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Abstract. @ We consider the impedance tomography problem for
anisotropic conductivities. Given a bounded region €2 in space, a diffeo-
morphism ¥ from € to itself which restricts to the identity on 02, and
a conductivity v on (), it is easy to construct a new conductivity W,y
which will produce the same voltage and current measurements on 0.
We prove the converse in two dimensions (i.e. if 7; and 7, produce
the same boundary measurements, then y; = W,7, for an appropriate

) for conductivities which are near a constant .



60. Introduction.

The resistance of a wire is defined by Ohm’s law
(0.1) o0V =1IR

where dV is the potential difference across the wire and I is the current flow through the
wire. Both 0V and I are measured quantities and R is defined so that (0.1) holds. The
existence of the linear relationship in (0.1) is the assertion of Ohm’s law. The differential

version of Ohm’s law is

(0.17) du(x) = i(z)p(x)

where u(z) is the voltage potential at x, du(z) its differential, i(x) the current flowing
through z, and p(x), defined by (0.1’), is called the resistivity. It will be convenient to
define the conductivity v(z) by

1
x P —
)= o
Ohm’s law then has the form
(0.1") i(x) = vy(x)du(z).

In dimensions greater than one, the current i is represented by an (n — 1) form: the
only quantity we can measure is the flow through a surface (electrode) .S, and this quantity
is given by integrating the (n — 1) form ¢ over the surface S. Ohm’s law is still given by
(0.1”), but v(x) represents a mapping from differentials, or 1-forms, du, to (n — 1) forms
i: at each x, v maps AL, the vector space of covectors at x, to A1, the vector space of
n — 1 covectors. The existence of such a linear map v is again the assertion of Ohm’s law.

It is customary to assume that ~(x) is both positive definite and symmetric, that is
that, for a,b € A}

(0.2) vyaprb = vbra
(0.3) vapra = ¢(z)dxt p ... Adx™,  ¢(z) > ey]al* >0
where 2!,..., 2" are positively oriented euclidean coordinates and | | is the euclidean

norm. If we define the (n — 1) forms
(04) WE «— (—1)k_1d9§‘1/\ . /\dl‘k_l/\dl'k+1/\ . /\dﬂﬁ'n
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then the components % of v are given by
(0.5) ydr' =y w;.

(0.2) and (0.3) imply that the matrix 4% is positive definite and symmetric (> 7).

We shall also assume that there is no dispalcement current (i.e. no current sources or
sinks within the body, which we represent by a bounded domain € in IR"™). Thus if Q' C Q
is any smooth subdomain

/ i=0
o

/ di =0

or, using Stokes theorem

Since € is arbitrary, we conclude that

di =01in Q
or, substituting (0.1”)
(0.6) dydu = 01in 2
which is, in coordinates
0 0

(0.6) r v = 0

The conductivities we have discussed so far are anisotropic. A conductivity is called
isotropic if the relationship between voltage and current is independent of direction. That
is, if we first measure the current due to a voltage potential, and then rotate the voltage
potential, the current we measure will be the rotation of the first measurements. In our
framework, the euclidean rotation group, O(n), acts naturally on both AL and A?7! so

that, for any o € O(n), the composite map

/\1 O_ll(>£13)0 /\n—l
makes sense. 7y is isotropic at x if
v(z) =0 ty(x)o Vo€ O(n).

One isotropic conductivity is the euclidean conductivity e, the conductivity whose compo-

nent matrix, e” equals the identity in euclidean coordinates.
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In this paper we shall study the impedance tomography problem: we wish to in-
fer information about the conductivity v(z) inside a region  from voltage and current

measurements at the boundary. The set of boundary measurements may be described as
M, ={(f,w)|f = uloq,w = ydulaq; u solves (0.6)}

M., is a subspace of C>(9Q) x C>°(A"~1(9R)); it is in fact, the graph of the linear operator

C=(09) 23 e (A1(99))

where

(0.7) Ay f = ydulag

and wu is the unique solution to (0.6) such that

(0.8) ulan = f.

We can formulate the impedance tomography problem as follows: how much information
about v can be detected from knowledge of the mapping A7 Much is known in the case
that ~ is assumed to be isotropic.

For an isotropic conductivity which is a priori known to be real analytic [KV I,
piecewise real analytic [KVIII], or smooth (C?) and sufficiently close to a constant [SU 1],
knowledge of A, suffices to determine v uniquely. In dimension three and higher, in fact,
any smooth (C?) ~ is uniquely determined by A, [SU II]. The C? hypothesis can even be
relaxed ([I]).

For an anisotropic conductivity, however, it has been observed [KV II] that this is not
the case. Any diffeomorphism of 2 which fixes the boundary can be used to construct a
new conductivity with the same voltage to current map. In this paper we show that in
dimension two, and under the a priori hypothesis that the determinant of « is (C?) close
to constant, the converse is true. If 71 and ~2 have the same voltage to current map, then
there exists a diffeomorphism which fixes the boundary and transforms v, to v2. A result
of this nature for real analytic conductivities (in dimensions > 3) appears in [LU].

In §1, we shall state the theorem precisely and prove it, based on three propositions.
§2 and §3 are devoted to the proofs of these propositions.

