9)2

so we have now proven Identity 7.

2.2 The arithmetic-geometric mean
Recall that the AGM iteration is defined by

{ an+1 = (ln-é-bn7 (57)
bay1 = anby.

Denote the limit of the AGM iteration with initial inputs a,b > 0 by M (a, b). It follows from Identities 2 and 3 that

2 2
w =6:(¢")", 63(9)204(9)” = 64 (¢*)° (58)

for all ¢ € (0,1), so for all such g, ( (g ) 4(q)?) = ( ( ) .04 (4?) ) Applying this rule n times, it follows

that M (83(¢)?,04(q)%) =M (93 ()7,0 2) Since 03(0) = 84(0) = 1, it follows from the homogeneity of M
that for all ¢ € [0, 1),
94 (q)2 ) 1
M| 1, = : (59)
( 03(9)* /)  3(q)?
By Corollary 1, 0,(g), 03(g), and 84(q) are positive, so it follows from this equation, along with Identity 4, that
04(q)* 1
M (1’ 4(61)2> _ - = T . (60)
03(q) CIC Y A
83(q)*



I claim that as g ranges from O to 1, ( 2 parameterlzes the interval (0,1]. To see this, first note that by Corollary 1,

0 < 04(q) <05(q), so e“( i 5 ([0,1)) C (0,1]. Since 84(0) = 83(0) = 1, to prove equality in this containment it suffices

83(¢)?
to show that as ¢ tends to 1, e“( 2’

> tends to 0. It is apparent that lim,_,;- 03(¢) =lim,_;- ¥,cz q”2 = +o0, 50 it suffices
to prove that 84(g) is bounded on [0, 1). This follows from the inequality

0u(q) = Y (~1)"¢" =142 Y ¢V 2y ¢® 1" <1, (61)

nez neN neN

We may conclude that for all x € [0, 1],

b
M(1,x) = ———. (62)
2K (VI=+)
This is the fundamental integral formula of Gauss.
2.3 Another specialization of the Borchardt mean
n [3], Carl Borchardt proposed the four-term iteration defined by the rule
a __ antbpteptdy
n+1 = 7 ;
bny1 = unb,ﬂz» ndl )
_ Vancn+v/bpdy (63)
Cntl =~ 73
d — Vandy++/bucn
n+1 2 .

This mean can be characterized in terms of a hyperelliptic integral, and we will proceed with the analysis in the next
subsection. To motivate the study of this mean, note that when ag = bg and c¢g = do, the Borchardt iteration reduces to
the AGM iteration. When, on the other hand, by = co = dy, the Borchardt iteration reduces to the iteration

__ ant3by
n+l =~ 7 (64)
b _ Vanbn+bn
n+1 — 2 .

Following the notation of [5], we denote the limit of (64) by B (ao,bo) and, abusing notation, define B(x) to be B (1,x).
Because of its asymptotic behavior, (64) is not a convenient iteration to uniformize. Instead, we begin with the iteration

1
_ (@332 2
ant+1 = i )

bp+b2\ 2
bn+1 = (a” n;_ n) 5

the limit of which we denote by B; (ag,bo). As for B(ag,bp), we define By(x) to be By (1,x). Observe that B, (x) =

(65)

1
B (x?)?: we have modified the asymptotic behavior of B(x) for small x while preserving homogeneity.
We now characterize B(x).

Theorem 1. For0 < h <1,

2
b
B(h) = 5 = = . (66)
1—h 1—h —
16 (1+vh) K ((Hﬂ)z (vi +3h+2ﬁ)> K <(1+¢z)2 (viFsn 2x/13))
Proof. We begin by using the results of Subsection 2.1 to prove that
L(q) € 03(9)85 (¢°) +62(9)82 (¢°) , M E05(9)85 (4°) —02(9)82 (¢°) , (67)
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for g € [0,1), really do uniformize (65). By Identities 3 and 5,

( L(q)M(q; +M(q)2> : _ (L(‘ZHM(‘Z)) %M(q)

Bl—=

(68)

