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Exercise 2.1 (20pts)

Let Λ ⊆ R
n be a full-rank lattice with LLL-reduced basis BBB ∈ R

n×n and Gram Schmidt orthogonali-

zation bbb∗1, . . . ,bbb
∗
n. We abbreviate µi, j =

〈bbb j,bbb
∗
i 〉

‖bbb∗i ‖
2
2

. First, we fix an arbitrary xxx = BBByyy with yyy ∈ R
n.

(i) Prove that ‖xxx‖2
2 = ∑n

k=1 ‖bbb∗k‖
2
2 ·
(

yk +∑ j>k µk, jy j

)2

(ii) Prove that for all k ∈ {1, . . . ,n} one has ‖xxx‖2
2 ≥ 2−k‖bbbk‖

2
2 ·max{|yk|−

1
2 ∑ j>k |y j|,0}

2.

Now fix a xxx ∈ Λ\{000} with ‖xxx‖2 = λ1(Λ) and let yyy ∈ Z
n be so that xxx = BBByyy.

(iii) Prove that for all k ∈ {1, . . . ,n} one has |yk| ≤ max{2(k+2)/2,∑ j>k |y j|}.

(iv) Prove that for all k ∈ {1, . . . ,n} one has |yk| ≤ 23n−k.

Remark. This exercise proves that all shortest vectors in a lattice Λ ⊆ R
n are contained in the set

S = {BBByyy | yyy ∈ Z
n and ‖yyy‖∞ ≤ 23n} if BBB is an LLL-reduced basis.