The author would like to thank Bob Kohn, who made substantial contributions to
this work; and also F. H. Lin who proved a version of theorem 1.0 under the additional
hypothesis, det v = 1. Thanks are also due to Percy Deift, Jack Lee, Gunther Uhlmann,

and Tom Wolff for many helpful conversations.
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81.
Let ¥ denote a diffeomorphism from a smooth bounded domain Q C IR" to itself. We
may define the push forward, ¥, of the conductivity ~

T ANQ) - A Q)
to be
(1.0) (Tsy)a = V. (v(V"a))

where ¥*a denotes the pull back of the 1-form o and ¥, = (¥ ~1)* denotes the pull back
by U1 acting on the n — 1 form (¥*«). In coordinates, (1.0) reads

vt ijow™

7 ’Y j _

1.0/ U, bm _ Ozt T Ozl \p=1(y).
(1.0") (Vay(y)) det(2Y) (y)
Note that if u© satisfies

drydu =0

then W,u = v o U1 satisfies

AV ~d(V,u) = dU, (y(T*d¥,u))
= U,dvdu
(1.1) AV, yd(V,u) =0 .

If ¢ is a smooth diffeomorphism of J€) we may form the push forward . A, of the

voltage to current map (recall (0.7))
00 Ay n—1
C®(0Q) 2 A" H00)

by
(¢*A7)f - ¢*A7(¢*f) :

If we choose
Y = ¥laq,

the unique solution to the Dirichlet problem
d(U.y)dv =0

vlgg = fory ™t |
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is just v = w o ¥~! where

dydu =0
uloa = f .
This implies the equality of operators
(1.2) Ay, =19Y.A, when ¢ = ¥l|pn

If, in (1.2), we take 1 to be the identity we see that
Ay, = Ay

Thus, given any v and any diffeomorphism ¥ which fixes the boundary, we can con-
struct a (generally) different conductivity, ¥,v, with the same voltage to current map.
Our theorem is a partial converse in dimension two. Our hypotheses shall make reference

to the norm of 7 in the C? topology; by this we mean

[Vllcs = sup |D*yY|
e
i,j=1,2
|| <3

where the 4/ and all derivatives are computed in euclidean coordinates. We shall assume
that the ellipticity constant, e, (recall (0.3)), is equal to one; this can be accomplished by
multiplying + by a constant.

Theorem 1.0. Let  be a bounded domain in IR* with C*® boundary and let v, and ~y»

be C? conductivities with
(1.3) |velles <M for 6 =1,2 ; e,=1

There exists € = (2, M) such that if

(1.4) || log(det ye)||cs < € for £ =1,2
and
(1.5) Ay = Ay,

then there exists a C3 diffeomorphism ¥ with

(1.6) 1 =Wive ;3 Ulpg =1.
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Remark 1.0 We could replace hypothesis (1.4) in the theorem by
(1.4") e is real analytic for £ =1, 2.

This would require verifying real analyticity in propositions 1.1 and 1.3 below and replacing
proposition 1.2 with the analagous theorem for real analytic conductivities, which was

proved in [KV I] in the isotropic case.
Theorem 1.0 will be a direct consequence of the following two propositions:

Proposition 1.1. Let Q be a bounded domain in IR* with C® boundary, let 7, and 2 be
C? conductivities on Q, and let ¢ be a C3 diffeomorphism of O such that

(1.7) Pxly, = Ay,

then ¢ extends to a ~y;~y2 conformal diffeomorphism of Q). That is, there exists a diffeo-

morphism ® mapping Q to itself such that

(1.8) 71 = ( detns V2
Furthermore,
(1.9) [@llcs < K = K([nlles, [h2lles 19llcs, )

Proposition 1.2. Let Q be a bounded domain in IR* with C® boundary and let v be a
C? conductivity on Q. There exists ¢ = e(||v||cs, Q) such that, if 3 and dety satisfy

(1.10) [log Bllcs + [|log(dety)|cs < e
and
(1.11) Ay = Ag,
then
=1

Proposition 1.1 is the main technical result in the paper, and will be proved in §3.
In the case that ~ is isotropic, proposition 1.2 is just a restatement of the main theorem
in [SU I]. The existence of isothermal coordinates will allow us to reduce to that case. In
fact, we shall need a precise version of isothermal coordinates to prove proposition 1.1. To

this end, we shall prove in §2



Proposition 1.3. Let Q be a bounded domain in IR* with C® boundary and let v be a C?
conductivity on Q, then there exists a C® domain ' and a y-e conformal diffeomorphism
® from Q) to V; that is, there exists a ® such that

(1.12) D,y = (detyo d e
Furthermore,
(1.13) [@[lcs + [0 les < K = K(Q, |[7]lcs)

Proof of Proposition 1.2 Let ® be as in proposition 1.3 and let ¢ denote ®|sq; then
(1.11) implies

¢*A7 - ¢*AB’Y
which yields, according to (1.2),
Aq)*’y = Aq)*B'Y
This gives, according to (1.12),
(114) A(det'yoé—l)e = A((Bdet'y)oé—l)e

According to theorem 0.2 of [SU 1], if (1.14) holds and
(1.15) | log(Bdety) o @~ 1||cs + || log(dety) o @ |cs < § = 5(Y)

then we may conclude that
dety o & = Bdetyo 1

or

=1

To guarantee (1.15), we need insist that € in (1.10) satisfies

el +e)@ es <6

or 5
< —
FSOK

where K is the constant which appears in (1.13). |
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Proof of Theorem 1.0 As a consequence of (1.5), (1.7) holds with ¢ equal to the
identity; proposition 1.1 implies the existence of ® extending ¢ such that

q)*’)/l - ( det’yg Y2
= B2
Therefore
Ay, = Ao,

= ¢*A’Y1 = A’Y1 = A’Yz

as ¢ is the identity map.
We may now apply proposition 1.2 [ (1.3),(1.4), and (1.9) imply (1.10)] to conclude
that 8 =1, or
Q.71 =72
O
In the remainder of this section we give a brief discussion of proposition 1.1; its proof
will appear in §3. We begin by stating and proving a special case of proposition 1.1, which

illustrates the proof of the theorem in a particularly simple setting. We take D to be the

unit disk in IRQ, we have

Proposition 1.1'. Let ¢ be a C? diffeomorphism of the circle (0D) such that
(1.16) pile = A
then ¢ extends to a conformal map of D to itself.

