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A general LP rounding problem

Problem:
» Given: A € R"*™  fractional solution z € [0, 1]™
» Find: y € {0,1}" : Az =~ Ay
General strategies:
» Randomized rounding:
Flip Pr[y; = 1] = z; (in)dependently
» Use properties of basic solutions:
|supp(z)| < #rows(A)
Try another way:

» “Entropy rounding method” based on discrepancy theory
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> Set system S = {S1,...,5,},5; C [n]
» Coloring x : [n] — {—1,+1}

» Discrepancy

dlSC(S) - x:[nr]lg?il}?ggg |X(S)‘

where x(S5) = > ;g x(4).
Known results:
» n sets, n elements: disc(S) = O(y/n) [Spencer 85|

» Every element in < ¢ sets: disc(S) < 2t [Beck & Fiala 81|
Conjecture: disc(S) < O(v/)

More definitions:
» Half coloring: x :[n] — {0, —1,+1}, [supp(x)| > n/2

» For matrix A: disc(A) = min [|Ax||eo
xEe{£1}"
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The LSV-Theorem

Theorem (Lovész, Spencer & Vesztergombi ’86)
Given A € R™™ € [0, 1]™.

Suppose for any A’ C A, 3 half coloring x : ||A'x|lec < A.
Then Jy € {0,1}™ with ||Az — Ay|lec < A-log m.

» Suffices to find good matrix half colorings!
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Entropy

Definition

For random variable Z, the entropy is

Properties:
> One likely event: 3z : Pr[Z = 2] > (3)H ()
» Subadditivity: H(f(Z,2")) < H(Z) + H(Z').



Theorem [Beck’s entropy method]

XiEI{—{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

{£1}"

2A

Agx K >

1 1 )\ 1 1

| | | |
- T T rrrT—/AaT o

| | | |

| | | |
e __1_)_vL__a__

| | | |

| | | |
--!l----+--t-FF-——4—--

| | | |

| | | |
SN I R EO R N

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

XiEI{—{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

2A

Agx K >

1 1 )\ 1 1

| | | |
- T T rrrT—/AaT o

| | | |

| | |
e __1_ __E__J__

| | | |

| | | |
--!l----+--t-FF-——4—--

| | | |

| | | |
SN I R EO R N

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

d)gm 2 g 0. 0 <
XiEI{—{El} <[2AJ) = o albeslomuaiy 1Al < A
2A
C A
I | A | |
— N
< | | ® | IZA
A= S N NP PR N B
| | | |
T A
-—)]l---+-t++-F—-——---
| | | |
I B
| | | 1
| | | |




Theorem [Beck’s entropy method]

A< m 2 g 0. 0 <
XiEI{—{El} <[2AJ) < 5 = Jhalf-coloring X~ : [AX[loo < A.
2A
. Ay
I | A | |
- N
< > I | ® | IZA
A= S S
| | | |
T A
- -4 7T —"FF————-
| @ | |
I B
| | | 1
| | | |




Theorem [Beck’s entropy method]

XiEI{{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

2A

Agy

1 1 )\ 1 1

| | | |
AR L D I R R

| | | |

| | |
I O

| | | |

| | | |
-—l-----*t--7T--FF——4—--

I | I I

| | | |
1%

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

XiEI{{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

2A

Agy

1 1 )\ 1 1

| | | |
AR L D I R R

| | | |

| | .I
I O R

| | | |

| | | |
-—l-----*t--7T--FF——4—--

I | I I

| | | |
1%

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

XiEI{{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

2A

Aoy

| P |
T T T T rTSre 17 -

| | | |

°

| | |
I B

| | | |

| | | |
e el e e T

| L] | |

| | | |
1%L

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

XiEI{{El} <B‘_§

J) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.

2A

Aoy

| P |
T T T T rTSre 17 -

| | | |

°

| | |
I B

| | | |

| | | |
e el e e T

| L] | |

| | | |
1%L

| | | |

| | | |

[

Arx



Theorem [Beck’s entropy method]

Ax < L 2 g 0. 0 <
XiEI{—{El} <[2AJ) < 5 = Jhalf-coloring X~ : [AX[loo < A.
2A
Aoy
| A ;
|<—>|m T T TTOore 1o
B e
A= S N NP PR N B
| | |
: A
- -4 7T —"FF————-
| | |
el
| | 1
| | |




Theorem [Beck’s entropy method]

d)gm 2 g 0. 0 <
XiEI{—{El} <[2AJ) < 5 = Jhalf-coloring X~ : [AX[loo < A.

» Jeell : Pr[Ax € cell] > (3)™/5.

2A
C A
I I I
— B
< > | I e 2 IQA
A= el __1_ | & a__
I I I I
A
e e e e e R
I | I I
IR
I 1 i i
I I I I




Theorem [Beck’s entropy method]

H ([’;—XJ) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.
xi€{£1}

1ym/5
5 .

» Jeell : Pr[Ay € cell] > (
= 208m colorings y have Ay € cell

> At least 2™ - (%)m/5

2A
A7X|<—>|
A
m. - TTT T T " e -
T | e IzA

Arx

- .




Theorem [Beck’s entropy method]

H ([‘;—KJ) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.
xi€{£1}

» Jeell : Pr[Ax € cell] > (3)™/5.
> At least 2™ . (%)m/5 = 208m colorings y have Ay € cell
» Pick ', ? differing in half of entries




Theorem [Beck’s entropy method]

H ([‘;—KJ) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.
xi€{£1}

Jeell : Pr[Ay € cell] > (3)™/5.

At least 2™ . (%)m/5 = 208m colorings y have Ay € cell
Pick ', x? differing in half of entries

Define x°(i) := £(\' (1) — x*(i)) € {0, £1}.

vV vyYyy
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H ([‘;—KJ) < 2 = Jhalf-coloring x° : [[Ax%[|ec < A.
xi€{£1}

Jeell : Pr[Ay € cell] > (3)™/5.
At least 2™ . (%)m/5 = 208m colorings y have Ay € cell
Pick ', x? differing in half of entries

Define x°(i) := £(\' (i) — x*(i)) € {0, £1}.

Then [[AX°[ls < 3lAx" — Ax*[loc < A.
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A bound on the entropy

» Let a = (ag,...,q,) € R™.
. 22 x0)ay : .
> Consider Z := | =77 | with x(j) € {#1} at random
A __ Pr|Z = 0]
0 = T
1 A
A (2)
randomized roundMgEN
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A general rounding theorem

Theorem
Input:
» matriz A € [—1,1]"*™, A; > 0 satisfying entropy condition
for all submatrices
» vector x € [0,1]™
> row weights w(i) (Y, w(i) =1)
There is a random variable y € {0,1}™ with
» Bounded difference:

» [A;x — Ay| < O(log(m)) - A;
> Az — Agy| < O(y/1/w(i))

» Preserved expectation: Ely;] = x;.
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Bin Packing With Rejection
Input:
» Items i € {1,...,n} with size s; € [0, 1], and rejection
penalty 7; € [0,1]
Goal: Pack or reject. Minimize # bins + rejection cost.
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The column-based LP
Set Cover formulation:
» Bins: Sets S C [n] with ), ¢s; <1 of cost ¢(5) =1
» Rejections: Sets S = {i} of cost ¢(S) = m;
LP:
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Our results

Theorem

There is a randomized poly-time approximation algorithm for
Bin Packing With Rejection with

APX < OPT; + O(log? OPTy)

(with high probability).

OPTy

> Previously best known: APX < OPTf + W

[Epstein & Levin "10]
» As good as classical Bin Packing [Karmarkar & Karp '82]
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