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Exercise 1.3 (10pts)

This is an application of Dirichlet’s Theorem: Let aaa ∈ (0,1]n be a real vector and consider the hy-

perplane H := {xxx ∈ R
n |

〈

aaa,xxx
〉

= 0}. Then there is a rational vector ãaa ∈ Z
n

q
with q ≤ (2nR)n so that

H̃ := {xxx ∈ R
n |

〈

ãaa,xxx
〉

= 0} satisfies the following:

∀xxx ∈ {−R, . . . ,R}n :
(

xxx ∈ H ⇒ xxx ∈ H̃
)

.

Remark. You don’t have to prove it but the same argument should also show that for all xxx∈{−R, . . . ,R}n

one has xxx ∈ H≤ ⇒ xxx ∈ H̃≤ where H≤ = {xxx ∈ R
n | 〈aaa,xxx〉 ≤ 0}.

Exercise 1.10 (10pts)

Let Λ ⊆ R
n be a full-rank lattice. Assume that bbb1, . . . ,bbbn ∈ Λ are linearly-independent and minimize

|det(bbb1, . . . ,bbbn)|. Prove that bbb1, . . . ,bbbn are indeed a basis of Λ.