Proof. We shall extend ¢ to a conformal map by solving

Ov=01in D

(1.17) -
e,

vlgp =

If we make use of the projection operators

> . 1 [%7 .
P — - inf . = 0 —znede
W I
(1.18) Pof= Y fae™,

n=—1
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then (1.17) has a solution exactly when

(1.19) P_ () =0 .
Now, on D,
Aef:( Z |n|em9fn)d9
or
B af af .. db
(1.20) Aef—(PJr(%)—P—(@))T

(1.16) implies that
Ac(fod) =9 "(Aef) -

If we choose

and use (1.20), this becomes

De'® De'® De'®
(%) — P 0 = (5 s

from which we conclude that

P_(2:() =0

so that

P_e'® = constant .

But the constant must be zero (see (1.18)). Hence
P_(e?) =0

and we have verified (1.19); so that (1.17) has a unique solution. The fact that v is a

diffeomorphism follows from the argument principle and the fact that ¢ is 1-1 and onto.O0

In the proof of proposition 1.1’, we showed that we could solve the Cauchy problem
(1.17) if the hypothesis (1.16) was satisfied. Proposition 1.1 can also be viewed as the
statement that, in the presence of hypothesis (1.7) we can solve a certain Cauchy problem

for a first order, two by two, linear elliptic system. We seek ® such that

(1.21) Q.71 = B2

10



where 3 is a scalar function. In IR?,
v A — Al
so that the determinant of v is a well defined function. Hence, if we find ® satisfying (1.21)
det®,v; = detvy; o o1

:62det’yg .
(£ must be positive so that (0.3) is satisfied, so that
B = (det71 ot )1/2 '
detys
To solve (1.21), let w and 6 be 2 orthonormal 1-forms; i.e.
(1.22) way2f =0
(1.23) WAYow = Opy20 =1 .

If (1.21) holds, then
WA (Psy1)0 =0

or equivalently,
(1.24) O wpy1(P*0) =0
(1.25) Q" WAy (P w) = P OAy1 D76 .
Now (1.24) can only be satisfied if, for some scalar valued function a,
(1.26) O*w = ay (P*0) .
Inserting (1.26) into (1.25) yields
a® = (dety)™ b .

To maintain (0.3) we must choose a to be positive; hence the nonlinear system (1.24),
(1.25) can be replaced by (it is straightforward to check the equivalence) the linear elliptic

first order system

1.27 P = ——"— PO .
( ) w (dety1)1/2

Equation (1.27) is independent of the choice of § and w satisfying (1.22) and (1.23). The
ellipticity of the system can easily be verified directly. It is perhaps easier to note that, if
U, and Wy are isothermal coordinates (whose existence is guaranteed by proposition 1.3)
for v, and 7, respectively, then ® = \111_1 o ® o Uy satisfies the Cauchy Riemann equations.

Proposition 1.1 states that we can solve the Cauchy problem for (1.27) when (1.7)

holds. In fact, a direct corollary of proposition 1.1 is
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Corollary 1.4. There exists a solution to (1.27) with
Plon =9

if and only if
¢*A71 - AB’Yz
for some scalar valued function (3.

Proof The necessity follows from (1.2) and the sufficiency from proposition 1.1 with

~2 replaced by [7ve. O
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§2.

In this section we prove proposition 1.3, as well as develop some special solutions to
the differential equation (0.6) which will be essential to the proof of proposition 1.1. We
shall make use of the weighted (at infinity) L? spaces, L%, which are the completions of
C&°(IR?) in the norms

5
lullps = 11+ [2*)*2ul, ;5 §€R
L% are complex interpolation spaces; in particular, if 7' is a linear map

T rai.
Ly = L% i=0,1

7

with bounds ||T'||;, then T is bounded from

p(s) T ra(s)
L5(5) - Ls(s)

where
0<s<l1
1 1 1
——=U0-85)—+s—
p(s) ( )po p1
1 1 1
——=1-8)—+s5—
q(s) 9 ¢
d(s) = (1 — s)dp + sd1
e(s) = (1 —s)eg + se1
Furthermore,
(2.1) ITls <TG~ IT13-

For the general approach to complex interpolation see [S]; in this instance, the relevant
analytic function is, for a € LY,

11—z
PO

flz) =1+ |x|2)1/2(1;—02+ﬁ)p5—(1—z)50_251ap( 1)

We shall use the notation

-~ 1,0 0
7=34s tigy)

1,90 .0
7=30 75y

We now state and prove the precise version of the existence of isothermal coordinates

which we will need below. The letter e will be used to denote the euclidean conductivity.
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Proposition 2.1. Suppose that

(2.2) v E C’l’l([RQ)(resp.C’S(IRQ))
and
(2.3) v=e for|z| > R

then there exists 3 > 0 such that, for all (p, d) satisfying |p—2|+|d+1| < 3, —% <i< 1—%
there exists a unique f € LY such that F = z + f is a C*(resp.C®) diffeomorphism from
R? to itself satisfying

(2.4) Foy = (detyo F~1)/2¢

In addition,

(2.5) ID°Fll s, < K(p,6, M, R, |y|cra)  for 0<|a] <3
(2.6) 1Dl , < K(p,6.M,R,|[7]cs) for 0< o] <4.
Furthermore,

with h satisfying (2.5) and (2.6).