Next, note that by (16), (17), and Identity 4,

2

10:(¢)°6s ()" = (6 () +0: (7))~ (03 () - 02 (4)°) "L783(0)* ~Bu(0)* L0200, (9

SO

2
L (q2)2 -M (q2)2 =403 (612) 03 <q6) 0, (qz) 0, (q6> = 92(q)292 (q3)2 = (L(q)zM(q)) . (70)

It follows from the last displayed equation along with (68) that

2
JrA/I(qz)z 9 (qZ)'

<L<q>2 +3M(g)’ > t ((L(q) —M(9))’ +2L(g)M(q) +2M<q>2> * 69 <<L(q) —M(q) >2

4 4 2
(71)
To sum up, we have now proven that
1 1
L(g)* +3M(q)*\? L(g)M(q) +M(q)*\? a2
4 ) 2 9
which yields the uniformization
B (L(q),M(q)) = B2 (L(4%) .M (¢°)) - (73)
Since 03 and 64 are continuous on [0, 1) and since 62(0) = 0 and 63(0) = 1, applying (73) recursively and using the
homogeneity of B; yields
M 1
Bz( (61)>:. a4
L(q) ) L(q)
We may conclude that
M (61)2> 1
B = . (75)
( L(g)* ) L(g)
Define )
0 2 0 3
. 2(61)27 ,_ 8204 )2, (76)
03(q) 03 (¢3)

and note that by Identities 4 and 5,

] (1 (1t @0 (@) [ (60 —0@*) (6 () =0 ()"’
(@b7)* + ((1-a%) (1-7)) 93(q)93(q3)+<( 63(q)* )< 03(¢°)" "
(9)82 (4°)
(¢°)
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The formulas L(q) = 63(¢)63 (¢°) (1 + (ab) 7) and M(q) = 03(¢)03 (¢°) (1 - (ab)%) yield the equation

1—( b)%) M(g)? 1 1 2
Bl|—=L ) | =B = - - . (78)
<1+(ab)2 <L(q)2> L(q)? 65(¢)265 (q3)2(1+(ab)%)2 4(1+(ab)%)21<(a)1<(b)

2 2
Denote (1 - (ab)%) / (1 + (ab)%) by h. Since 0 < 84(q) < 83(q), it follows from Jacobi’s identity that 0 < 8,(¢) <
03(q), so a and b lie in the interval [0, 1]. Using this observation, it follows from (77) and (78) that

{a,b} = L(WHW) ﬂ(m_m) : (79)
(1+vA)’ (1 Vi)’

where the specific bijection between these two sets depends on whether a < b or b < a. (I can see numerically that
b < a for all g, but I am not sure how to prove it.) Since (78) is symmetric and a and b, the explicit bijection is
unnecessary, and (66) follows for every / that can be expressed in the form

02(0)02(4*) \ 2
h— - 65(¢)83 (%) (80)
o 14 62(4)02(4*)

93(4)92(113)

I claim that every i € (0, 1] can be expressed in this form. For this it suffices to show that gi—g; maps [0,1) to [0,1).
This follows from the earlier observation that 0 < 0,(g) < 03(g), from the fact that gi—ggg = 0, and from the equation

eZ(q) é llm 4 94(q)4 _

g—1-03(q) ¢—1- 03(q)*

81)

Here we have used the fact, proven earlier, that lim,_,;- 84(¢)83(¢) = 0. We may conclude that (66) holds for all
he(0,1].
w

2.4 A mean generated by an identity
2.5 The Borchardt mean

Denote the limit of the four-term Borchardt iteration mentioned two sections previously by G (ao,bo,co,dp). As
Borchardt proves in [3], and as is briefly discussed by the Borweins in [5], the Borchardt mean can be characterized
by the theta-function method as follows.

Theorem 2. For all ay,by,co,dy > 0,

o3
d d 82
G(ao,bo,co,do / / ray (82)

where R(x) d:efx (x—o0p) (x— ) (x — 02) (x — 03) and where 0, 01, 012, 03 are determined by the following procedure.
Let

Atizefa)—i-bo-i-Co—i—do, Bdéfao-l-bo—co—do, C—Efdo—bo-i—co—do, Ddzefdo—bo—co-i-dm (83)
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and define B1,C1,D1,B,,Cy,D; by the equations

28, % \/AB + /D, 20, % JAC + V/BD, 20, % VaD + VBC, (84)
2B, \/AB—/CD, 20, % \JAC — V/BD, 20, \/AD — VBC
and let A Y/ABCDB,C,D,B,CoDy. Then
def ACBy def CC\ Dy def AC2 D def B1C1Cy
% =—— o = 0 = ——, 03 = ——- (85)

The uniformizing functions for the Borchardt mean are not theta-functions but multidimensional theta functions;
specifically, they are the four functions

Z (il)n(il)mqsszrtanrunz- (86)

n,mez
3 Iterative means and elliptic curves

4 The generalized arithmetic-geometric mean

4.1 Definition

First, we show that the 2-dimensional AGM, given by Definition 1 and denoted from now on by My, is well-defined.
Theorem 3. The 2-dimensional AGM is well-defined.