This proposition is a modification of the proof of the existence of isothermal coordi-
nates given by Ahlfors in [A]. The function spaces we need are somewhat different, and we
choose some different normalizations, but our approach parallels his. Instead of Riemanian
metrics we are dealing with conductivities (which we may identify with (co)metrics tensor
n-forms), however, from the conformal point of view they may be treated similiarly.

In order to be consistent with the notation used in [A], we shall, in this section, use
only euclidean coordinates, and in lemma 2.2 below use v to denote the positive definite
matrix of coefficients defined in (0.5) with these coordinates.

The possible point of confusion is the following: v maps 1-forms to (n-1)-forms; in
order to define the 4*/’s we must choose two bases, as was done in (0.4) and (0.5). However,
in two dimensions v maps 1-forms to 1-forms, but the bases we chose in (0.4) and (0.5)

are different. Hence, although the trace and determinant of the mapping are well defined
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functions in two dimensions, they need not be the trace and determinant of the matrix of
7%’s (it turns out that the determinant of the mapping actually equals the determinant of
the 4%’s and the trace of the mapping is always zero).

The proof of proposition 2.1 will follow from a series of lemmas. We use euclidean
coordinates throughout. In lemma 2.2 below, (2.8) is exactly (1.27) in the special case

that 7, is (conformal to) the euclidean conductivity.

Lemma 2.2. (2.4) holds if and only if

AT 22 4 9jn12

2.8 OF = i 0F =
( ) :U“’Y :U“’Y 7114_722_’_2\/@

Proof. If we write F' = F| + i, and abuse notation by writing  for the matrix of v%/’s

from (0.5) and dF' for the column vector (%, %)T, (2.4) becomes

(2.9) dFTydF, = dF) ~dF,

(2.10) dFTydFy =0 .

Now (2.10) implies that

(2.11) dFy = \ ((1) _01) YdFy

where \ is a scalar. Inserting (2.11) into (2.9) yields A = +(det v)'/? and we must choose
A positive so that F. is a positive definite matrix. Inserting this into (2.11) yields a linear

system which can be seen to be equivalent to (2.8) (see [CH] page 351). |

We shall now discuss (2.8). We note that

2= (71 +9%)? —4dety

N RN Rk
so that for
(2.12) I<~y<MI
(2.13) py| <1l—e;e=¢e(M) >0
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We shall need
Lemma 2.3. Let
2 2
(2.14) l<p<oo, ——<d<1l—-—
b b

There exists a constant K (p,0) and a unique L% solution to

5., p
8U—UEL5+1.

Furthermore,
(2.15) [ullp,s + |1 Dullps+1 < Kl|ollp,s541
(2.16) u(2)] < K|[ollpspr]zl 72770 forp>2.

Proof. We refer to Theorem 2.1 of [NW] (page 275) for (2.15). To summarize, one first

shows that the only LY solution is the one given by
5

(2.17) U(Z):/]R v(w) dwadw

2 2 —w 27t

and then applies Holder’s inequality to estimate |lu||, s and a Calderon-Zygmund type
lemma to estimate ||Dul|,s. The inequality (2.16) is also just Holder’s inequality applied
to (2.17), namely

1 q ||y
O = ([ g o el

1
< 4y )| 5| —2/P=5 )
= (/]RQ(H— —$||$|5+1) 93') |Z| ||U||p,5+1

where % =1- %. The conditions (p > 2) and (2.14) imply that the integral is finite and
that —2/p —§ < 0. O

Lemma 2.4. There exists 3 > 0 such that for all (p,0) satisfying

11
ol <p
(2.18) b

2 2
——<6<1l——
p p
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then both of the mappings

(I —p00)~ ") LY, — LY.,
and

(- Mvg(a_l)) : L§+1 - L§+1
are invertible and satisfy

(2.19) (T = p@@~ )M I = 1y00) 1) M| < g

where ¢ is defined in (2.13).
Proof. We shall treat only the first operator, the second is analagous.
d(0)~': L§ — L
is bounded with norm 1. It follows from (2.15) that
@) LE, — Lh,,

is bounded with norm M = M(q, 3).
By interpolation,
19(0)Hlpo+1 < M1

where

1 a )1+ 1
P q 2

and
1+4d=>0-s5)(1+70)

If we choose s so close to one that
eM'™% <1,

then the Neumann series for (I — p,9(0)~1)~1 converges and (2.19) follows. 0O

Lemma 2.5. Let p and 0 satisty (2.14), then there exist unique LY solutions to

(2.20) (0 — pyO)uy = v1 € L,
and
(2.21) (0 — Opy)ug = v2 € L,
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Furthermore,

2 .
(2.22) luillps + 1 Dusllp,s+1 < ZK(p, 0)l|villp+1 57=1,2
and, for p > 2,
2 —_2_5
(2.23) [ui(2)] < ZK(p, 0)|[villp.s+1l2] 7

Proof. We write (2.20) and (2.21) as

(2.20") (I — p,0(0) 1 Our = vy

(2.21) (I — (9) 1 Opy )uz = vo

For (2.20"), apply Lemma 2.4 and then Lemma 2.3. For (2.21"), first apply lemma 2.3

to invert O and then note that
(I = @)'0p,) = (I —1,9071)"

so that the invertibility of (I — (9)~*0u,) follows from that of (I —ﬁ758_1), which follows
from Lemma 2.4. We leave it to the reader to check that condition (2.18) is commensurate

with the duality argument above. O

Proof of Proposition 2.1 From Lemma 2.2, we see that solving (2.4) is equivalent to

solving (2.8) which is in turn equivalent to finding f satisfying

(2.24) (0 = py0) f = py

so that Lemma 2.5 guarantees the existence of a unique f such that F' = 2z + f satisfies

(2.4). Differentiating (2.24) and applying (2.22) successively yields

« 2 « «
(2.25) > DY fllpssr < SK( > D llpse) X+ D 1D iy llp.s11)
1<]a|<k+1 lal<k lal<k

which guarantees (2.5) and (2.6); (2.3) and (2.2) guarantee that the right hand side is
finite for k& < 2(resp.3). Hence F has 3(resp. 4) derivatives in L} _ for some p > 2 and
therefore belongs to C?(resp. C?).
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F' tends to the identity as z approaches infinity, hence it is a proper mapping and its
degree is equal to one (the degree is the sum of the number of preimages of a generic point,
counted with a plus or minus sign depending on whether the determinant is positive or
negative at that particular preimage). Once we show that det(DF) # 0, it will follow from
the fact that F' has degree one that F'is in fact a global diffeomorphism. To see this, it is
enough to check that F., # 0, because

det(DF) = |F.* — |Fz[* = (1 — |uy [*) | F:[*.
Now, F, satisfies
(2.26) (0 —0u,)G =0
and it is the unique solution of (2.26) of the form
G=1+g;g€ Lk
because (2.26) is equivalent to

(2.27) (0 — Opy)g = (y)=

and the LY solution to (2.27) was shown to be unique in Lemma 2.5.

On the other hand, we may seek to solve (2.26) by looking for
G=¢€"

where o must satisfy
CE pry0)o = (piy)=

so that there exists a unique o € LY (Lemma 2.5 again) which approaches zero as |z|

approaches oo by (2.23). Hence,
g=G—-1=¢e" -1 L¥

and we may conclude that
F.=¢" #0

so that F' is a diffeomorphism .

We now know that F'~! = z + h exists; from
F7loF(z) ==z
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it follows that
(2.28) h(z+ f) = —f(z) € L}

and then by change of variables (Df, € LY , p > 2 implies that f, is locally bounded and
(2.23) can be used to show that f. approaches zero as |z| — co) it follows that h € L.
Differentiation of (2.28) will show that h satisfies (2.5) and (2.6). a

Proof of Proposition 1.3 We begin by extending ~ to be a C® conductivity on all of IR?
satisfying (2.3). We then take ® to be the diffeomorphism F whose existence is asserted
in proposition 2.1 and let ' be the image F(£2). The estimate (1.13) is a consequence of
(2.6) and the Sobolev inequalities (F has four derivatives in L7 _ for some p > 2). |

Our next order of business is to produce special solutions to (0.6) in all of R*. We

shall make use of the following proposition, which is proposition 1.2 in [SU IJ.

Proposition 2.6. Let 1 < p < oo, —% <d<1-— %. There exist constants M (p,d),
N(p,8) > 0 such that if k € € and v is a CY?! isotropic conductivity satisfying

B A(det’y)l/4 »
M
(2.30) (1 +121%) gl e < T

then there exists a unique solution to
(2.31) dydu =0

such that
u = e**(detv) V(1 4 r(z, k)

(2.32)
r(-,k) € LF(R?) .
Furthermore,
N
(2.33) 17]lp,6 < mll(]llp,ﬂl
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and

(2.34) 1Drllp,s < Nligllps+1

The last thing we shall do in this section is to combine proposition 2.6 with proposition
2.1 to produce solutions to (2.31) without the isotropy hypothesis. We shall refer to F} (z),

the unique mapping (isothermal coordinates) produced in Proposition 2.1. We shall prove

Proposition 2.7. Let (p,6) satisfy (2.18). There exists M(p,6) > 0 such that if k € C

and vy is a Y1 conductivity on R? satisfying
Y

1/4
(2:3) = A(c(liftfyﬁyooFljﬁ/z; €L
and
(2.36) 1+ 1) 2] < T
then there exists a unique solution to
(2.37) dydu =0
such that
(2.38) u = e (dety) V41 + p(2, k))
and
(2.39) p(- k) € L5, Dp(-, k) € L ;.

Furthermore, with uniform convergence on bounded sets,

(2.40) lim 08U k)

=F .

Proof. We first transform (2.37) to the isotropic equation

(2.41) dF, ~ydw = 0.
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Proposition 2.6 implies the existence of a unique w satisfying (2.41) of the form
w = e (detyo Fv_l)_l/ll(l +r(z,k)).
Now, a solution to (2.37) will be

(2.42) u=wo F, =& (det 7)"V4(1 + 7(F, (2),k)
= &M (dety) "4 (1 + r(Fy (2), k)t ).

We previously established, using (2.22) and (2.23), that f and f, were uniformly bounded

and approached zero as |z| approached infinity. Hence we may conclude that
r(Fy(2), k) € Ly

and
R (&) 1| e P

and hence that
p(z,k) = (1 +7(Fy(2), k)= —1 ¢ 1P

so that we have proved existence.

To see uniqueness, we suppose u solving (2.37) has the form (2.38), then

w=uo FW_1
= eFv_l(Z)k(det’y o F_l)_1/4(1 +p(Fy(2), k)
= e (dety o B TVA(L 4 p(F (2), k))eM )

and w solves the isotropic equation (2.41).