Proof. Fix ag,byp > 0 and assume without loss of generality that ag > bg. By the arithmetic mean-geometric mean
inequality, a, > b, for all n > 1. Since the arithmetic and the geometric means are, in fact, means, it follows that the
elements of the sequences {a,} and {b,} are nested:

by <b1 <by<b3<---<az<ay<a <a. 87)

That is, {a, } is a decreasing sequence bounded from below by by, and {b, } is an increasing sequence bounded from
above by ag. By the monotone convergence theorem, {a,} and {b,} are convergent, say to the limits N; and N,
respectively.

Letting n tend to infinity in the first line of (1), Ny = % + % It follows that L = M, so the sequences {a,} and
{b,} converge to a common limit. w

It turns out that there is a geometric interpretation of Mj:

Consider a rectangle R with side lengths a@ and . Two quantities are often thought of as “characteris-
tic” of the rectangle: area and perimeter. To each of these quantities correspond a way of “combining” a
and b. Namely, we can draw a square S with the same area (resp. perimeter) as R, and take the side length
of S to be the mean of a and b with respect to area (resp. perimeter). We leave it to the reader to show
that the mean of a and b with respect to area (resp. perimeter) is equal to the arithmetic (resp. geometric)
mean of a and b, that is, equal to # (resp. \/@).

This formulation of the arithmetic and geometric means suggests a compromise between the two:
given R, draw a rectangle R, with side lengths # and v/ab. By Theorem 3, iterating this process results
in a square with side length M (a,b).

This interpretation gives a geometrically-motivated way of generalizing the 2-dimensional arithmetic-geometric
mean to m dimensions, by beginning with an m-dimensional rectangular hyperprism and conserving the m “character-
istic” quantities. For instance, in the m = 3 case — the Schlomilch mean, defined by the rule (4) — we conserve edge
length, surface area, and volume.

When defining M, (am, . ,a(m)) for m > 4, we symbolically extrapolate from the m = 2 and m = 3 cases to
arrive at the following definition:
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Definition 2. For m > 1, fix m nonnegative real numbers aél) b ,agm>. Consider the sequences {an } e {an }

defined by the rule
a,(li)l =1 (aﬁ”,...,a,ﬁ’ﬂ ,
: (88)
aglri)l =Ln (agll)v ual(’lm>) ’
where 1
m 1 . . k
L (al,..af") <m ) aﬁ">-...~a§k>> . (89)
(k) 0§i1<...<ik§m
If {aﬁ,l)} ey {a,(lm)} converge to a common limit, then we call this limit the m-dimensional arithmetic-geometric
mean ofa(()]), e 7a(<)m) and denote it as M, <a(()]), . ,a(()m>>.

Theorem 4. The m-dimensional arithmetic-geometric mean is well-defined.

Proof. Fixal),... ,a" >0 and assume without loss of generality that (') > ... > a("™). Maclaurin’s inequality states

that L; > ... > L,, for all nonnegative real inputs, so for all n > 0, a

aV >d? >a) > . >a" >dm >, (90)
That is, the iterates ag,z), . ,a,&mi D are bounded from above and below by aﬁll) and aﬁlm), respectively.

By the inequality L; > L,, and the fact that L; and L,, are means, we also have the nested inequality

aél) > a(11> > agl) >...> agm) > a(lm) > a(()m>. (C2))]

That is, {a,(,l) } is a decreasing sequence bounded from below from af', and {a,(lm> } is an increasing sequence bounded

from above by a(()]>. By the monotone convergence theorem, {aﬁll)} and {aﬁlm)} is convergent, say to the limit N.

Subtracting af,” from both sides of the first line of (88) and letting n tend to infinity yields

~1 17t
2 N=tim— Y d. (92)
m nem i
With (90), this implies that the sequences {aﬁ,z)} yerns {aﬁ,m)} each converge to N. w

4.2 Basic properties of the gAGM

A number of the properties of the classical AGM also hold for the gAGM, including the digit-doubling property of M,
that leads to its usefulness in numerical computation.