By mimicking the argument which we just used to establish existence, we see that w
has the required form (2.32) (i.e. (14 p(F;'(2), h))e*t(=) — 1 € L). Hence proposition
2.6 implies that w is unique; therefore u is also unique.

It remains only to establish (2.40); we begin with (2.42) which gives

W — F’Y(’Z) — i log(det y) + %log(l + T(Fv(z)a k)).

Now F, is CY! and r(-, k) and Dr(-, k) satisfy (2.33) and (2.34) which allows us to conclude
that

(2.43)

I ) lwe sy < It 17150 () K (0, 6, R)

< () lalleg, K (p,6, B)

5+1
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where W7 (Bg) is the fractional order Sobolev space in the ball of radius R and 4 is as in

proposition 2.1. The embedding theorem implies that, for % < s < 1, we have

sup [r(z, k)| < Cllr( k)llw; (r)
zEBR

hence r, and also r o F,, approaches zero (uniformly in |z| < R) so that we may deduce
(2.40) from (2.43). O
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3.

In this section we prove Proposition 1.1. We shall assume throughout this section that
() is connected. Proposition 1.1 for arbitrary €2 follows immediately from this special case.
We shall denote the components of 92 by (0%2);; (0S2),, represents the outer component
(i.e., the boundary of the unbounded component of IR*\§2). The proposition will be a

corollary of proposition 2.7 and the following two propositions:

Proposition 3.1. Let v; and 2 belong to C’k(IRQ) and suppose that both are equal to

the euclidean conductivity outside an € neighborhood of §2. Let
¢ : 00 — 00

be an orientation preserving diffeomorphism which maps (0X2),, to itself. Then ¢ can be
extended to a diffeomorphism
® : R*\Q — R*\Q

such that, for |a| < k

det’yl o) q)—l
3.1 DY( Py — ——— =0
(3.1) (P71 ety V2)]00
and, for |x| sufficiently large
(3.2) O(x) =1 .

Proposition 3.2. Suppose that ¢ is a diffeomorphism of 02 which maps (0S2),,, to itself,
and such that

(3.3) Py, = Ay, + R

where R is a smoothing operator'. Then ¢ is orientation preserving, and, if ® is the

extension of ¢ in proposition 3.1, we have, for |a| < 1,

(3.4) D(dety; o @1 — detys)|oq = 0

Remark. Although we do not carry the proof out here, (3.4) is valid for |a| < k if

71 and 7y, belong to C*. To see this would require carrying out the computation in lemma

1" A smoothing operator maps L? to C*. For our purposes, the definition in (3.14)

below will suffice.
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3.7 below to order k. A form of this computation has been carried out in both [KV I] and
in [SU III].
In the proof of proposition 1.1, we shall use the following immediate consequence of

the two preceding propositions.

Corollary 3.3. Let ¢ satisfy (3.3) and map (02),, to itself. Let ® be as in proposition
3.1, then the conductivity

e on {2
(3.5) Y12 = { o7 on RA\Q

is a C*! conductivity on IR.

Proof of Proposition 1.1 Our first step is to extend 71 andys to be C® conductivities
on all of IR?, which are equal to the euclidean conductivity outside an e neighborhood of
Q. Suppose first that ¢ maps (9Q),, to itself and let ® be the extension of ¢ to IR*\Q
produced in proposition 3.1 . Let v be the solution to the Dirichlet problem

(3.6) dyadv =0 in Q2

(3.7) Vo0 = Uy [o0 0 97 = 1y, 0 BT ag

where u, is the special solution to (2.37), with v = ~1, of the form (2.38). We define

(3.8) w_{v for z € Q

Uy, 0 ®~ 1 for z € RA\Q .

We claim that w is the unique solution u.,, to (2.37) of the form (2.38), with v = 712, as
defined in (3.5). If we recall (1.1) we see that w satisfies (2.37) in IR*\(; it has the form
(2.38) because u., does and because @ is the identity outside a large ball. Equation (3.6)
shows that w satisfies the differential equation in © and (3.7) implies continuity across 0f2.

The point that we must check, then, is the continuity of y12dw across 0f).
In R*\Q,
T2dw = Poy1d(uy, 0 P71

As we approach 9 from R*\(, (1.1) and (3.8) imply that

'712dw _>A¢*’Y1 (u’h © q)_l|39)
:¢*A71 (u’h © q)_l|39)

:A’Yz (u’h o®~! |89)
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which, according to (3.7) and (3.8), is exactly the limit of vy12dw as we approach 052 from
inside €2.This establishes our claim.

It follows from (2.40) and (3.8) that F.,,,|q is a (72 —e) conformal map and from (3.7)
that

Fypsloo = Fyloaod™ .

Hence F ! o F,, is (71 — 72) conformal and

~1
FloPuloa=9.

This establishes (1.8) with F .1 o F,, in place of ®. The estimate (1.9) follows from similiar
estimates on > and F,,. The latter is a consequence of (1.13). The former does not
follow directly from (1.13) because we have not verified that 12 belongs to C3(IR?)(see the
remark following proposition 3.2); however,Fv_I; solves the elliptic boundary value problem
(1.27) in Q with C3 coefficients and C?® boundary data ¢, hence Fv_lg must belong to C3
and satisfy an estimate of the form (1.9).