Definition 3. If lim,_...a, = L, then we say that the sequence {a,} exhibits p-th order convergence if there exists
some positive constant C such that for all n > 0,

an+1—L

o <cC (93)

By Theorem 8.8.c in [8], each of the sequences {aﬁ,l)} yeens {a,(zm} exhibit second-order convergence. Specifically,

Theorem 8.8.c states that if Ly, ..., L,, are twice continuously differentiable m-dimensional means, then convergence
in the Gaussian iteration is quadratic, and uniformly so on compact subsets of the domain.
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Theorem 5. On R, M, is real-analytic.

Proof. To prove this theorem, we extend the domain of the means Li,...,L,, used in the definition of M,, to an open
subset of C™, where /- is defined to map the slit plane C\ (—eo,0] onto the sector {z:z # 0, |argz] < ¥ }. Consider
the following lemma.

Lemma 6. For fixed R > 0, let Dg = {zG(C:O< lz]| <R,|argz| < %} Ifz1,...,2m € DR, then Ly (z1,...,2m) € Dg
forall1 <k <m.

Proof. Take zy,...,zn € D. First, note that

1
] &
\Li (215, 2m)| = <(m) Y = '---'Zik> (94)

1<ij<...<ix<m

iy et Zig
1<11< <ix<m

1
3
7 ETRREA
k l<z]< <ig<m
=R.

|arg (zil ~...-z,-k)| <largzj|+...+ |argz,-k|
< km
2m

»E‘»—\

IA

Second, note that for 1 <i; < ... < iy <m,

<

RS

This implies that

2m

ol

k) 1<) <..<ix<m

kT
) zl~1~...~z,-k>‘<, (95)

so farg (L (21, 20))| < 2.
w

By Lemma 6, for any fixed 1 < j < m, the sequence {aﬁ,j )} is a family of uniformly bounded analytic functions
on any bounded subset of D. Recall the first formulation of Montel’s theorem:

Theorem 6 (Montel). Let F be a uniformly-bounded family of complex-analytic functions from some open subset D
of C" into C. Then there exists a subsequence { f,} C F that converges uniformly on compact subsets of D.

()

By Montel’s theorem, for any compact Dy C D, { ay } contains a sequence that converges uniformly on Dy, and
since the limit of uniformly convergent analytic functions on connected open sets is analytic, this subsequence must

converge to a complex-analytic function. Since {a,(f ) } is convergent on R”, it follows that on any interval of the form

(0,R), {a,(, )} converges to an analytic function. The theorem follows. w

It follows from Theorem 5 that M,, can be expanded as a locally-convergent power series about any (b, b,...,b) €

R’Y. Furthermore, the coefficients of the power series of ag" ),aé" >,a§1 ), ... exhibit exponential stabilization:
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Theorem 7. Let a(-o) =b+x; for some b € Ry, forall 1 < j < m. (For instance, b = 1 might be a natural choice.)

0 0 . L. d
Then for x1,...,X, sufficiently small in modulus, a,(1 ) and M, (ag ), e ,a,(n)> can be written as power series in X e
(X1, ..., %m), and the first term of disagreement between the power series representations ofaﬁ,k) and M, (a(lo), o ,a,(,?))

is of order at least 2".

Proof. By induction on n. The claim follows trivially in the base case n = 0. Assume that the claim holds for some
n > 0, and write

2)1+l_1
M,, (a§°>,...,a$,?)) = ¥ Y ax+0(2"H). (96)
5=0 |o|=s
Then, for all 1 < j < k and for some coefficients KE," >,
n+1 —1
Z Y axo+ ¥ Y s o). 97)
5=0 |o]=s s=2" |o|=s
It follows that for all 1 <k <m,
oy = L (a0 .. o) 9)
1 k omn_q 2n+l_1 ) %
B H Z g>x6—|— Z Z th)xo+o(2n+1)
( 1<11< Lip<mt=1 s=0 |o|=s s=2"|o|=s

2" I , k
’Z) Z Z kgt)XG> +

s=0 |6|=s

n k—1 n+1 k
k(m\ (3 y o0 vy
+ m<k) Y ) agUxe Y ) Ko XC+ 02" (k+1) —k)
s =0

Y kX +0(2" (k+1) k)

=1 s=2" |o|=s

_l’_
SN
VRS
3
ek
ag
>
=
x\_/
Q
N———
T
N
3
=
L
=

o

on+l_q

(2’12127&)’8) 1+:1<Z ZKQ’X> Y ¥ Y xero@i+1)