Finally, suppose that ¢ does not map (0f),, to itself; i.e., for some j # m
¢ : (092); — (02)m

Let F' be a diffeomorphism from € to itself which maps (02),, to (0€2);. To see that such
an I exists, proceed as follows: map €2 diffeomorphically to a domain Q whose boundary
consists of circles (the existence of such a diffeomorphism is guaranteed by the Riemann
mapping theorem for multiply connected domains: we leave the radii of the circles and
their locations to be determined so that the mapping will exist), use a fractional linear
transformation to map the outer bounding circle to an inner circle, and finally scale the
image circles and move them about with the aid of flows induced by vector fields to force
the image to again be Q.
If f denotes the restriction of F' to 9€),we have

(¢o f)*AF;171 = Ay,

and (¢ o f) maps (9Q),, to itself so that (¢ o f) extends to a F'v; - 42 conformal map.

Composition with F' now yields the desired extension of ¢. O

Proof of Proposition 3.1 The proof of proposition 3.1 breaks into two parts. The first is
to find a & satisfying (3.1) in a neighborhood of 9€2. This is equivalent to formally solving
the Cauchy problem (1.27) with Cauchy data ®|sq = ¢. This can always be accomplished

because (1.27) is elliptic. The second part is to prove:
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Lemma 3.4. Any orientation preserving diffeomorphism mapping a neighborhood of 0}
to a neighborhood of 0f) can be extended, from a possibly smaller neighborhood, to a
diffeomorphism ® of R?. If ® maps a neighborhood of (9Q,) to itself, then ® may be
chosen to satisfy (3.2).

Proof Let D denote the unit disk. We shall prove below:

Lemma 3.5. Any orientation preserving diffeomorphism mapping a neighborhood of 0D
to a neighborhood of 0D can be extended, from a possibly smaller neighborhood, to a

diffeomorphism of R* which equals the identity outside an € neighborhood of D.

We contend that, with the aid of lemma 3.5, we can produce an orientation preserving
diffeomorphism N from R? to itself which maps Q onto a domain Q) whose boundary
consists only of circles. The first step is to let S be a diffeomorphism of €2 onto Q-
the existence of such a mapping is guaranteed by the Riemann mapping theorem for
multiply connected domains . Next, let R; denote a diffecomorphism from (IR*\Q);, the
4" component of IRQ\Q, (this is simply connected because we have assumed that € is
connected) onto the j* component of IRQ\Q (the existence of such a mapping is guaranteed
by the Riemann mapping theorem). Both diffeomorphisms are smooth up to the boundary
and extend to a full neighborhood of their common boundary. As a consequence of lemma
3.5, we may extend the diffeomorphism S o R !

j
neighborhood of a circle) to a diffeomorphism ¥; of R? which is the identity, except in a

(maps a neighborhood of a circle to a

neighborhood of the boundary circle. We may now define N by
S forxe
N(z) = {\I/j for z € (R*\Q); .
It now suffices to prove lemma 3.4 for ﬁ; conjugation with N then provides the extension
for Q.

To prove the lemma for ﬁ, we note that each connected component ([RQ\Q)J- is a
disk and that our diffeomorphism ® maps (9Q) j to (89Q)y, for some j, k # m. Lemma 3.5
guarantees that ® extends inside each disk (scale first so that both disks have radius one).
If j = k = m, we again employ lemma 3.5 to extend ® outside this disk. This completes

the proof of the lemma. O
All that remains in the proof of proposition 3.1 is the

Proof of lemma 3.5 In polar coordinates, an orientation preserving diffeomorphism of

D is given by:
W(r,0) = (¢(19)) 1) (Z;EZ;) +(r = 1)2R(r,0)
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where

(3.9) ¢'(0) >e>0
and
(3.10) a1 (0) >e>0.

We shall choose
Alnf) = (e + u(r)((0) - e)) |

and

(3.11) B(r,0) — (g) + (= Dpulr) ((‘“ag 1) (- 1)3) .

We claim that A and B are diffeomorphisms whose composition, B o A, is the desired
extension of W. In (3.11), a1, a2, and R represent the composition of a;,as2, and R with
¢~ 1(0). The function pu(r) is a cutoff, which is identically equal to one in some neighbor-
hood of {r = 1} and identically equal to zero outside some other neighborhood. This is
enough, along with (3.9), to check that A is a local diffeomorphism. To guarantee that B

is a local diffeomorphism we shall require that

=1 for |r—1] <4
w(r) =0 for |r—1] > Mé

and that

(3.12) 0> (r— 1)/ (r) > —% .

It is possible to find such a p (with M = e?/€ and § arbitrarily small) because

Mo+l
/ dr =logM .
5

4 r—1
Now,
(1 —p)+par + p/'(r—1)(a; — 1) (r — 1)pa) ~
DB(r,0) = ( 8 (r,u— 1),LL’ILCLL2 + pas 14+ (r— ib),uag) +(r = 1)B(r,0)

It follows from (3.12) and (3.10) that, for a sufficiently small choice of ¢, the diagonal

entries of DB are bounded from below and the off diagonal entries are small enough to
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guarantee the invertibility of DB. Because both A and B are equal to the identity off a

compact set, it follows from degree arguments that both are global diffeomorphisms. O

It remains only to prove proposition 3.2. As in the proof of proposition 3.1, we begin

with a special case.

Lemma 3.6. Proposition 3.2 holds in the case that 1 and 72 are isotropic and €} is a
disk.

Proof In polar coordinates, an isotropic ~ is given by

 Ou aou S 1/2
’ydu-ararde— " 89dr ; a = (det)

and

ou
ydu|r=1 = ozghzld@

To establish lemma 3.6 we shall need the following description of the operator A:

Lemma 3.7.

0 1 0« i O 0

313) A= (alaallgg D) + 5 Golers = Salrsn()f + Rf ) ao
where 5

). ind inf

|89 ce'™ — |nle

Sgn2 : e sgn(n)e™?

06
and
(3.14) R:HY2(SY) — H32(SY) (H® =W*?)

Proof. There are many routes to (3.13). The most general is to note that A, is a
pseudodifferential operator and to compute the first two terms in its symbol expansion.
Because we are in D, the disk in two dimensions, we can give a direct proof which avoids
any extra machinery.
Let ug solve
Aug =0

uglr=1 = f € HY/?(SY)
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then ug € H'(D). Let up solve

8U0
Auy = — 210
b or
Uilp=1 =0
and us solve 5
—1 (%)
A
42 = r 00
uglr=1 =0
so that u; and us € H?(D). If u solves
ou 0
d(ydu) = (aAu s+ “—;"8—;) rdradd = 0
ulog = f
and we set
o g
UR = U — Uy — — UL — —U2
o ro

then ug satisfies
Our  og Ougr

or o8
UR|T:1 =0

aAugr + a, = Aui + Buy

where A and B are first order differential operators with coefficients which are smooth

away from the origin, so that ug € H; ,(D\{0}) and the mapping

R Our

[ O‘W“ 1

satisfies (3.14).

If we take f = ™’ however, we may compute that

Uy = r|n|ein9
—|n| |n|+1 [n]y ,ind
U = ———(7r —r"e
CTEST )
Ug = —in (r|n|+1 _ r|n|)ein0

(2|n|+1)
Hence,
ou
ydu|r=1 = ozghzld@
)

= (oz|n| - % - %Sgn( )+ g(n,oz,ozT,ozg,Aoz)) em0de
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where g is O(ﬁ) Finally, if we define

Re™ = Re™ + g(n,a, ar, ap, Aa)e™
we obtain (3.13). O

A consequence of (3.13) and (3.3) is

0
(3.15) P (0| p= 1| 5l @ d) = aslr=i| 55| @ df
and that
8011 8011 0 8012 8012
(316) ¢*((W|T:l 89 |T lsgn%) ® de) (W“:l 89 |T 1Sgn80) ® de :

Computing the push forward in (3.15) and (3.16) yields

(3.15") sgn(o ' (0)) a1 (1,671(8)) = as(1,0)
and
/ 8011 —1 —1/ 80,/2
(3.16") = (L67H(0) 71 (0) = — = (1,6)
7 8011 1 —1/ 8012
(3.16") =g (Lo71(0) 67V (6) = 72 (1.6).

Since both a1 and as are positive, gb_l/ must be positive so that ¢ is orientation preserving.
To see that (3.15'), (3.16"), and (3.16"”) establish (3.4), we need only check that, in polar

coordinates,

(3.17) Da(1,0) = ¢'(1,0) ((1) (1))

Recall that ® is a formal solution (to order k) of (1.27) with Cauchy data ¢, and that (1.27),
in the case that v, and ~» are isotropic, is just the Cauchy Riemann equations. This means
that ® maps 0D to itself and is conformal to order k, which implies, in particular, (3.17).

This completes the proof of lemma 3.6. O

Proof of Proposition 3.2 Suppose first that €2 is simply connected. If we let &; and
®5 denote isothermal coordinates for v; and~ys respectively, then ®;,v; and ®5,.7v2 are

isotropic conductivities on the domains ®1(€2) and ®5(2) respectively. If we let ¥; denote
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conformal maps from the ®;(€2) to the unit disk, (¥; o ®;),~; are isotropic conductivities

on the disk. Because
¢y, = Ay + R

we have

(B(161) ™) eA(@,01)01 = W202) ) A(wadn)ns + R

or

(¢2¢2¢(¢1¢1)_1)*A(\If1¢1)*’h - A(‘Ifzéz)*’m + E :

Lemma 3.6 implies that (yo¢a¢(h1¢1) ™) is orientation preserving and
(3.18) D (det(W,®1),71 0 ®)|op = D (det(Wads)uya)lop 5 |6/ <1

where ® is the extension in proposition 3.1 with ¢ replaced by 2¢20(¢1¢1)"t. Now ® is
related to ® by
D = (Uy®y) ' oDo (VD)

so that (3.18) implies (3.4) and the propositon is true in the case that 2 is simply connected.

Finally, suppose that €2 is not simply connected. Let Q) denote the complement to
(R*\Q),», the unbounded component of IR*\Q (i.e. Q with the holes filled in), and suppose
that v; has been extended to be a C® conductivity 7; on Q. We claim that

A’Yz‘ = (A'Yi)N + R

where R is a smoothing operator and (A, ) x is a restriction of A.,; namely, for f € 03(862),

(A ) f = idu] 5

where u satisfies
dyidu =0 for xz € ()

ulgg = f

u| 0

N0
Our claim follows from the fact that the difference between u and the solution to the
Dirichlet problem in Q is smooth in a neighborhood of 082. To see this, multiply the differ-
ence by a cutoff supported in a neigborhood of oQ and apply standard elliptic estimates
to this product (see [KV I] e.g.).

Hence,the hypothesis (3.3) on © implies the same hypothesis on €, which is simply

connected. Thus we may conclude from the simply connected case that ¢ is orientation
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preserving and that (3.4) holds on 862, which coincides with (9€2),,. However, if we push
forward both +; and 2 by an inversion in a sphere in any bounded component of ]RQ\Q,
that boundary component will become the new (0€2),,,. Hence ¢ is orientation preserving,
(3.4) holds on all of 012, and the proposition in the case of a general €2 follows from the

simply connected case. O
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