5s=0 |o|=s t=1 s=2" |o|=s

m_y o | (2= o 1 nti o
(T ) (-1 (F p ) £ L @rrorey
; ; 52

" lo|=s

i
o
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This calculation shows that the coefficients of the power series representation of afle, up to order 2"t — 1, are

independent of k. By induction, the claim follows. w

4.3 The univariate gAGM

Whether a closed-form representation for M,, exists, by analogy with (3), is an open question. Gauss was led to the
integral representation of the classical AGM by first deriving the formula

1 _2/’zt de
My(I1+x,1-x) wJo \/1_2sin20’

and in fact, though there are a number of proofs of (3), by far the simplest proof uses (99) as a stepping-stone [1]. This
suggests that finding a univariate version of the gAGM could lead us to an integral representation analogous to (99),
and then to an integral representation analogous to (3). Symbolically extrapolating from the univariate classical AGM
M; (1 +x,1—x), we could consider

99)

T 2(m—1)m
Mm(1+x,1+e%x7...,1+e7m x). (100)

This function at first appears to be ill-defined: we have not defined the gAGM for complex inputs! But this is not a
problem, for iterating once, we see that

e 2(m—1)m
Mm(1+x,l+e%x7...,l+e 0 x)sz(l,L...,l, 1—(—x)m). (101)

See Figure 4.3 for plots of the univariate generalized AGM.

References

[1] Gert Almkvist and Bruce Berndt. Gauss, Landen, Ramanujan, the Arithmetic-Geometric Mean, Ellipses, 7, and
the Ladies Diary. The American Mathematical Monthly, 1988.

[2] D. H. Bailey. The Computation of © To 29,360,000 Decimal Digits Using Borweins’ Quartically Convergent
Algorithm. to appear.

[3] C. W. Borchardt. Ueber das Arithmetisch-geometrische Mittel aus vier Elementen. Berl. Monatsber., pages
611-621, 1876.

[4] J. M. Borwein and P. B. Borwein. The Way of All Means. The American Mathematical Monthly, 94(6):519-522,
1987.

[5] J. M. Borwein and P. B. Borwein. On the Mean Iteration (a,b) «— (#, @). Mathematics of Computation,
53(187):311-326, 1989.

[6] J. M. Borwein and P. B. Borwein. A Cubic Counterpart of Jacobi’s Identity and the AGM. Transactions of the
American Mathematical Society, 323(2):691-701, 1991.

[7] Jonathan M. Borwein and Peter B. Borwein. The Arithmetic-Geometric Mean and Fast Computation of Elemen-
tary Functions. SIAM Review, 1984.

[8] Jonathan M. Borwein and Peter B. Borwein. Pi and the AGM. John Wiley & Sons, 1987.

[9] R. P. Brent. Fast Multiple-Precision Evaluation of Elementary Functions. Journal of the Association for Com-
puting Machinery, 1976.

[10] D. A. Cox. The Arithmetic-Geometric Mean of Gauss. L’Enseignement Mathématique, 30:275-330, 1984.

19



(102)

Figure 1: Clockwise from upper left are the 2-dimensional, 3-dimensional, 5-dimensional, and 4-dimensional univari-
ate arithmetic-geometric means.

[11] Daniel R. Grayson. The arithogeometric mean. Arch. Math., 52:507-512, 1989.
[12] Eleanor Farrington. A Complete Arithmetic-Geometric Mean for E /C.
[13] Carl F. Gauss. Nachlass. 1876.

[14] J. J. Gray. A Commentary on Gauss’s Mathematical Diary, 1796-1814, With an English Translation. Exposé
moderne des mathématiques élémentaires, 1984.

[15] Jean-Benoit Bost and Jean-Francgois Mestre. Moyenne arithmético-géométrique et périodes des courbes de genre
1 et 2. Gaz. Math., 1988.

[16] E. Salamin. Computation Of ® Using Arithmetic-Geometric Mean. Mathematics of Computation, 1976.
[17] LJ. Schoenberg. On the Arithmetic-Geometric Mean. Delta, 7:49—-65, 1977.

[18] S. Yoshino Y. Kanada, Y. Tamura and Y. Ushiro. Calculation of ® To 10,013,395 Decimal Places Based On the
Gauss-Legendre Algorithm and Gauss Arctangent Relation. Mathematics of Computation, to appear.

20



